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Abstract

We study the Moore-Penrose inverse of perturbations by a symmetrically-normed ideal of a
closed range operator on a Hilbert space. We show that the notion of essential codimension of
projections gives a characterization of subsets of such perturbations in which the Moore-Penrose
inverse is continuous with respect to the metric induced by the operator ideal. These subsets are
maximal satisfying the continuity property, and they carry the structure of real analytic Banach
manifolds, which are acted upon transitively by the Banach-Lie group consisting of invertible
operators associated with the ideal. This geometric construction allows us to prove that the
Moore-Penrose inverse is indeed a real bianalytic map between infinite-dimensional manifolds.
We use these results to study the polar decomposition of closed range operators from a similar
geometric perspective. At this point we prove that operator monotone functions are real analytic
in the norm of any symmetrically-normed ideal. Finally, we show that the maps defined by the
operator modulus and the polar factor in the polar decomposition of closed range operators are
real analytic fiber bundles.
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1 Introduction

Let H be a separable complex infinite-dimensional Hilbert space, and let B(H) be the algebra of
bounded linear operators on H. We denote by CR ⊂ B(H) the set of closed range operators. Let
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S be a symmetrically-normed ideal on H equipped with a norm ∥ · ∥S. For a fixed A ∈ CR, we
consider the set of closed range operators that are perturbations of A by operators in the ideal S,
namely

CR ∩ (A+S) = {B ∈ CR : B −A ∈ S}.

A natural metric is defined by dS(B1, B2) = ∥B1−B2∥S, for B1, B2 ∈ CR∩(A+S). For X ∈ B(H),
we write X = VX |X| for its (unique) polar decomposition, where VX is a partial isometry with the
same nullspace as X, usually known as the polar factor, and |X| = (X∗X)1/2 is the operator
modulus. Denote by CR+ the set of closed range positive operators and PI the set of partial
isometries on H. In the present paper we introduce a geometric framework to study the continuity
and real analyticity of the following maps:

µ : CR ∩ (A+S) → CR, µ(B) = B† (Moore-Penrose inverse);

α : CR ∩ (A+S) → CR+, α(B) = |B| (operator modulus);

v : CR ∩ (A+S) → PI, v(B) = VB (polar factor).

Our geometric constructions to study these maps fit into the context of Banach manifolds related
to operator theory; in particular, we deal with real analytic homogeneous spaces of Banach-Lie
groups associated with operator ideals (see, e.g., [6, 10, 13, 12, 11, 26, 39, 40, 35]). The notion of
essential codimension of a pair of projections [15], or in other words the Fredholm index of a pair
of projections [1, 9], plays a crucial role throughout the present work. Remarkably, the essential
codimension appears as a useful tool in a variety of problems in operator theory and geometry such
as Kadison Pythagorean’s Theorem [32], equivalence of quasi-free states [44], unitary equivalence of
projections [9, 43], geodesics in the Grassmann manifold and Toeplitz kernels [2, 3] and restricted
diagonalization [21, 37].

Previous related results. The Moore-Penrose inverse and the polar decomposition are ubiquitous
in linear algebra, matrix analysis and operator theory. The continuity and differentiability of the
Moore-Penrose inverse have been extensively discussed. The map defined by taking the Moore-
Penrose inverse of complex matrices of size d ≥ 1 is continuous at a matrix A when one restricts its
domain to the set of all the matrices with rank equal to rank(A). Notice that the product group
Gℓ(d)×Gℓ(d) of invertible matrices of size d ≥ 1 acts transitively on the set of matrices of (constant)
rank equal to rank(A) by (G,K) ·A = GAK−1. Hence, the set of matrices of rank equal to rank(A)
turns out to be a connected set that admits a real analytic manifold structure. Furthermore, for
any differentiable map of a real parameter taking values in the manifold of matrices with constant
rank, the composition of this map with the Moore-Penrose inverse is also differentiable. These
results have interesting consequences in the perturbation theory of matrices (see [28, 45, 47]).

In the infinite-dimensional case, Labrousse and Mbekhta [34] proved that the maps given by
the Moore-Penrose inverse and the polar factor are continuous at A ∈ CR ⊂ B(H) if and only if A
is injective or surjective. Other works on the continuity of the Moore-Penrose inverse on Hilbert
spaces deal with the reduced modulus minimum, or consider the projections onto the range or
nullspace in place of the notion of rank [8, 18, 30]. More generally, we refer to [14, 33, 36] for
extensions of this circle of ideas to Banach algebras. Recently, the stability of the Moore-Penrose
invertibility under compact perturbations has been studied in [31].

The theory of Banach-Lie groups and their homogeneous spaces provide an interesting point of
view for understanding several objects in operator theory. In this direction we mention three con-
crete motivations for our work. First, the differential geometry of generalized inverses investigated
by Andruchow, Corach and Mbekhta [4]. Second, the study of several metrics on the set of closed
range operators by Corach, Maestripieri and Mbekhta [24]. In particular, they introduced on CR
an action of the product group of invertible operators Gℓ(H) × Gℓ(H), and they showed that for
any A ∈ CR the orbits

O(A) = {GAK−1 : G,K ∈ Gℓ(H)} (1)
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are topological homogeneous spaces. The metrics considered on CR in this result are given by
dR(B1, B2) = ∥B1 − B2∥ + ∥PR(B1) − PR(B2)∥, or dN (B1, B2) = ∥B1 − B2∥ + ∥PN(B1) − PN(B2)∥,
for B1, B2 ∈ CR, where the norm on each term is the operator norm. Here PN(Bi) and PR(Bi)

denote the projections onto the nullspace and range of Bi, respectively. These metrics allow the
construction of continuous local cross-sections for the action, defined in terms of the Moore-Penrose
inverse. Third, the work on generalized inversion due to Beltiţă, Goliński, Jakimowicz and Pelletier
[12]. Recall that the invertible group of a Banach algebra is a manifold, which is actually an open
set of the algebra, and the inversion map is complex analytic on this manifold by the holomorphic
functional calculus. So the authors proposed to understand the Moore-Penrose inverse in Banach
algebras as an inversion with some pathologies. This lead them to an application of the theory of
Banach-Lie groupoids, with particular emphasis on the case of C∗-algebras.

The results of this paper. For a symmetrically-normed ideal S, we consider the Banach-Lie groups
GℓS := Gℓ(H) ∩ (I +S) and US := U(H) ∩ (I +S), where Gℓ(H) and U(H) are the full invertible
and unitary groups, respectively. We denote by [P : Q] the essential codimension of two orthogonal
projections P and Q. In this context, we consider perturbations of closed range operators CR,
positive closed range operators CR+ and partial isometries PI by the symmetrically-normed ideal
S. For fixed operators A ∈ CR, C ∈ CR+ and V ∈ PI, we will show that their set of perturbations
can be decomposed as the following disjoint unions CR∩ (A+S) = ∪k∈JACk(A), CR+ ∩ (C +S) =
∪k∈JCPk(C) and PI ∩ (V +S) = ∪k∈JV Vk(V ), where the sets on the unions are defined using the
essential codimension as

Ck(A) := {B ∈ CR ∩ (A+S) : [PN(B) : PN(A)] = k};
Pk(C) := {D ∈ CR+ ∩ (C +S) : [PN(D) : PN(C)] = k};
Vk(V ) := {X ∈ PI ∩ (V +S) : [PN(X) : PN(V )] = k}.

The set of indices JA, JC and JV in the previous unions are always infinite subsets of Z, and depend
on the dimension of the nullspace, range and corange of the operators A, C and V .

The main results of this paper are the following:

� The sets Ck(A) and Pk(C) are Banach manifolds. Indeed, they admit the structure of real
analytic homogeneous spaces, which are also submanifolds of natural affine spaces (Theorems
3.14 and 4.10).

� The map µ : Ck(A) → Ck(A†), µ(B) = B†, is a real bianalytic map between Banach manifolds
(Theorem 3.18).

� The maps α : Ck(A) → Pk(|A|), α(B) = |B|, and v : Ck(A) → Vk(VA), v(B) = VB, are real
analytic fiber bundles between Banach manifolds (Theorem 4.17).

Before proving these results, which hold for every k ∈ JA, we show that these maps are (well-defined
and) continuous. Indeed, the choice of the sets of the form Ck(A) is not arbitrary, these are dense
connected subsets of CR ∩ (A+S), which are maximal with respect to the continuity property of
the Moore-Penrose inverse (Theorems 3.4 and 3.9). The sets Ck(A) can be roughly described as
formed by those closed range operators that are perturnations of A be elements in S and have ‘the
same rank with respect to A’; these are local conditions induced by A and S (as opposed to the
condition of merely having a fixed rank of fixed nullity). To the best of our knowledge, the above
results on these three maps are also new in the context of finite-dimensional manifolds.

The Banach manifold structures of the sets Ck(A), Pk(C) and Vk(V ) are not evident from their
definitions. Each Ck(A) admits a transitive action of GℓS×GℓS which consists of restricted versions
of the orbits in (1). In particular, C0(A) (the set containing A) has the following characterization:

C0(A) = {GAK−1 : G,K ∈ GℓS}. (2)
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This fact is related to our previous work on restricted orbits of closed range operators [22]. Similar
results for unitary orbits, associated to operator ideals, of normal operators have been recently
obtained in [11]. In contrast to the larger orbits in (1), there is no need to introduce metrics such
as dR or dN to construct continuous local cross sections for the map π0 : GℓS × GℓS → C0(A),
π0(G,K) = GAK−1. Once these sections are constructed, we can further endow an orbit like (2)
with the structure of real analytic homogeneous space that is also a submanifold of A+S. On the
other hand, the Banach manifold structure of the sets Pk(C) is given in terms of congruence orbits
of the group GℓS (Theorem 4.10). For instance when k = 0, we obtain

P0(C) = {GCG∗ : G ∈ GℓS}. (3)

The motivation for considering the restricted orbits in (2) and (3) comes from previous work on
partial isometries [19, 20], where the above defined sets Vk(V ), k ∈ JV , were proved to be orbits of
the product group US × US. Finally, we observe that the real analyticity of the operator modulus
depends on the real analyticity of the square root on the sets Pk(C). We present a more general
statement for operator monotone functions in Corollary 4.12. This follows from Theorem 4.6, which
in turn is based on earlier work of Ando and van Hemmen on perturbations by symmetrically-
normed ideals [7].

The paper is organized as follows. Section 2 is devoted to notation and preliminary results.
In Section 3 we introduce several geometric structures and prove the main results on the Moore-
Penrose inverse. In Section 4 we establish the results on operator monotone functions, the operator
modulus and the polar factor.

2 Preliminaries

Let H be an infinite-dimensional (complex separable) Hilbert space, and let B(H) be the algebra
of bounded operators on H. Given A ∈ B(H) we write N(A) and R(A) for the nullspace and range
of A, respectively. The orthogonal projection onto a closed subspace S is denoted by PS .

Moore-Penrose inverse and polar decomposition. The set of all closed range operators on H is given
by

CR = {A ∈ B(H) : R(A) is a closed subspace}.

An operator B ∈ B(H) is said to be the Moore-Penrose inverse of A ∈ B(H) if it satisfies that
ABA = A, BAB = B, (AB)∗ = AB and (BA)∗ = BA. If the Moore-Penrose exists, then it is
uniquely determined, and we denote it by B = A†. It is not difficult to check that A ∈ B(H) admits
a Moore-Penrose inverse if and only if A ∈ CR. Furthermore, AA† = PR(A) and A†A = PN(A)⊥ ,
whenever A ∈ CR. The following useful identity was proved by Wedin [47]:

A† −B† = −A†(A−B)B† + (A∗A)†(A∗ −B∗)(I −BB†) + (I −A†A)(A∗ −B∗)(BB∗)† . (4)

For A ∈ B(H), A ̸= 0, the reduced minimum modulus is given by γ(A) = minλ∈σ(|A|)\{0} λ, where

σ(|A|) is the spectrum of |A|. Equivalently, γ(A) = inf{∥Af∥ : f ∈ N(A)⊥ , ∥f∥ = 1}. Recall that
for A ∈ B(H), we have A ∈ CR if and only if γ(A) > 0. In such case, γ(A) = ∥A†∥−1, where ∥ · ∥
denotes the operator norm. Also, it holds γ(A) = γ(|A|) = γ(|A∗|) = γ(A∗), which in particular
gives that A∗, |A| and |A∗| have closed range if A has closed range.

An operator X ∈ B(H) is a partial isometry if ∥Xf∥ = ∥f∥, for all f ∈ N(X)⊥. This is
equivalent to having that XX∗ is an (orthogonal) projection, or X∗X is an (orthogonal) projection.
We write

PI = {X ∈ B(H) : X is partial isometry}.

The polar decomposition of an operator A ∈ B(H) is the factorization A = VA|A|, where |A| =
(A∗A)1/2 is the operator modulus and VA ∈ PI is the unique partial isometry that further satisfies
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the condition N(VA) = N(A). In the case where A ∈ CR, we observe that |A| ∈ CR is such that
VA = A|A|†, and we call VA the polar factor.

Symmetrically-normed ideals. We follow the classical book [38] (see [27, 42]). A symmetrically-
normed ideal is a two-sided ideal S ⊆ B(H) endowed with a norm ∥ · ∥S satisfying ∥ABC∥S ≤
∥A∥∥B∥S∥C∥, for all A,C ∈ B(H) and B ∈ S; and ∥B∥S = ∥B∥, for every rank-one operator B.
We also assume that (S, ∥ · ∥S) is a Banach space. The previous facts imply that ∥B∥ ≤ ∥B∥S,
for all B ∈ S and that ∥B1B2∥S ≤ ∥B1∥S∥B2∥S, for B1, B2 ∈ S, i.e. the norm of the ideal is
submultiplicative. Recall that F ⊆ S ⊆ K, for every symmetrically-normed ideal, where F = F(H)
is the ideal of finite-rank operators and K = K(H) is the ideal of compact operators. The p-Schatten
Sp (1 ≤ p ≤ ∞) are well-known examples of symmetrically-normed ideals, whose norms are given
by ∥A∥p = Tr(|A|p)1/p = (

∑
n≥1 s

p
n(A))1/p, p ≥ 1; and for p = ∞, S∞ = K endowed with the usual

operator norm ∥A∥∞ = ∥A∥ = s1(A). Here s(A) = {sn(A)}n≥1 is the sequence of singular values of
A arranged in non-increasing order and counting multiplicities. Other examples of symmetrically-
normed ideals can be found in the aforementioned references.

Essential codimension. Next we recall the notion of essential codimension (see [1, 9, 15]). Let
P,Q ∈ B(H) be two orthogonal projections such that the operator QP |R(P ) : R(P ) → R(Q) is
Fredholm. In this case, (P,Q) is known as a Fredholm pair and the index of this Fredholm operator

[P : Q] := Ind(QP |R(P ) : R(P ) → R(Q))

= dim(N(Q) ∩R(P ))− dim(R(Q) ∩N(P ))

is called the essential codimension (or Fredholm index of the pair). We will often have two pro-
jections such that P − Q ∈ K. In such a case, it is easy to see that (P,Q) is a Fredholm pair,
and the essential codimension is well-defined. Among some elementary properties of the essential
codimension that we will use frequently are the following: [P : Q] = −[Q : P ]; if (Pi, Qi), i = 1, 2,
are two Fredholm pairs such that P1P2 = 0 and Q1Q2 = 0, then (P1 + P2, Q1 +Q2) is a Fredholm
pair and [P1 + P2 : Q1 +Q2] = [P1 : Q1] + [P2 : Q2]; and if (P,Q) and (Q,R) are Fredholm pairs,
and either Q−R ∈ K or P −Q ∈ K, then (P,R) is a Fredholm pair and [P : R] = [P : Q]+ [Q : R].

Banach manifolds. We consider real analytic manifolds modeled on Banach spaces (see [10, 46]).
Given M , N manifolds and a real analytic map f : M → N , we denote by Tpf : (TM)p → (TN)f(p)
the tangent map at p ∈ M , where (TM)p and (TN)f(p) are the tangent spaces of M at p and N at
f(p). A bijective map f : M → N is real bianalytic if f and f−1 are real analytic. A real analytic
map f : M → N is called a submersion at p ∈ M if N(Tpf) is a closed complemented subspace
of (TM)p and Tpf is surjective. If f : M → N is a submersion at every point p ∈ M , then f is
called a submersion. A real Banach-Lie group is a real analytic Banach manifold G such that the
group multiplication G×G → G, (g, h) 7→ gh, and the inverse G → G, g 7→ g−1, are real analytic
maps. The construction of the Lie algebra g ≃ (TG)1 and the exponential map expG : g → G of a
Banach-Lie group G can be carried out similarly to the case of finite-dimensional Lie groups. Also
the exponential map expG : g → G is a local bianalytic map. An action of a Banach-Lie group
G on a manifold M is a map L : G × M → M , L(g, p) = g · p, g ∈ G and p ∈ M , such that
h · (g · p) = (hg) · p and 1 · p = p, for all h, g ∈ G and p ∈ M . The action is said to be real analytic
if the map L is real analytic. A real analytic homogeneous space of a Banach-Lie group G is a
manifold M such that G acts transitively and analytically on M , and there exists p ∈ M such that
the map πp : G → M , πp(g) = g · p, is a submersion.

Let M be a manifold, and N ⊆ M . A chart (ϕ,V, E) at p ∈ M consists in an open neighborhood
V of p, a Banach space E and a homeomorphism ϕ : V → ϕ(V) ⊆ E. If for every p ∈ N there exists
a chart (ϕ,V, E) at p, and a closed subspace F complemented in E satisfying ϕ(V ∩N) = F ∩ϕ(V),
then N is called a submanifold of M . In this case, N turns out to be a manifold endowed with the
topology inherited from M . If H is a subgroup of a Banach-Lie group G, then H is said to be a
Banach-Lie subgroup of G when H is a submanifold of G.
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Let M and N be two manifolds. A real analytic fiber bundle is a real analytic surjective map
f : M → N such that for every p ∈ N then f−1(p) is a manifold, and there exists an open
neighborhood V of p and a real bianalytic map Ψ : f−1(V) → V × f−1(p) such that π1 ◦ Ψ = f ,
where π1 : V×f−1(p) → V is the canonical projection. In such case, f turns out to be a submersion.

Restricted groups. Let Gℓ(H) be the group of invertible operators on H. For each symmetrically-
normed ideal S there is associated the following group

GℓS := {G ∈ Gℓ(H) : G− I ∈ S}.

Also each symmetrically-normed ideal S gives raise to a subgroup of the full unitary group U(H)
defined by

US := {U ∈ U(H) : U − I ∈ S}.

For a standard reference for these groups in the case of the p-Schatten ideals see [26], meanwhile
for the case of general symmetrically-normed ideals see [10].

Remark 2.1. We collect here several properties of the groups defined above. In what follows we let
S denote a symmetrically-normed operator ideal.

i) If P , Q are orthogonal projections, then there is a unitary operator U ∈ US such that Q = UPU∗

if and only if P −Q ∈ S and [P : Q] = 0 (see [17, Prop. 3.6], or more generally, [37, Prop 2.3]).

ii) GℓS is a real Banach-Lie group endowed with the metric dS(G,K) = ∥G−K∥S, for G,K ∈ GℓS,
whose Lie algebra is S. Next, consider the unitalization S̃ = {X + λI : X ∈ S, λ ∈ C} ≃ S⊕ C.
Each element Z ∈ S̃ is written as Z = X + λI, for uniquely determined X ∈ S and λ ∈ C, and S̃
is equipped with the norm ∥X + λI∥S̃ := ∥X∥S + |λ|. In this case, S̃ is a unital Banach algebra.

We can embed into GℓS in S̃ by the identification T 7→ (T − I) + I ∈ S̃. Then GℓS is a Lie
subgroup of the Banach-Lie group of invertible elements of S̃ having real codimension 2. On the
other hand, US is a Banach-Lie subgroup of GℓS, whose Lie algebra is Sah = {X ∈ S : X∗ = −X},
the anti-hermitian operators in S ([10, Prop 9.28]). The exponential maps of these Lie groups are
given by expGℓS : S → GℓS, expGℓS(X) = eX =

∑
n≥0

Xn

n! and expUS
= expGℓS |Sah

.

iii) The exponential map of GℓS is surjective. We give a proof since we do not find references to this
fact. For G ∈ GℓS, G− I ∈ S ⊆ K yields that σ(G) is a countable set having 1 as its unique limit
point. Thus, there is a ray L from the origin such that σ(G) ⊆ C \ L, and the analytic logarithm
log : C \ L → {z : θ − 2π < arg(z) ≤ θ} is well-defined, where θ ∈ [0, 2π) is defined by the ray L.
Denote by σS̃(G) the spectrum of G in the Banach algebra S̃. Observe that σS̃(G) = σ(G), so we

can use the analytic functional calculus in S̃ to get elog(G) = G. That is, log(G) = X + λI ∈ S̃,
X ∈ S and λ ∈ C, satisfies G = eX+λI = eXeλ. But G = (eX − I)eλ + eλI, with eX − I ∈ S.
Hence, the uniqueness of writing in S̃ gives eλ = 1, so G = eX .

3 Moore-Penrose inverse

We first study the continuity of the Moore-Penrose inverse. Then we prove that the maximal sets
in which it is continuous admit the structure of Banach manifolds. This is achieved by using the
theory of Banach-Lie groups and their homogeneous spaces. We conclude that the Moore-Penrose
inverse is a real bianalytic map between Banach manifolds.

3.1 Continuity of the Moore-Penrose inverse

We recall an estimate for matrices with equal rank and some elementary facts obtained in [22].
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Lemma 3.1 ([47]). Suppose that A,B are matrices such that rank(A) = rank(B) and ∥A− B∥ <
∥A†∥−1, then

∥B†∥ ≤ ∥A†∥
1− ∥A†∥∥A−B∥

.

Lemma 3.2 ([22]). Let S be a symmetrically-normed ideal and take A,B ∈ CR be such that
A−B ∈ S. Then A† −B† ∈ S, PR(A) − PR(B) ∈ S and PN(A) − PN(B) ∈ S.

Proof. We include a short proof of this result for the convenience of the reader. From Wedin’s
formula in Eq. (4) we get A† − B† ∈ S. The other assertions follow by using that PN(A)⊥ = A†A

and PR(A) = AA†.

We now present a generalization of Wedin’s estimate in Lemma 3.1 in terms of the essential
codimension.

Proposition 3.3. Consider operators A,B ∈ CR satisfying ∥A − B∥ < ∥A†∥−1, A − B ∈ K and
[PN(A) : PN(B)] = 0. Then,

∥B†∥ ≤ ∥A†∥
1− ∥A†∥∥A−B∥

.

Proof. Since A∗ − B∗ ∈ K, then PN(A)⊥ − PN(B)⊥ ∈ K by Lemma 3.2. From Remark 2.1 i)
applied to the ideal of compact operators, we know that there exists a unitary L ∈ UK such
that LPN(A)⊥L

∗ = PN(B)⊥ . Next pick {En}n≥1 a sequence of finite-rank projections such that
En ≤ PN(A)⊥ and En ↗ PN(A)⊥ strongly. We set Fn = LEnL

∗, Bn = BFn and An = AEn, for all
n ≥ 1. Notice that rank(An) = rank(Bn), and also An−Bn → A−B strongly. Further, we observe
that

An −Bn = AEn −BLEnL
∗ = (A−B)En −B(L− I)EnL

∗ −BEn(L
∗ − I) ,

where each term is multiplied by a compact operator. Thus, we get ∥An − Bn − (A − B)∥ → 0
by a well-known result (see, e.g. [38, Thm. 6.3]). On the other hand, since A∗

nAn = EnA
∗AEn ≥

γ(A)EnPN(A)⊥En = γ(A)En and N(An)
⊥ = R(En), then ∥A†

n∥−1 = γ(An) ≥ γ(A) = ∥A†∥−1.

Therefore for large n, ∥An −Bn∥ < ∥A†∥−1 ≤ ∥A†
n∥−1, so we can apply Lemma 3.1 to obtain

∥B†
n∥ ≤ ∥A†

n∥
1− ∥A†

n∥∥An −Bn∥
≤ ∥A†∥

1− ∥A†∥∥An −Bn∥
. (5)

We claim that B†
n converges strongly to B†. This follows by using the formula in Eq. (4), which

implies that for f ∈ H one has

∥(B†
n −B†)f∥ ≤ ∥B†

n∥∥(Bn −B)B†f∥+ ∥(B∗
nBn)

†∥∥(B∗
n −B∗)(I −BB†)f∥+

+ ∥I −B†
nBn∥∥(B∗

n −B∗)(BB∗)†f∥.

Here note that ∥(B∗
nBn)

†∥ = ∥B†
n(B

†
n)∗∥ = ∥B†

n∥2 ≤ ∥B†∥2, for all n, by a similar argument as

before with An and A. Also observe that ∥I − B†
nBn∥ = 1 and B∗

n = FnB
∗ converges strongly to

B∗ since Fn ↗ PN(B)⊥ = PR(B∗). This proves our claim.

Consider ϵ > 0, and take a vector f ∈ H, ∥f∥ = 1, such that ∥B†∥ ≤ ∥B†f∥+ ϵ. Using that B†
n

converges strongly to B† we have ∥B†f∥ ≤ ∥B†
nf∥+ ϵ ≤ ∥B†

n∥+ ϵ for all n large enough. This gives

∥B†∥ ≤ ∥B†
n∥+ 2ϵ ≤ ∥A†∥

1− ∥A†∥∥An −Bn∥
+ 2ϵ.

Letting n → ∞ and noting that ϵ > 0 is arbitrary, we find the desired estimate.

Now we can give our main result on the continuity of the Moore-Penrose inverse.
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Theorem 3.4. Let S be a symmetrically-normed ideal. Let {Bn}n≥1 be a sequence in CR such
that Bn −B ∈ S and ∥Bn −B∥S → 0, for some B ∈ CR. The following conditions are equivalent:

i) [PN(Bn) : PN(B)] = 0 for all sufficiently large n;

ii) supn ∥B
†
n∥ < ∞;

iii) ∥B†
n −B†∥S → 0;

iv) ∥PN(Bn) − PN(B)∥S < 1 for all sufficiently large n;

v) ∥PN(Bn) − PN(B)∥ < 1 for all sufficiently large n;

vi) N(Bn)
⊥ ∩N(B) = {0} for all sufficiently large n.

Proof. i) → ii) First, notice that Lemma 3.2 implies that PN(B) − PN(Bn) ∈ S ⊂ K, so that the
essential codimension in the statement above is well defined. Suppose that [PN(Bn) : PN(B)] = 0

for large n. Since ∥Bn − B∥ ≤ ∥Bn − B∥S → 0, we derive from Proposition 3.3 that ∥B†
n∥ ≤

∥B†∥
1−∥B†∥∥B−Bn∥ for sufficiently large n. Hence supn ∥B

†
n∥ < ∞.

ii) → iii) The Moore-Penrose inverse of an operator A ∈ CR satisfies (A∗A)† = A†(A∗)† and
(A∗)† = (A†)∗. Using these facts in the identity in Eq. (4), we get

∥B†
n −B†∥S ≤ ∥Bn∥∥Bn −B∥S∥B∥+ ∥B†

n∥2∥Bn −B∥S∥I −BB†∥
+ ∥I −B†

nBn∥∥Bn −B∥S∥B†∥2. (6)

Notice that ∥I−B†
nBn∥ = ∥PN(Bn)∥ = 1, and supn ∥Bn∥ < ∞ because ∥Bn−B∥ ≤ ∥Bn−B∥S → 0.

Thus, the assumption supn ∥B
†
n∥ < ∞ implies that ∥B†

n −B†∥S → 0.

iii) → iv) Recall that PN(Bn) = I −B†
nBn and PN(B) = I −B†B. Then

∥PN(Bn) − PN(B)∥S ≤ ∥(B†
n −B†)Bn∥S + ∥B†(Bn −B)∥S .

Thus, ∥PN(Bn)−PN(B)∥S becomes arbitrarily small for sufficiently large n because ∥Bn−B∥S → 0

so supn ∥Bn∥S < ∞, ∥B†
n −B†∥S → 0 and the norm of the ideal is submultiplicative.

iv) → v) This follows again by the estimate ∥PN(Bn) − PN(B)∥ ≤ ∥PN(Bn) − PN(B)∥S.

v) → vi) Straightforward.

vi) → i) Notice that ∥Bn − B∥ ≤ ∥Bn − B∥S → 0, so it holds N(B)⊥ ∩ N(Bn) = {0} for large
n. Indeed, if there is a unit vector fn ∈ N(B)⊥ ∩ N(Bn) for infinitely many n ≥ 1, we find that
0 < γ(B) ≤ ∥Bfn∥ = ∥(Bn − B)fn∥ → 0, a contradiction. Hence [PN(Bn) : PN(B)] = 0 for all
sufficiently large n.

Remark 3.5. We can take the operator adjoint and use elementary properties of the essential codi-
mension to state other equivalent conditions. Indeed, we can replace conditions i), iv), v) and
vi) by: i′) [PR(B) : PR(Bn)] = 0; iv′) ∥PR(Bn) − PR(B)∥S < 1; v′) ∥PR(Bn) − PR(B)∥ < 1; and vi′)

R(Bn) ∩R(B)⊥ = {0}, for all sufficiently large n (in each case).

Remark 3.6. Among the equivalent conditions of Theorem 3.4, we have considered supn ∥Bn∥ < ∞
in a self-contained exposition, using properties of the essential codimension (Proposition 3.3). We
point out that the following results in the literature on the convergence of the Moore-Penrose inverse
can be used to give alternative proofs.
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i) In the infinite dimensional setting Izumino [30, Lemma 2.2] proved that for operators B,Bn ∈ CR
such that ∥B −Bn∥ < ∥B†∥−1 and ∥BB† −BnB

†
n∥ < 1, then

∥B†
n∥ ≤ 2∥B†∥

1− ∥B −Bn∥∥B†∥
.

This was adapted by Koliha [33, Thm. 1.5] to the context of C∗-algebras.

ii) In a work by Chen, Wei and Sue on the perturbation of the Moore-Penrose inverse in the operator
norm, they proved the following estimate ([18, Thm. 3.2]):

∥B†
n∥ ≤ ∥B†∥

1− 1
2(3 +

√
5)∥B†∥∥Bn −B∥

,

whenever R(Bn) ∩R(B)⊥ = {0} and ∥Bn −B∥ ≤ 3−
√
5

2∥B†∥ .

3.2 Geometric structure of maximal continuity sets

For A ∈ CR we begin by considering the set of perturbations of the form

CR ∩ (A+S) = {B ∈ CR : B −A ∈ S}.

This set is endowed with the metric dS(B1, B2) = ∥B1 − B2∥S, for B1, B2 ∈ S. As we will see
below, the essential codimension provides a decomposition of CR∩ (A+S) in connected sets where
the Moore-Penrose inverse has nice continuity properties. It is worth mentioning that the essential
codimension was used to give a parametrization of the connected components of infinite-dimensional
Grassmannians or Stiefel manifolds (see [17] and Remark 4.13).

Remark 3.7. The following facts, which are [22, Thm 3.5 and 3.7], will be useful. Given A,B ∈ CR,
such that B −A ∈ S, then

i) There exists G ∈ GℓS such that B = GA if and only if N(B) = N(A).

ii) There exist G,K ∈ GℓS such that B = GAK−1 if and only if [PN(B) : PN(A)] = 0.

Notation 3.8. For a fixed A ∈ CR, set n1 = dim(N(A)), n2 = dim(N(A)⊥), n3 = dim(R(A)⊥) and
JA = {k ∈ Z : −min{n1, n3} ≤ k ≤ n2}. When n2 = ∞ we mean JA contains all the positive
integers; meanwhile when n1 = n3 = ∞ we have JA contains all the negative integers.

Theorem 3.9. Let A ∈ CR and let S be a symmetrically-normed ideal. Then CR ∩ (A +S) can
be decomposed as the following disjoint union

CR ∩ (A+S) =
⋃

k∈JA

Ck(A),

where

Ck(A) = {B ∈ CR : B −A ∈ S, [PN(B) : PN(A)] = k}
= {B ∈ CR : B −A ∈ S, [PR(B) : PR(A)] = −k}.

The set JA is infinite and Ck(A) ̸= ∅, for each k ∈ JA. Furthermore, the following assertions hold:

i) Given B ∈ Ck(A), the action (G,K) ·B = GBK−1, G,K ∈ GℓS, is well defined and transitive
on Ck(A).

ii) Ck(A) is connected.
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iii) For ℓ, k ∈ JA and B ∈ Cl(A) there is a sequence {Bn}n≥1 in Ck(A) such that ∥Bn−B∥S → 0.
In particular, dS(Ck(A), Cl(A)) := inf{∥B1 −B2∥S : B1 ∈ Ck(A), B2 ∈ Cl(A)} = 0, and every
Ck(A) is dense in CR ∩ (A+S).

iv) The map µ : Ck(A) → CR, µ(B) = B†, is locally Lipschitz.

v) Let Ck(A) ⊆ C ⊆ CR∩ (A+S) endowed with the metric dS be such that the map µ : C → CR,
µ(B) = B† is continuous. Then, C = Ck(A).

Proof. In the proof we write Ck := Ck(A). For B ∈ CR, B−A ∈ S, notice that [PN(B) : PN(A)] = 0
if and only if [PR(B) : PR(A)] = 0. This follows easily from Remark 3.7 by taking the operator adjoint
and elementary properties of the essential codimension. Next suppose [PN(B) : PN(A)] = k ̸= 0.

If k > 0, then the operators defined on H ⊕ Ck by Ã = A ⊕ 0k and B̃ = B ⊕ Ik now satisfy
0 = [PN(B̃) : PN(Ã)]. Hence by the previous case, 0 = [PR(B̃) : PR(Ã)] = k + [PR(B) : PR(A)].

The case k < 0 follows from the property [PN(B) : PN(A)] = −[PN(A) : PN(B)]. This proves the
equivalence between the two conditions defining the sets Ck.

In the forthcoming inequalities we use similar conventions to those of Notation 3.8 for the
cases n1 = n3 = ∞, and n2 = ∞. According to the definition of the essential codimension, it
follows that −min{n1, n3} ≤ [PN(B) : PN(A)] = −[PR(B) : PR(A)] ≤ n2, for B ∈ CR ∩ (A + S).
Therefore CR ∩ (A + S) can be expressed as the disjoint union in the statement. Moreover,
note that for −min{n1, n3} ≤ k ≤ n2, one can construct operators B such that A − B ∈ S
and [PN(B) : PN(A)] = k. For instance, when n1 ≤ n3, there is partial isometry Xl such that

N(Xl)
⊥ ⊆ N(A), R(Xl) ⊆ R(A)⊥ and dim(N(Xl)

⊥) = l, for 0 ≤ l ≤ n1. Set B = A + Xl,
which gives [PN(B) : PN(A)] = −l. Now for 0 < l ≤ n2, take a subspace S ⊆ N(A)⊥ such that

dim(N(A)⊥ ⊖ S) = l. For B = APS , it holds that [PN(B) : PN(A)] = l. The case n1 > n3 can
be treated similarly. Hence Ck ̸= ∅ for k ∈ JA. Furthermore, JA is an infinite set because the
underlying Hilbert space H is infinite dimensional.

i) Given B ∈ Ck and G,K ∈ GℓS then B1 = (G,K) · B = GBK−1 is such that B1 − B ∈ S,
PN(B)−PN(B1) ∈ S and [PN(B) : PN(B1)] = 0 (see Remark 3.7). Hence, A−B1 = A−B+B−B1 ∈ S
and by the properties of the essential codimension (see Section 2) we have that [PN(B1) : PN(A)] =
[PN(B1) : PN(B)] + [PN(B) : PN(A)] = k + 0, so B1 ∈ Ck. On the other hand, given B, B2 ∈ Ck then
B − B2 = (B − A) + (A − B2) ∈ S and [PN(B) : PN(B2)] = [PN(B) : PN(A)] + [PN(A) : PN(B2)] =
k+(−k) = 0. Again, by Remark 3.7 we get that there exists G, K ∈ GℓS such that (G,K) ·B = B2

and the action is transitive on Ck.

ii) From the previous item, every B ∈ Ck is written as B = GB(k)K−1, for a fixed B(k) ∈ Ck and
G,K ∈ GℓS. According to Remark 2.1 iii) there exist X,Y ∈ S such that eX = G and eY = K.
Then γ : [0, 1] → Ck defined by γ(t) = etXB(k)e−tY is continuous and γ(0) = B(k) and γ(1) = B.

iii) Take B1 ∈ Ck and B2 ∈ Cl, and suppose k > l. Therefore, [PN(B2) : PN(B1)] = k − l, so that

dim(N(B2) ∩N(B1)
⊥) ≥ k − l. Let S ⊆ N(B2) ∩N(B1)

⊥ be a subspace of dimension k − l, and
for ϵ > 0 let Bϵ

1 = B2 + ϵ
k−lPS . One can verify that B1 − Bϵ

1 ∈ S and [PN(Bϵ
1)

: PN(B1)] = 0;
hence Bϵ

1 ∈ Ck for ϵ > 0 (see Remark 3.7 and item i) above). Since the singular values satisfy
sj(B

ϵ
1 − B2) = ϵ

k−l for j = 1, . . . , k − l, and sj(B
ϵ
1 − B2) = 0 for j > k − l, it follows that

∥Bϵ
1 −B2∥S ≤ ϵ.

iv) Since Ck(A) = C0(B(k)) we assume, without loss of generality, that k = 0 and prove that µ is
locally Lipschitz in a neighborhood of A. Indeed, take the open ball V := {B ∈ C0 : ∥B − A∥S <

1
2∥A†∥}. For B1, B2 ∈ V, we consider the same estimate as in (6), i.e.

∥B†
2 −B†

1∥S ≤ ∥B2∥∥B2 −B1∥S∥B1∥+ ∥B†
2∥

2∥B2 −B1∥S∥I −B1B
†
1∥

+ ∥I −B†
2B2∥∥B2 −B1∥S∥B†

1∥
2.
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Since Bi ∈ V, i = 1, 2, we have ∥Bi −A∥ ≤ 1
2∥A†∥ , so that ∥Bi∥ ≤ ∥A∥+ 1

2∥A†∥ . By Proposition 3.3

it follows that ∥B†
i ∥ ≤ ∥A†∥

1−∥A†∥∥A−Bi∥
≤ 2∥A†∥. Therefore, we get

∥B†
2 −B†

1∥S ≤

[(
∥A∥+ 1

2∥A†∥

)2

+ 8∥A†∥2
]
∥B2 −B1∥S.

v) If C ̸= Ck, then there exists some l ̸= k with B ∈ Cl∩C. By item iii) there is a sequence {Bn}n≥1

in Ck such that ∥Bn − B∥S → 0. But this contradicts the continuity of µ : C → CR by Theorem
3.4.

Remark 3.10. Regarding the Lipschitz condition in the context of infinite-dimensional Hilbert
spaces, we recall the following result. Put Rk = {B ∈ B(H) : γ(B) ≥ 1

k}. Then ∥B†
1 − B†

2∥ ≤
3k2∥B1 −B2∥, for all B1, B2 ∈ Rk ([24, Lemma 3.10]).

The following result shows that in case a sequence in Ck(A) approaches A in the norm of S,
then it can be modified in a controlled way so that the Moore-Penrose of the modified sequence
converges to A† in the norm of S.

Corollary 3.11. Let {Bn}n≥1 be a sequence in Ck(A) for some 0 ̸= k ∈ JA such that ∥A−Bn∥S →
0. Then, there exists a sequence {Cn}n≥1 such that ∥Cn∥S → 0, rank(Cn) = |k| for n ≥ 1, and
∥A† − (Bn + Cn)

†∥S → 0.

Proof. Assume that k < 0, so that dim(N(A) ∩N(Bn)
⊥) ≥ −k, and let Sn ⊂ N(A) ∩N(Bn)

⊥ be
such that dimSn = −k. If we let Pn denote the orthogonal projection onto Sn then, by construction,
∥BnPn∥S = ∥(A−Bn)Pn∥S ≤ ∥A−Bn∥S → 0. Moreover, we also get that [PN(Bn−BnPn) : PN(A)] =
0. Thus, if we let Cn = −BnPn then ∥A− (Bn + Cn)∥S → 0 and [PN(Bn+Cn) : PN(A)] = 0. By the

continuity of the Moore-Penrose inverse in C0(A), we get that ∥A† − (Bn + Cn)
†∥S → 0.

Assume now that k > 0, so that dim(N(Bn) ∩N(A)⊥) ≥ k, and let Sn ⊂ N(Bn) ∩N(A)⊥ be
such that dimSn = k. If we let Pn denote the orthogonal projection onto Sn then, by construction,
∥APn∥S = ∥(A−Bn)Pn∥S ≤ ∥A−Bn∥S → 0. Moreover, we also get that [PN(Bn+APn) : PN(A)] = 0.
Thus, if we let Cn = APn then ∥A− (Bn +Cn)∥S → 0 and [PN(Bn+Cn) : PN(A)] = 0. Again, by the

continuity of the Moore-Penrose inverse in C0(A), we obtain that ∥A† − (Bn + Cn)
†∥S → 0.

Notice that item i) of Theorem 3.9 says that Ck(A) is an orbit by the action of the (product)
restricted group GℓS×GℓS, for every k ∈ JA. In the sequel, we may fix any B(k) ∈ Ck(A) and write

Ck(A) = {B ∈ CR : B −A ∈ S, [PN(B) : PN(A)] = k}

= {GB(k)K−1 : G,K ∈ GℓS}.

In particular, we can take B(0) = A. From item iv), the operators in the sets Ck(A) can be considered
as perturbations of the fixed operators B(k). Moreover, item v) may be interpreted as saying that
the set C0(A) is a maximal subset of CR∩(A+S) containing A in which the Moore-Penrose inverse
is continuous.

To further study the structure of Ck(A), we now introduce the maps

πk : GℓS × GℓS → Ck(A), πk(G,K) = GB(k)K−1.

Recall that we consider Ck(A) endowed with the topology induced by metric dS(B,C) = ∥B−C∥S.

Lemma 3.12. The map πk admits continuous local cross sections.
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Proof. We may assume that k = 0. We show that π0 has continuous local cross sections at A. The
arguments can be adapted to other points B ∈ C0(A), because C0(A) is an orbit by the continuous
action π0 of the product group GℓS × GℓS. Thus, we need to find an open neighborhood W of
A ∈ C0(A) and a continuous map σ : W → GℓS × GℓS such that (πA ◦ σ)(B) = B, for all B ∈ W.
Observe that as an immediate consequence of Theorem 3.4, there exists an open set W ⊂ C0(A),
where the map σ : W → B(H)× B(H) defined by

σ(B) = (BA† + (I − PR(B))(I − PR(A)) , PN(B)PN(A) + (I − PN(B))(I − PN(A)))

is continuous and it takes values on Gℓ(H)×Gℓ(H). We remark that this section σ was first defined
in [4, Prop. 1.1] in the context of generalized inverses in C∗-algebras (see also [24, Prop. 5.7]). The
fact that this is indeed a section follows analogously in our setting. Finally, we may rewrite the first
coordinate as σ1(B) = B(A† − B†) + PR(A)(PR(B) − PR(A)) + I; while the second coordinate may
be written as σ2(B) = PN(B)(PN(A) − PN(B)) + (PN(B) − PN(A))PN(A) + I. From these expressions
together with Lemma 3.2 we find that σi(B) ∈ GℓS, i = 1, 2.

To establish the homogeneous space structure of Ck induced by the action of GℓS×GℓS we first
consider the isotropy subgroup of the action at A ∈ C0(A).

Lemma 3.13. Let A ∈ CR and let S be a symmetrically-normed ideal. Then

GA = {(G,K) ∈ GℓS × GℓS : GA = AK}

is a Banach-Lie subgroup of GℓS × GℓS.

Proof. We write G := GℓS × GℓS and g = S × S for its Lie algebra. Notice that GA is a closed
subgroup of G. Then according to [46, Prop 8.12] we must show that the closed subalgebra

(TGA)(I,I) = gA := {(X,Y ) ∈ g : (etX , etY ) ∈ GA for all t ∈ R}
= {(X,Y ) ∈ g : XA = AY }

is a closed complemented subspace of g, and for every neighborhood T of (0, 0) ∈ gA, expG(T ) is a
neighborhood of (I, I) ∈ GA.

We put P = PR(A) and Q = PN(A)⊥ . From XA = AY we see that XP = AY A†, and thus,

P⊥XP = P⊥AY A† = 0. Similarly, QY Q⊥ = 0 and QY Q = A†XPA = A†PXPA. We may
represent the elements (X,Y ) ∈ h as follows

X =

(
X11 X12

0 X22

)
, Y =

(
A†X11A 0

Y21 Y22

)
,

where the first and second matrix representations are with respect to the decompositions H =
R(P ) ⊕ N(P ) and H = R(Q) ⊕ N(Q), respectively. Here we identify the operator entries as
X11 ∈ PSP , X12 ∈ PSP⊥ andX22 ∈ P⊥SP⊥, and similarly for the operator entries corresponding
to Y with respect to Q. From the above representations, it is now clear that gA is closed in g.
Moreover, a closed supplement of gA in g is given by

m =

{
(

(
X11 0
X21 0

)
,

(
0 Y12
0 0

)
) : X11 ∈ PSP, X21 ∈ P⊥SP, Y12 ∈ QSQ⊥

}
.

For the property of the exponential map, it suffices to show that there exist two open neighborhoods
V and W of (0, 0) ∈ g and (I, I) ∈ G, respectively, such that expG : V → W is bianalytic, and
expG(V ∩ gA) = W ∩ GA. The nontrivial inclusion here can be formulated as follows. Given
(G,K) ∈ W ∩ GA, we have to show that G = eX and K = eY , for some (X,Y ) ∈ V ∩ gA. Notice
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that GA = AK, yields (G− I)nA = A(K − I)n, for all n ≥ 0. Thus, the logarithm can be defined
by the usual series if we take W small enough; we further consider V = exp−1

G (W). Therefore,

log(G)A =

∑
n≥1

(−1)n+1 (G− I)n

n

A = A

∑
n≥1

(−1)n+1 (K − I)n

n

 = A log(K) .

Hence we may take X = log(G) and Y = log(K) with X, Y ∈ V ∩ gA.

Theorem 3.14. Let A ∈ CR and let S be a symmetrically-normed ideal. Then Ck(A) is a real
analytic homogeneous space of GℓS × GℓS. Furthermore, Ck(A) is also a real analytic submanifold
of A+S with the same differential structure, whose tangent space at B ∈ Ck(A) is

(TCk(A))B = {XB −BY : X,Y ∈ S} ⊂ S = (T (A+S))B.

Proof. We may suppose that k = 0 and A = B(0) = B. Notice that the isotropy subgroup of
the action π0 is given by GA = {(G,K) ∈ GℓS × GℓS : GA = AK}. From Lemma 3.13, GA is a
Banach-Lie subgroup of G = GℓS×GℓS. Then according to [46, Thm. 8.19] we get that the quotient
space G/GA has the structure of real analytic manifold such that π0 : G → C0(A) is a real analytic
submersion. Furthermore, Lemma 3.12 implies that C0(A) is homeomorphic to the quotient G/GA,
so that C0(A) inherits the real analytic homogeneous space structure from G/GA.

Now we show that C0(A) is a submanifold of A + S. We first observe that from the previous
facts the tangent space (TC0(A))A of C0(A) at A can be identified as

(TC0(A))A ≃ g/gA ≃ {XA−AY : X,Y ∈ S} ,

where we have used that (TGA)A = gA = {(X,Y ) ∈ g : XA−AY = 0}, so that the elements in the
quotient space g/gA can be identified with {XA − AY : X,Y ∈ S} as above. We put P = PR(A)

and Q = PN(A)⊥ . If we take a tangent vector V = XA − AY , then PV Q = P (XA − AY )Q,

PV Q⊥ = −PAY Q⊥, P⊥V Q = P⊥XAQ and P⊥V Q⊥ = 0. Notice that the identity PV Q⊥ =
−PAY Q⊥ is equivalent to PV Q⊥ = −A(QY Q⊥), meanwhile P⊥V Q = P⊥XAQ is equivalent to
P⊥V Q = (P⊥XP )AQ. Thus, the operators PXAQ = (PXP )AQ and PAY Q = A(QY Q), which
appear in PV Q, are independent of the operators PV Q⊥ and P⊥V Q (since these last operators
can be determined in terms of the independent blocks QY Q⊥ and P⊥XP , respectively). Therefore,
as an operator from H = R(Q)⊕N(Q) to H = R(P )⊕N(P ) we get that V has the form

V =

(
Z11 Z12

Z21 0

)
.

Conversely, if V is an operator having such matrix representation, then we may take

X =

(
0 0

Z21A
† 0

)
, Y =

(
A†Z11 A†Z12

0 0

)
,

which satisfy V = XA−AY . Then the tangent space is given by

(TC0(A))A =

{(
Z11 Z12

Z21 0

)
: Z11 ∈ PSQ, Z12 ∈ PSQ⊥, Z21 ∈ P⊥SQ

}
. (7)

From this last representation is now evident that (TC0(A))A is closed in S (tangent space of A+S),
and it has a closed supplement defined by

n =

{(
0 0
0 Z22

)
: Z22 ∈ P⊥SQ⊥

}
.
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Thus the inclusion map ι : C0 ≃ G/GA → A+S, which is analytic, satisfies that its tangent map has
a (closed) complemented range at every point. This means that ι is an immersion. Now we recall
that the quotient topology on C0(A) is always stronger than the relative topology, but in this case
both topologies coincide as a consequence of Lemma 3.12. Hence we can apply [46, Prop. 8.7] to
conclude that C0(A) is a real analytic submanifold of A+S. Furthermore, the manifold structure
as a homogeneous space coincides with that as a submanifold of A + S. Notice that the tangent
map of π0 at (I, I) is given by T(I,I)π0 : S×S → (TC0(A))A, T(I,I)(X,Y ) = XA−AY . Since this
map is a submersion, it follows that (TC0(A))A = R(T(I,I)π0) = {XA−AY : X,Y ∈ S}.

3.3 Real analyticity of the Moore-Penrose inverse

In this subsection we show that the Moore-Penrose inverse is a real analytic map between Banach
manifolds. Hence, we consider the decomposition of CR ∩ (A + S) into the connected manifolds
Ck(A), k ∈ JA, in which the Moore-Penrose inverse is a continuous map. We further consider each
maximal continuity set Ck(A) endowed with its homogeneous space structure induced by the action
of GℓS × GℓS, or equivalently, its submanifold structure.

Remark 3.15. Let E, F be complex Banach spaces, let Ω ⊆ E be an open set and let f : Ω ⊆ E → F
be a complex analytic function. Consider E0, F0 real closed subspaces of E and F , respectively,
and suppose that f(E0) ⊆ F0. We claim that the function f0 : Ω ∩ E0 → F0, f0 = f |Ω∩E0 ,
is real analytic. Since f is complex analytic, for every x0 ∈ Ω, there exists a convergent power
series

∑
n≥0 fn such that f(x) =

∑
n≥0 fn(x − x0) locally at x0, where each fn is a continuous n-

homogeneous polynomial defined on E with values on F . Denote by f̃n the continuous multilinear
function associated with fn. To prove our claim, it suffices to check that if f is restricted to Ω∩E0,
then the corresponding multilinear functions satisfy f̃n(E

n
0 ) ⊆ F0. The case n = 0, that is f0 ∈ F0,

follows by the assumption f(E0) ⊆ F0. Next we use that f is complex analytic, so in particular
f is a C∞ function such that its derivatives satisfy f (n)(x0) = n! f̃n for all n ≥ 1 (see [46, Corol.
1.8]). For x0, x ∈ E, notice that the Gateux derivative at x0 in the direction of x gives

f̃1(x) = f ′(x0)x = lim
t→0

f(x0 + tx)− f(x0)

t
∈ F0,

since f(E0) ⊂ F0 and F0 is closed. Hence f̃1(E0) ⊆ F0. We can now use again the Gateaux derivative
of f̃1 to get f̃2(E0 × E0) ⊆ F0. Continuing with this argument we can obtain f̃n(E

n
0 ) ⊆ F0, for all

n ≥ 1.

Lemma 3.16. Let S ⊆ H be a closed subspace. Then there exists a real analytic map GℓS → US,
T 7→ UT , such that PT (S) = UTPSU

∗
T , for T ∈ GℓS.

Proof. Let T ∈ GℓS and set P = PT (S), Q = TPST
−1. Then,

T0 = PQ+ (I − P )(I −Q) = Q+ (I − P )(I −Q)

satisfies PT0 = T0Q = Q, T0|R(Q) = I|R(Q) and T0|N(Q) = (I − P )|N(Q) is an isomorphism between
N(Q) and N(P ). Since Q is an oblique projection we get that H is the (non-orthogonal) direct
sum of R(Q) and N(Q); thus, T0 is an invertible operator.

We now show T0 ∈ GℓS. Since T ∈ GℓS then, by [22, Thm. 3.5] we get that P − PS =
PR(TPS) − PR(PS) ∈ S (and furthermore, [P : PS ] = 0). On the other hand, Q− PS = TPS(T

−1 −
I) + (T − I)PS ∈ S. These facts imply that Q− P ∈ S and hence T0 − I = P (Q− P ) ∈ S.

Now set T1 = T0T , which satisfies T1 ∈ GℓS and T1PST
−1
1 = P . Then, T1PS = PT1 and

PST
∗
1 = T ∗

1P gives T ∗
1 T1PS = PST

∗
1 T1. Thus, we get |T1|PS = PS |T1|. The unitary UT = T1|T1|−1

now can be seen to satisfy UT ∈ US and UTPSU
∗
T = PT (S).

To obtain that the map T 7→ UT is real analytic and thereby complete the proof, we express
this map as a composition of real analytic maps. Recall that S̃ = {X + λI : X ∈ S, λ ∈ C} is the
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unitalization of S, and consider its self-adjoint part, i.e. S̃sa := {X + λI : X = X∗, λ ∈ R} (see
Remark 2.1).

Since T is invertible, PST
∗TPS ≥ cPS , c = minλ∈σ(|T |) λ

2, so that PST
∗T |S is invertible

on S and PS(PST
∗TPS)

†PS = (PST
∗T |S)−1PS . Then, the map GℓS → S̃sa, T 7→ PT (S) =

TPS(PST
∗T |S)−1PST

∗ is clearly real analytic since the operator adjoint, multiplication and in-
version maps are real analytic. If QT = TPST

−1, then the map GℓS × S̃sa → S̃, (T,R) 7→
QT + (I −R)(I −QT ) is also real analytic. Therefore,

T0 : GℓS → S̃, T0(T ) = QT + (I − PT (S))(I −QT ),

is real analytic. Since GℓS is a submanifold of S̃ as we state in Remark 2.1 ii), and T0(T ) ∈ GℓS
for every T ∈ GℓS, it follows that T0 : GℓS → GℓS turns out to be real analytic. We conclude that
T1 : GℓS → GℓS, T1(T ) = T0(T )T , is real analytic.

On the other hand, notice that σ(Z) = σS̃(Z) for any Z = (Z − I) + I ∈ GℓS ⊂ S̃, where
the left-hand spectrum is the spectrum as an operator on H and the right-hand spectrum is the
spectrum in the Banach algebra S̃. Put C+ := {z ∈ C : ℜ(z) > 0}, and then take the open subset
Ω = {Z ∈ S̃ : σ(Z) ⊆ C+} of S̃. Now we apply Remark 3.15 with E = F = S̃, E0 = F0 = S̃sa and
the map f : Ω → S̃, f(Z) = Z1/2, which is certainly complex analytic by the holomorphic functional
calculus in the Banach algebra S̃ (see, e.g., [46, p. 30]). We thus get that f0 : Ω ∩ S̃sa → S̃sa,
f0(Z) = Z1/2, is real analytic. For T ∈ GℓS notice that |T |− I = (|T |+ I)−1(|T |2− I) ∈ S, whence
T ∗T = |T |2, |T | ∈ GℓS. Hence the maps GℓS → GℓS, T 7→ |T | = f0(T

∗T ) and T 7→ T |T |−1 are
real analytic. Since US is a submanifold GℓS, we can co-restrict the previous map and find that
GℓS → US, T 7→ T |T |−1, is real analytic. Finally, we obtain that the map GℓS → US, T 7→ UT ,
where UT = T1(T )|T1(T )|−1 is real analytic.

Remark 3.17. For fixed A ∈ CR we may also express CR ∩ (A† +S) as follows

CR ∩ (A† +S) =
⋃

k∈JA

Ck(A†),

where JA = JA† is the set defined in Notation 3.8, and we set

Ck(A†) := {B ∈ CR : B −A† ∈ S, [PN(B) : PN(A†)] = k}.

In particular, by Theorem 3.14, Ck(A†) is also a real analytic homogeneous space of G = GℓS×GℓS
and a submanifold of A†+S. From Lemma 3.2, we know that B−A ∈ S if and only if B†−A† ∈ S.
Thus we can consider the bijection µ : CR ∩ (A + S) → CR ∩ (A† + S), µ(B) = B†. Since
[PN(B†) : PN(A†)] = −[PN(B†)⊥ : PN(A†)⊥ ] = −[PR(B) : PR(A)] = [PN(B) : PN(A)] (the last equality

follows from Theorem 3.9), we get µ(Ck(A)) = Ck(A†), for k ∈ JA. Hence µ : Ck(A) → Ck(A†),
µ(B) = B†, is a homeomorphism.

The previous remark concerns the map defined by the Moore-Penrose inverse at a topological
level. The geometric structures we have constructed in Theorem 3.14 allow us to consider the
Moore-Penrose inverse as a map between Banach manifolds. We can now give one of our main
results about the Moore-Penrose inverse in this framework.

Theorem 3.18. Let A ∈ CR and let S be a symmetrically-normed ideal. Then for every k ∈ JA
the map

µ : Ck(A) → Ck(A†), µ(B) = B†,

is real bianalytic between these Banach manifolds, and its tangent map is given by

(TBµ)(V ) = −B†V B† + (B∗B)†V ∗(I −BB†) + (I −B†B)V ∗(BB∗)†,

for B ∈ Ck(A) and V ∈ (TCk(A))B.
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Proof. We may assume that k = 0. As we observed in Remark 3.17 the map µ in the statement
is a homeomorphism. Now we recall two properties of the Moore-Penrose inverse. For C ∈ CR,
and U, V unitary operators, it holds that (UCV )† = V ∗C†U∗, and that C† is determined by the
conditions C†|R(C)⊥ = 0 and C†|R(C) = (C|R(C))

−1, where the inverse here is given by (C|R(C))
−1 :

R(C) → N(C)⊥ satisfying (C|R(C))
−1C|N(C)⊥ = IN(C)⊥ and C(C|R(C))

−1 = IR(C). According to
Lemma 3.16, for every (G,K) ∈ GℓS × GℓS there are unitary operators UK , UG ∈ US such that
UK(N(A)⊥) = K(N(A)⊥), and UG(R(A)) = G(R(A)). Then,

(GAK−1)† = UK(U∗
G(GAK−1)UK)†U∗

G

= UK

(
A† 0
0 0

)(
[U∗

G(GAK−1)UKA†]−1 0
0 0

)
U∗
G ,

where the block matrix representation of factor to the right is with respect to the decomposition
H = R(A)⊕R(A)⊥ and the block matrix representation of the factor to the left is as an operator
acting from H = R(A) ⊕ R(A)⊥ into H = N(A)⊥ ⊕ N(A). The operator obtained by restriction
U∗
G(GAK−1)UKA† : R(A) → R(A) is invertible, and using that PR(A) = AA† we further get that

U∗
G(GAK−1)UKA† − PR(A) ∈ S. We write S(R(A)) for the corresponding symmetrically-normed

ideal S on R(A). By considering also the restricted invertible group on R(A), i.e. GℓS(R(A)) :=
{G ∈ Gℓ(R(A)) : G − IR(A) ∈ S(R(A))}, we can use that the inversion map is real analytic on
this Lie group. Since US is a Lie group, the inversion is real analytic, and using that K 7→ UK

and G 7→ UG are real analytic by Lemma 3.16, we get from the above expression that the map
π̃0 : GℓS × GℓS → C0(A†), π̃0(G,K) = (GAK−1)† is real analytic. By Theorem 3.14 we conclude
that π0 : GℓS×GℓS → C0(A) is real analytic, and hence it has real analytic local cross sections ([46,
Corol. 8.3]). Thus for every B ∈ C0(A), there is an open set B ∈ W ⊆ C0(A), and a real analytic
map s : W → GℓS × GℓS such that π0 ◦ s = id|W . Therefore, we can write locally µ = π̃0 ◦ s. This
shows that µ is real analytic. Clearly, µ becomes a bianalytic map between these manifolds.

Now we can compute the tangent map at B ∈ C0(A) in the direction of a vector V = XB−BY ∈
(TC0(A))B. Take the curve γ(t) = etXBe−tY ∈ C0(A), for some X,Y ∈ S, and t ∈ (−1, 1), which
satisfies γ(0) = B, γ̇(0) = V . By Wedin’s formula (4) and the continuity of µ in C0(A) we get that

(TBµ)(V ) =
d

dt

∣∣∣
t=0

µ(γ(t))

= lim
t→0

1

t
{−γ(t)†(γ(t)− γ(0))γ(0)† + (γ(t)∗γ(t))†(γ(t)∗ − γ(0)∗)(I − γ(0)γ(0)†)+

+ (I − γ(t)†γ(t))(γ(t)∗ − γ(0)∗)(γ(0)γ(0)∗)†}
= −B†V B† + (B∗B)†V ∗(I −BB†) + (I −B†B)V ∗(BB∗)†.

Remark 3.19. i) For A ∈ CR, G,K ∈ GℓS, we may compute (GAK−1)† using the following formula
proved in [29, Thm. 2]:

(GAK−1)† = (AK−1)∗[AK−1(AK−1)∗ + I −AA†]−1A[(GA)∗GA+ I −A†A]−1(GA)∗.

A straightforward consequence is that (G,K) 7→ (GAK−1)† is a real analytic map. Thus, this gives
another proof of the fact that µ is a real analytic map. However, the approach considered in the
proof of Theorem 3.18, which is based on Lemma 3.16, is also needed in Section 4.

ii) Since GℓS is also a complex Lie group, the same proof of Theorem 3.14 also shows that Ck,
k ∈ JA, are complex analytic homogeneous spaces and submanifolds. The operator adjoint that
shows up in the proofs of Lemma 3.16 and Theorem 3.18 implies that µ cannot be complex analytic.
We refer to [36] for a study of other generalized inverses as complex analytic mappings operator
valued mappings of a complex variable.
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4 Polar decomposition

We first study the real analyticity of operator monotone functions defined on invertible positive
perturbations by symmetrically-normed ideals. Then we develop a geometric study of the closed
range positive operator perturbations by an ideal. This leads to a decomposition into connected
sets, which are real analytic homogeneous spaces (congruence orbits) and submanifolds. In the
next section we use these results, and also the ones from the previous sections, to show that the
maps given by the operator modulus and the partial isometry in the polar decomposition are real
analytic fiber bundles.

4.1 Real analyticity of operator monotone functional calculus

We revisit the Ando-van Hemmen theory on the perturbation problem for operator monotone
functions [7]. We are interested in a rather different problem, related to the real analyticity of the
operator monotone functional calculus with respect to operator ideal perturbations. Nevertheless,
our approach is deeply influenced by the techniques from [7]. Recall that a function f : [0,∞) → R
is said to be operator monotone if C,D ∈ B(H)+ are such that C ≤ D, then we have that
f(C) ≤ f(D). In this case f belongs to the Pick class. Hence, there exist a positive Borel measure
ν on (0,∞) such that

∫∞
0 (t2 + 1)−1 dν(t) is finite, α ∈ R and β ∈ [0,∞) such that

f(λ) = α+ β λ−
∫ ∞

0

(
1

t+ λ
− t

t2 + 1

)
dν(t) for λ ∈ [0,∞) . (8)

Moreover, notice that the expression for f(λ) above is well defined for λ ∈ C\(−∞, 0). For example,
if f(λ) = λ1/2, for λ ∈ [0,∞), then

λ1/2 =
1√
2
−
∫ ∞

0

(
1

t+ λ
− t

t2 + 1

)
t1/2

π
dt for λ ∈ [0,∞) . (9)

Using the integral representation in Eq. (8) for the operator monotone function f(λ), then given
C ≥ 0 we can represent the self-adjoint operator

f(C) = α I + β C −
∫ ∞

0

(
(t I + C)−1 − t

t2 + 1
I

)
dν(t) .

In what follows we use the notation Gℓ+ := Gℓ+(H) = {G ∈ Gℓ(H) : G > 0}. For a fixed
C ∈ Gℓ+ notice that Gℓ+ ∩ (C+S) is an open subset of the affine space C+S, where the topology
is, as usual, defined by the metric dS(B1, B2) = ∥B1 −B2∥S, B1, B2 ∈ C +S. We recall that Ssa

denotes the set of self-adjoint operators in S.

Remark 4.1. Consider a monotone operator function represented as in Eq. (8) and let C, D ∈ Gℓ+
be such that D−C ∈ S. In [7] Ando and van-Hemmen showed, in particular, that f(D)−f(C) lies
in the maximal ideal associated to the symmetric norming function induced by S; for the notion
of maximal ideal see [38]. In this context, they noticed that

f(D)− f(C) = β(D − C) +

∫ ∞

0

(
(t I + C)−1 − (t I +D)−1

)
dν(t)

= β(D − C) +

∫ ∞

0
(t I + C)−1(D − C)(t I +D)−1 dν(t)

The previous identities suggest to consider the operator valued function h : [0,∞) → Ssa given by

h(t) = (t I + C)−1(D − C)(t I +D)−1 for t ∈ [0,∞) .

In this case it is straightforward to check that:
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1. ∥h(t)∥S ≤ q(t), where q(t) is a bounded, continuous, positive and non-increasing function
such that

∫∞
0 q(t) dν(t) < ∞ (e.g. q(t) = ∥D − C∥S((t+ γC) (t+ γD))

−1, t ≥ 0);

2. If δ > 0, then ∥h(t + δ) − h(t)∥S ≤ α δ r(t), where α > 0 and r : [0,∞) → [0,∞) is a
continuous and non-increasing function, such that

lim
t→∞

r(t) = 0 and

∫ ∞

0
r(t) dν(t) < ∞ .

We point out that in the case above we can take r(t) to be

r(t) = ((t+ γC)(t+ γD))
−1 ∥D − C∥S ((t+ γC)

−1 + (t+ γD)
−1) , t ∈ [0,∞) .

The following lemma is an integral formulation of the fact that absolute convergence implies
convergence in symmetrically-normed ideals.

Lemma 4.2. Let S be symmetrically-normed ideal, let ν be a positive Borel measure on (0,∞) and
let h : [0,∞) → Ssa be a function satisfying items 1 and 2 in Remark 4.1. Then,∫ ∞

0
h(t) dν(t) ∈ Ssa and

∥∥∥∥∫ ∞

0
h(t) dν(t)

∥∥∥∥
S

≤
∫ ∞

0
∥h(t)∥S dν(t) .

Proof. See Section 5.

Proposition 4.3. Let C,D ∈ Gℓ+ be such that D − C ∈ S, and let f : [0,∞) → R be an operator
monotone function with integral representation as in Eq. (8). Then, we have that f(D)−f(C) ∈ Ssa

is such that

∥f(D)− f(C)∥S ≤ ∥D − C∥S
(
β +

∫ ∞

0

1

(t+ γC) (t+ γD)
dν(t)

)
.

Proof. With the notation above, and arguing as in Remark 4.1 we get that

f(D)− f(C) = β (D − C) +

∫ ∞

0
h(t) dν(t) for h(t) = (t I + C)−1(D − C)(t I +D)−1 . (10)

Notice that h(t) fulfills the conditions in items 1 and 2 in Remark 4.1 with ∥h(t)∥ ≤ ∥D−C∥S((t+
γC) (t+ γD))

−1, for t ≥ 0. Then, by Lemma 4.2 we see that∫ ∞

0
h(t) dν(t) ∈ Ssa and

∥∥∥∥∫ ∞

0
h(t) dν(t)

∥∥∥∥
S

≤
∫ ∞

0

∥D − C∥S
(t+ γC) (t+ γD)

dν(t) .

The result now follows from Eq. (10) and the last remarks.

Next we study the continuity of the functional calculus induced by a (fixed) monotone operator
function, with respect to certain perturbations of a positive closed range operator. To do this, we
consider the following facts.

Remark 4.4. Let P , Qn be orthogonal projections such that P − Qn ∈ S, for all n ≥ 1, and
∥P −Qn∥S → 0. Then, there exists a sequence {Un}n≥1 in US such that UnQnU

∗
n = P , for n ≥ 1,

and ∥Un − I∥S → 0. Indeed, this is a consequence of [5, Proposition 2.2.] for the ideal S2 of
Hilbert-Schmidt operators; there it is shown the existence of continuous local cross sections for the
map US2 ∋ U 7→ U∗PU ⊂ P + (S2)sa, where US2 and P + (S2)sa are endowed with the Hilbert-
Schmidt metric d2(C,D) = ∥C −D∥2. The general case of a symmetrically-normed operator ideal
follows with a straightforward adaption of the proof of the previous result.

In what follows we let CR+ = {C ∈ CR : C ≥ 0}.
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Corollary 4.5. Let f : [0,∞) → R be an operator monotone function and let S be a symmetrically-
normed ideal. Fix C ∈ CR+ and let {Dn}n≥1 be a sequence in CR+ such that C − Dn ∈ S,
[PN(C) : PN(Dn)] = 0 for n ≥ 1, and ∥Dn − C∥S → 0. Then, there exists n0 ≥ 1 such that
f(Dn)− f(C) ∈ S, for n ≥ n0, and ∥f(Dn)− f(C)∥S → 0.

Proof. Let {Dn}n≥1 be as above and assume futher that N(Dn) = N(C) for n ≥ 1. Then the
restrictions Dn|H0 , C|H0 ∈ B(H0) are positive invertible operators acting on H0 = R(C) such that
∥Dn|H0 − C|H0∥S → 0. Let n0 ≥ 1 be such that ∥Dn − C∥S ≤ γC|H0

/2, so that γDn|H0
> γC|H0

/2,
for n ≥ n0. In this case

((t+ γDn|H0
) (t+ γC|H0

))−1 ≤ 4 (t+ γC|H0
)−2 , t ≥ 0 .

By Proposition 4.3 we get that f(Dn|H0) − f(C|H0) ∈ S(H0) for n ≥ n0, and that ∥f(Dn|H0) −
f(C|H0)∥S → 0. Now notice that f(C) = f(C|H0) + f(0) (I −PH0) and similarly for f(Dn), n ≥ 1;
thus, f(Dn)− f(C) ∈ S for n ≥ n0 and ∥f(Dn)− f(C)∥S = ∥f(Dn|H0)− f(C|H0)∥S → 0.

Consider now a general sequence {Dn}n≥1 as in the statement above. Notice that by hypothesis

and Theorem 3.4, we get that ∥D†
n−C†∥S → 0 and hence ∥PN(Dn)−PN(C)∥S = ∥D†

nDn−C†C∥S →
0. Let {Un}n≥1 be a sequence in GℓS such that UnPN(Dn)U

∗
n = PN(C) and ∥Un − I∥S → 0 (see

Remark 4.4). Hence, UnDnU
∗
n − C ∈ S, N(UnDnU

∗
n) = N(C) and ∥UnDnU

∗
n − C∥S → 0. By

the first part of the proof we conclude that ∥f(UnDnU
∗
n) − f(C)∥S → 0. On the other hand,

f(UnDnU
∗
n) = Unf(Dn)U

∗
n so ∥f(UnDnU

∗
n)− f(Dn)∥S → 0. The previous facts imply that

∥f(Dn)− f(C)∥S ≤ ∥f(Dn)− f(UnDnU
∗
n)∥S + ∥f(UnDnU

∗
n)− f(C)∥S → 0 .

In the proof of Lemma 3.16 we have used that the square root is a real analytic map in the set
GℓS ∩ Gℓ+, by considering the enveloping unital Banach algebra S̃ (see Remark 2.1). Thus, the
argument in that proof cannot be repeated when the domain is changed to the set of perturbations
{C + K ∈ Gℓ+ : K ∈ Ssa} endowed with the distance dS, where C ∈ Gℓ+ is some fixed positive
invertible operator. Below we prove that the square root, and moreover any operator monotone
function, is real analytic on these more general domains.

Theorem 4.6. Let f : [0,∞) → R be an operator monotone function on [0,∞) with integral
representation as in Eq. (8) and let C ∈ Gℓ+. Consider f : (C + S) ∩ Gℓ+ → f(C) + Ssa given
by (C +S) ∩ Gℓ+ ∋ D 7→ f(D) ∈ f(C) +Ssa. Then, f is a real analytic function. Moreover, for
∥D − C∥S < γC we get a local series representation f(D) = f(C) +

∑∞
n=1 fn(D − C), where

f1(D − C) = β (D − C) +

∫ ∞

0
(tI + C)−1 (D − C) (t I + C)−1 dν(t) ∈ Ssa ,

fn(D − C) = (−1)n+1

∫ ∞

0

(
(tI + C)−1(D − C)

)n
(t I + C)−1 dν(t) ∈ Ssa , n ≥ 2 .

Proof. Given C as above we show that f admits a local power series around C, as in Remark
3.15. Indeed, assume that D ∈ Gℓ+ is such that D − C ∈ S. By Proposition 4.3 we get that
f(D) ∈ f(C) +Ssa. As noticed in [7] (see also Remark 4.1) we have that

f(D)− f(C) = β(D − C) +

∫ ∞

0
(t I + C)−1 (D − C) (t I +D)−1 dν(t) . (11)

Now, a closer look at the integrand reveals that for t ∈ (0,∞),

(t I + C)−1 (D − C) (t I +D)−1 = (t I + C)−1 (D − C) (t I + C + (D − C))−1

= (t I + C)−1 (D − C) (I + (t I + C)−1(D − C))−1 (t I + C)−1 .
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Since γtI+C = t+ γC ≥ γC > 0 then ∥(tI +C)−1∥ ≤ γ−1
C , for t ∈ (0,∞). Hence, if ∥D−C∥S < γC ,

then we get that

∥(tI + C)−1(D − C)∥S ≤ ∥(tI + C)−1∥ ∥D − C∥S ≤ γ−1
C ∥D − C∥S < 1 for t ∈ (0,∞) . (12)

Thus, for n ≥ 1 we have that

∥
(
(tI + C)−1(D − C)

)n ∥ ≤ ∥
(
(tI + C)−1(D − C)

)n ∥S ≤ ∥
(
(tI + C)−1(D − C)

)
∥nS

since ∥ · ∥S is submultiplicative. The previous estimates show that the geometric series

∞∑
n=0

(−1)n
(
(tI + C)−1(D − C)

)n
= (I + (tI + C)−1(D − C))−1 ∈ GℓS

is ∥ · ∥S-absolute convergent and ∥ · ∥S-uniformly convergent for t ∈ (0,∞), by Eq. (12). In
particular, the series is ∥ · ∥-absolute convergent and ∥ · ∥-uniformly convergent for t ∈ (0,∞).
Therefore, we now see that∫ ∞

0

(
(t I + C)−1 − (t I +D)−1

)
dν(t) =∫ ∞

0
(t I + C)−1 (D − C) (I + (t I + C)−1(D − C))−1 (t I + C)−1 dν(t) =∫ ∞

0
(t I + C)−1 (D − C)

∞∑
n=0

(−1)n
(
(tI + C)−1(D − C)

)n
(t I + C)−1 dν(t) =

∞∑
n=0

(−1)n
∫ ∞

0

(
(tI + C)−1 (D − C)

)n+1
(t I + C)−1 dν(t) =

∞∑
n=1

f̃n(D − C)

where, for n ≥ 1 we let

f̃n(D − C) = (−1)n+1

∫ ∞

0

(
(tI + C)−1(D − C)

)n
(t I + C)−1 dν(t) ∈ Ssa

which is a ∥ · ∥S-continuous homogeneous polynomial of degree n (as a function of D − C) with
values in Ssa, and the series is ∥ · ∥S-absolutely convergent. Indeed, to show f̃n(D−C) ∈ Ssa we
argue as follows: for n ≥ 1, let hn : [0,∞) → Ssa be given by

hn(t) =
(
(tI + C)−1(D − C)

)n
(t I + C)−1 ∈ Ssa , t ≥ 0 .

In this case, h(t) satisfies item 1 in Remark 4.1 since

∥hn(t)∥S ≤ (t+ γC)
−2 (γ−1

C ∥D − C∥S)n−1 ∥D − C∥S , t ≥ 0 , (13)

(γ−1
C ∥D − C∥S)n−1 ∥D − C∥S

∫ ∞

0
(t+ γC)

−2 dν(t) < ∞ ,

where we have used that
∫∞
0 (t2 + 1)−1 dν(t) is finite. Furthermore, for δ > 0 we have that

∥h(t+ δ)− h(t)∥S ≤ δ (γ−1
C ∥D−C∥S)n−1 ∥D−C∥S (t+ γC)

−3 with

∫ ∞

0
(t+ γC)

−3 dν(t) < ∞ .

Hence, h(t) also satisfies item 2 in Remark 4.1. By Lemma 4.2 we conclude that

f̃n(D − C) = (−1)n+1

∫ ∞

0
h(t) dν(t) ∈ Ssa
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and, using Eq. (13), we also get that

∥f̃n(D − C)∥S ≤ (γ−1
C ∥D − C∥S)n−1 ∥D − C∥S

∫ ∞

0
(t+ γC)

−2 dν(t) . (14)

Hence, f̃n(D − C) ∈ Ssa is a ∥ · ∥S-continuous homogeneous polynomial of degree n ≥ 1. Also,
Eq. (14) shows that the series

∞∑
n=1

f̃n(D − C) ∈ Ssa

is ∥ · ∥S-absolutely convergent for ∥D−C∥S < γC . The previous facts together with Eq. (11) show
that for D ∈ Gℓ+ with ∥D − C∥S < γC we have the local expansion

f(D) = f(C) + β(D − C) +
∞∑
n=1

f̃n(D − C) .

In particular, f : (C +S) ∩ Gℓ+ → f(C) +Ssa is a real analytic function.

Corollary 4.7. Consider the notation in Theorem 4.6. For D ∈ (C+S)∩Gℓ+ with ∥D−C∥S < γC
we have that:

∥f1(D − C)∥S ≤ (β +

∫ ∞

0
(t+ γC)

−2 dν(t)) ∥D − C∥S

and for n ≥ 2,

∥fn(D − C)∥S ≤
∫ ∞

0
(t+ γC)

−(n+1) dν(t) ∥D − C∥nS

≤
∫ ∞

0
(t+ γC)

−2 dν(t) (∥D − C∥S γ−1
C )n−1 ∥D − C∥S

Proof. The result follows from a direct inspection of the proof of Theorem 4.6 above and Lemma
4.2.

Integral representations of (Fréchet) derivatives of the functional calculus induced by an opera-
tor monotone function have been considered before (see [16, 23, 41]). We remark that our previous
result does not only provide integral representations of the derivatives (of all orders) of the func-
tional calculus by operator monotone functions, but it also provides theoretical insights about the
relevance of these derivatives for the computation of approximations of the function with respect
to symmetrically-normed operator ideals.

Remark 4.8. Consider the notation in Theorem 4.6. The bounds in Corollary 4.7 allow to obtain
simple estimates for the norm ∥ · ∥S of the error in the approximation (remainder) f(D) ≈ f(C)+∑m

n=1 fn(D − C), for m ≥ 1. For example, if f(λ) = λ1/2 for λ ∈ [0,∞) then Corollary 4.7 implies
that

∥fn(D − C)∥S ≤ 1

π

∫ ∞

0
(t+ γC)

−(n+1) t1/2 dt ∥D − C∥S , n ≥ 1 ,

where we have used the integral representation in Eq. (9) (so that β = 0). It is not difficult to
obtain upper bounds for the integral above that in turn allows to obtain upper bounds for the
remainder. Similar results have been obtained in [23] for this particular choice of f . Nevertheless,
notice that the fact that the corresponding functional calculus is real analytic with respect to
symmetrically-normed ideals seems to be new even in this case.

There are other important operator monotone functions whose Fréchet derivatives have been
considered in the literature. Our results also imply some relevant information about the properties
of the corresponding functional calculus and Taylor approximations; we will consider these results
elsewhere.
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4.2 Geometric structure of positive perturbations

We first give the following (algebraic) characterization of perturbations of a fixed positive operator
by symmetrically-normed ideals.

Lemma 4.9. Let C ∈ CR+ and S be a symmetrically-normed ideal. Then the following conditions
are equivalent:

i) D ∈ CR+ satisfies D − C ∈ S and [PN(D) : PN(C)] = 0;

ii) There exists G ∈ GℓS such that D = GCG∗.

Proof. i) → ii) From Remark 3.2 we know that D − C ∈ S implies PN(D) − PN(C) ∈ S. By the
assumption on the essential codimension of these projections and Remark 2.1, we have UPN(D)U

∗ =
PN(C) for some U ∈ US. Notice that UDU∗ − C ∈ S and N(UDU∗) = N(C); by Corollary 4.5

we conclude that UD1/2U∗ − C1/2 ∈ S. From the last condition, and noting that N(UD1/2U∗) =
N(UDU∗) = N(C) = N(C1/2), it follows that there exists G ∈ GℓS such that GC1/2 = UD1/2U∗

(see Remark 3.7). Hence, we find that (U∗G)C(U∗G)∗ = D, where U∗G ∈ GℓS.

ii) → i) Clearly, we have D ∈ CR+. Using that G ∈ GℓS, it follows that D −C = GCG∗ −C ∈ S.
From D∗ = GCG∗ we have G(N(C)⊥) = G(R(C∗)) = R(D∗) = N(D)⊥. By Lemma 3.16 there
is a unitary UG ∈ US such that UGPN(C)U

∗
G = PN(D). Then, again by Remark 2.1, we get

[PN(D) : PN(C)] = 0

For an operator C ∈ CR+, since R(C)⊥ = N(C), the three dimensions used in Notation 3.8
reduce to two dimensions. That is, we have JC = {k ∈ Z : − dim(N(C)) ≤ k ≤ dim(N(C)⊥)}.
The following result is an analog of Theorem 3.9 for positive perturbations.

Theorem 4.10. Let C ∈ CR+ and S be a symmetrically-normed ideal. Then

CR+ ∩ (C +S) =
⋃

k∈JC

Pk(C)

where
Pk(C) = {B ∈ CR+ : B − C ∈ S, [PN(B) : PN(C)] = k}.

The following assertions hold:

i) The action GℓS×CR+∩ (C+S) → CR+∩ (C+S), G ·B = GBG∗ restricted to Pk(C) is well
defined and transitive. In other words, Pk(C) = {GB(k)G∗ : G ∈ GℓS} for any B(k) ∈ Pk(C).

ii) Pk(C) is a real analytic homogeneous space of GℓS and a submanifold of C+S, whose tangent
space at B ∈ Pk(C) is (TPk(C))B = {XB +BX∗ : X ∈ S} ⊂ S = (T (C +S))B.

iii) Pk(C) endowed with the previous differential structure is also a submanifold of Ck(C).

Proof. We write Pk = Pk(C) for short. Analogously to the proof of Theorem 3.9 one can see that
CR+ ∩ (C +S) is decomposed as the above disjoint union, and each Pk ̸= ∅ for k ∈ JC .

i) This follows by elementary properties of the essential codimension.

ii) We only treat the case k = 0 and take B(0) = C. We first show that the isotropy of the action at
C given by GC := {G ∈ GℓS : GCG∗ = C} is a Banach-Lie subgroup of G := GℓS. Using a matrix
representation with respect to H = R(C)⊕R(C)⊥ we rewrite this group as

GC =

{(
G11 G12

0 G22

)
∈ GℓS : G11C = C(G∗

11)
−1

}
,
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which has its Lie algebra given by

gC = {X ∈ S : XC = −CX∗}

=

{(
X11 X12

0 X22

)
∈ S : X11C = −CX∗

11

}
.

For every neighborhood T of 0 ∈ h, one can show that expG(T ) is a neighborhood of I ∈ GC by
using the logarithm series as in Lemma 3.13. To see that gC is complemented in g := S, we put
P = PR(C) and define the closed real subspaces

n± = {X ∈ PSP : X∗ = ±C†XC}.

Since every X ∈ PSP can be written as X = X+ + X−, where X+ = 1
2(X

∗ + CXC†) and
X− = 1

2(X
∗ − CXC†), we have PSP = n+ ⊕ n−. Therefore,

m =

{(
X11 0
Y 0

)
: X11 ∈ n+, Y ∈ P⊥SP

}
.

is a closed supplement of gC in S. This shows that GC is a Banach-Lie subgroup of G, and
consequently, P0 ≃ G/GC inherits the structure of real analytic homogeneous space of G from the
quotient space G/GC . In particular, the tangent space (TP0)C can be identified with the quotient
space g/gC = {XC + CX∗ : X ∈ S}.

Now we show that P0 with its homogeneous structure is also a real submanifold of C + S.
We proceed as in Theorem 3.14. Notice that the map π0 : GℓS → P0, π0(G) = GCG∗ admits
continuous local cross sections. Indeed, let B ∈ P0, P = PR(C), Q = PR(B); notice that Q = Q(B)

is a continuous function of B ∈ P0 since Q = BB† and the continuity of the Moore-Penrose inverse
on C0(C) shown in Theorem 3.4 (notice that P0 ⊂ C0(C) with the same distance function dS). Set
S = QP +(I−Q)(I−P ) and notice that SP = QS so then S(I−P ) = (I−Q)S. It can be checked
that S is invertible when ∥C −B∥S < γ, for sufficiently small γ > 0; in this case, SPS−1 = Q and
S(I − P )S−1 = (I −Q). Then, we define the map

σ(B) = B1/2S(C†)1/2 + (I −Q)S(I − P ).

If follows by construction that σ(B) ∈ GℓS is such that π0(σ(B)) = B for B ∈ P0 such that
∥C −B∥S < γ. Moreover, σ is continuous by the continuity of the square root with respect to the
metric dS (see Corollary 4.12).

It remains to show that the tangent space (TP0)C = {XC + CX∗ : X ∈ S} is a closed
complemented subspace in S. We may use again the above matrix representation,

XC + CX∗ =

(
X11C + CX∗

11 CX∗
21

X21C 0

)
.

From this expression, it suffices to show that Σ = {XC + CX∗ : X ∈ PSP} is closed and
complemented in PSP . Consider the bounded and invertible operator RT : PSP → PSP ,
RT (Y ) = Y T , for fixed T ∈ B(H) with R(T ) = N(T )⊥ = R(C). Since RC†(Σ) = n+ we conclude
that Σ = RC(n

+) is closed and such that Σ⊕RC(n
−) = PSP . This completes the proof.

iii) Again, we only consider the case k = 0 and set C0 = C0(C). Notice that since both P0 and
C0 are submanifolds of C + S, so their topologies coincide and the inclusion map ι : P0 → C0 is
real analytic. We now show that this map is an immersion. For it is enough to see that the image
under the tangent map TCι[(TP0)C ] = (TP0)C is a closed complemented subspace of (TC0)C . By
inspection of the proof of Theorem 3.14 (see Eq. (7)) we have that

(TC0)C =

{(
Z11 Z12

Z21 0

)
: Z11 ∈ PSP, Z12 ∈ PSP⊥, Z21 ∈ P⊥SP

}
,
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where P = PR(C) = PN(C)⊥ as before. Thus, from the proof of item ii) above we see that{(
Z11 0
0 0

)
: Z11 ∈ RC(n

−)

}
⊂ (TC0)C

is a complement for (TP0)C inside (TC0)C . Thus, by [46, Prop. 8.7] we have that P0 ⊂ C0 is a real
analytic submanifold.

Remark 4.11. We observe that in the context of C∗-algebras the constructions of continuous lo-
cal cross sections for the action on congruence orbits can be given when dim(N(C)) < ∞ or
dim(R(C)) < ∞ (see [25, Thm. 3.4]). The fact that the essential codimension is fixed is the key
for the construction of continuous local cross sections in our previous proof.

Now that we have a manifold structure for Pk(C) we can complement Theorem 4.6 by showing
the smoothness of the functional calculus by operator monotone functions for the more general
domain Pk(C). This result will be needed to prove Theorem 4.17 below.

Corollary 4.12. Let f : [0,∞) → R be an operator monotone function on [0,∞), let C ∈ CR+

and S be a symmetrically-normed ideal. Then, f : Pk(C) → f(C)+Ssa is a real analytic function.

Proof. Without loss of generality we can assume that k = 0 and check that f is real analytic in a
neighborhood of C ∈ P0 = P0(C). By Theorem 4.10 we get that the structure of P0 as a submanifold
of C+S coincides with its structure as an homogeneous space of Gℓ. Hence, it suffices to show that
the map GℓS ∋ G 7→ f(GCG∗) is real analytic. By Lemma 3.16 there exists a real analytic function
GℓS ∋ G 7→ UG ∈ US such that UG(R(C)) = G(R(C)); thus, the map GℓS ∋ G 7→ U∗

G(GCG∗)UG

is real analytic and such that R(U∗
G(GCG∗)UG) = R(C), for G ∈ GℓS. Hence, we can consider the

matrix representation of U∗
G(GCG∗)UG with respect to the decomposition H = R(C)⊕N(C) given

by (
U∗
G(GCG∗)UG|R(C) 0

0 0

)
.

Moreover, U∗
G(GCG∗)UG|R(C) ∈ (C|R(C) +S) ∩ Gℓ(R(C))+, for G ∈ GℓS. Therefore, by Theorem

4.6 we get that f(U∗
G(GCG∗)UG|R(C)) ∈ f(C|R(C)) +Ssa and that the map

GℓS ∋ G 7→ f(U∗
G(GCG∗)UG) =

(
f(U∗

G(GCG∗)UG|R(C)) 0

0 f(0)

)
∈ f(C) +Ssa

is real analytic, where we have also considered the decomposition H = R(C)⊕N(C) above. Finally,
notice that GℓS ∋ G 7→ f(GCG∗) = UG f(U∗

G(GCG∗)UG)U
∗
G is real analytic, because it is the

composition of real analytic maps.

4.3 Operator modulus and polar factor as real analytic fiber bundles

We apply the previous results to study the maps given by the polar factor and the operator modulus,
defined on Ck(A), for A ∈ CR. We remark the well-known fact that the essential codimension is
also helpful for the analysis of perturbations of partial isometries by symmetrically-normed ideals;
we collect several results from the literature in the following remark.

Remark 4.13. For a fixed V ∈ PI ⊂ CR we consider below the set JV previously defined (Notation
3.8). The essential codimension can be used to write PI ∩ (V + S) as the union of connected
components:

PI ∩ (V +S) =
⋃

k∈JV

Vk(V )
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where Vk(V ) = {X ∈ PI : X−V ∈ S, [PN(X) : PN(V )] = k} ≠ ∅. The action (US×US)×PI → PI,
(U,W ) · V = UVW ∗ leaves invariant each Vk(V ), and moreover, it holds

Vk(V ) = {UV (k)W ∗ : U,W ∈ US},

where V (k) is any partial isometry in Vk(V ). These facts were proved in [20, Prop 3.5] for the ideal
of Hilbert-Schmidt operators. The same proofs can be carried out for arbitrary symmetrically-
normed ideals. In addition, we recall that Vk(V ) are real analytic homogeneous spaces of the group
US × US, and submanifolds of V +S (see [19]).

Lemma 4.14. Let A ∈ CR with polar decomposition A = VA|A|, k ∈ JA and S be a symmetrically-
normed ideal. The following assertions hold:

i) α : Ck(A) → Pk(|A|), α(B) = |B|, is well defined and surjective.

ii) v : Ck(A) → Vk(VA), v(B) = VB, is well defined and surjective.

Proof. Without loss of generality we can assume that k = 0.

i) If B ∈ C0(A), then A−B ∈ S and [PN(A) : PN(B)] = 0. Since A−B ∈ S then A∗A−B∗B ∈ S
and since N(A∗A) = N(A) and N(B∗B) = N(B) then B∗B ∈ P0(A

∗A). By Corollary 4.12 we see
that |B| − |A| = (B∗B)1/2 − (A∗A)1/2 ∈ S, since f(x) = x1/2 is an operator monotone function
on [0,∞). Since N(|B|) = N(B∗B) and N(A∗A) = N(|A|) we get that α(B) = |B| ∈ P0(|A|).
If C ∈ P0(|A|) then, by item i) in Theorem 4.10 we see that there exists G ∈ GℓS such that
C = G|A|G∗. By Lemma 3.16 there exists U ∈ US such that U(R(|A|)) = G(R(|A|)) = R(G|A|). If
we let B = (VAU)C = (VAU

∗)G|A|G∗, then VB = VAU and |B| = G|A|G∗ = C are the polar factor
and the modulus corresponding to the polar decomposition of B. In particular, VB − VA ∈ S and
|B| − |A| ∈ S; then, A − B = VA|A| − VB|B| = VA(|A| − |B|) + (VA − VB)|B| ∈ S and moreover,
R(B) = R(A). Therefore, B ∈ C0(A) is such that α(B) = C.

ii) If B ∈ C0(A), then by the first part of the proof, we have that |B| ∈ P0(|A|). In particular,
|A|−|B| ∈ S and then |A|†−|B|† ∈ S, by Lemma 3.2. Hence, VA−VB = A|A|†−B|B|† = A(|A|†−
|B|†)+(A−B)|B|† ∈ S. On the other hand, observe that 0 = [PN(A) : PN(B)] = [PN(VA) : PN(VB)] so
v(B) = VB ∈ V0(VA). If V ∈ V0(VA) then, by Remark 4.13, we see that there exist U, W ∈ US such
that V = UVAW . If we set B = UVAW (W ∗|A|W ), then VB = UVAW = V and |B| = W ∗|A|W are
the polar factor and the operator modulus corresponding to the polar decomposition of B. Since
US ⊂ GℓS then B = UAW ∈ C0(A) is such that v(B) = VB = V .

Remark 4.15. We remark that since v(B) = VB = B|B|† then, using similar arguments to those
considered for the Moore-Penrose map and Corollary 4.5, we can show that Ck(A) are maximal
subsets (of the metric space (CR ∩ (A +S), dS)) in which the polar factor becomes a continuous
map, for k ∈ JA.

Under the same notation of Lemma 4.14 we now describe the structure of the fibers.

Lemma 4.16. Given C0 ∈ Pk(|A|) and V0 ∈ Vk(VA), then

i) α−1(C0) := {V C0 ∈ Ck : V ∈ Vk(VA), N(V ) = N(C0)};

ii) v−1(V0) = {V0C ∈ Ck : C ∈ Pk(|A|), N(C)⊥ = R(C) = N(V0)
⊥}.

Furthermore, both fibers are submanifolds of A+S.

Proof. We may assume that k = 0.

i) Clearly, we have

α−1(C0) = {V C0 ∈ C0 : V ∈ V0(VA), N(V ) = N(C0)}
≃ {V ∈ PI : V − V0 ∈ S, N(V ) = N(V0)}, (15)
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where V0 is any partial isometry satisfying N(V0) = N(C0) and V0 ∈ V0(VA). The set in Eq. (15)
is a submanifold of VA +S (see [19, Corol. 3.5]). The bijection above is given by V C0 7→ V , and
it induces a manifold structure on α−1(C0). We now prove that α−1(C0) with the aforementioned
manifold structure is a submanifold of A + S. For we first observe that it is not difficult to see
α−1(C0) has the topology defined by the metric dS, and the inclusion map ι : α−1(C0) → A +S
is real analytic. To prove that tangent spaces of α−1(C0) are closed and complemented in S, we
identify the tangent space at V C0 as

(Tα−1(C0))V C0 = {XV C0 : X ∈ Sah}.

Without loss of generality, we now assume that A = V C0. We can give the following alternative
description of the tangent space

(Tα−1(C0))A =

{(
Z11 0
Z21 0

)
: Z11A

† ∈ PSahP, Z21 ∈ P⊥SQ

}
,

where the above matrix decomposition is in terms of Q = PN(A)⊥ and P = PR(A) like in Eq. (7).

So we only have to prove that Σ := {Z : ZA† ∈ PSahP} is a closed complemented subspace of
PSQ. Using the invertible map RA† : PSQ → PSP , RA†(Z) = ZA†, this is equivalent to the
fact that PSahP is a (real) closed complemented subspace of PSP . Hence the inclusion map ι is
an immersion, and α−1(C0) is a submanifold of A+S (see [46, Prop. 8.7]).

ii) By Remark 4.13 there are unitaries U,W ∈ US such that V0 = UVAW
∗. If S = N(V0)

⊥ and
E = PS , then W ∗EW = PN(A)⊥ . Take the positive invertible operator A0 := W |A|W ∗|S : S → S.
Then the fiber can be computed as

v−1(V0) = {V0C ∈ C0(A) : C ∈ P0(|A|), N(C)⊥ = R(C) = S} ≃ P0(A0). (16)

Here we consider P0(A0) as a subset of the positive closed range operators acting on S, and for its
definition we use the ideal S(S) = {EX|S : X ∈ S} ≃ ESE. The manifold structure of this fiber
is induced by the bijection v−1(V0) ≃ P0(A0), which is given by the map V0C 7→ C|S . Using the
characterization in Lemma 4.9 of P0(|A|) and P0(A0) one can verify that this map is well defined,
and it has the inverse C1 7→ V0(C1⊕0). We follow similar steps to those of the previous item. Again
the topology of v−1(V0) is clearly given by the metric dS, and the inclusion map ι : v−1(V0) → A+S
is real analytic. The tangent space at V0C is given by

(Tv−1(V0))V0C = {V0(XC + CX∗) : X ∈ ESE}.

For simplicity, we assume that V0C = A. This implies that V0 = VA, C = |A|, S = N(A)⊥ and E =
Q = PN(A)⊥ . Next define the continuous invertible map SA : PSQ → QSQ, SA(T ) = V ∗

AT |A|†,
which has the following property

SA((Tv
−1(VA))A) = {X + |A|X∗|A|† : X ∈ QSQ}.

The latter subspace we have already proved to be closed and complemented in QSQ (see the proof
of Theorem 4.10 ii)). These facts show that the inclusion map is an immersion, and hence the fiber
is a submanifold of A+S.

Next, we state our main result on the operator modulus and polar factor.

Theorem 4.17. Let A ∈ CR with polar decomposition A = VA|A|, k ∈ JA and S be a symmetrically-
normed ideal. The following assertions hold:

i) α : Ck(A) → Pk(|A|), α(B) = |B|, is a real analytic fiber bundle.
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ii) v : Ck(A) → Vk(VA), v(B) = VB, is a real analytic fiber bundle.

Proof. We may assume again that k = 0. Set C0 = C0(A), P0 = P0(|A|) and V0 = V0(VA).

i) In this case we show that α is a real analytic function in a neighborhood of A ∈ C0(A). Since
π0 : GℓS × GℓS → C0 given by π0(G,K) = GAK−1 is a real analytic submersion, then it is
enough to show that β = α ◦ π0 : GℓS × GℓS → P0 is a real analytic function around the point
(I, I) ∈ GℓS ×GℓS. We show that this is the case by expressing β as a composition of real analytic
functions. Set S = N(A)⊥ and let GℓS ∋ K 7→ UK ∈ US be the real analytic map from Lemma
3.16, such that UK(N(A)⊥) = K(N(A)⊥). Then the map δ : GℓS × GℓS → C0 given by δ(G,K) =
π0(G,K)UK = (GAK−1)UK is a real analytic map. Notice that GℓS ×GℓS ∋ (G,K) → |δ(G,K)|2
is a real analytic map taking values in P0(|A|2). Indeed, |(GAK−1)UK |2 = (K−1 UK)∗|GA|2K−1 UK

and |GA|2 = A∗|G|2A show that |GA|2−|A|2 ∈ S and N(|GA|) = N(|A|), so that by Lemma 4.9, we
get |(GAK−1)UK |2 ∈ P0(|GA|2) = P0(|A|2). By Corollary 4.12 applied to the function f(λ) = λ1/2

we conclude that the map (G,K) 7→ |δ(G,K)| = (U∗
K |GAK−1|2UK)1/2 = U∗

K |GAK−1|UK is real
analytic. Therefore, β(G,K) = α ◦ π0(G,K) = UK |δ(G,K)|U∗

K is a real analytic map. Hence, α is
real analytic.

To prove that α is a real analytic fiber bundle, we also need to show here that v is a real
analytic function. To this end notice that v(B) = VB = B|B|†, for B ∈ C0. On the one hand,
C0 ∋ B 7→ |B| ∈ P0 is real analytic by the first part of the proof. On the other hand, since
P0 ⊂ C0(|A|) is a submanifold by Theorem 4.10 then, P0(|A|) ∋ |B| 7→ |B|† is a real analytic map,
by Theorem 3.18. Hence, v(B) = B|B|† is a real analytic map.

We now show that α is a real analytic fiber bundle. Recall that the fiber at C0 ∈ P0 is given by
α−1(C0) = {V C0 ∈ C0 : V ∈ V0, N(V ) = N(C0)}. We consider the action GℓS ∋ G 7→ GC0G

∗ ∈ P0

which, by Theorem 4.10, is a submersion. Hence, there exist an open set W ⊂ P0 with C0 ∈ W, and
an analytic map (cross-section) γ : W → GℓS such that γ(C)C0 γ(C)∗ = C, for C ∈ W ([46, Corol.
8.3]). By Lemma 3.16 there exists an analytic map W ∋ C 7→ Uγ(C) such that Uγ(C)(R(C0)) =
γ(C)(R(C0)) = R(C). Since α and v are real analytic, and α−1(C0) is a submanifold of A+S by
Lemma 4.16, the map given by

α−1(W) → W × α−1(C0) , B = VB|B| 7→ (|B| , (VB Uγ(|B|))C0)

is real analytic, and its inverse

W × α−1(C0) ∋ (C, V C0) 7→ V U∗
γ(C)C ∈ α−1(W)

is also real analytic. We have used that α((VB Uγ(|B|))C0) = C0 and v((VB Uγ(|B|))C0) = VB Uγ(|B|),
for B ∈ α−1(W).

ii) By the previous item, we already know that v is a real analytic map. Recall that for V0 ∈ V0(VA),
we have that v−1(V0) = {V0C ∈ C0 : C ∈ P0, N(C)⊥ = R(C) = N(V0)

⊥}. Consider the action
US × US ∋ (U,W ) 7→ UV0W ∈ V0(VA) which, by Remark 4.13, is a submersion. Then, there exist
an open set Y ⊂ V0(VA) with V0 ∈ Y and a real analytic cross section η : Y → US × US. So if
η(V ) = (η1(V ), η2(V )), then η1(V )V0 η2(V )∗ = V , for V ∈ Y. Using that v−1(V0) is a submanifold
of A+S by Lemma 4.16, the map given by

v−1(Y) → Y × v−1(V0) , B = VB|B| 7→ (VB, V0 (η2(VB)
∗ |B| η2(VB)))

is real analytic with inverse given by

Y × v−1(V0) ∋ (V,B) 7→ V η2(V ) |B| η2(V )∗ ∈ v−1(Y)

which is also real analytic.
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Remark 4.18. We notice that the maps α and v in Theorem 4.17 satisfy some compatibility relations
with respect to the Moore-Penrose inverse. Indeed, consider A ∈ CR and k ∈ JA = −JA∗ . Let
αA∗ : C−k(A

∗) → P−k(|A∗|) and vA∗ : C−k(A
∗) → V−k(V

∗
A) be defined as above, where A∗ = V ∗

A|A∗|
is the polar decomposition of A∗. We further consider αA† : Ck(A†) → Pk(|A†|) and vA† : Ck(A†) →
Vk(VA†). Let µ : Ck(A) → Ck(A†) be given by µ(B) = B†. Then, notice that for B ∈ Ck(A) we get
that

αA†(µ(B)) = |B†| = |B∗|† = µ(αA∗(B∗)) , vA†(µ(B)) = V ∗
B = µ(vA∗(B∗)) .

5 Appendix

In this section we present a proof of Lemma 4.2. Hence, we let S be a symmetrically-normed ideal,
ν be a positive Borel measure on (0,∞) and we let h : [0,∞) → Ssa be a function satisfying:

1. ∥h(t)∥S ≤ q(t), where q(t) is a bounded, continuous, positive and non-increasing function
such that

∫∞
0 q(t) dν(t) < ∞;

2. For δ > 0 then ∥h(t + δ) − h(t)∥S ≤ α δ r(t), where α > 0 and r : [0,∞) → [0,∞) is a
continuous and non-increasing function such that

lim
t→∞

r(t) = 0 and

∫ ∞

0
r(t) dν(t) < ∞ .

Recall that the operator
∫∞
0 h(t) dν(t) ∈ B(H)sa is determined by the identity

⟨
∫ ∞

0
h(t) dν(t) x , y⟩ =

∫ ∞

0
⟨h(t) x , y⟩ dν(t) , x , y ∈ H .

Since ∥ · ∥ ≤ ∥ · ∥S then item 1 above shows that
∫∞
0 ∥h(t)∥ dν(t) < ∞. Then, the previous facts

imply that for every p ≥ 1,∥∥∥∥∫ ∞

0
h(t) dν(t)

∥∥∥∥ ≤
∫ ∞

0
∥h(t)∥ dν(t) ,

∫ ∞

0
h(t) dν(t) =

∞∑
m=1

∫
[0 , 1

2p )
h(

m− 1

2p
+ t) dν(t) ,

where the series converges in the operator norm. We now introduce the sequence

Rp =

∞∑
m=1

ν

(
[
m− 1

2p
,
m

2p
)

)
h(

m

2p
) ∈ Ssa , p ≥ 1 ,

where we have used that ∥h(t)∥S ≤ q(t) is a decreasing function,

∞∑
m=1

ν

(
[
m− 1

2p
,
m

2p
)

)
∥h(m

2p
)∥S ≤

∞∑
m=1

ν

(
[
m− 1

2p
,
m

2p
)

)
q(

m

2p
) ≤

∫ ∞

0
q(t) dν(t) < ∞ ,

so that the series defining Rp is absolutely convergent in S (and hence determines an element in
Ssa). By item 2 above we get that for m, p ≥ 1:∥∥∥∥h(m2p )− h(

m− 1

2p
+ t)

∥∥∥∥ ≤
∥∥∥∥h(m2p )− h(

m− 1

2p
+ t)

∥∥∥∥
S

≤ α

2p
r(
m− 1

2p
) , for t ∈ [0,

1

2p
) , (17)

where we have used that m
2p = (m−1

2p + t) + δ, for some δ ∈ [0, 2−p), and that r(m−1
2p + t) ≤ r(m−1

2p ),
for t ∈ [0, 2−p). By the same item we also get that there exists η ≥ 1 such that for p ≥ 1 we have
that

∞∑
m=1

r(
m− 1

2p
) ν([

m− 1

2p
,
m

2p
)) ≤ η

∫ ∞

0
r(t) dν(t) . (18)
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Therefore, we get that∥∥∥∥Rp −
∫ ∞

0
h(t) dν(t)

∥∥∥∥ ≤ α · η
2p

∫ ∞

0
r(t) dν(t) −−−→

p→∞
0 . (19)

We now show that {Rp}p≥1 is a Cauchy sequence in S: indeed, for p ≥ 1 we have that

Rp =
∞∑

m=1

(
ν

(
[
2m− 2

2p+1
,
2m− 1

2p+1
)

)
+ ν

(
[
2m− 1

2p+1
,
2m

2p+1
)

))
h(

2m

2p+1
)

and hence,

Rp+1 −Rp =
∞∑

m=1

ν

(
[
2m− 2

2p+1
,
2m− 1

2p+1
)

)(
h(

2m− 1

2p+1
)− h(

2m

2p+1
)

)
.

The previous identity implies that

∥Rp+1 −Rp∥S ≤
∞∑

m=1

ν

(
[
2m− 2

2p+1
,
2m− 1

2p+1
)

)
α

2p+1
r(
2m− 1

2p+1
) ≤ α · η

2p+1

∫ ∞

0
r(t) dν(t) .

This last fact shows that {Rp}p≥1 is a Cauchy sequence in S so that it converges to an operator
R ∈ Ssa; but then, {Rp}p≥1 also converges to R in the operator norm. The previous comments
together with Eq. (19) imply that R =

∫∞
0 h(t) dν(t) ∈ Ssa. On the other hand, using Eq. (17)

we have that∣∣∣∣∥h(m− 1

2p
+ δ)∥S − ∥h(m

2p
)∥S

∣∣∣∣ ≤ ∥∥∥∥h(m− 1

2p
+ δ)− h(

m

2p
)

∥∥∥∥
S

≤ α

2p
r(
m− 1

2p
) , for δ ∈ [0,

1

2p
) .

Hence, using the previous fact and Eq. (18) we get that∣∣∣∣∣
∫ ∞

0
∥h(t)∥ dν(t)−

∞∑
m=1

ν

(
[
m− 1

2p
,
m

2p
)

)
∥h(m

2p
)∥S

∣∣∣∣∣ ≤ α · η
2p

∫ ∞

0
r(t) dν(t) . (20)

Since ∥Rp −
∫∞
0 h(t) dν(t)∥S → 0 when p → ∞ then, given ϵ > 0 there exists p0 ≥ 1 such that if

p ≥ p0 then ∥
∫∞
0 h(t) dν(t)∥S ≤ ∥Rp∥S + ε. On the other hand, Eq. (20) shows that there exists

p1 ≥ p0 such that for p ≥ p1 we get that

∥
∫ ∞

0
h(t) dν(t)∥S ≤ ∥Rp∥S + ε ≤

∞∑
m=1

ν

(
[
m− 1

2p
,
m

2p
)

)
∥h(m

2p
)∥S + ε ≤

∫ ∞

0
∥h(t)∥S dν(t) + 2 ε .
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[13] D. Beltiţă, T.S. Ratiu, Symplectic leaves in real Banach Lie-Poisson spaces. Geom. Funct. Anal. 15
(2005), no. 4, 753-779.

[14] E. Boasso, On the Moore-Penrose inverse in C∗-algebras. Extracta Math. 21 (2006), no. 2, 93-106.

[15] L.G. Brown, R.G. Douglas, and P. A. Fillmore, Unitary equivalence modulo the compact operators and
extensions of C∗-algebras, in: P. A. Fillmore (Ed.) Lect. Not. Math. 345 (Apr. 13, 1973) 58-128.

[16] J.R. Cardoso, Computation of the matrix p-th root and its Fréchet derivative by integrals. Electron.
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[41] T. Sano, Fréchet derivatives for operator monotone functions. Linear Algebra Appl. 456 (2014), 88-92.

[42] B. Simon, Trace Ideals and their Applications, in: London Mathematical Society Lecture Note Series,
vol. 35, Cambridge University Press, Cambridge, 1979.

[43] B. Simon, Unitaries permuting two orthogonal projections, Linear Algebra Appl. 528 (2017), 436-441.
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