THE KARCHER MEAN OF EQUILATERAL TRIANGLES

EDUARDO GHIGLIONI AND YONGDO LIM

ABSTRACT. In this paper we present a class of Riemannian equilateral triangles
AABC of the Cartan-Hadamard Riemannian manifold of N x N positive definite

matrices of determinant 1 whose Karcher mean of vertices is of the form
A+B+C

The obtained class of triples (A, B, C) forms an analytic manifold with an analytic

parameterization over SL(N,C)* x R. The determinantal identity det(A + B +

C) =det(A~! + B! + C~!) and an extended arithmetic-Karcher-harmonic mean

A(A,B,C) =

inequalities is derived for such triples.
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1. INTRODUCTION

Let Py be the space of N x N positive definite Hermitian matrices equipped with
the Riemannian metric (A, B) = || log A~ B||, where || X||3 := v/tr X2 for Hermitian
matrices X. The Karcher mean (alternatively, Riemannian mean or Cartan mean) on
Py is uniquely defined by

n

A(Ay, ..., A,) = argmin 252(X, Ag)

XePyn k=1

and is characterized by being the unique positive definite solution of the Karcher
equation Y7 log(X~/2A;X71/2) = 0. Tt is well known that A(A, B) = A#B :=
AV2(AT2BATY2)12 A2 the geometric mean of A and B, and is the unique mid-

point between A and B for the Riemannian metric §. See [2, 20, 12, 13] for basic
1
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properties of the Karcher mean including the Ando-Li-Mathias ten axioms for ma-
trix geometric means. By joint homogeneity, we can restrict our concern to positive
definite matrices of determinant 1.

Let Hy C Py be the geodesic submanifold of positive definite matrices of determi-
nant 1. For the 2 x 2 setting, Hs is a model of hyperbolic geometry and the Karcher
mean of triples in H3 has recently been intensely investigated [5, 6, 8, 9, 14, 15]. For
A, B € Hy, the Karcher mean A#B = A(A, B) has the following linear form [2, 4]

A+ B
VAT B)
Surprisingly this linear representation arises for Riemannian equilateral triangles [8]:
the triangle AABC in Hj is equilateral if and only if
A+B+C
Vdet(A+ B+ C)

Linear independency of the vertices of equilateral triangles and non-collinearity in

(1.1) A(A, B) =

(1.2) A(A, B,C) =

H, play key roles in the proof: see Remark 2.2 for details. The linear formula
(1.2) was first obtained by Bhatia and Jain for the family of exponentials of Pauli
matrices [5]. It turns out [15] that the three medians of a triangle AABC in Hj
always meet at the right hand side of (1.2), called the center of mass or centroid of
the triangle, from which two notions of the centroid in the hyperbolic geometry and
the Karcher mean agree only for equilateral triangles. Applying to the equilateral
triangle AA~1B~1C~!, where inversion acts as an isometry on Hj, together with the
determinantal identity det(A + B+ C') = det(A™' + B~ + C~') on Hy, leads to the
following special form of the arithmetic-Karcher-harmonic mean inequalities for the
equilateral triangle AABC':

1A, B,0) = AABC) g oy

A(A, B, C)
= JetA(A B,C) < A4, B,0),

~ et A(A, B,O)

where A and H are the arithmetic and harmonic means respectively [15]. In partic-

ular, the harmonic mean is a scalar multiple of the arithmetic mean.
For general N > 3, one may wonder whether the Karcher mean of the vertices of
an equilateral triangle in Hy is of the form
B A+B+C
- N/det(A+ B+C)

(1.3) A(A, B,0)
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which is equivalent to A(A, B,C) = «(A + B + C) for some o > 0 due to the
determinantal identity of the Karcher mean. However this fails for general N > 3,
see Example 3.9. Alternatively this raises the classification problem of equilateral
triangles in Hy having the Karcher mean formula (1.3). From the result on 2 x 2
matrices and the self-duality of the Karcher mean, A(A, B,C)~' = A(A™!, B~1,C™),
it is natural to consider the class Ky of equilateral triangles AABC' in Hy such that
both (A, B,C) and (A, B~', C'~1) satisfy (1.3). This set is invariant under inversion,
(A,B,C) — (A7, B~1, C1).

In this paper we consider the special class Ey of triples (A, B, C) € H3, such that

o(A™'B) = 0(A7'C) = o(B7'C) = {\, 271}

for some A\ > 1, where o(X) denotes the spectrum of X. It is shown that Ex # ()
if and only if N is an even number, and that A, B, C' are not collinear and linearly
independent for every (A, B,C') € Ey. Obviously £y is invariant under inversion.
The sets Ey and Ky are invariant under the action of the Lie group SL(N,C)* =

det™'({£1}) via the congruence transformations:
M.(A,B,C) == (MAM*, MBM*, MCM™).
It is shown that £y forms an analytic manifold via an analytic parameterization over

SL(N, C)* x (1, 00).

The main result of this paper is the following.

Theorem 1.1. For every even integer N, Ex C Ky and En is diffeomorphic to
(SL(N, C)*/ I, ®U%> X (1,00), where Uy, denotes the Lie group of k x k unitary

matrices and @ denotes the tensor product operation.

In Section 4, we establish the determinantal identity det(A+ B + C) = det(A™ +

B!+ C7') on £y and obtain a one parameter monotonic family
$(A+B+C)
y@uaA+B+cn

) 0<p< oo

interpolating the harmonic mean at p = %,

the Karcher mean at p = N, and the
arithmetic mean at p = oo. In Section 5, we introduce a method of constructing

triples in Hy having the Karcher mean formula (1.3) via positive linear maps.
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2. INVARIANT SETS OF EQUILATERAL TRIANGLES

Let A, B,C € Hy. The spectrum of A'B is {\,A\7!} for some A\ > 1, because
det(A™'B) = 1, and the Riemannian distance between A and B is §(4, B) = v/2log \.
Then §(A, B) = 6(A,C) = o(B, C) if and only if

(2.4) o(A™'B) = o(A7IC) = o(B7'C) = {\, 271}

for some A > 1. This implies that the set & coincides with the set of all equilateral
triangles in Hy. In terms of the trace functional, 6(A, B) = 6(A,C) if and only if
tr(AB™!) = tr(AC™'). We recall the main theorem of [8].

Theorem 2.1. Let A, B,C € Ho.

(1) (2.4) implies (1.3). The converse holds if A, B,C are linearly independent.
(2) If A, B,C are linearly dependent, then (1.3) holds true if and only if one of
A, B,C is the geometric mean of the other two.

Remark 2.2. [Riemannian equilateral triangles and linear independency| Note that
the unique (up to parametrization) Riemannian geodesic between A and B is of the
form t s A#,B := AY2(A~Y/2BA1/2)t AY/2 and the vertices of a Riemannian triangle
in Hy (by definition) are not collinear in the sense of Riemannian sense. Then the
theorem in above actually classifies triangles in Hy having the Karcher mean formula
(1.3) on vertices: a triangle AABC' in Hy is equilateral if and only if the Karcher
mean A(A, B, C) satisfies (1.8). See also [15] via an approach of hyperbolic geometry.
In particular, the vertices of an Riemannian equilateral triangle in Hy are linearly
independent in the Fuclidean space of 2 x 2 Hermitian matrices. It is clearly of
interest in matrix analysis and geometry to see whether the linear independency of
vertices of Riemannian equilateral triangles in Hy holds for general N > 3. We leave

this problem to the interested reader.

Recall that

En={(A,B,C)eH} :0(A'B)=0(A7'C)=0c(B7'C) = {\ X'}, A > 1}.
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Remark 2.3. For A, B,C € Py, (A{/(;lst(A , Wdit 55 Wdit(())) € &y if and only if

o(A7'B) = R/det(AB~1){\ A7},
o(A7'C) = N/det(AC-H){A A1},
o(B7'C) = A/det(BC-1) {\ A"},

for some A > 1.

Let A, B € Hy such that (A 'B) = {\, A"}, A\ > 1. Since det(A™'B) = 1, the
multiplicity of ) is equal to that of A=!. This implies that N is even number and the
positive definite matrix A=/2BA~Y2 € Hy is unitary similar to the diagonal matrix

A N 0
0 A—ILJ -

A0

(2.5) Dn()N) = 0

®I%.

It turns out in [19] that for A, B € Hy, 0(A™'B) = {\,\"!} for some A > 1 if and
only if

A+ B
(2.6) A#B = i

\/det(A+ B)

From this together with the case of 2 x 2, we expect the Karcher mean formula (1.3)
for (A, B,C) € &Ey.

Remark 2.4. The set of pairs (A4, B) such that o(A™'B) = {\,\"'} has recently
appeared in the study of Finsler structures on Py or positive cones of C* algebras
equipped with the Thompson metric d(A, B) = ||log A™*B||. For such a pair (A, B),
the curve t > A#,B = AY?(A~Y/2BA~Y/2)t AY/? is a unique minimal geodesic between
A and B for the Thompson metric dr(A, B) = ||log AB™!||. See [18, 16, 17].

We list some basic properties of Ey.

Proposition 2.5. We have that Ex # 0 if and only if N is even. For (A, B,C) € Ey,
(1) det(A+ B) = det(A+ C) = det(B + C).
(2) A#B = a(A+ B), A#C = a(A+ C), B#C = a(B + C), where a = 1+£/\>\ and
A > 1 is an eigenvalue of A~'B.
(3) A, B,C are not collinear in the sense of Riemannian. In particular, AABC

18 equilateral.
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(4) A, B,C are linearly independent.
(5) (A7, B, C71) € &y.
(6) M.(A,B,C) € Ex for every M € SL*(N, C).

Proof. Let N = 2k and let
1
D =diag(2,1/2) ® I, W = ’ ® Ii.

Then o(D) = (W) = o(DW™') = {2,1/2} and hence (I, D,W) € Ey. Indeed, the

eigenvalues of
a b
b ¢

are 1 (a +c=* \/(a—c)w> See Lemma 3.1 for general case. This shows that
En # 0. (1) is straightforward. (2) follows from (2.6). (3) Suppose that A, B,C are
collinear. We may assume that A = B#,C for some 0 < ¢ < 1. Then t6(B,C) =
d(B#.C,C) =6(A,C) = 06(B,C), which is impossible from B # C. (4) Suppose that
C = aA + bB for some a,b € R. Then ab # 0, since any two of A, B,C are linearly

independent. If a,b < 0, then —C' is positive definite, which is impossible. Hence we

®[k7 beR

have either a,b > 0 or ab < 0. Without loss generality, we may assume that a,b > 0.
Indeed if a < 0, then B = b7'C + (—ab~!)A and hence we can replace C' with B. Pick
a unitary matrix U so that UC~Y2AC~V2U* = D := Dy()\), A > 1. It then follows
from I = aC~'2AC~Y? + bC~2BC~Y? that I = aD + bUC~Y2BC~/2U*. That
is, (1/b)(I —aD) = UC~'2BC~'2U*. Comparing eigenvalues of (1/b)(I — aD) and
U*C~'2BC~'/2U, which has the eigenvalues A and A~' by assumption, leads to

(1/b)(1 — aX) = A, (1/b)(1 —aX™t) =71
(1/b)(1 —a)) = A7, (1/b)(1 —aX™) = A\,

The first case leads to 1 = (a+b)A = (a+b)A~! from which A = A™!, since a+b # 0.
This is impossible due to A # 1. The second case leads to a = b from A\ # 1 and hence
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o . . . _ 1
C' = a(A + B). Taking determinant yields a = V) and hence by (2.6)
A+ B
C = + — A4B
N/det(A + B)
By (4), this contradicts to (3). (5) and (6) are straightforward. O

Remark 2.6. It is shown in [14] that the set of linearly independent triples in Hy
is closed under inversion; {A, B,C'} C H, is linearly independent if and only if
{A7Y, B!, C~'} also is. This fails for general N > 3. For example, A = I3, B =
diag (2, 1, %) ,C' = diag (ﬁ, %, 3+ 2\/§> )

Recall the set Ky C H3, from Introduction.

Definition 2.7. Denoted by lC;rV C Ky the set of triples (A, B,C) € Ky such that
both (A, B,C) and (A~!, B~!,C~1) are linearly independent.

By Theorem 2.1, & = Ky = lC; For general N > 2, the sets &y, Ky and
ICR, seem to be distinct and new in the context of Riemannian geometry and ma-
trix analysis. These are invariant under inversion and congruence transformations
(A,B,C) +— M.(A,B,C) = (MAM*, MBM*, MBM*), M € SL*(N,C), due to that

of the Karcher mean.

Finally we discuss about ICEV # () for N > 2. This is true for N = 2 and for every

even number N, by assuming Theorem 1.1. Let a > 1 and

1 00 a 0 0 1 0
A=10 1 0], B=10 o' 0|, C=10 a!
001 0 0 1 0 0 a

Then oc(AB™') = 6(AC™') = 0(BC™') = {a,a™*,1} and hence §(A, B) = 6(4,C) =
§(B, (). One can directly see that {4, B,C'} and {A™!, B~',C~'} are linearly inde-

pendent. Moreover

a’? 0 0
AMA,B,C) = (ABC)i=| 0 a23 0
0 0 a'/?
¢ A+B
_ Ve T5+C

a+2 T YAet(A+B1O)
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Replacing a with a=! yields

—1 —1 —1
AAL B oy A B FCT
Ydet(A~1+ B-1+C1)

This shows that lC; # (). We believe that ICR, # () for all N > 2 and leave the proof

to the reader.

3. PROOF OF THE MAIN THEOREM

Let N = 2k be an even number. The Lie group SL*(N,C) acts on &y via the
congruence transformations. We recall a reduction process on the triples [5, 14]. Let
(A,B,C) € €& = Ey be fixed. Let A\, \™! be eigenvalues of A~'/2BA~1/2, Since A # B,

we may assume that A > 1. Pick a unitary matrix U such that
ATY2BATY2 =UDU*, D :=Dy(\)

and set W := U*A~2CA~'2U. Then (A, B,C) = M.(I, D, W), where M := AU,
from
(A,B,C) = (AYVPIAV2 AY2(ATVPBATY2) AV AVR2(ATV2C A7) AL?)
AV (I,UDU*, ATPC ATV A2 = AV2 (1, UDU* , UWU™) A2
AYV2U(I,D,W)U*AY? = M.(I, D, W).

Since M € SL(N,C)*, we have from Proposition 2.5 (7) that
(3.7) (I,D = Dn(N), W) € En.

That is, 0(D) = c(W) = o(DW ) = {\, A7}

Next, we describe the positive definite matrix W in (3.7) explicitly. Since o(W) =
{\, A1} = o(D), we can find a unitary matrix V such that W = VDV*. By CS-
decomposition of V' (cf. Theorem VII. 1. 6 of [3]),

¢ S

y
s |’

(3.8) V="

where Vi = diag(Vi1, Viz) and V, = diag(Va1, Va2) are unitary matrices such that V;;

are k x k for 7,57 = 1,2 and C', S are nonnegative diagonal matrices, with diagonal
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entries

(3.9) 0< <...<¢ <1, 1>s>...>5>0
respectively, and

(3.10) C*+8*=1.

It follows from W =V DV* and VoDV, = D that

¢S] C -5 cC S c -5
-5 C] S C s C
¢ s i 0 C -5

-V N 1%
s ¢l o My |s ©
AC2+A7182 (A - NS L

— V1 1 -
(A= X)SC NS+ A7

(. /
-~

=W (C,S;N)

We then have from V*DV; = D that

(A,B,C) = AYV2U.(I,D,W) = AY2U.(I,D = Dy(\), VAW (C, S; )V}
= AYV2UVL.(I, VDV, W (C, S \)
(3.11) = AY2UV,.(I,D,W(C,S; \))
and hence (I, D = Dy(\), W(C, S;\)) € Ex. We note that W(C, S; \) is a partitioned
matrix whose blocks are diagonal matrices, and its construction depends only on the
identity (W) = o(D) = {\,A\7'}. Note that (A™' — X\)SC, the entry of (1,2) block
of W(C, S;\), is nonpositive from A > 1.

The other condition o(D™'W) = {\,A7'} together with the following lemma is
crucial for the following description of W (C, S; \):

(3.12) W(C,S;\) = Wy ® I,

where
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and
A+ A=DVAX+A+1 N+
a= , b= — , c= ————.
A+1 VA +1) AA+1)
Y . .
Lemma 3.1. Let M = v 7 be a 2n x 2n matriz where each block is n X n real

diagonal, i.e, X = diag(as,...,a,),Y = diag(by,...,b,),Z = diag(cy,...,c,) and
a;,bj,c; €R forj=1,...,n. Then

&j —|—Cj + \/(CL]' —Cj)2 +4b§

(3.13) o(M) = 5

0 =1....n

If further a;,c; > 0 for all j (for instance, M is positive definite) and o(M) =
0 (Do (N)IM) = {\, X7} for some X > 1, then for all j=1,...,n,

AN +1 A=DVXN+A+1 A +1
a; = 5 bj SR == 5 Ci = T -
A+1 VA +1) AA+1)
Proof. The first assertion is direct from
I,— X -Y
det(zlpn — M) = det | — det((z], — Z)(xl, — X) — Y?)
-Y xl, — Z

=TIl — e —a) =] = 0.

j=1
For the second assertion we will separate by cases. First note that
AX Y

Y X\

D'M = , D := Dy, (N).

By the first assertion, we have that

A A"+ o\ £ \/(ajAfl — ¢\)? + 4D

(3.14) o(D*M) = 5

,j=1,...,n

(1) We will show that b; # 0 for all j. Suppose that by = 0 for some k. We divide
two cases; ap = ¢y or aj # cx. Suppose that ap # ¢. By (3.13) and o(M) = {\, A7},

ap +cp + lag —cp|
5 =

ap + ¢ — |ar — i _
2

A, AL
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Also by o(D™*M) = {\,\"'} and (3.14),

ak)\*l + e\ + |6Lk)\71 — Ck)\| .
5 =
ak)\_l + A — ]ak)\_l — Ck)\’ -
5 =

A

AL

One sees easily that A\ = 1, which is impossible. Similarly the case a = ¢ gives us a
contradiction.
(2) Suppose that ay = ¢ for some k. By (1), by # 0 and hence

ar + bl =X, ap — b = AT

and
ak()\_1+>\)+2]bk] —\ ak(A_1+)\) —2|bk| .
2 - 2 N

This leads to A = 1. Therefore a; # c; for all j.
(3) By (1) and (2), b; # 0 and a; # ¢;, for all j =1,..., N. We then have that

A

aj +Cj + \/<(lj —Cj)2 +4b§

2 b
aj + ¢ — \/(aj —¢)? +4b; =
5 _

Also by o(D™'M) = {\,A\"'} and (3.14),

A+ oA+ \/(ajA—l — ¢jA)? + 4D

9 )
aj)\_l + Cj)\ — \/(Clj)\fl — Cj)\)2 -+ 4b§ )\_1
5 = .

The only possible solution of the previous four equalities are of the form

_A2+1b i(A—l)\/A2+>\+1 N +1

a;j="""b = NS ;
7T x+1 VA + 1) T+ D

for all j = 1,...,n. Indeed, summing up the first two equalities and the second two
we get that a; +¢; = A+ A1 = a; A1 + ¢\, from which a;(1 —A"') +¢;(1—-A) =0
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RS ) N S A%+ RN o i
and so a; = ¢j755= = ¢;A. We then have that a; = 575 and ¢; = SO On the

other hand by subtracting the first two equalities we get that

\/(aj — )2 AR = A=A

from which 2|b;| = /(A — A=1)2 — (a; — ¢;)%. Note that

N R )

B e A2+ 1A =1)\7
‘\/“‘A )‘( A+ D) )

- o VI = D0 DP =[P + (- TP
= o VIR D 0P =P =[P =)= (P = P
- ST VP D)
= ﬁ\/()\ D2 HA+ AN -1)
_ };?A_—:)l)m
This completes the proof. 0

Remark 3.2. Note that the 2 x 2 matrix W), = [Z in (3.12) belongs to Hy such

c
that (1) a > ¢, (2) b < 0 and (3) o(W,) = {\,\"'}. Applying the reduction process
for N = 2 leads to

Y(A) := (Lo, Di(A), W) € &, A>1

This defines a one-parameter family in &.
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We then finally conclude that
(A,B,C) = L.(I,D,W(C,S;)\)  (L:=AY2UVi,D = Dx()\))

= L <12 ® I,

® I, Wy ® Ik>

)\—1
= L.(Iy® I, D1(\) @ I;, W\ ® I)
= L. (IQ, Dl()\), W)\) ® Ik7

where (XY, Z)@ K .= (X ® K, Y ® K,Z ® K). In particular,
(I, Di(\), Wy @ I, € Ex, (N = 2k).
Definition 3.3. Define vy : (1,00) — Ex by
INA) =) @ Iy = (I, Dy(A), Wa) @ I, (N = 2k).

The analytic map 7y can be extended on (0, 00) with vy (1) = (1,1, 1).
We have shown that the map

SL(N7C>i X (1700) _>5N7 (Ma A) HM’YN()‘)
is surjective, which is an analytic parametrization of Ey.

Next, we will describe the quotient structure of £y from the preceding parameter-
ization. To do this, let U, @ U, be the subgroup of the unitary group Uy, N = 2k,

consisting of block diagonal matrices

Vi O

, Vi, Vo € Uy.
0V 1, V2 k

It contains the Lie subgroup

V 0
]2®Uk:{[0 v

Lemma 3.4. For U € Uy, N = 2k, and A > 1, U.Dy(\) = Dn(\) if and only if
U € Uy & Uy. Moreover for U € Uy & Uy, U. (W) ® I},) = W)\ ® Iy if and only if
U e l,®U,.

:VeUk} C Ui & Uy.
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Ull U12

U21 U22

Proof. Suppose that UDy(A)U* = Dy(\). Let U = , where U;; are k x k

matrices. Then
UnUy + UUs, UnU;s, + UnUs,

Ua1Ufy + UxpUsy U U3y + UxUs,
from UU* = I, and
>‘U11U1*1 + )\71U12Uf2 /\U11U§1 + )\71U12U2*2
AU Uty + A Uy, AU Uiy + AN 1UxUs,
from U.Dy (M) = Dy (). From the (1,1) entries, we see that

= Dn(N)

NUWUS, + A ULUS, = M= NULU; + UUs)

from which UpUf, = N2UU;,. Since A # 1, UpUf, = 0 and hence U U}, = I.
Slmllarly UQlU;l =0 and UQQU;Q = Ik
From the (1,2) entries,

UnUs, + UnaUsy = 0 = XUWU;, + N UWLUS,

from which (A — 1)Uy Us; = (1 — AU Us,, that is AU U3, = UypUs,. This implies
that )\UQlUik1+>\_1U22U12 = U22U12+U21Uf1 from which )\U21U1*1 = UQQUTQ = —U21U1*1.

Hence Uy Uy, = 0. Since Uy; is unitary, Us; = 0 and hence Uyy = 0.
a b
b c
O

Vi o0
Next, the block unitary matrix U = 01 fixes W) ® I.. Letting W) =
2

leads to bV4 V" = bI. Since b # 0, we have that V} = Wj.

We consider the homogeneous space
Ey :=SL(N,C)*/L,®U;, (N = 2k).
Theorem 3.5. The map I' : Ex x (1,00) — En defined by T' ([M],\) = M.yn(A) is
bijective.
Proof. Let My, My € S(N,C)* such that [M;] = [Ms], that is, M; = MK for some
K € I, ® Ug. For every A > 1,
M. (I.DNAN), Wy ® 1I},)) = MyK.(I.Dy(A), W)\ ® I)
= My (KK", KDy(A)K™, K (W) ® 1) K7)
= M;.(I.Dy(N), W)\ ® I)
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where the last equality follows from K € [, ® IU%. This proves that the map I' is
well-defined. The map I is surjective since the map (M, \) — M.yn()) is surjective
on SL(N, C)* x (1,00). Suppose that T'([M;], \) = T'([My], 3). Then M;M; = MyMj;
which implies that K := M, *M; is unitary. By the second coordinates, K Dy (A\)K* =
Dy (B) and hence {\,\7'} = {3, 37!}. This implies that A = 8 and K € U & Uy,
by Lemma 3.4. By the third coordinates, the unitary matrix K fixes W) ® I. By
Lemma 3.4, K € I, ® Uy. This implies that [M;] = [M,] and hence T' is injective. [

Remark 3.6. The set £y has an analytic manifold structure form the preceding theo-
rem. As Ey C H3;, equipped with the product Riemannian structure from that of Hy,
it is not obvious whether it becomes a submanifold H%,. In the proof of the preceding
theorem, we have proved that the set {(A,B) € Hy : 0(A7!B) = {\, A7}, A > 1}
can be identified with the analytic manifold (SL(N, C)i/U% & U%) X (1, 00).

The first part of the main theorem 1.1 is immediate from the following.
Theorem 3.7. We have that Ey = SL(N, C)*.yn((1,00)) € K.

Proof. Since the set Ey is closed under inversion, it is enough to show that

A+B+C
N/det(A+ B+ C)

A(A,B,C) =

for every (A, B,C) € En. Let (A, B,C) € Ey. Then (A, B,C) = M.(I2, D1(\), W)) ®
I N for some A > 1 and M € SL*. By the determinantal identity, det(X ® Y) =
det(X)™ det(Y)™ for m x m matrix X and n X n matrix Y (see [1, 3] for further basic

properties of tensor product), we have that

det(A+B+C) = det(M<[2®[g+D1(A)®I%+WA®I%>M*)
- det(Ig®IN+D1 )\)®I%+WA®I%>
— det[12+D1 ) + W @12}

)

= det (]2 + Dl(/\) + W)\)

from which Y/det(A + B+ C) = \/det(Iy + D1(A) + W)).
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The map X — X ® [ y on H, preserves the Karcher mean (see Example 5.2 for

general case):

A(X@[%,Y@)I%,Z@I%) - A(X,Y,Z)®A(IN Iﬂ,fﬁ)

Then

AA,B,C) = A (M.(Ig, Di(\), W) ® Ig) — M.A ((12, Di(A), W) @ f%)

— M A([Q,Dl(A),WA)®Ig} e

I A A HOV *
- M _(\/det(lz+D1()\)+WA)> ®Ig] M

[ (L@ In +Di(N)@In + Wy ® In
— M 2 2 2 M*
I Vdet(I + Di(N) + W))
A+B+C
Vdet(I + Di(N) + W))
A+B+C
Y/det(A+ B +C)

This completes the proof. 0

Example 3.8. For N =4 and \ = 2,

1[5 -4
_1 V2
V2 2
and v4(2) = (I, D, W) where
] . _
100 0 20 0 0 5 0 _\E 0
0100 02 0 0 0 5 0 _\/E
I: ,D: 7’[/‘/':_ 2
0010 00 1/2 0 3_\@ 0 5 0
0001 00 0 1/2
/ o i o 3]
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Let
VTooVT
o 5
10 5 =¥ 4
r_ 2 2
W=3lz v 5 | M
2 2 2
VTooVT 0 B
2 2 2
Then o(D) = o(W') = o(D'W') = {2,1/2} and hence (I,D,W’) € &,. One see
that
(I, D,W') = Uy(2) =U.(I,D, W),
where
1 1
vz v V0
1 1
U=| vz 2 00
0 0 10
0 0 01

Example 3.9. For N > 3 and A > 1 let

A= Iy, B=diag(\,A\""1,...,1),C = diag(\, 1, A" 1,...,1).
N-2 N-3

Then o(AB™ ') = o(AC™) = o(BC™1) = {\ A1 1} where the multiplicity of 1
is N — 2. This implies that 6(A, B) = §(A,C) = §(B,C). It is easy to see that
A, B,C are linearly independent and not collinear. Since A, B, are commuting,
A(A,B,C) = (ABC)3 and is different from —A£B+C__ .

N/det(A+B+C)
(ABC)3 = diag(A\>3, A3 A3 1, ... 1);
——
N-3
A+B+C Cdiag(T+2X02+ X124+ X0713,...,3))
X/det(A+ B+ C) /(T4 2X0)(2 + A-1)23N-3 '

The following result for N = 2 appears in [15]. One can alternatively prove that
using the formula det(I + A) = 2 + tr(A) for every A € Hy; for A, B,C € Ha,
det(A + B) = det(A™' + B! and
(3.15) det(A+B+C) = det(A'+B1+0™

= 3+ tr(AB™Y) +tr(AC™Y) + tr(ACTY).
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Corollary 3.10. For every (A, B,C) € &y,
det(A+ B+ C) =det(A™ + B+ 0.

Proof. It follows from the reduction process (A, B,C) = M.yx(\) and the self-duality
of tensor product (X @ Y) ' =Xty ':

(A_17 B_l’ 0_1) = (M*)_l"y()‘)_l ® I

N4

and hence

N
2

det(A™'+ B '+ C7Y) = det(ly + Dy(N) P+ W
= det(lr + Di(\) + Wy) 2
= det(A+ B+ 0O).

Note that for every (A, B,C) € &y,

vlz

det(A+B+C)= BN+ A1 +1))7,

that is,

(3.16) Vdet(A+B+C)=+/3A+A1+1).
where A is uniquely determined by (A, B, C) = M.yy(A).

Remark 3.11. [Isosceles triangles] The reduction argument (3.11) is applicable for
every isosceles triangle AABC with (A, B) = §(A,C) = {\,\7'}, in which case the
matrix

AC? 4+ \7182 (A= N\)SC

W(C,S;\) =
( ) (A1 =XN)SC NS+ 17

N>
depends on C| S, and \. The one parameter family W (C, S; \) over A but fixed diag-
onal matrices C' and S satisfying C? + S? = I is apparently new in matrix analysis.

A detailed study for the Karcher mean of 2 x 2 isosceles triangles appears in [9].
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4. INEQUALITIES

In this section we are interested in matrix mean inequalities from the Karcher
mean formula (1.3) for (A4, B,C) € Kx. Recall the Léwner ordering for Hermitian
matrices: X <Y if and only if Y — X is positive semidefinite. Denote by A and H

the arithmetic and harmonic means:

A+ B Aty ptyo-11!
%JFC’ H(A, B,C) = + - +C .

A(A,B,C) =

The arithmetic-Karcher-harmonic mean inequalities hold true for every (A, B,C) €
]P)N .
H(A,B,C) < A(A,B,C) < A(A, B, C).

Let (A, B,C) € Ky. Since (A™!, B™1,C™1) € Ky,

A+B+C _ 1 el e
Vi A B0 = ANAB,C)Y'=AAT, B CT

B A+ B+ C!
 N/det(AT+ BT+ C1)

from which

(4.17) (A+B+C)YA '+ B '+ C ) =a(4,B,0)y,

and

A B

(4.18) A(A,B,C) = MH(A,B, 0),

where

(4.19) a(A,B,C) == Y/det(A+ B+ O)(A-1 + B-1 +C-1).

It follows from (4.17) that
AB '+ C Y+ BA ' +C Y +C(AT + BT
= B'+C YA+ A" +C B+ (A" + BTHC.

We have from (1.3) and (4.18) that

A(A,B,C) = A4, B,C)
T V/det A(A, B, O)
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and
3
H(A,B,O) = mA(A,B,C)
3 A(A, B, C)
— __° YAt A(A,B,C
a(A,B,C)Ve ( ){/detA(A,B,C)

g2 det(A+ B+ C)»y N A(A,B,C)
det(A-1 4+ B-1 + C-1)wv ¢/det A(A, B, C)

for every p > 0.

Definition 4.1. For (A, B,C) € Ky, define

A, B, C
Ay(A, B, C) = A4, B,0) , 0<p<oo.
(/AU (AA, B.0))
Letting A, = A,(A, B,C) we have that Ay = A, A, = A and A, < A, for p < g,
from det(A(A, B,C)) = gx det(A+ B+ C) > 353" = 1, where the last inequality

follows from the Minkowski’s determinantal inequality.

By the arithmetic-Karcher-harmonic mean inequalities, one would ask whether
H(A, B,C) =Ay(A, B,C) for some p < N.

Theorem 4.2. Let (A, B,C) € Ky. Ifdet(A+ B+ C) = det(A™' + B~ + C71),
then for N/2 <p < N <g,

A(ABC)  _  AABC)

H(A,B,C) = Ag(Aan(D - R/det(A(A, B,C)) ~ ¢/det(A(A, B, C))
_ A(A,B,C) A(4, B, C)
< AMABO) = R A 5.0) ~ YA B.O)
< A(A,B,0).

Proof. We have that
A(A, B,C)
¢/det A(A, B, C)
for every p > 0. For p = N/2, A%:H. O

—2
N

LA

H(A,B,C) = 3> 7 det(A+ B +C)

Remark 4.3. Theorem 4.2 holds without the equilateral condition on (A, B,C). It
holds true on Ey by Corollary 3.10. For N = 2, it holds for every k-tuple in Hy [15].
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5. POSITIVE LINEAR MAPS

Let ¢ : H,, — H,, be a continuous map preserving the geometric mean:

¢(A#B) = o(A)#o(B), A, B € Hy,.

By continuity and the fact (A#:B)#(A#,B) = At 20 B, we have that O(A#,B) =
o(A)#.0(B) for all t € [0, 1]. Then Holbrook’s no dice approximation of the Karcher

mean [10] ensures

(5.20) G(A(Ar, .., Ag)) = Mo(A), - -, 0(Ar))

for A; e Hy,j=1,... k.
We further assume that the map ¢ extends to a positive homogeneous and additive

map @ : P,, — H,,, where H, is the Euclidean space of n x n Hermitian matrices:
O(tA) =tP(A), O(A+ B)=d(A) + ¢(B), t> 0.

Since

D(A) = D ( \/det(A)m> = %/det(A)o ( ’VW) ,

® maps P, into P,,. It then extends to a linear map ¢ : H,,, — H,, sending the positive

cone P, into IP,, so called a strictly positive linear map. An important property of

the positive linear map @ is the following determinantal identity:

(5.21) Ydet(®(A) = ¥/det(4), AcP,,.

Indeed,

det(®(A)) = det (mgb (’{”/%(A)»

= det(A)% det <¢ (ﬁ)) = det(A)w.

Example 5.1. Every strictly positive C*-homomorphism & : H,, — H, preserves
the geometric mean. To see this, note that ®(X?) = ®(X)? for all X € H,, implies
that ®(A™!) = ®(A)7! for all A € P, by Kadison’s inequality. By the arithmetic-

harmonic mean iteration of A and B, we have that A#B = limy_,,, A; = limy_, By,
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where

A+ BT
Ao = A, BO = B, Ak—H = 5 u} .

y Bk_l’_l = |: 2

Applying to ®(A) and ®(B) yields ®(A)#P(B) = limg_y0o X = limy o Y, where
Xo = P(A) = P(Ay), Y, := ®(B) = ¢(By) and

X+ Yy
2

Xk_l + Yk—1:| -1

KXpy1 := 9

) YkJrl = |:

It follows from induction and invariancy of ® under inversion that X = ®(Ay) and
Y), = ®(By,) for all k. This implies that

O(Ay) + ©(By)

A, + B
D(A#B) = lim ®(Ap) = lim (M) = lim
k—o0 k—o0 2 k—o0

. X+ Y
= lim

k—o0

= lm X4y = D(A)#D(B).

However, ®(H,,) C H, fails in general, due to (5.21). It is unknown to us a

classification of strictly positive C*-homomorphisms satisfying (5.21) for m # n.

Example 5.2. Let D € H,, and let ¢ : H,,, — H,,, defined by ®(X) = X ® D. By
basic properties of tensor product, ® is injective and a strictly positive linear map

sending H,, into H,,,,. Moreover it satisfies (5.21) and preserves the geometric mean
[1], P(A#B) = ®(A)#D(B). We then have from (5.20) that

AMA®D,B®D,C® D) =A(A,B,C)® D =A(A,B,C)® A(D, D, D).

In a similar way, A(A®Q D, BQE,C®F) = A(A,B,C)®A(D, E, F). See Proposition
4.4 of [11].

Denote ®(A, B,C) := (®(A), ®(B),®(C)) for (4, B,C) € P3 . Let T, be the set
of triples in H,, satisfying (1.3) and 7} C 7, the subclass of linearly independent
triples.

Proposition 5.3. Let ¢ : H,, — H,, be a continuous map preserving the geometric
mean and admaitting a strictly positive linear extension ® : H,, — H,. Then ¢ sends
T into T,,. If ® is injective, it sends T,} into T
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Proof. We have from (5.21) and (5.20) that for every (A, B,C) € T,,,
det(¢(A) + ¢(B) + ¢(C)) = det(P(A+ B+ C)) = det(A+ B+ C)m
and

Mo(A, B,C)) = A(@(A),6(B), ¢(C)) = 6(A(A, B, C))

B A+B+C
= ¢ ( t/det(A+ B + C))
1
N v/det(A + B+(J)®<A+B+C)
6(4) + 9(B) + 6(C)
{/det(6(A) + o(B) + o(C))
This proves that ¢(7,,) € T,. The remaining part of proof is immediate. ([l

By Example 5.2,
Theorem 5.4. For every D € H,, T, @ D C T} ..
We note that & ® D is not contained in &, for D # I,,.

6. FINAL REMARKS

Let E be a Hilbert space and let P = P(E) be the convex cone of positive invertible
operators on E. The Thompson metric on P is defined by d(4, B) = ||log A" B,
where || X]| is the operator norm. The Karcher mean A(Ay,..., Ag) is defined as a

unique positive invertible solution of the Karcher equation [13]
D log(X 24X = 0.
j=1

For A, B € P, the geometric mean curve ¢ +— A#,B := AY?(A712BA1/2)tAY? is a
minimal geodesic between A and B for the Thompson metric [7, 21, 22]. However
there are infinitely many minimal geodesics in general: see [21, 22]. It turns out
[18, 16, 17] for linearly independent A and B, that there exists a unique minimal
geodesic between A and B if and only if o(A™'B) = {\,A\7'} for some A > 1, in

which case by using Nussbaum’s construction of minimal geodesic,

A#.B = L1 +(N\)A+ Li(\)B, 0<t<1,
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where Ly(\) = 2=2" Tt follows from Li2(A) = VA(A + 1)~ that

A=A

A+ B
A+ VT

for o(A™*B) = {\, \"'}. For finite dimensional case, we have seen that under det(A) =
det(B) =1,

A#B =VIA+1)"Y A+ B) =

A+ B A+ B A+ B

AwB = \/det(A + B) N N/det(I + A-1B) VAV

from

Y/det(A+ B) = Y/det(I + A~'B) = VA + VA1,

In other words, the geometric mean is a scalar multiple of the arithmetic mean.
Next, let us consider (A, B,C) € P(E)? satisfying

(6.22) 0(A'B) =0(A7'C) =a(B7'C) = {\, 171}, A>1

and the Karcher mean A(A, B, C) is of the form

A+B+C
V3T HT)

(6.23) A(A, B,C) =

Since A + A~ > 2, the Karcher mean is a scalar multiple of the arithmetic mean:

A+B+C

MABIU:a{ ;

], a<1.

It is then of interest to find an additional condition on (A, B,C) satisfying (6.22)
under which (6.23) holds.
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