EFFECTIVE HILBERT’S IRREDUCIBILITY THEOREM FOR GLOBAL FIELDS
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ABSTRACT. We prove an effective form of Hilbert’s irreducibility theorem for polynomials over a global field K. More
precisely, we give effective bounds for the number of specializations t € Ok that do not preserve the irreducibility
or the Galois group of a given irreducible polynomial F(T,Y) € K[T,Y]. The bounds are explicit in the height and
degree of the polynomial F(T,Y), and are optimal in terms of the size of the parameter ¢t € Og. Our proofs deal
with the function field and number field cases in a unified way.

1. INTRODUCTION

A cornerstone in diophantine geometry and Galois theory is Hilbert’s irreducibility theorem, which in its original
form proved in [14] states that for any polynomial F(T,Y) € Z[T,Y] of degree at least one in Y, irreducible in
Q[T,Y] there exist infinitely many integers n € Z such that the specialized polynomial F'(n,Y") € Z[Y] is irreducible
in Q[Y']. This was then used by Hilbert to study the inverse Galois problem, more precisely, he showed that in
order to prove that a finite group G is the Galois group of a finite extension of Q it is enough to show that G is
the Galois group of some finite extension of the function field Q(7"). Furthermore he constructed polynomials with
rational coefficients with Galois group S, and A,, for all n.

Since then, there have been numerous proofs, improvements and generalizations of Hilbert’s irreducibility the-
orem. Of special interest are those variants which are quantitative. For instance, let K be a global field and let

Ok be its ring of integers. Let us consider a polynomial F' € Ok[Th,...,Ts,Y1,...,Y;] which is irreducible as a
polynomial in K(T1,...,Ts)[Y1,...,Y,]. We want to mesure how likely is it that a specialization F'(¢,Y7,...,Y,)
with ¢ := (t1,...,ts) € O% remains irreducible. In the case when K = Q it is natural to consider the quantity

Npo(B):=

b

{t €Z° :max|t;| < B and F (¢, X1,...,X,) is not irreducible in Q[X7,... 7XT]}

whereas for global fields a natural generalization of this quantity is
Npx(B):=|{te[B], : F(t,Y1,...,Y,) is not irreducible in K[Y7,...,Y,]}|,

where [B]5,. is the global field analogue of the integer box [-B, B]* nZ, which will be defined in Section 2.

We also want to mesure how likely is that a specialization of F' on t preserves the Galois group of F'. Specifically,
for a global field K and F € Ok|[T1,...,Ts,Y] an irreducible polynomial, let L be the splitting field of F over
K(Ty,...,Ts). Let G be the Galois group of L/K(T1,...,Ts). For a given t € O3 let Ly be the splitting field of
F(ty,...,ts,Y), and let G¢ be the Galois group of L;/K. Then one wants to estimate the quantity

EF’K(B) = Ht € [B]?)K :Gy # G}’ .

We will use the asymptotic notation X $¢,,..¢c, Y to mean |X| < (Y] for some constant ¢ depending on
the parameters Ci,...,C,. With this notation at hand, we record some of the known estimates for |Ep x(B)|.
When K is a number field, in [10, Theorem 2.1 and Theorem 2.5] Cohen used the large sieve to prove that the
quantities Np x (B) and Ep x(B) are both bounded by S, s i, F B3 log(B) with the implicit constant depending
polynomially on the height of the polynomial F'. Furthermore in [22, Section 13, Theorem 1] Serre showed that the
bounds can be improved to S, k', F B*~2 (log(B))” with v < 1. In the case when K =Q and s =7 = 1, in [21] by
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means of the determinant method of Bombieri and Pila [1], Schinzel and Zannier obtained effective estimates for
Npo(B). Improving upon this work, in [24, § 3.2] Walkowiak used the p-adic determinant method of Heath-Brown
[13] to prove the bound Np,g(B) < c(log(H(F)))*B= (log(B))® with an explicit ¢ depending on the degree of F,
and with H(F') the height of F. Recently, when K = Fy(T'), [2, Theorem 1.1] Bary-Soroker and Entin used the
large sieve for function fields to prove that Cohen’s bound also holds in this case.

One may further sharpen the counting function Er i (B) to take into consideration the algebraic structure of G.
In this direction, in [26, Theorem 1.4] Zywina used the larger sieve of Gallagher to prove that for any number field
K, if L/K(Ty,...,Ts) is geometric (i.e. if Ln K = K) it holds the bound Er (B) $y.s.1.F B %8¢ Jog(B) where

-1
Ba == maxpy<g % and M runs over the maximal subgroups of G. In [8, Corollary 1], Castillo and Dietman

used Galois resolvents, and bounds obtained in [6] by means of the p-adic determinant method, to show that for
K =Q, for any subgroup H of G, and for all € > 0 it holds that

|{t c [B]?DK LGy = H}| <Fe B571+|G/H\*1+e'

Among other applications, the p-adic determinant method was used in [7, 13] by Browning, Heath-Brown, and
Salberger to prove the uniform dimension growth conjecture of Heath-Brown and Serre for varieties over Q of
degree d > 6. Specifically, they proved that for any integral projective variety X defined over Q of degree d > 6, it
holds

{z € X(Q) : H(x) < BY| Sqim(x).4,e BH™O*,

where H(x) is the projective height of x. The conjecture for degree d > 4 was solved by Salberger in [20]. In order
to do so, in that article Salberger introduced the global determinant method. This method was refined by Walsh in
[25] in his solution of a conjecture of Heath-Brown posed in [13] on bounds for rational points of integral curves. All
this was further explored in [9] by Castrick, Cluckers, Dittmann, and Nguyen to prove that the dimension growth
conjecture holds without the € factor when d > 5 and with a polynomial dependency in d. In [23] Vermeulen adapted
[9] to prove the uniform dimension growth conjecture for integral projective varieties defined over F (7T) of degree
d > 64. Finally, in [19] we extended [9, 20, 23] and proved the uniform dimension growth conjecture for integral
projective varieties over global fields of degree d > 4.

In the present article we apply some techniques and results of [19] to extend and improve the aforementioned
results on effective Hilbert’s irreducibility theorem to global fields. Specifically, in [19] we proved a Bombieri-Pila
type of bound for curves over global fields, which depends polynomially on the degree of the curve (the cases K = Q
and K =F,(T) were already covered in [9, 23]). This, together with a technique we elaborated in [19] that allows
us to suppose that a polynomial with coefficients in a global field has coefficients in Ok and it is almost primitive
in the case when O is not a principal ideal domain, are the main novelties in our approach. It seems pertinent to
emphasize that our proofs deal simultaneously with the number field and the function field cases. Because of that,
a; if char(K) =0

. . We are now in position to state the first
ay if char(K) >0

for any a;,as € R we will use the notation [a1,as] := {
result of this article.
Theorem 1.1. Let K be a global field, and let F € K[T,Y] be an irreducible polynomial of degree dr in T and dy
Y. Then
N (B) sic 2200 30120351 RV 2] (log (1 (F)) +1)1%1 B2,

where Hi (F) denotes the K -relative height of F defined in Section 2.

Theorem 1.1 gives the best possible bound in terms of the magnitude of B, as it can be seen by the example
F(T,Y) =Y?-T?2. Furthermore the dependence on F in the bound is completely explicit. When K = Q this result
improves upon the bounds given in [24]. We remark that for number fields K # Q and for function fields this is the

first effective bound of this type (the non effective bound Np x(B) $px B 3 for number fields is a consequence of
Siegel’s finiteness theorem).
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In order to prove Theorem 1.1 we follow the classical approach that reduces the problem of bounding N x (B)
to that of bounding the number of Og-roots of any specialization of a certain irreducible polynomial P(7T,Y") €
Ok[T,Y]. In that sense, we prove the following result.

Theorem 1.2. Let K be a global field, and let P € Ox[T,Y] be an irreducible polynomial. Let dr and dy be the
degrees in T and Y of P, respectively, and let d be the total degree of P. Then the number of t € [Blo, such that
P(t,Y) has a solution y € Ok is

{t € [Blo : P(t,Y) has a solution y € Ox }| Sxc di> a2 log(H (P)) + 1610 gay

For number fields, Theorem 1.2 improves upon [24, § 2.2] and [18, Corollary C] by removing the log(B) factor,
and lowering the exponents in the degree and the height of P. For function fields, Theorem 1.2 seems to be new,
even for K =F,(T). As a consequence of Theorem 1.2, we give the following bound for Er i (B).

Theorem 1.3. Let K be a global field and let F € K[T,Y] be an irreducible polynomial of degrees dr in T and dy
inY. Let G be the Galois group of F' and let H be the family of subgroups of G. Let us suppose that F' is separable
and monic as a polynomial in K(T)[Y]. Then

Erx(B) Sk Z 2[25|G/H|,36|G/H|]|G/H|[26,35]d¥8,37]d£/7,11]|H|[27,36]|G|[28,37](log(HK(F)) n 1)[6,10]3%
HeH

1
SK.dpdy (log(Hg(F))+ 1)[6,10]B2'
Moreover, in the case when F is non monic, the second inequality still holds true.

In the case of number fields, Theorem 1.3 improves upon the result of [10] when s = 1, whereas, in the case where
K =F,(T), Theorem 1.3 improves the result of [2] when s = 1 by removing the log(B) factor, and making explicit
the dependence on the degree and the height of F. Once again, the novelty in the number field case lies in the
effective dependence on the height of F, since it was shown in [22, § 9.2, Proposition 2] that the set of specializations
for which G; # G is an affine thin subset, and then by means of Siegel’s finiteness theorem, in [22, § 9.7] it was
shown that for number fields the number of ¢ € [B]o, lying in an affine thin subset 2 is $x o B:.

While the order of magnitude on B of the bound of Theorem 1.3 is in general sharp as can be seen by considering
the polynomial F(T,Y) =Y?-T, in some cases one may obtain better bounds. Indeed, when K = Q in [3] Castillo
and Dietmann used Galois resolvents to find an adequate primitive element for the splitting field L of F', and use
[6, Theorem 1] (which is a Bombieri-Pila type of bound over Q for lopsided boxes) to deduce a variant of Hilbert’s
irreducibility theorem for Galois groups that takes into consideration the subgroup structure of the Galois group
of the specialized polynomial. By means of Theorem 1.2 and a lemma about Galois resolvents in [8], we improve
and generalize [8, Theorem 1] to number fields, and we improve upon Theorem 1.3 in the case when K is a number
field. Our result reads as follows.

Theorem 1.4. Let K be a number field. Let F(T,Y) € Ox[T,Y] be an irreducible polynomial of degrees dr in T
and dy Y. Let G be the Galois group of F over K(T'), and let H be a subgroup of G. Then

[{t € [Blo, : the splitting field of F(t,Y) over K has Galois group H}| Sk.dy dp (log(Hr (F)) + 1)l6:10] gIG/HI™

As a corollary of Theorem 1.4 we also obtain the following result.

Theorem 1.5. Let K be a number field, and let F(T,Y ) €e O [T,Y] be an irreducible polynomial of degrees dr in T
anddy inY . Let G be the Galois group of F(T,Y) over K(T). If §g := max{|G/H|™' : H is a proper subgroup of G}
and vg = max{|G/H|™ : H is an intransitive subgroup of G}, then

Er i(B) $K.dy.dr (log(Hxc (F)) + 1)1 B0,

and
Np kx(B) $k.dy dr (log(Hg (F)) + 1)[6’101379
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This bound is new in the case when K # Q, whereas when K = Q, this improves the bound given in [8].

Before ending this introduction, we must mention that the dependence on K of the implicit constants when
K is a function field can be made explicit in the degree and genus of the field in all of the bounds, whereas for
number fields this dependence is explicit in the degree and the discriminant only if one assumes the Generalized
Riemann Hypothesis. This is because the dependence on K in this article relies on the dependence on K in the
bounds obtained in [19], which in turn depend on estimates for the number of primes ideals of bounded norm. In
the function field case this is covered by the Riemann Hypothesis for curves over finite fields, while in the number
field case this is covered by the Landau prime ideal theorem, for which explicit versions are only known under the
Generalized Riemann Hypothesis (see [19, Remark 2.7]).

Acknowledgments. M. Paredes was supported in part by a CONICET Postdoctoral Fellowship. R. Sasyk was
supported in part through the grant PICT 2017-0883. We thank the anonymous referee for the careful reading of
the manuscript and his or her many suggestions.

2. HEIGHTS IN GLOBAL FIELDS

We use the asymptotic notation X = O(Y) or X Y to mean |X| < C|Y]| for some constant C. We also use
Ok n,d(Y) or Skn,aY tomean that the implicit constants depend on K, n and d.

Throughout this paper, K denotes a global field, i.e. a finite separable extension of Q or Fy(7T'), in which case
we further assume that the field of constants is F,. We will denote by dx the degree of the extension K /k, where
k indistinctively denotes the base fields Q or F (7).

Let K be a number field and let Ok be its ring of integers. Then each embedding ¢ : K — C induces a place v,
by means of the equation

(2.1) jlo = lo(2)]F

where |-|. denotes the absolute value of R or C and n, =1 or 2, respectively. Such places will be called the places
at infinity, and will be denoted by Mg .. Note that Y. Mg ... w = di. They are all the archimedean places of K.
Since the complex embeddings come in pairs that differ by complex conjugation, we have |[Mg o| < dk.

Now, let us suppose that K is a function field over [y, such that F is algebraically closed in K (in other words,
the constant field of K is F;). A prime in K is, by definition, a discrete valuation ring O(,) with maximal ideal p
such that F, € p and the quotient field of O(,) equals to K. By abuse of notation, when we refer to a prime in K,
we will refer to the maximal ideal p. Associated to p, we have the usual p-adic valuation, that we will denote by
ordy. The degree of p, denoted by deg(p) will be the dimension of O(,)/p as an F,-vector space, which is finite.
Then the norm of p is defined as N (p) := q2°¢(®)  Any prime p of K induces a place v in K by the equation

ordp (x)

|zl = falp = N (p) 75

They are all the places in K. The set of all places in K is denoted by Mg. Now we fix an arbitrary place ve in
My above the place in Fy(T) defined by ‘g‘ := gdes(f)=deg(9)  Tts corresponding prime will be denoted poo; it has
degree at most di. The ring of integers of K is the subset

Og={xeK:|z|y<1forall ve Mg,v+vo}.

If K is a number field with ring of integers O, we define

[Bloy = {z € Ox : max |o()|w <BTc) = {2 e Ok : max [a], < B},
o: K~ v Koo
When K is a function field, we define
[Bloy, = {z € O : |z]p_ < BT},
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We will use a notion of height for a polynomial that is defined in [3, § 1.6]. Specifically, given a global field K of
degree di and a place v € Mg, for F =Y ; arYle K[Yy,...,Y,], we define

|Fly = mlax|a1|v.

Following [3, § 1.6], the K-relative height of F' € K[Y1,...,Y,] is defined as

dx
HK(F)::( I1 |F|v) .

veM g

We will also use the K-affine relative height

dg
Hy o (F) ::( H max{17|F|v}) .

’L)GMK

In particular,
HK(F) < HK7aff(F).
We will use the following property concerning the height of polynomials, which is a consequence of [19, Proposition
2.2], that will allow us to deal with polynomials defined in global fields with non-principal ring of integers.

Lemma 2.1. Let K be a global field. There exists a positive constant ¢1 = ¢1(K) with the property that for any
F e K[Yy,...,Y,] there is A e K* such that A\F € Ok[Y1,...,Y,], and for all v e Mg o it holds

(2.2) IAF], < {ClHK(F)d%( if K is a number field,

clHK(F)i if K is a function field.
In particular, Hi o5(MF) Sk Hx (F).

We will use the following standard estimate of Liouville (or perhaps Cauchy). Let K be a field with an absolute
value |-|. Let P=ag+a1Y +-+asY? e K[Y]. of degree d > 0. Let y be a root of P over an algebraic closure K of
K. Let us suppose that |- | also denotes an extension of the absolute value to K(y). Then

{1 4 maxilasl )| g archimedean

if | - | is non-archimedean

(2.3) lyl <
Indeed, If |- | is archimedean, then for any |y| > 1 it holds the inequality
-1
Z a;y"
=0

from where the bound follows at once. On the other hand, If | -| is non-archimedean, (3.2) follows by replacing the
triangle inequality by the ultrametric inequality.

d_ d
lyl® -1 _ |1yl

d-1 _ d-1
< 2 laillyl < max|a;] Y ly[" = max|a;| .

i=0 i=0 |y|

|ad||y|d =

3. BOUNDS FOR THE NUMBER OF INTEGRAL ROOTS OF THE SPECIALIZED POLYNOMIAL

As with many proofs of Hilbert’s irreducibility theorem, we are going to reduce the problem to that of bounding
the number of ¢t € [B]o, for which P(¢,Y) has an Og-root, with P(T.Y) € Og[T,Y] an adequate irreducible
polynomial of degree dr in T. In order to bound these specializations, we note that for any such ¢ we can bound
the size of any root y € Ok of P(t,y) = 0. More precisely, Liouville’s inequality (3.2) gives y € [cB9"]o, for some
constant ¢ depending on the degree and height of P. Thus, the number of ¢’s for which P(¢,Y) has an Ok-root is
contained in the subset of (¢,y) € [¢B%"]%, . Then, as in [21, 21] we bound the cardinal of this subset by means of a
Bombieri-Pila type of bound. The difference in our proof is that we are going to use a Bombieri-Pila type of bound
that we obtained in [19], which is valid for global fields and gives bounds with the log(B) term removed, and that
we are going to use Lemma 2.1 which allows us to deal with polynomials defined in global fields with non-principal
ring of integers.
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As in [19, Definition 3.22], if ¢; is the constant in Lemma 2.1 we let
27d*  if char(K) =0,
B:=1d3  if 0<char(K) < max{27d*, ¢1},

1 if char(K) > max{27d*, ¢c; }.
Given P € Ok[T,Y] of total degree d we define b(P) := 0 if P is not absolutely irreducible, otherwise we let
log(Nk (p))
b(P) = T] exp ( ,
Pl'_P[p NK (p)

where
Ppi={p ¢ Mk c : Ni(p) >max{8,c1} and P mod p is not absolutely irreducible}.

When P is absolutely irreducible, [19, Lemma 3.23] gives the bound
(3.1) b(P) $k.n max {d">H log(Hy aa(P)),1} .
We are now in position to state the Bombieri-Pila type of bound that we have obtained in [19].

Theorem 3.1 ([19, Corollary 5.15]). Let K be a global field of degree dx. Let P € Og[T,Y] of total degree d be
wrreducible, and let Py be its homogeneous part of total degree d. Then for any B > 1, it holds

1 min{d®% log(Hg (Py)) + d®Nog(B) + d**1, d
{(t9) € (BT, : P(t,y) = 0}] sic B4 2inld= loa(Hic(P) e(5)
HK(Pd)d2
sk A (log(Hy a(P)) + 1) B

414

b(P)} +dlog(B) + 48]

With this at hand we can now prove Theorem 1.2 of the Introduction.

Proof of Theorem 1.2. By Lemma 2.1, after multiplying by an adequate non-zero constant, we may suppose that P
verifies the bound (2.2) with A = 1. Let us write P(T,Y) = ag(T)Y ¥ + -+ aq, (T). Let t € [Blo, and let y € Ok
be a root of P(t,Y’). By Liouville’s inequality (3.2), |y|, < 2max; |a;(t)|, for all v € Mg o. Then (2.2) implies that

ny _1
(3.2) lylo < 2max |a; (8)|, < 2|dp + 1|IHON Pl |H47 < 2¢4|dp + 1|1[}1’0]HK(P)[‘13< TaK ]|t|gT for all v € Mg .

Tt follows that y € [(2c1)d§< (dp + )[40 Hp (PYBY7],.. Thus, its enough to bound the number of 2-tuples (t,y)
lying in the box [(201)‘& (dr + 1)[dK’O]HK(P)BdT]?9K which are zeroes of P(T,Y). Since Theorem 3.1 gives a

bound of size Ok p(B dTT) we will distinguish between the cases when d is large and when d is small as in [21]. To
that end, let H := max{e®, Hx g (P)}, let L :=log(H) and let Lo :=log(log(H)). Smce H>ef it holds Ly > 1.

Let us suppose first that d > d% dey L Then (dr +1)™ & < 2, Hi < log(H) &% ‘deY and BF < By By

Theorem 3.1 applied to P in the box [(QCl)dK (dp +1)ldx:0 ]HBdT]@K we conclude that the number of ¢t € [B]o
for which P(¢,Y) = 0 has a solution in O is bounded by

K

L 1 1
(33) sk d" (log(Hican(P)) + 1) ((201)" (dy + 1)) BdT) i ) ((log(H)) vy T + 1) By
Let us suppose now that d < d? dey L and let us consider the polynomial G(T,Y) = P(T,T¥ +Y) where
E = |ddrdy & | + 1€ [d3drdy 22, deKdeyLl]. Then

dy FE < deg(G) <dyFE+dr < 3de§/dTL1, and log(HK7aff(G)) SK [dy, 1] + IOg(HK,aﬁr(P)) SK [dy, 1] + log(H)

Note that every zero (t,y) € O% of G corresponds to a zero of P of the form (¢,y +t). Then (3.2) implies that
any zero (t,y) of G with t € [B]p,. and y € Ok verifies

Wl = | = 67 + (5 + )] < t]Z + 2e1]dr + 1O Hie (P) 5 T 107 for all v € Mg oo



7

Then it follows that y € [(301)‘@ (dr + D)< H i (PYBF]o,.. Hence, by Theorem 3.1 applied to G in the box
[(301)&‘; (dr + 1)[dK*O]HBE]?9K the number of t € [B]o, for which P(¢,Y) = 0 has a solution in Ok is bounded by

Sk deg(A)®) (log(Hian(@)) +1) ((3e1)™ (dp + 1)1V HBF ) 5@

L2
Sic A ([dy 1]+ log ()T H Redn v i By

~

R 1

(34)  sx d Nl (og ()P (log () Fo BH sy dit V) og (1)) " A gy

Since there are at most dr values of ¢ for which ag(¢) = 0, from (3.3) and (3.4) we deduce the bound stated in
Theorem 1.2 written in terms of Hg ,g(P). By Lemma 2.1 we recover Theorem 1.2 in terms of Hg (P). O

4. EFFECTIVE HILBERT’S IRREDUCIBILITY THEOREM

The goal of this section is to prove Theorem 1.1 from the Introduction. The idea of the proof is as follows. The
irreducibility of a polynomial F' € K[T,Y] implies that for any t € Ok such that F(¢,Y") is reducible over K, any
non-trivial factorization of F'(¢,Y") over K gives an irreducible polynomial over K which comes from specialization
by ¢ of a non-trivial factor G(T,Y) of F(T,Y) over K(T), an algebraic closure of K(T'). From the fact that G
does not lie in K[T] but G(¢,Y) does lie in K[T] it follows that some coefficient of G does not lie in K[T'] but
its specialization lies in K. Then the minimal polynomial P(T,Y") of this coefficient will lie in K[7,Y] and will
have a root in Ok, thus one is reduced to the problem of bounding the number of specializations of an irreducible
polynomial which have Og-roots, and this is exactly the setting of Theorem 1.2 which was proved in Section 3. In
order to carry out this strategy, it is required to bound the degree and height of the polynomial P. Obtaining such
bounds will be the main technical aspect of this section. In order to prove Theorem 1.1 it will be convenient first to
prove a variant of it for polynomials F'(T,Y") € K[T,Y] that are monic on Y. This is the content of the following
proposition.

Proposition 4.1. Let K be a global field and let F € Ok [T,Y] be a polynomial that is monic in' Y and irreducible
over K. Let dr and dy denote the degrees in T and Y of F', respectively. Then

[{t € [Blo, : F(t,Y) is reducible over K}| Sk 2[25dy’36dY]d[T14’26] (log(Hi (F)) + 1)[6’1()] B>,

Before proving Proposition 4.1, we will require a preliminary lemma, which generalizes [21, Lemma 3] and [24,
Lemme 3.1] to global fields. In order to state it, let K(7T') be an algebraic closure of K (T'), and let

dy
F(TY)=T](Y -v)
i=1
be the factorization of F' over K (T)[Y]. Since for all 4, y; is integral over O [T],then for any non-empty subset
w € {1,...,dy} and for any nonnegative integer j < |w|, 7;(y; : i € w) is integral over Ox[T'], where 7; is the j**
fundamental symmetric function. Hence if P, ;(7,Y") denotes the minimal polynomial of 7;(y; : i € w) over K(T'),
it follows that P,, ; € Ox[T,Y] and it is monic in Y.

Lemma 4.2. Let K be a global field and let F € Ok [T,Y ] be a polynomial that is monic in' Y and irreducible over
K. Let dp and dy denote the degrees in T and Y of F, respectively. Let us suppose that dy > 2. Let t € Og such
that F(t,Y) is reducible over K. Then there exists a non-empty subset w € {1,...,dy} of cardinal |w| < dTY and
J < |w| such that

(1) 2<degy (P, ) <2%;

(2) P, ;(t,Y) has a zero in Ok;
(3) deg(Pwﬁj) <drp dng(Pwyj) < dTQdY ;
(4) Hi(Poj) s ([2772(dr +1), 1] Hyc (F)) 8 (Pos).
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Proof. Since K[T,y1,...,yay ] is integral over K[T], by [1, Exercise 2, Chap. 5|, for any t € K the specialization
morphism 7T — ¢ extends to a morphism from K[T,yi,...,ya, ] to K. For y € K[T,y1,...,ya4, | we denote y(t) the
image of y under this morphism.

Let ¢t be as in the statement of the lemma, namely, ¢t € Ok such that F(¢,Y) is reducible over K. Since F is
monic on Y, by Gauss’s lemma it is reducible over Ok, so we have a decomposition

F(t,Y) =TTV =) [T(Y —w:(t)),

TE€EW 1¢w

where w ¢ {1,...,dy}, |w| < ‘%’ and R(Y) := [T (Y = 4i(t)) € Ox[Y]. Up to a sign, the coefficients of R(Y")

are equal to 7;(y;(t) :iew), j=1,...,|w|. Observe that at least one of the 7;(y; : i € w) verifies that it is not in
K(T), otherwise F'(T,Y") would be reducible over K. Let 6, ; be this element and let P, ;(T,Y") be its minimal
polynomial over K (T'). By the discussion preceding the lemma, P, ;(T,Y) € Og[T,Y] and is monic in Y. Note
that 6., ;(t) € Ok, hence P, ; verifies condition (2).

It is clear that degy (P, ;) > 2, since otherwise 6, ; would lie in K (T"). Moreover, the polynomial

(4.1) II (Y -7j(yiziew))

w’'e{1,....dy }:|w’|=|w|

has degree in Y equal to ((Iiwyl) < 2% it is invariant under the action of the Galois group of F so it has coefficients
in K(T') (and hence in K[T] since K[T'] is integrally closed in K(7")) and vanishes on 6, ;. It follows that P, ;
divides this polynomial, thus degy (P, ;) < 29. This proves condition (1).

Next, we will bound the height of P, ;. Let v € Mk .. We denote by K, the algebraic closure of the v-completion
of K,. Thus ||, extends in a unique way to K,. Let us write

degy (Pu,5) )
(4.2) Poj= Y P(T)YsrPei) ™ with P(T) = p;nT™
=0 h

Claim 4.3. It holds that
max[pinlo < sup  |pi(2)lo < sup [P (2, Y)

zeK,i|z],<1 zeKi|z]y <1

Proof of Claim 4.3. If K is a number field, K, = C, thus by Cauchy’s integral formula it holds

P (0)
h!

|pz',h|v = < sup |R(Z)|v < _sup |Pw,j(zay)|v-

v 2€Ky,|z]p<1 zeK 1| z]y <1

Let us suppose now that K is a function field. By the maximum principle (e.g. see [5, §2.2, Proposition 5]), it holds
that maxp, [p; plv = SUD, 72 <1 [P (2)]o- i

Let oy(z), 1 <1< degy (P, ;) denote the roots of P, ;(z,Y). By means of expressing the coefficients of P, ; in
terms of symmetric functions of its roots, with an argument similar to the one in [3, Lemma 1.6.7] we will see that

d » degy (Pw,j)
(4.3) Py (2,Y)]p < 298 (Fed] T max{L, oy (2)]}-

=1

Indeed, if P, ;(z,Y) = 5308 Fd) p,(2)ydesy (Pes)= with Py(T) = 1, it holds that Pi(2) = ¥, <jycus, @5y (2)as, (2)--j, (2).
Hence,

degy (Pu,j)

d P, ;
max_ag, (2)lulag, (2)]o-lag, (2)], <[22 FD| T max(L, Jau(2)], ).
U]1<]2<"'<Ji =1

dng(Pw,j))
)

P < ‘(




Since P, ; divides the polynomial in (4.1), each o;(2) is of the form 7;(y;(2) : ¢ € w’) for some w’ € {1,...,dy}
with |w’| = Jw|, and hence
(%)
J

Claim 4.4. Writing F(T,Y) as F(T,Y) = ag(T)Y % + a1 (T)Y ™ + -+ aq, (T) with ao(T) =1, it holds that

(4.4) laz ()]s <

dy
[T max{1, |yi ()]} <241}, Emax{l, lyi (2)lv}-

v tew’

dy
[ [max{1,[yi(2)]o} < [ldy + 1|, , 1] max|a;(2)]o-
i=1 v

Proof of Claim /.4. Let us suppose that K is a number field. Let o : K — C be the embedding corresponding to v.
We denote by o(F) the usual action of o on F. Tt follows that 1% max{1,|y;(2)],} is the Mahler measure of the
polynomial o(F)(z,Y). Then [3, Lemma 1.6.7] implies the conclusion of the claim.

On the other hand, if K is a function field, we write F1(2,Y) = [Ty (2)51 (Y —%i(2)) € K,[Y] and Fa(2,Y) =
[y, (2)p<1 (Y —wi(2)) € K,[Y], thus F(2,Y) = Fi(2,Y)Fy(z,Y). Observe that |[Fy(z,Y)l, = 1, since it is a monic
polynomial on Y and its coefficients are symmetric functions on elements of absolute value at most 1. From this
and the fact that I'[f:‘“1 max{1, |y;(2)|,} is the absolute value of one of the coefficients of F}(z,T), it follows that

dy
[Tmax{1, [yi()lo} <IF1(z, V)l = [F1 (2, V)|l Fa (2, Yo = [F(2,Y) ] = max|ai (2)]o,

i=1

where the identity |F1(z,Y)|o|F2(2,Y)|s = [F1(2,Y) F2(2,Y)]|, is Gauss’s lemma (e.g. see [3, Lemma 1.6.3]). mi

By Claim 4.3, Claim 4.4, inequalities (4.3), (4.4), and the elementary bound

(4.5) |a; (2)]y < |d7 + 1]|F|, max{1,]2|¢T} for all i,
we conclude the bound

w d (Pw, )
(4.6) pinlo < (129 o lldy + 1)y, ldr + 1ol FL) 57

Since |w]| < dTY, inequality (4.6) gives the bound on Hg (P, ;) in the item (4) statement of the lemma.

It remains to prove (3). To that end, first we will bound the degrees of the P;’s in (4.2). Since for each z € K
P;(z) is up to a sign the i'" elementary symmetric function on the roots ay(z), 1 <1 < degy (P, ;) of P, j(z,Y) and
these roots can be bounded by combining (4.4), Claim 4.4 and (4.5), then
degy (P ; w i i

BTN Uy #1102l + 1 Pl {1 [24273) = Or(afir,

v

() < ](

v

it follows that deg P; < dri. Then

.= . — ; o < . .
deg P, ; OSz‘sdg;?,}((Pw,j)(dng(Pw’]) i+deg P;) < drdegy (P, ;)

This ends the proof of the lemma. O

Proof of Proposition 4.1. We may suppose that dy > 2, otherwise the bound is trivial. Let S(B) be the number of
t € [Blo, such that F(¢,Y") is reducible over K. Let S,,(B) be the number of ¢ € [B]p, such that P, ;(¢,Y) has
a zero in Ok. By Lemma 4.2(2) it holds

S(B) <> S.(B) < 2dv mujaXSw(B).
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Combining Theorem 1.2 and Lemma 4.2 it holds that

1
Su(B) sk deg(Po ;)17 (log Hy (P, ;) +1)!%"%) pFsv iy

$pc 207 250 ) T2T (90 [y 4+ 9Y10g(2) + log(dr + 1), 0] + 2% log(H (F)) + 1)1 B
s 224w 351 gha2o] (o0 (F)) + 1)1 B3
We conclude that
(4.7) S(B) s 20200 36av1gla] (o0 (F)) + 1)1 B3, O

Having proved Proposition 4.1, which is valid for polynomials which are monic in Y, we will now proceed to give
a proof of a quantitative variant of Hilbert’s irreduciblity theorem for global fields, which is the content of Theorem
1.1 of the Introduction and the main result in this article.

Proof of Theorem 1.1. By Lemma 2.1, after multiplying by an adequate non-zero constant, we may suppose that
F verifies the bound (2.2) with X = 1. Let us write F(T,Y) = ag(T)Y % +ay(T)Y ™ + -+ aq, (T) and let

Y
ao(T)’

Then G is monic in Y, it belongs to Ok [T,Y ], deg;(G) < drdy, degy (G) = dy and if F is irreducible, then G is
irreducible. Let us now bound Hg (G) in terms of Hx (F'). To that end, note that for any v € Mk o it holds

|Gl = max{1,]ar (T)]v, lao(T)az(T)lv, . lao(T)™ ~aa, (T)]}
(dy +1l)dy
<[R9 1 max{ L aa ()]s lao(T)olaz (T) o - lao (T) 5 aay (T}

vz Jdy

< [[297 |y, 1 maxc {1, [FIP ) < e [[297 |, 1] Hic (F) & TRl

G(T,Y) = ao(T)dY‘lF( T) =YY 4 a (T)Y™ ™ 4 ag(T)ag(T)Y Y 2 + - + (ao(T) Lag, (T).

where in the second inequality we have used that |fgl, < 29¢8(/)*de8(9)|f| |g|, if v is archimedean (e.g see [3, Lemma
1.6.11)) and |fgl, = |f]v|glo by Gauss’s lemma (e.g. see [3, Lemma 1.6.3]) if v is non-archimedean, and in the fourth
inequality we have used (2.2). Then

Irdicgdrdvdic i (FY® i K is a number field
Hy 5(G) = max{1,|G K ’
x0(G) ue}l,m {hleh) < { IR e (F) Y if K is a function field.

By Proposition 4.1 it holds that the number of ¢t € [B]o, with ag(t) # 0 and F'(¢,Y) reducible over K is bounded
K
by
(4.8)
{t € [Blo, : G(t,Y) is reducible over K}| g 212348y (@):36deay (O] gog ()14 (log( Hy a(G)) + 1)1 B2
S 2120y 30dv1gl26.351gl20.25] (160 (e (F)) +1)1910) B3,

Taking into account that there are at most dr values of ¢ for which ag(t) = 0 we see that (4.8) implies the bound
in the statement of Theorem 1.1 . ]

Remark 4.5. In some cases by the same method of the proof of Theorem 1.1 one can derive a polynomial bound
in dy and dp. Specifically, if the polynomial F' in Theorem 1.1 is also assumed to be separable, combining our
techniques with [11, § 3] would yield the bound

|{t € [Blo, : F(t,Y) is reducible over K} | Sk dC(F)d [21,26] (1 g(Hi (F)) + 1) [6,10]
where ¢(F) is, modulo an absolute constant, the Hilbert index defined in [11, § 3.2], which in some cases, e.g. when
the Galois group of F' is bounded by d$ for some a > 0, can be bounded by an absolute constant (see [11, Theorem

4.1)).
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From Theorem 1.1 it follows easily the next quantitative variant of Hilbert’s irreducibility theorem which improves
upon [21, Theorem] and [24, Théoreme 3] when K = Q.

Corollary 4.6. Let s € N and let F(T,Y) € Ox[T,Y] be an irreducible polynomial of degrees dr in T and dy in
Y. Let C := 2[25dy’36dY]d¥6’35]d¥1726] (log(Hp (F)) + 1)[6’101, Then there exist a constant cx Sk 1 and s algebraic
integers t1, ... ts € [s+cxC?|o, such that the polynomials F(t;,Y) are irreducible over K for alli=1,...,s.

5. DISTRIBUTION OF (GALOIS GROUPS

The goal of this section is to prove Theorem 1.3, Theorem 1.4, and Theorem 1.5 of the Introduction. As with
many instances of Hilbert’s irreducibility theorem, it is possible to adapt the strategy of Section 4 to bound the
subset of specializations that have a Galois group different from the Galois group of a given irreducible polynomial
F e K[T,Y]. More precisely, let F' € K[T,Y] be an irreducible polynomial, monic in Y. Let us denote by L the
splitting field of the polynomial F' over K(T). Let G be the Galois group of L/K(T). Given t € K we let L; be
the splitting field of the polynomial F(¢,Y) € K[Y]. Let G; be the Galois group of L;/K. Let us suppose that F
is separable as a polynomial in K (7)[Y] and let A(T) be the discriminant of F';, which we regard as a polynomial
in K[T]. Let A= K[T] and let C be the integral closure of A in L. Let p = (T - t)K[T] and let B be a prime in
C lying over p. Let t € K such that A(t) #0, i.e. the polynomial F(¢,Y) does not have multiple roots in K = A/p.
Since L; = C/B and the Galois group Gt of L;/K is naturally identified with the Galois group of (C/9B)/(A4/p),
by [15, Chapter VII, Section 2, Theorem 2.9] there is an isomorphism of groups ¢ : Gy - Gy, where Gy is the
decomposition group of 3, which is a subgroup of G. If p denotes the natural embedding of G in the permutation
group Sgeg,, (F), it follows that there are injective morphisms ¢, p; such that the following is a commutative diagram

G — s
X l”
Sdegy (F)

With all this at hand we are able to prove Theorem 1.3 and Theorem 1.4 of the Introduction.

Proof of Theorem 1.3. The strategy of the proof of Theorem 1.3 consists of making effective [22, Chapter 9, Section
9.2, Proposition 2] and then using Theorem 1.1. More precisely, let us suppose that F is monic on Y. By Lemma
2.1, after multiplying by an adequate non-zero constant, we may suppose that F' verifies the bound (2.2) with A = 1.
Since L/K(T) is a Galois extension, all its subextensions are of the form L¥ for some subgroup H < G. By the
separability assumption, they are of the form K (T)(agy) for some ay € L, which we may suppose it is integral over
K|[T]. Let Py € K[T,Y] be an irreducible polynomial of minimal degree which has ay as a root.

Claim 5.1. Let H be the subset of subgroups of G. It holds that

{te[Blox :Gt#G and A(t) #0} ¢ | {t € [Bloy : Pu(t,Y) is reducible over K}.
HeH

Proof of Claim 5.1. Let A = K[T] and let C be the integral closure of A in L. Let ¢ € [B]o, such that A(t) # 0.
Let B be any prime lying over p = (T —t)A. Since F is monic in Y, Gy is identified with the decomposition group
of B. Let us assume that Gy # G. Then there are o € G, f € P ¢ C such that o(f) ¢ P. Moreover, there is H € H
such that f € K(T)(ag). Since f is integral over A, it lies in the integral closure of A over K(T)(ag). Since

ag is integral and separable, by the proof of [12, Proposition 13.14] it follows that f € K[T][{%}i]. Then,
by cleaning denominators, there are N € Ny and P € K[T,Y] such that A(T)Nf = P(T,ay). By assumption,
f € B, thus P(¢t,ag(t)) = 0. Arguing by contradiction, let us suppose that Pg(t,Y) is irreducible over K.
Since Py (t,ap(t)) = 0 it follows that there is some Q(Y) € K[Y] verifying P(¢,Y) = Q(Y )Py (t,Y). Since
Py (T,Y) has as a root the element o(ay), it follows that Pr(t,0(am)(t)) = 0. Then P(¢,0(am)(t)) = 0. But
A(TYN f = P(T,ag) implies that o(A(T)N f) = A(T)No(f) = P(T,0(ag)). The assumption that o(f)(t) ¢ L
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implies that o(f)(t) # 0. This, together with the fact that A(¢) # 0, implies that P(¢,o(am)(t)) # 0, which is a
contradiction. m]

By Claim 5.1, Theorem 1.3 will follow from Theorem 1.1 if one can bound the heights and the degrees of the
polynomials Py (T,Y). For this purpose, we will require to choose an adequate ay for each H € H. This will be
achieved in the next two claims.

Claim 5.2. Let F(T,Y) = H?:Yl(Y—yi) with y; lying in an algebraic closure of K(T'). There exists ag = y1 +Y1y2 +
ot Yy —1Ydy With y; € [d%ﬁ'l]@k forall1<i<dy —1, such that L = K(T)(ag).

Proof of Claim 5.2. Recall that k = Q if K is a number field, and k =F,[T] if K is a function field. By examining

the proof of the primitive element theorem as in [17, Theorem 5.1] we see that y; + vy is a primitive element for

K(T)(y1,y2) for any «y € L which is not of the form ﬁ, j # 2. Since there are at most d3 such possible elements
J

in L and [d%]o, has more that d3 elements, it follows that we may take v € [d%]o,. Arguing by induction it
follows that there are v1,...74y -1 such that ag =y1 +71y2 + ...+ Yay-1Yd, 18 a primitive element for L/K(T), and
7; € [dift]o, for all 4. O

Claim 5.3. There exists g € L integral over K[T] for which there exists a polynomial Py(T,Y) e Og[T,Y] that
is a multiple of the minimal polynomial of ay over K(T), such that deg(Py) < dr|H||G| and

2
Hic at(Pr) < c«liK\HIIG|+dK2(|G|+|H||G|+|H\|G|dk+dT\H||G|)dK|G|(\H|+1)|G|dK(ddyy+1)|H||G|dK(dT + 1)|H”G|dKHK(F)‘H”G|.

Proof of Claim 5.5. Tt holds that L is the field extension of K(T) generated by the coefficients of the polynomial
[Tpen (Y - p(ag)), which are of the form 7;(p(ag) : p€ H),1 < j <|H|. Note that the coefficients of this polynomial
are integral over K[T'], since by construction o is integral over K[T]. Let 7; := 7;(p(ag) : p€ H),1 < j < |H|.
Since all the 7; lie in L, they are elements of degree at most |G|. Then repeating the argument of Claim 5.2 we may
take aug = 71 + 6172+ + Oy pg-1 7)) With 8 € [|G[* o, for all 1 <@ <|H|-1.

Let Py (T,Y) be the minimal polynomial of ay over K[T]. By construction of ag, it is monic in Y, thus
Hy (Py) = Hi 2n(Pr ), and degy- (Pu(T,Y)) = |G/H|. Let P(T,Y) := [1,ec(Y —p(ap)). Since P is invariant under
the action of the Galois group G and ay is integral over K[T], it holds that P(T,Y) € K[T,Y]. Furthermore,
Py (T,Y) divides P(T,Y) in K(T)[Y] because it has ay as a root. Since the principal term of Py (7,Y") as a poly-
nomial in Y is a scalar, we conclude that there is some Q(T,Y) € K[T,Y] such that P(T,Y) = Q(T,Y)Pu(T,Y).
Then, for all v e My it follows that

= QT Y)|o|Pu(T,Y)ls if v is non-archimedean

5.1 P(T,Y
(5.1) [P )|v{z|2‘<deg(P(T7Y))|U|Q(T,Y)|U|PH(T,Y)|U if v is archimedean

where we have used Gauss’s lemma | fg|, = | f|»|g|o if v is non-archimedean, and the inequality | fgl|, > 2~(de&(F)+dee(@))| f|, |9,
if v is archimedean (e.g. see [3, Lemma 1.6.11]). From (5.1) and the fact that the height of any non-zero polynomial
is at least 1, it follows that
Hyan(P(T.Y)) = Hx (P (T.Y ) < Hye (Pu (T Y ) Hye (Q(T,Y)) < 20PN [ (P(T,Y))
< QB PANI o (P(T, YY),
Thus, in order to bound Hy a5(Pr(T,Y)) it is enough to bound the height and degree of P(T,Y).
Let us first bound the height of P(T,Y’). Note that for any p € G, p(7;) = 7;((po)(ag) : 0 € H),1 < j < |H]|.

Furthermore, since G acts by permutation on the roots of F, from the construction of ag it follows that for all
peG, for all ve Mg , and for all z € K, it holds the bound

(5.2) 10(26) ()l = [Wp(1) (2) + 1Up(2) (2) + -+ Vay -1Up(ay ) (2)], < A9+, lgilgg(yﬂyi(zﬂv}'



13

Then, for all p € G, for all ve Mk , and for all z ¢ K, it follows that
(7)
J
and hence

Ip(am) (2o = [p(11)(2) + 619(72) (2) + - + S () (2)], < |HIGIM, max{|p(7;) (<)}

(5.3) < |G 2t dg I max {1,y (2)] .

lo(75) ()] <

max [T 1(po)(ac)(2)]s < [21],|d3> ' max{]y; ()} for all 1 < j <|H],

v IcH:|I|=j ;<1

By Liouville’s inequality (3.2), [yi(2)], < 2maxici<dy {|ai(2)],}. Then, arguing as in the proof of inequality (4.3),
from inequalities (4.5) and (5.3), it follows that for all v € Mg  and for all z € K,, with |z|, <1 it holds the bound

te] [H|IG]
[P( )l <29, TT mas{L (o) ()} < [29, (IGI7], 12 s 5T) (m;{l |y1-<z)|v})
pE <<
<21, (iG]l ) e
v v v

H||G|
ma {1, (2)1})
<i<dy

(5.4) < [29I], (e 12+ ) 2 I g 1 119 max 1, P, I,

1

By the same argument as in the proof of Claim 4.3, and by inequality (5.4), we conclude that for all v € Mk o,

G
(5.5) P, < 2] (G2, 2171t ) S 21 g 4 171 a1, |, 31
Then

dk
HK,aff(P(T>Y)) :( H max{17|P(T>Y)|v})

’L)GMK:N

dx
Lﬁi HI|G
S( [T (20l |2|G|+\H||G||G|(|H|+1>|G|(dg/dvﬂ)lHHG\)(dT+1)|H\|G|L)HK(F)U%< 2 I ')

’L)GMKZOQ

(5.6) (Gl G+ HIGIHIHIGIdx i G (HIDIGHx iy +1) HIGldc (g 4 1)HIGHK by () HIG,

Let us now bound the degree of P(T,Y"). Note that the coefficients of P(z,Y’) as a polynomial in K[Y] are, up
to a sign, symmetric functions on the roots p(ag ), p € G. Then, arguing as in the proof of Lemma 4.2(3), it follows
that deg(P) < dr|H||G]. i

By Theorem 1.1 and Claim 5.3, it follows that
{t € [Bloy : Pu(t,Y) is reducible over K}|
<k 2[25dng(PH),36dng(PH)] dng(PH)[26’35] degT(PH)[21,26] (log(HK aff(PH)) 4 1)[6,10]3%
(5'7) <k 2[25\G/H|,36|G/H|]|G/H|[26,35]d¥8,37]d£/7,11]|H|[27736]|G|[28,37](log(HK(F)) + 1)[6,10]3%.

Theorem 1.3 follows from Claim 5.1, inequality (5.7), and by taking into account that [H| S| 1 S¢, 1 and that the
contribution of the t’s with A(t) =0 only changes the implicit constant.
The case when F' is non monic is dealt as in the proof of Theorem 1.1. O

Remark 5.4. In some cases the argument in the proof of Theorem 1.3 can give polynomial dependence on dy and
dr. More specifically, the bounds in dy in general are not polynomial because both proofs reduce the problem of
bounding the exceptional specializations to that of bounding the number of specializations of some polynomials that
depend on the Galois group G of L/K(T). In general, the group G can be as large as dy!. Nonetheless, if |G| < d$
for some absolute constant «, the degree of the minimal polynomial Py can be bounded polynomially on dy,dr.
Furthermore, instead of considering H as all subgroups of G, one may just consider those maximal subgroups of



14 M. PAREDES, R. SASYK

G. In this case, there are results that give polynomial bounds for 7, e.g. by [16, Theorem 1.3], |H| < |G|2. Taking
these observations in consideration, by Remark 4.5 one can prove Theorem 1.3 with a polynomial bound in dy .

We now give a proof of Theorem 1.4 of the Introduction.

Proof of Theorem 1.4. As in the proof of Theorem 1.1 we may suppose that F is monic, with F(T,Y) = Y% +
g (T)Y ™1 gy gq (T) € O[T, Y]. Tt is easy to see that [3, Lemma 4] is also valid for number fields, so let
®p k(Z,T) be the Galois resolvent constructed in that lemma. Then, if t € [B]o, is such that F'(¢,Y) has Galois
group H over K, then ®r i (Z,t) has aroot z € Ok. Factoring @ i (Z,T) over K, by Gauss lemma each irreducible
factor can be assumed to have O-coefficients, monic on Z, and having degree at least |G/H| and at most |Sy, /H]|.

Moreover, there are at most %|de| such factors. We conclude the proof by applying Theorem 1.2 to each such
irreducible factor of ®p g (Z,T). O

As a corollary, we deduce Theorem 1.5 of the Introduction.

Proof of Theorem 1.5. The bounds follow from Theorem 1.4 and from the fact that if F(T,Y) = go(T)Y% +
g (T)X ™=t 4ot gq (T), then go(T) # 0 and A(T) # 0 and the number of exceptional ¢ € [B]o, for which f(t,Y)
has degree less than dy or becomes inseperable are those ¢ for which go(t) =0 or A(t) = 0 is bounded by Sk geg(r) 1-

O

As a concluding remark, we mention that, arguing by induction on the number of parameters and using Kro-
necker’s substitution (see for instance [10, Lemma 7.1]), one may extend Theorem 1.2 and then Theorem 1.1,
Theorem 1.3, Theorem 1.4 and Theorem 1.5 to polynomials F' € K[T},...,Ts,Y]. However, by the nature of the
induction and the fact that Theorem 1.2 depends on Hg (F'), the bound has a factor (log(B))” for some v. Thus,
in the higher dimensional case the bounds one would obtain are not optimal in B. For the sake of completeness we
state without the proof the bound that would be obtained by this procedure that extends Theorem 1.2 to the case
of several parameters.

Theorem 5.5. Let K be a global field. Let P(Ty,...,Ts,Y) € Og[T1,...,Ts, Y] be irreducible of degree dy in'Y,
and let us suppose that P is monic of degree dy. Then there are positive constants u,v Ss 1 such that

{(t1,...,ts) € [Blo, : P(t1,...,ts,Y) =0 has a solution y € Ok §| Sk,s (log(H (P)) + 1)“B5_1+ﬁ(1og(3))”,
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