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Abstract. We endow the Banach-Lie structure group Str(V ) of an infinite di-

mensional JB-algebra V with a left-invariant connection and Finsler metric, and we

compute all the quantities of its connection. We show how this connection reduces to

G(Ω), the group of transformations that preserve the positive cone Ω of the algebra

V , and to Aut(V ), the group of Jordan automorphisms of the algebra. We present

the cone Ω as an homogeneous space for the action of G(Ω), therefore inducing a

quotient Finsler metric and distance. With the techniques introduced, we prove the

minimality of the one-parameter groups in Ω for any symmetric gauge norm in V .

We establish that the two presentations of the Finsler metric in Ω give the same

distance there, which helps us prove the minimality of certain paths in G(Ω) for its

left-invariant Finsler metric.

1. Introduction

The geometry of the general linear group with a left-invariant Riemannian metric

has been a subject of interest since the seminal works of Arnol’d on the group of

diffeomorphisms preserving the volume of a spatial region [2]. In his construction,

the connection carries more relevant structure than the distance, and it is by solving

Euler’s equation for geodesics that the motion of the fluid is described. On the other

hand, in the setting of the group GA of invertible elements of a C∗-algebra A, it is

more natural to consider the Finsler metric obtained by left-translating the spectral

norm of the algebra, and the linear connections that arise in that setting are not

necessarilly the Levi-Civita connections of a Riemannian metric; this is the viewpoint

adopted by Corach, Porta and Recht (see [8] and the references therein). By means of

the action (g, a) 7→ gag∗ of GA on the positive cone Ω of the algebra A, it is possible

to study the relation among the geometries of the group GA, the stabilizer of the

action UA (the unitary group of A), and the quotient space Ω ≃ GA/UA, as shown in

[9]. The metric in the cone obtained by this construction matches Thompson’s part

metric described by Nussbaum in [30]. This viewpoint of homogeneous spaces was

latter transported to several groups of operators and their homogeneous spaces, see

[1, 7, 10, 19] to mention a few. Our intention with this paper is to geometrize the

structure group Str(V) of a Jordan Banach algebra V, following the guidelines of the

previous remarks. In particular, the subgroup G(Ω) ⊂ Str(V) preserving the positive

cone Ω ⊂ V fulfills the role of the group GA, by means of the action (g, a) 7→ g(a) on

the cone Ω, and the group of automorphisms of the algebra Aut(V) takes the place

of the unitary group in the previous setting. With the recent developments on the
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topology of these groups obtained in [22], we ensure that the rectifiable distances

induced by our Finsler metrics in these infinite dimensional groups give in fact their

manifold topology, which coincides with the norm topology of B(V).

This paper is organized as follows: in Section 2 we review the main objects of the

paper: Jordan Banach algebras V, their positive cone Ω, and the functional calculus

in V. Then we describe the main Banach-Lie groups acting on V, which are all

embedded subgroups of GL(V): the group of automorphisms of the algebra Aut(V), the

structure group Str(V) and the subgroup G(Ω) of Str(V) preserving the positive cone

Ω. In Section 3 we present invariant connections in the group Str(V), we compute its

geodesics, curvature and paralell transport, and show how this connection reduces to

the subgroups G(Ω) and Aut(V). Then we present the cone Ω as a Cartan homogeneous

space of the group G(Ω), therefore carrying a natural connection (the symmetric

connection) for which the geodesics are those of the Thompson’s part metric [30].

In Section 4 we endow these groups with a left-invariant metric using the uniform

norm in the Lie algebras of the groups, and we show that the one-parameter groups

of derivations in Aut(V) are of minimal length for this Finsler metric. Then we endow

Ω with a natural left-invariant Finsler metric, and we prove that this metric is the

quotient metric of the one given for G(Ω). We prove the minimality of the geodesics

of the Thompson part-metric for any symmetric gauge norm in V. Then, in Section

5, using the notion of horizontal lift of geodesics, we show that one-parameter groups

in G(Ω), with initial speed in the space of L-operators, are indeed minimal for the

distance induced by our left-invariant Finsler metric in G(Ω).

2. Jordan Banach algebras and the structure group

Let V be a real vector space with product ◦, possibly infinite dimensional. Then (V, ◦)
is a Jordan algebra if ◦ is commutative and

(1) x2 ◦ (x ◦ y) = x ◦ (x2 ◦ y).

Every associative algebra can be made into a Jordan algebra with the Jordan product

x ◦ y = 1/2(xy + yx). We will denote as B(V) the associative algebra of operators of

linear bounded operators on V, and GL(V) will denote the invertible elements of B(V).

Definition 2.1 (Quadratic representation). For fixed x ∈ V, define the operator

Lx : V → V by means of Lxy = x◦y, and consider the linear operator Ux = 2L2
x−Lx2 .

This is the quadratic representation of of V in B(V). If we compute the quadratic

representation in an associative algebra with Jordan product as defined above, we

obtain Uxy = xyx. The quadratic representation gives us a bilineal representation:

Ux,y = 1/2(Ux+y − Ux − Uy) =
1

2
DyU(x) = LxLy + LyLx − Lx◦y = Uy,x.

whereDyf(x) denotes the differential of the map f at the point y, in the direction of x.

In an associative algebra with the Jordan product defined above, Ux,yz = 1
2
(xzy+yzx).

We define the bilinear V -operators as a permutation of the U , that is Vx,y(z) = Ux,z(y).
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The most important property of this representation is the fundamental formula:

(2) UUxy = UxUyUx.

Definition 2.2 (Invertible elements and spectrum). An element x ∈ V is invertible

if there exists an element y ∈ V such that Uxy = x and Uxy
2 = 1. An element x is

invertible in V if and only if Ux is an invertible operator (for a proof see [28, Part

II, Criterion 6.1.2]). Moreover, x, y are invertible if and only if Uxy is also invertible:

this is plain from UUxy = UxUyUx (the fundamental formula) and the previous result.

For x ∈ V, the spectrum of x is σ(x) = {λ ∈ R such that x− λ1 is not invertible}.

Definition 2.3 (Positive cone Ω of a Jordan algebra). Given V a Jordan algebra

and x ∈ V, we say x is positive if σ(x) is contained in the positive numbers. We

denote by Ω the set of positive elements in V. The set Ω is a convex proper cone:

Ω ∩ (−Ω) = ∅, thus there is a partial order in V: given x, y ∈ V, we say that x < y if

y − x ∈ Ω. It is plain that Ω is the set of elemets with nonnegative spectrum, by the

lower-semicontinuity of the spectrum.

We now add more structure: we will provide a norm for V related to the order

structure. The general reference for JB-algebras is the book [14].

Definition 2.4. Let V be a Jordan algebra with norm ∥ · ∥ such that (V, ∥ · ∥) is a

Banach space. We say V is a JB-algebra if

1) ∥x ◦ y∥ ≤ ∥x∥ ∥y∥ 2) ∥x2∥ = ∥x∥2 3) ∥x2∥ ≤ ∥x2 + y2∥.

Then every JB-algebra is totally real : if x2 + y2 = 0, then both x = y = 0. The order

norm in V is the norm induced by the partial order and the chosen unit order e = 1

in the cone Ω ⊂ V:

∥x∥ = inf{λ > 0 : −λ1 < x < λ1}.

Remark 2.5 (Square roots and logarithms). Every JB-algebra is archimedean: for

every x in V exists λ > 0 such that −λ1 < x < λ1 (see [14, Proposition 3.3.10] for

a proof). Moreover, the order norm coincides with the original norm of the space V

[14, Proposition 3.3.10]. The order norm on a JB-algebra allows us to do continuous

functional calculus on V. The associative commutative Banach algebra C(x) is iso-

metrically isomorphic to C(σ(x)); a proof can be found in [14, Theorem 3.2.4], and it

uses a complexification of C(x) and the known spectral theorem for complex algebras.

Then we can characterize Ω as the cone of squares of V: every positive element has

an square root, and as σ(x2) = {λ2, λ ∈ σ(x)}, every square is positive. Likewise,

we can also characterize Ω = eV: every positive element has a real logarithm, and

σ(ex) = {eλ, λ ∈ σ(x)}, so the exponential of every element is positive.

We will consider a group of automorphisms that will act on Ω; we want it to be a

Banach-Lie group. To give an appropiate Lie and manifold structure to the group of

transformations that fix the cone, we will study first a larger group and derive the

structure from there.
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Definition 2.6 (Structure Group). The structure group of V is the set of g ∈ GL(V)

such that there exists another g∗ ∈ GL(V) with

Ugx = gUxg
∗

for all x in V. We denote the structure group as Str(V); it is a closed subgroup of

GL(V).

Remark 2.7 (The adjoint and group operations). If g and h belong to Str(V), then gh

belongs to Str(V) and (gh)∗ = h∗g∗, and g−1 belongs to Str(V) with (g−1)∗ = (g∗)−1.

If g ∈ Str(V) so does g∗, and (g∗)∗ = g. Let y be an invertible element in V, then

Uy belongs to the structure group and U∗
y = Uy. This is a direct consequence of

the fundamental formula and from the fact that y is invertible if and only if Uy is

invertible.

Definition 2.8. We say that k ∈ GL(V) is a multiplicative automorphism of V (or an

automorphism of V for short) if k(a ◦ b) = k(a) ◦ k(b) for all a, b ∈ V. We will denote

this set with Aut(V); it is a closed subgroup of Str(V).

Note that k(Lxy) = k(x ◦ y) = (kx) ◦ (ky) = Lkxky, then kLvk
−1 = Lkv and Ukv =

kUvk
−1 for all v ∈ V. In particular Aut(V) preserves the invertibles and k(v)−1 =

k(v−1). Moreover Aut(V) preserves the cone Ω, since k(v2) = (kv)2 and the cone can

be characterized as the set of invertible squares in V (Remark 2.5).

It is well-know that for any x ∈ V, then e2Lx = Uex , As for every t and every v ∈ V we

have that etLv ∈ Str(V), the left-multiplication operators Lv belong to str(V), this

is a Banach subspace of B(V), which we denote L = {Lv, v ∈ V}. Then it is easy to

check that L ⊂ str(V). Let Der (V) be the subspace of derivations i.e. D ∈ B(V)

such that D(x ◦ y) = Dx ◦ y + x ◦Dy for all x, y ∈ V. It is plain that Der (V) ⊂ B(V)

is a Banach-Lie subalgebra. The following was proved in [22]:

Theorem 2.9. Str(V) ⊂ GL(V) is an embedded Banach-Lie group with

Lie(Str(V)) = str(V) = {H ∈ B(V) : 2Ux,Hx = HUx − UxH ∀x ∈ V},

where H = H − 2UH1,1. Also Aut(V) ⊂ Str(V) is an embedded Banach-Lie subgroup,

with Banach-Lie algebra Lie(Aut(V)) = Der (V) ⊂ str(V).

Moreover Der (V) = {D ∈ str(V) : D1 = 0}, and str(V) = Der (V)⊕L. We have

that Der (V) is a Cartan subalgebra:

(3) [L,L] ⊂ Der (V) [L, Der (V)] ⊂ L [Der (V), Der (V)] ⊂ Der (V),

i.e. we obtain a Lie-triple system.

Definition 2.10. Let G(Ω) be the group of automorphisms that preserve the cone

G(Ω) = {g ∈ GL(V) : g(Ω) = Ω}.

Remark 2.11. We have that InnStr(V) and Aut(V) are embedded Banach-Lie sub-

groups of Str(V), and that G(Ω) ⊂ Str(V) (see [22]). Although G(Ω) is contained
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in the structure group, it does not automatically inherit a differentiable structure.

However, if we denote Str(V)0 the connected component of the identity of Str(V)

(which is open since Str(V) is a topological group), then Str(V)0 ⊂ G(Ω) ⊂ Str(V)

and each inclusion is open and closed, thus G(Ω) is an embedded Banach-Lie subgroup

of GL(V). This is also proved in [22].

3. Sprays and connections in G(Ω) and Ω

For a smooth map f : M → N we denote f∗ : TM → TN to the fiber bundle map,

locally given by f∗pv = Dfp(v), where the latter is the usual differential of f at p in

the direction of v. If ρ : M → M , we will use D2
pρ to denote the second differential of

ρ in a local chart.

In what follows we give a short presentation of covariant derivatives without torsion,

from the point of view of quadratic sprays introduced by Ambrose, Palais and Singer:

Remark 3.1 (Quadratic sprays and connections). Let M be a smooth manifold (at

least C4) over the Banach space X. For s ∈ R, let µs : TM → TM be multiplication

by s in each fiber (likewise for the fiber bundle TTM). A quadratic spray in M is a

smooth section F : TM → TTM (i.e. if π : TM → M is the canonical projection,

then π∗F = idTM) such that F (µsV ) = (µs)∗µsF (V ) for each V ∈ TM . Note that the

projection condition can be restated as F (V ) ∈ TV TM for each V ∈ TM . Locally, a

spray is given by a smooth map F : U ×X → X that we denote (p, v) 7→ Fp(V ). The

Christoffel bilinear operator of the spray is obtained by polarizing F , that is

Γp(v, w) =
1

2
(Fp(v + w)− Fp(v)− Fp(w)).

If X, Y ∈ X(M) are smooth vector fields, any quadratic spray induces a unique

covariant derivative without torsion, which locally is given by

(∇XY )p = DYp(Xp)− Γp(Xp, Yp).

In particular the paralell transport µt = P t+s
t (γ) for ∇ along a path γ ⊂ M obeys

the differential equation µ′
t = Γγt(γ

′
t, µt), and Euler’s equation for the ∇ geodesics is

γ′′
t = Fγt(γ

′
t). This is discussed with further detail in [17, Chapter IV] or [18, Capitulo

6]).

In what follows, M is Banach smooth manifold, modelled on a Banach space X.

Remark 3.2. If f is smooth and injective, f : U → V with U, V ⊂ M , and X ∈ X(U)

consider the push-forward f∗X ∈ (V ) given locally by f∗X(f(p)) = Dfp(Xp).

Definition 3.3 (Automorphisms of the connection, affine transformations). More

generally, let M,M be smooth manifolds with spray, let ∇,∇ be their respective

connections. Let f : M → M be a local diffeomorphism, we say that f is an affine

transformation if for each U ⊂ M where f |U : U → f(U) is bijective, and every pair

of vector fields X, Y in U , we have

∇f∗Xf∗Y = f∗(∇XY ).
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In particular if U, V ⊂ (M,∇) and f : U → V is affine, we say that f is a connection

automorphism. These automorphisms will be denoted by Aut(M,∇).

Remark 3.4 (Invariance of parallell transport by automorphisms). If f ∈ Aut(M,∇),

then f maps geodesics into geodesics. Morevoer, if γ ⊂ M , p = γ(a), and µ(t) =

P (γ)tav indicates parallell transport of v ∈ TpD along γ, then η = Dfγµ is parallell

transport of w = Dfpv along β = f ◦ γ.

Let X ∈ X(M), we denote ρ(t, p) = ρt(p) the flow of X, that verifies ρ′t(p) = X(ρt(p)),

ρ0(p) = p. Now we introduce the connection Killing fields, see [17] for proofs of the

following:

Theorem 3.5 (Killing fields). Let X ∈ X(M), let ρt be the flow of X. The following

are equivalent

(1) ρt ∈ Aut(M,∇) for all t.

(2) For any t and any V ∈ TM , we have F ((ρt)∗V ) = (ρt)∗∗F (V )

(3) For any geodesic γ ⊂ M , the field X is Jacobi along γ.

(4) For any Y, Z ∈ X(M) we have [X,∇YZ] = ∇[X,Y ]Z +∇Y [X,Z].

A field X verifying any of this conditions is a Killing field of (M,∇), we denote with

Kill(M,∇) to the set of Killing fields; it is a Lie subalgebra of X(M).

Note that by the second property above, Killing fields can be described by the con-

nection ∇ or by the quadratic spray F inducing the connection; we will use Kill(M)

to denote the Killing fields, when the spray or connection is clear from the context.

Automorphisms and Killilng fields are determined up to first order, see [29] which

extends previous results of [17, Ch. XIII].

3.1. Invariant connections in Str(V) and G(Ω). Since GL(V) is open in the Banach

space B(V), we will identify tangent spaces of subgroups G ⊂ GL(V) with the left

translation of their Lie algebras, that is if g ∈ G ⊂ GL(V) is a Lie group, then

TgG = gT1G = g Lie(G).

Then, a typical path in TG is of the form γt = gtvt, where gt is a path in G, and vt
is a path in Lie(G). Thus a typical element of TTG can be identified with the speed

of γ, that is γ′ = g′v + gv′. But since gt ⊂ G, then g′ ∈ TgG and it must be of the

form g′ = gw for some w ∈ Lie(G), and also v′ = z ∈ Lie(G). Thus a typical element

of TV TG for V = gv ∈ TgG must be of the form

Z = gwv + gz = g(wv + z), g ∈ G, v, w, z ∈ Lie(G).

Therefore a left-invariant connection spray in Str(V) must be of the form

(4) Fg(gV ) = g(V 2 +B(V, V )), g ∈ Str(V), V ∈ str(V) .

for some continuous symmetric bilinear operator B : str(V)× str(V) → str(V), and

it is apparent that each quadratic operator like this defines a left-invariant spray in

Str(V).
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Definition 3.6 (The † operation). In str(V) = L ⊕ Der (V) we have the linear

operation (Lx + D)† = Lx − D, where Lx is multiplication by x ∈ V and D is a

derivation; it is a Lie algebra homomorphism (see Lemma 3.23 below).

Definition 3.7 (Left-invariant spay). Consider the case of the spray

(5) Fg(gV ) = g(V 2 + [V †, V ]) = g(V 2 + V †V − V V †), g ∈ Str(V), V ∈ str(V),

that is g−1Fg(g(Lx+D)) = D2+(Lx)
2+3LxD−DLx = (Lx+D)2−2LDx. If x, y ∈ V

and d,D ∈ Der (V), then the Christoffel bilinear operator g−1Γg(g(Lx+D), g(Ly+d))

equals to

1/2(LyLx + LxLy + 3Lxd+ 3LyD −DLy − dLx + dD +Dd).(6)

The decomposition of str(V) induces a decomposition of T Str(V) in the direct sum

of two vector bundles, the horizontal bundle and the vertical bundle, where for each

g ∈ Str(V)

Hg = {gLx : x ∈ V} = gL and Vg = {gD : D ∈ Der (V)} = g Der (V) .

For horizontal vectors, we have Fg(gLx) = g(Lx)
2 while for vertical vectors it is

Fg(gD) = gD2. On the other hand, it is easy to check that this will be the case for a

general spray F in Str(V) of the form (4) if and only if B(Lx, Lx) = B(D,D) = 0 for

all x,D.

Remark 3.8 (Geodesics). It is easy to check that the unique geodesic of the spray

with γ(0) = g and γ′
0 = V = Lx +D is

γ(t) = get(Lx−D)e2tD.

Remark 3.9 (G(Ω) and Aut(V) are totally geodesic in Str(V)). It is apparent that

this spray can be restricted to the open subgroup G(Ω), and also to the Banach-Lie

subgroup Aut(V). Since et(Lx−D) ⊂ Str(V)0 ⊂ G(Ω), and the automorphisms e2tD

also preserve the positive cone Ω, then it is clear that a geodesic with initial speed

g ∈ G(Ω), stays inside G(Ω) for all t. Thus G(Ω) is totally geodesic in Str(V).

On the other hand, for a geodesic to have initial speed in T Aut(V), it is necessary

and sufficient that g = γ(0) ∈ Aut(V) and that Lx = 0, thus the geodesic must be of

the form γ(t) = ketD and again we wee that Aut(V) is totally geodesic in Str(V). In

particular geodesics of Aut(V) are (left translations of) one-parameter groups.

Proposition 3.10 (Paralell transport). Let γ ⊂ Str(V) be a smooth path, let vt =

γ−1γ′ = Lyt + dt with dt a path in Der (V) and yt a path in V. Then µ = γ(Lxt +Dt)

is paralell transport along γ if and only if

L′
x = −3/2[d, Lx] + 1/2[Ly, D] inside L

D′ = −1/2[Ly, Lx]− 1/2[d,D] inside Der (V) .

In particular if γ = get(Ly0−d0)e2td0 is a geodesic then vt = e−2t ad d0(Ly0 + d0) and we

can solve explicitly

µt = γte
−2t ad d0etMγ−1

0 µ0 = get(Ly0−d0)etMg−1µ0,
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where

M = 1/2

(
ad d0 adLy0

− adLy0 3 ad d0

)
.

Proof. We first compute

γ−1µ′ = γ−1γ′(Lx +D) + L′
x +D′ = (Ly + d)(Lx +D) + L′

x +D′

= LyLx + LyD + dLx + dD + L′
x +D′.

Comparing this with (6) we arrive to

L′
x +D′ = 1/2[Lx, Ly] + 3/2[Lx, d] + 1/2[Ly, D] + 1/2[D, d].

Recall the Cartan subalgebra relations (3), so is must be L′
x = 3/2[Lx, d] + 1/2[Ly, D]

and D′ = 1/2[Lx, Ly] + 1/2[D, d] as claimed in the first formulas. Now assumme γ is

a geodesic as stated, we let

ϵ = Lz + D̃ = e2t ad d0γ−1µ = e2t ad d0Lx + e2t ad d0D.

Since L′
z + D̃′ = ϵ′ = e2t ad d0(2[d0, Lx] + 2[d0, D] + L′

x + D′), after pluggin this in

the equation for Lx, D, we obtain that L′
z = 1/2[d0, Lz] + 1/2[Ly0 , D̃] and also that

D̃′ = −1/2[Ly0 , Lz]− 1/2[d0, D̃]. Hence(
L′
z

D̃′

)
= 1/2

(
ad d0 adLy0

− adLy0 3 ad d0

)(
Lz

D̃

)
,

thus it must be ϵ = Lz + D̃ = etMϵ0, and what’s left is apparent. □

3.1.1. Motivation: the Riemannian metric of an Euclidean algebra. In this section we

give some background and motivation for the choice of this particular affine connection

in Str(V). Let V a finite dimensional Euclidean Jordan algebra, then if we denote Tr

the trace of B(V), the trace in V given by tr(x) = Tr(Lx) induces a positive definite

inner product on V by means of (v|w) = tr(vw). This trace in V is invariant for

automorphisms since

tr(kx) = Tr(Lkx) = Tr(kLxk
−1) = Tr(Lx) = tr(x).

In particular differentiating tr(etDx) = tr(x) we see that Tr(LDX) = tr(Dx) = 0 for

any x ∈ V and any D ∈ Der (V).

Theorem 3.11. If V is a (finite dimensional) Euclidean Jordan algebra with inner

product (v|w) = tr(vw), then Str(V) admits the left invariant Riemannian metric

⟨V,W ⟩g = 1/2Tr(g−1V (g−1W )† + g−1W (g−1V )†), g ∈ Str(V), V,W ∈ Tg Str(V)

or equivalently

⟨g(Lx +D), g(Ly + D̃)⟩g = Tr(LxLy)− Tr(DD̃),

The connection ∇ induced by the spray (5) is the Levi-Civita connection of this metric.

Proof. It is clear that the formula defines a left-invariant bilinear form, we need only

to check that ⟨V, V ⟩g > 0 if V ̸= 0. If V = Lx + D ∈ str(V), then ⟨V, V ⟩1 =
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Tr((Lx)
2)−Tr(D2). Now Dx2 = 2xDx thus D2x2 = 2xD2x+2(Dx)2, hence −xD2x =

(Dx)2 −D2x2 and then tr(−xD2x) = tr((Dx)2) ≥ 0 (since D2x2 = Dv for v = Dx2)

and it is 0 only if Dx = 0. Let B = {v1, . . . , vn} is a basis of V, and compute

−Tr(D2) =
∑
i

(−D2vi|vi) =
∑
i

tr(−viD
2vi) =

∑
i

tr((Dvi)
2) ≥ 0.

Take a complete system of orthogonal primitive idempotents ci (which form an orthog-

onal basis) such that x =
∑

i λici for some real λi (see the second spectral theorem in

[13, Theorem III.1.2]). Then

Tr((Lx)
2) =

∑
i

((Lx)
2ci|ci) =

∑
i

λ2
i tr(c

2
i ) ≥ 0.

Thus our bilinear form is non-negative. But if ⟨V, V ⟩1 = 0, then it must be −Tr(D2) =

0 (which implies that Dvi = 0 for all i, thus D = 0), and also that Tr(L2
x) =∑

i λ
2
i tr(c

2
i ) = 0, which also implies that x = 0. Then ⟨V, V ⟩g = 0 only if V = 0.

Now we prove that the connection (equivalently, the spray F ) is the metric connection

for this riemannian metric. Since∇ is a connection without torsion, it suffices to check

that it is compatible with the metric. Let µ, η be vector fields along γ ⊂ Str(V), we

write v = γ−1γ′, µ̃ = γ−1µ. Then by Remark 3.1

γ−1Dtµ = γ−1µ′ − γ−1Γγ(γ
′, µ) = γ−1µ′ − 1/2(µ̃v + vµ̃+ [µ̃∗, v] + [v∗, µ̃]).

We have a similar expression for γ−1Dtη. Thus using the ciclicity of the trace, after

a tedious but straightforward computation we obtain

(7) ⟨Dtµ, η⟩γ + ⟨Dtη, µ⟩γ = Tr(η̃†γ−1µ′) + Tr(µ̃†γ−1η′)− Tr(vµ̃η̃†)− Tr(vη̃µ̃†).

Note that µ̃′ = (γ−1µ)′ = −γ−1γ′γ−1µ + γ−1µ′ = −vµ̃ + γ−1µ′, and similarly for η̃′.

Thus the last term in (7) is equal to

d

dt
Tr(µ̃η̃†) =

d

dt
⟨µ, η⟩γ,

and we are done. □

The example above can be also presented in the infinite dimensional setting of Jordan-

Hilbert algebras with a finite trace, such as the special Jordan algebra of (self-adjoint)

Hilbert-Schmidt operators acting on a complex Hilbert space, see [1] for further dis-

cussion.

We now introduce symmetric spaces according to Loos [26], to be able to deal with

the geometry of the cone Ω; see also Neeb’s paper [29] for the Banach setting:

Definition 3.12 (Symmetric space). Let M be a Banach manifold µ : M ×M → M

smooth, denote µ(x, y) = x · y = Sx(y). We say that (M,µ) is a symmetric space if

the following axioms hold for x, y, z ∈ M :

(S1) x · x = x (S2) x · (x · y) = y (S3) x · (y · z) = (x · y) · (x · z)
(S4) Each x ∈ M has a neighbourhood U s.t. y ∈ U, if x · y = y then x = y.
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For each p ∈ M , the map Sp : M → M is a diffeomorphism by (S2), because this is

equivalent to S2
p = idM . The first axiom tells us that p is a fixed point of Sp and the

fourth axiom tells us that p is an isolated fixed point of Sp. These maps Sp are known

as symmetries of the symmetric space (M,µ).

Definition 3.13 (Automorphisms of a symmetric space). Let (M,µ) be a symmetric

space. We say that a local diffeomorphism f : M → M is an automorphism of (M,µ)

if f(µ(x, y)) = µ(f(x), f(y)) for all x, y ∈ M . We denote this group by Aut(M,µ). It

is immediate from (S3) that the symmetries Sp (p ∈ M) belong to Aut(M,µ).

Remark 3.14 (TM as a symmetric space). Let (M,µ) be a symmetric space, then for

all p ∈ M we have (Sp)∗p = −idTpM . For V,W ∈ TM the product V ·W = µ∗(V,W )

defines a symmetric space structure in TM . If v, w ∈ TpM then v · w = 2v − w.

Moreover if f ∈ Aut(M,µ) then f∗ ∈ Aut(M,µ∗). For V = (p, v) ∈ TM let ΣV :

TM → TM be given by ΣV (W ) = µ∗(V,W ), more precisely

Σ(p,v)(q, w) = µ∗(p,q)(v, w).

We will denote with Z : M → TM the zero section, Z(q) = (q, 0) for q ∈ M .

Theorem 3.15 (Connection of a symmetric space). Let (M,µ) be a connected sym-

metric space. If V = (p, v) ∈ TM , ΣV ◦Z : M → TM and (ΣV ◦Z)∗ : TM → TTM ,

then

(1) F (V ) = −(ΣV/2 ◦ Z)∗V is a quadratic spray in M .

(2) Aut(M,F ) = Aut(M,µ).

(3) F is the unique quadratic spray in M which is invariant for all the symmetries

Sp. In fact locally we have Fp(v) =
1
2
(D2Sp)p(v, v) for all v ∈ TpM .

(4) (M,F ) is geodesically complete.

(5) If R is the curvature tensor of (M,F ) then ∇R = 0.

Proof. See [29] and for further details see [18, Section 7.5]. □

Remark 3.16. If F is a quadratic spray, the bilinear Christoffel operator is obtained

by polarization, i.e. 2Γ(V,W ) = F (V +W )−F (V )−F (W ). However for symmetric

spaces we have a simpler expresssion (see [18, Section 7.5]):

Γp(V,W ) = −1

2
(ΣV ◦ Z)∗pW = −1

2
(ΣW ◦ Z)∗pV.

Moreover for the curvature tensor we obtain

R(U, V ) =
−1

4
{(ΣU ◦ Z)∗(ΣV ◦ Z)∗ − (ΣV ◦ Z)∗(ΣU ◦ Z)∗}.

The viewpoint of homogeneous spaces will be also useful so we present it here:

Definition 3.17 (Symmetric groups and Cartan symmetric spaces). If G is a Banach-

Lie group, and σ : G → G is an automorphism, we say that (G, σ) is a symmetric Lie

group if σ2 = idG. Consider

Gσ = {g ∈ G : σ(g) = g},
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for an open subgroupK ⊂ Gσ, we say that the spaceM = G/K is a Cartan symmetric

space.

We will denote q : G → M to the quotient map, let also o = q(1) and g · o = gK

denote the quotient elements, let π(g, h · o) = πh·o(g) = ℓg(h · o) = (gh) · o be the

action of G in M . So ℓg is an automorphism of M .

Proposition 3.18. If σ∗ : Lie(G) → Lie(G) denotes the differential of σ at the

identity of G, then σ2
∗ = 1, thus Lie(G) = m⊕ k where

m = {x ∈ Lie(G) : σ∗x = −x}, k = {y ∈ Lie(G) : σ∗y = y}.

Moreover (see [29, pag. 134], [6, Chapter III§1.6] or [18, Section 7.5.2] for full details):

(1) g = m⊕ k is a Cartan decomposition, that is [k, k] ⊂ k, [k,m] ⊂ m, [m,m] ⊂ k.

(2) K < G is an embedded Banach-Lie subgroup and Lie(K) = k.

(3) M has a unique smooth structure such that q is a smooth quotient map,

q∗1 : m → ToM is an isomorphism and ker q∗1 = k. A chart of M around o is

given by the inverse of Exp : m → M, x 7→ ex · o with a suitable restriction to

a neighbouhood of 0 ∈ m.

Remark 3.19 (The symmetric space structure of the quotient space M = G/K). In

M = G/K define

(8) µ(g · o, h · o) = gσ(g)−1σ(h) · o.

This is well-defined and (M,µ) obeys the axioms of a symmetric space, in particular

from (S3) we see that G acts on M by µ automorphisms: ℓgµ(p, q) = µ(ℓgp, ℓgq).

Abusing notation a bit, if g ∈ G and x ∈ Lie(G), we will denote by gx the differential

of left multiplication by g in the group G. See [29] and [18, Section 7.5] for a proof of

the following:

Theorem 3.20 (Geodesics, paralell transport and Killing fields of (M,F )). Let

M = G/K be connected with (G, σ) symmetric Banach-Lie group and K ⊂ Gσ open

subgroup. Let (M,F ) be the spray induced by the symmetric structure. Then

(1) If g ∈ G and v = q∗g(gx), w = q∗g(gy) ∈ Tg·oM with x, y ∈ m, then

Γg·o(v, w) = −(ℓg)∗oΓo(q∗1x, q∗1y) = − d2

ds dt

∣∣∣∣
s=t=0

q(ge−syetx).

(2) Let p = g · o ∈ M and v = q∗1x ∈ ToM with x ∈ m. The unique geodesic γ

with γ0 = p, γ′
0 = (ℓg)∗1v = q∗ggx is given by γ(t) = getx · o.

(3) Translations τt along γ are given by τt(p) = getxg−1 · p.
(4) Paralell transpor along γ is given by P t

0(γ)w = (Dτt)γ0w = (ℓetAdgx)∗g·ow.

(5) For x, y, z ∈ m, if X = q∗g(gx) ∈ Tg·oM etc., the curvature at p = g · o ∈ M is

given by

Rp(X, Y )Z = −q∗g(g[[x, y], z]) = −(ℓg)∗oq∗1([[x, y], z]).

(6) If x ∈ m then ρt(p) = etx · p is the flow of the unique Killing field X such that

DXp = Γp(Xp,−) and X(o) = q∗1x.
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3.2. The cone Ω as a Cartan symmetric space of G(Ω). We are now in position

to present the cone of positive elements of a JB-algebra V as a Cartan homogeneous

symmetric space, by the action of the group G(Ω):

Definition 3.21. The action G(Ω) ↷ Ω is given by the smooth mapA : G(Ω)×Ω → Ω

defined as an evaluation,

A(g, p) = g · p = gp = g(p).

We denote the quotient map q : G(Ω) → Ω, that is q(g) = g(1). In particular

q∗gġ = ġ(1).

Remark 3.22 (Ω = G(Ω) / Aut(V)). This action is transitive as for every p ∈ Ω,

p = Up1/2(1). Hence Ω = q(G(Ω)) = O(1), the orbit of 1 ∈ V by the action of the

symmetric group G(Ω). Note that K, the stabilizer of the action at 1 ∈ V is exactly

Aut(V). Then q is a smooth submersion, and we can identify Ω ≃ G(Ω) / Aut(V) as

Banach manifolds; moreover

T1Ω = Lie(G(Ω))/Lie(Aut(V)) = (L⊕D)/D ≃ L,

which is obvious as L is isomorphic to V via the isomorphism v 7→ Lv.

By combining two antiautomorphisms of the structure group, we obtain an involutive

automorphism σ in the structure group Str(V) that preserves the open subgroup

G(Ω):

Lemma 3.23. If g ∈ Str(V), let σ(g) = (g∗)−1 = U−1
g1 g. Then

(1) σ : Str(V) → Str(V) is an automorphism with σ2 = 1 and σ(G(Ω)) = G(Ω).

(2) σ(Ux) = U−1
x for any x ∈ V, and the fixed point subgroup of σ is K = Aut(V).

(3) Denote H = σ∗1H for H ∈ str(V) = L⊕ Der (V), then Lx +D = −Lx +D =

−(Lx +D)†, thus

L = {H ∈ str(V) : σ∗1H = −H} = m

Der (V) = {H ∈ str(V) : σ∗1H = H} = k

is the Cartan decomposition of str(V) by means of the involutive automor-

phism σ.

Proof. Clearly σ2 = 1, on the other hand as it is a composition of two antiautomor-

phisms it follows that σ(gh) = σ(g)σ(h). Now if g ∈ G(Ω) so does g−1, and every

U -operator preserves the positive cone Ω so Ug1 ∈ G(Ω), hence g∗ preserves the cone,

showing that σ(g) preserves the cone, thus σ(G(Ω)) = G(Ω). From the fundamen-

tal formula we have that (U∗
x)

−1 = U−1
x and on the other hand if k ∈ Aut(V) then

Uk1 = U1 = 1, thus σ(k) = k. For the last assertion, note first that

σ(etLx) = σ(Uetx/2) = Ue−tx/2 = e−tLx ,

and differentiating at t = 0 shows that σ∗1Lx = −Lx. Finally from σ(etD) = etD when

D ∈ Der (V), we see that σ∗1D = D. □
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We will now compute the affine conection ∇ and spray F derived by the structure of

symmetric space of Str(V). For that, we need to compute the symmetric product in

Ω and in TΩ, and from there we compute the spray.

Let x, y ∈ Ω, let V,W ∈ TΩ; identiying TxΩ ≃ V we can identify V = (x, v),

W = (y, w), where v, w ∈ V.

Proposition 3.24 (Spray and connection of Ω as a symmetric space of G(Ω)). Let

x, y ∈ Ω, let V = (x, v),W = (y, w) ∈ TΩ. Then

(1) µ(x, y) = x · y = Ux(y
−1) in Ω.

(2) µ∗(V,W ) = 2Ux,v(y
−1)− UxU

−1
y w in TΩ.

(3) F (V ) = Fx(v) = Uv(x
−1) is the spray of the symmetric structure (Ω, µ).

Proof. Let x = Ux1/2(1), y = Uy1/2(1). Then the symmetric product is given by (8):

µ(x, y) = x · y = Ux1/2σ (Ux1/2)
−1 σ

(
Uy1/2

)
(1) = Ux1/2U∗

x1/2U
∗
y−1/2(1) = Ux(y

−1).

The symmetric product in TΩ is defined by µ∗ (Remark 3.14). Consider α, β : I → Ω

such that α(0) = x, α′(0) = v and β(0) = y, β′(0) = w. Then

µ∗(v, w) = µ∗(x,y)(v, w) = (µ(α, β))′ (0) =
(
Uα(β

−1)
)′
(0)

= 2Uα(0),α′(0)(β(0)
−1)− Uα(0)Uβ(0)−1(β′(0)) = 2Ux,v(y

−1)− UxU
−1
y (w).

We know that Fx(v) = −(Σv/2 ◦ Z)∗(v), where Z is the null section from Ω to TΩ

(Theorem 3.15); then

Σv/2 ◦ Z(y) = Σv/2(0TyΩ) = Ux,v(y
−1)− UxU

−1
y (0) = Ux,v(y

−1).

Now, if w belongs to TyΩ, let’s calculate the differential of this function in w. Take

α : I → Ω with α(0) = y, α′(0) = w. Then(
Σv/2 ◦ Z

)
∗y (w) =

(
Σv/2 ◦ Z(α)

)′
(0) =

(
Ux,v(α

−1)
)′
(0) = −Ux,vU

−1
y w.

Taking y = x and w = v, we have that

Fx(v) = −(Σv/2 ◦ Z)∗(v) = Ux,vU
−1
x v = Uv(x

−1),

where the last equality holds by the Shirshov-Cohn’s theorem (see Remark 4.4 below).

□

Remark 3.25 (Str(V) ⊂ Aut(Ω)). For each g ∈ Str(V) we have that

µ(gx, gy) = Ugx(gy)
−1 = gUxg

−1Ug1U
−1
g1 g(y

−1) = gUx(y
−1) = gµ(x, y)

by [13, Theorem VIII.2.5], thus Str(V) ⊂ Aut(Ω, µ) = Aut(Ω, F ) (Theorem 3.15).

We show below (Proposition 3.34) that the inner structure group InnStr(V) =

⟨Ux⟩x∈V invertible ⊂ Str(V) of V acts transitively on Ω, giving the paralell transport

along geodesics. For a full description of Aut(Ω, F ), see the Appendix in [12].
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Remark 3.26 (Affine connection of the symmetric space (Ω, µ)). We first obtain the

Christoffel operators

Γx(v, w) =
1

2
(Fx(v + w)− Fx(v)− Fx(w)) =

1

2
(Uv+w − Uv − Uw)(x

−1) = Uv,w(x
−1).

And the affine conection for V,W ∈ X(Ω) is then

∇VW (x) = DWx(Vx)− Γx(Vx,Wx) = DWx(Vx)− UVx,Wx(x
−1).

This gives us the covariant derivative of a field X along a curve γ ⊂ Ω

DX

dt
= ∇γ′X =

dX

dt
− Uγ′,X(γ

−1).

Remark 3.27 (The relation between the sprays and connections of G(Ω) and of Ω).

Let FG denote the spray of the group G(Ω) (Definition 3.7), and let us use FΩ for

the spray of Ω given in the previous proposition, FΩ
p (v) = Uv(p

−1). Recall that for

horizontal vectors we have FG
g (gLx) = g(Lx)

2, now if q : G(Ω) → Ω is the quotient

map and p = Up1/2(1) = q(Up1/2) ∈ Ω, then naming g = Up1/2 we have

FΩ
q(g)(q∗g(gLx)) = FΩ

p (gLx(1)) = FΩ
p (Up1/2x) = UU

p1/2x
(p−1) = Up1/2UxUp1/2(p

−1)

= Up1/2Ux(1) = Up1/2(x
2) = g(x2) = g(Lx)

2(1) = FG
g (gLx)(1)

= q∗g(F
G
g (gLx)).

Since q∗ is a linear map, thenD2q∗g ≡ 0 for any g ∈ G(Ω), and the sprays are q-related,

i.e.

FΩ
q(g)(q∗g(V )) = D2q∗g(V, V ) + q∗gF

G
g (V )

for any horizontal vector V ∈ Hg = g L ⊂ T G(Ω). Keep in mind however, that this

will also hold true for any quadratic spray in Str(V) of the form (4) that vanishes in

L, i.e. such that B(Lx, Lx) = 0.

Remark 3.28 (Horizontal vector fields). From the last identity, or also by direct

computation, it is not hard to see that if X, Y ∈ X(G(Ω)) are horizontal vector fields,

then for the push-forward vector fields q∗X, q∗Y ∈ X(Ω) and the respective affine

connections, we have

q∗(∇G
XY (g)) = ∇Ω

q∗X(q∗Y )(q(g)) ∀ g ∈ G(Ω) .

In particular horizontal geodesics of G(Ω) (which are of the form γ(t) = getLv with

g ∈ G(Ω), see Remark 3.8) are mapped by q to geodesics of Ω, which are of the form

α(t) = q(γ(t)) = γ(t)(1) = getLv(1) = gUetv/2(1) = g(etv).

This is discussed with more detail in the next section.

We can describe the geodesics in this space, from here ∇ denotes the affine connection

induced by the symmetric structure (Ω, µ) as described above.
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Proposition 3.29 (Geodesics). Let x ∈ Ω and v ∈ V = TxΩ. We can choose g = U
x
1
2

so that g(1) = x. The unique geodesic α of (Ω,∇) such that α(0) = x, α′(0) = v is

α(t) = getLg−1v(1) = Ux1/2e
tLU

x−1/2v(1) = Ux1/2U
e
t
2U

x−1/2v(1) = Ux1/2 exp(t U−1
x1/2v).

Thus the exponential map of the connection ∇ is expx(v) = α(1) = Ux1/2 exp(U−1
x1/2v),

with global smooth inverse for x, y ∈ Ω given by exp−1
x (y) = Ux1/2 log (U−1

x1/2y).

Proof. We only need to check that α′′ = Fα(α
′). We have that

Fα(α
′) = Uα′(α−1) = U

U
x1/2

(e
tU

x−1/2v◦U
x−1/2v)

((Ux1/2(etUx−1/2v))−1)

= Ux1/2U
e
tU

x−1/2v◦U
x−1/2v

Ux1/2Ux−1/2(e−tU
x−1/2v)

= Ux1/2UU
x−1/2vUe

tU
x−1/2v(e−tU

x−1/2v) = Ux1/2UU
x−1/2v(e

tU
x−1/2v)

= Ux1/2(Ux−1/2v ◦ (Ux−1/2v ◦ etUx−1/2v)) = α′′,

where we used repeatedly that operations are made in the strongly associative subal-

gebra generated by Ux−1/2v. □

Remark 3.30. Let x, y ∈ Ω, consider the path that joins x, y inside Ω given by:

(9) αx,y(t) = Ux1/2 exp(t log(Ux−1/2y)).

Note that this curve has initial point x and initial speed v = Ux1/2 log (Ux−1/2y), and

the geodesic with these initial paramenters is

α(t) = Ux1/2etUx−1/2Ux1/2
log (U

x−1/2y) = Ux1/2et log (Ux−1/2y) = αx,y(t).

So αx,y is a geodesic that unites x and y. Moreover, it is unique. Now note that for

each z ∈ V, we have etLz(1) = Uetz/2(1) = etz, thus for z = log(Ux−1/2y) we can rewrite

αx,y(t) = Ux1/2etLz(1) = Ux1/2etz.

So αx,y is the image by the quotient map q : G(Ω) → Ω of the path t 7→ Ux1/2etLz in

G(Ω).

By Remarks 3.1 and 3.26, a vector field η in TΩ parallel along γ ⊂ Ω must be a

solution of the differential equation

η′ = Γγ(γ
′, η) = Uγ′,η(γ

−1).

This equation with initial value η(0) = w has a unique solution. If the path γ is a

geodesic we will show how to compute the parallel transport along it.

Proposition 3.31 (Parallell transport in Ω). Parallel transport along the geodesic

αx,y is given by

P s+t
s (αx,y) = Ux1/2Uexp(t/2 log (U

x−1/2y))Ux−1/2 .

and in particular paralell transport along any geodesic is implemented by the Inner

Structure group.

Proof. By the above remark, if we name z = log(Ux−1/2y) ∈ V, we can write αx,y(t) =

getT · o where g = Ux1/2 and T = Lz ∈ G(Ω). Hence by Theorem 3.20, the one
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parameter-group of automorphisms

τt(p) = getTg−1(p) = Ux1/2etLzUx−1/2(p) = Ux1/2Uetz/2Ux−1/2(p)

gives translation along α. Moreover, by the same theorem, parallel transport along

αx,y is given by P s+t
s (αx,y) = (τt)∗αx,y(s). Since p 7→ τt(p) is linear, its differential is

itself and the proof is finished. □

From Remark 3.16, the formula for the curvature tensor in our symmetric space is

Rp(V,W )Z = Γp(V,Γp(W,Z))− Γp(W,Γp(V, Z))

= UV,UW,Z(p−1)(p
−1)− UW,UV,Z(p−1)(p

−1).

This can be further rewritten as follows:

Proposition 3.32 (Curvature in Ω). Let p = Up1/2(1) = g1 ∈ Ω, write v = Up−1/2V ,

w = Up−1/2W , z = Up−1/2Z. Then

Rp(V,W )Z = −Up1/2 [Lv, Lw](z) = Up1/2(w ◦ (v ◦ z)− v ◦ (w ◦ z)),

and in particular Rp(V,W )V = Up1/2(Uv − (Lv)
2)w.

Proof. Note that V = Up1/2v = Up1/2Lv(1) = q∗g(gLv) and likewise with W,Z. We

recall that m, the eigenspace for λ = −1 of σ∗1 is exactly m = L. Thus by Theorem

3.20, and noting that [Lv, Lw](1) = vw − wv = 0, we have

Rp(V,W )Z = −Up1/2 [[Lv, Lw], Lz](1) = −Up1/2 [Lv, Lw](z)

= −Up1/2(v ◦ (w ◦ z)− w ◦ (v ◦ z)),

where we used that (Uv − (Lv)
2)(w) = ((Lv)

2 − Lv2)(w) = v2 ◦ w − v ◦ (v ◦ w). □

Remark 3.33 (Killing fields in Ω). We now discuss Killing fields in (Ω,∇), see also

the Appendix in [12]. Given z ∈ Lie(G(Ω)) = str(V), consider ρt(p) = etz(p), and

define X(p) = ρ′0(p) = z(p). As ρt is an one-parameter group, X is a vector field with

flow ρt. To see that X is a Killing field, we need to show that ρt belongs to Aut(Ω,∇),

which in the case of symmetric spaces is equal to Aut(Ω, µ) by Theorem 3.15. Then

µ(etz(x), etz(y)) = µ(etzUx1/2(1), etzUy1/2(1)) = etzUx1/2σ(etzUx1/2)−1σ(etzUy1/2)(1)

= etzUxe
−tσ∗zetσ∗zUy−1/2(1) = etzUx(y

−1) = etzµ(x, y),

so X is a Killing field. Moreover, if z = Lx + D, then X(1) = z(1) = xp and

DX1 = Γ1(z(1),−) = Lz(1) = Lx. We know that given p ∈ Ω, the value of a Killing

field V and its derivative in p‘ determine V , so we have all the Killing fields. By

means of Theorem 3.20, we can further state that

Proposition 3.34. The unique Killing field X in (Ω,∇) with X(1) = x ∈ V = T1Ω

and ∇X(1) = 0 (i.e. DX1 = Lx = Γ1(x,−)) is given by X(p) = p ◦ x. It’s flow is

ρt(p) = etLx(p) = Uetx/2(p).

Remark 3.35 (The case of a special Jordan algebra). In the case of a special Jor-

dan algebra, this results are maybe well-known: as Uxy = xyx with the associative
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product, then straightforward computations show that

µ(x, y) = x · y = xy−1x µ∗(v, w) = v · w = xy−1v + vy−1x− xy−1wy−1x

Fx(v) = vx−1v Γx(v, w) = 1/2(vx−1w + wx−1v)

DX

dt
=

dX

dt
− 1

2
(γ̇γ−1X +Xγ−1γ̇) expx(v) = x1/2ex

−1/2vx−1/2

x1/2.

The geodesic joining x, y is αx,y(t) = x1/2et log(x
−1/2yx−1/2)x1/2. Parallel transport along

the geodesic joining x, y is then

P s+t
s (αx,y)(v) = x1/2(x−1/2yx−1/2)t/2x−1/2vx−1/2(x−1/2yx−1/2)t/2x1/2.

If we write V = p1/2vp1/2, and likewise for W,Z, then the curvature tensor at p ∈ Ω

is given by

Rp(V,W )Z =
1

4
p1/2[[v, w], z]p1/2.

The unique Killing field X in Ω with X(1) = x ∈ V and DX1 = Lx = Γ1(x,−) is

given by X(p) = 1/2(xp+ px) and its flow is ρt(p) = etx/2petx/2.

4. Finsler metric and geodesic distance in Ω

The positive cone Ω carries a natural Finsler metric which preserves the symmetric

space structure, where the Finsler norm at each tangent space TpΩ ≃ V is defined as

∥v∥p = ∥Up−1/2v∥ = ∥U−1
p1/2

v∥.

This structure is discussed in detail in [16], [29] and more recenlty in [11]. Consider

the rectifiable length

LengthΩ(γ) =

∫ b

a

∥γ̇(t)∥γ(t)dt,

and its rectifiable distance

distΩ(p, q) = inf
γ
LengthΩ(γ),

where the infimum is taken from all piecewise C1 paths γ ⊂ Ω joining p, q. This defines

a metric in Ω, and since the Finsler norm is compatible, the manifold topology of Ω

(the norm topology of V) is the same as the topology induced by this metric in Ω (see

[12, Section 1] and [31, Proposition 12.22]).

Remark 4.1 (G(Ω)-invariance). The Finsler metric is invariant for the action of the

the group G(Ω) in TΩ: if g ∈ G(Ω) and p ∈ Ω then

U(gp)−1/2gUp1/2(1) = U(gp)−1/2(gp) = 1,

and since k = U(gp)−1/2gUp1/2 ∈ G(Ω), it must be that k ∈ Aut(V) [22, Proposition

3.22]. Hence

U(gp)−1/2g = kUp−1/2 for some k ∈ Aut(V),

and then

∥gv∥gp = ∥U−1/2
gp gv∥ = ∥kUp−1/2v∥ = ∥Up−1/2v∥ = ∥v∥p,
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since every automorphism of G(Ω) is an isometry [22, Proposition 3.22]. Hence both

the length of paths and the distance are invariant for the action of the group G(Ω).

Moreover, since paralell transport along geodesics is implemented by the Inner Struc-

tre group (Proposition 3.31), and this implementation is the same that moves the base

point, it is then apparent that

Corollary 4.2. Paralell transport along geodesics is isometric for the Finsler metric

in Ω. In particular geodesics of the connection α(t) = Up1/2 exp(tU
−1
p1/2

v) have constant

speed

∥U
α
−1/2
t

α′
t∥ = ∥α′

t∥αt = ∥P t
0(α)α

′
0∥ = ∥α′

0∥α0 = ∥Up−1/2v∥.

The speed at the Lie algebra of any path can be expressed in terms of the L operators

as follows:

Lemma 4.3. Let γ = eΓ ⊂ Ω be piecewise smooth, then

Uγ−1/2γ′ = {G(adLΓ)LΓ ′}(1)

where G is the real analytic map G(λ) = sinh(λ)
λ

.

Proof. Note that Uγ−1/2 = Ue−Γ/2 = e−LΓ ; moreover, γ = eΓ = UeΓ/2(1). Then,

considering the map F (λ) = 1−e−λ

λ
, F (0) = 1, we have that

γ′ = (UeΓ/2(1))′ = (UeΓ/2)′(1) = (eLΓ)′(1) = {eLΓF (adLΓ)(LΓ′)}(1)

due to a well known formula for the differential of the exponential map in associative

Banach algebras. Then,

Uγ−1/2γ′ = e−LΓeLΓF (adLΓ)LΓ ′(1) = F (adLΓ)LΓ ′(1).

As for every x, y in V we have that [Lx, Ly] is a derivation, we have that the odd

terms of F (adLx)Ly disappear if we evaluate in 1. Moreover,

F (λ) =
1− e−λ

λ
=

1− cosh(λ) + sinh(λ)

λ
,

so the even terms of F (λ) are the terms of G(λ) = sinh(λ)
λ

. Then

Uγ−1/2γ′ = G(adLΓ)LΓ ′(1). □

All the previous remarks and results of this section still hold in place if we replace the

order norm of V = T1Ω with any equivalent G(Ω)-invariant norm in V.

Remark 4.4. Let C(x, y) be the closed subalgebra of a JB-algebra generated by

two elements x, y and 1. By the Shirshov–Cohn Theorem [32, Proposition 2.1], it is

isometrically isomorphic to a Jordan algebra of self-adjoint operators on a complex

Hilbert space. In other words, it can be represented isometrically into a C∗ algebra

with its special Jordan product.

Lemma 4.5. Let x, y ∈ V, let π : C(x, y) → B(H) be any isometric representation of

the closed JB-algebra generated by 1, x, y into a Hilbert space. Then forG(λ) = sinh(λ)
λ
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we have

π (G(adLx)(Ly)(1)) = G

(
ad

π(x)

2

)
π(y).

Proof. It is well know that for associative Banach algebras, for every pair of elements

T and S
sinh(adT )

adT
(S) =

∫ 1

0

e(2s−1)TSe(1−2s)Tds.

We can apply this formula in B(V) with T = Lx and S = Ly for x, y ∈ V. If we call

I ∈ V the evaluation of this operator in v = 1, we get

I =
sinh(adLx)

adLx

(Ly)(1) =

∫ 1

0

e(2s−1)LxLye
(1−2s)Lxds(1)

=

∫ 1

0

e(2s−1)LxLye
(1−2s)Lx(1)ds =

∫ 1

0

e(2s−1)LxLyUe(1/2−s)x(1)ds

=

∫ 1

0

e(2s−1)LxLye
(1−2s)xds =

∫ 1

0

Ue(s−1/2)x

(
y ◦ e(1−2s)x

)
ds.

Note that the integrand of I belongs to C(x, y) for every s ∈ [0, 1]. Then, so does I.

As the integrand belongs to C(x, y), the representation π commutes with the integral.

Then, applying π to I we have

π(I) = π

(∫ 1

0

Ue(s−1/2)x

(
y ◦ e(1−2s)x

)
ds

)
=

∫ 1

0

Ue(s−1/2)π(x)

(
π(y) ◦ e(1−2s)π(x)

)
ds

=

∫ 1

0

1

2
e(s−1/2)π(x)

(
π(y)e(1−2s)x + e(1−2s)xπ(y)

)
e(s−1/2)π(x)ds

=
1

2

∫ 1

0

(
e(2s−1)

π(x)
2 π(y)e(1−2s)

π(x)
2 + e(2s−1)

−π(x)
2 π(y)e(1−2s)

−π(x)
2

)
ds

=
1

2

(
sinh(ad(π(x)

2
))

ad(π(x)
2
)

+
sinh(ad(−π(x)

2
))

ad(−π(x)
2

)

)
π(y) =

sinh(ad(π(x)
2
))

ad(π(x)
2
)

π(y),

where the last equality holds because sinh(λ)/λ is an even map. □

Corollary 4.6. Let γt = eΓt be a smooth path in Ω. For each t ∈ [a, b] = Dom(γ),

let πt is any isometric representation of the JB-algebra generated by 1,Γt,Γ
′
t ∈ V into

a special Jordan algebra. Then

πt(Uγ
−1/2
t

γ′
t) = G(adπtΓt/2)πt(Γ

′
t).

In particular both operators have the same spectrum, and if the eigenvalues of U
γ
−1/2
t

γ′
t

are isolated, their multiplicity is the same for both operators.

Proof. We apply the the previous lemma to x = Γt, y = Γ′
t, and we combine it with

Lemma 4.3 to obtain the equality. Then the assertions on the spectrum follow because

the spectrum (and its multiplicity) is invariant for π. □

With this it is immediate the optimality of the connection geodesics for the Finsler

invariant metric in Ω. In [30] the reader can find a completely different proof; we will



20 GABRIEL LAROTONDA AND JOSÉ LUNA

show in the next section how our proof enables the generalization of this result to any

metric in Ω induced by a symmetric norm, see also [8] for the setting of C∗-algebras.

Theorem 4.7. The geodesic α(t) = Up1/2 exp(tU
−1
p1/2

v) is minimizing for distΩ in Ω,

i.e.

LengthΩ(α) = ∥Up−1/2v∥ = distΩ(α(0), α(1)).

Proof. We will prove the theorem for geodesics α such that α(0) = 1. As the metric

is invariant for the transitive action of the group G(Ω), this will prove the result for

all geodesics. So assumme that α(t) = etv for some v ∈ V. Take γ = eΓ a smooth

path in Ω. By the previous results, and using that each πt is isometric, we have

∥γ′∥γ = ∥Uγ−1/2γ′∥ = ∥G(adLΓ)LΓ ′(1)∥ = ∥π(G(adLΓ)LΓ′(1))∥

= ∥sinh(adπ(Γ)/2))
ad π(Γ)/2

π(Γ′)∥.

Now, since X = π(Γ)/2 is a self-adjoint operator of a C∗-algebra, we can apply [20,

Remark 23], obtaining ||γ′||γ ≥ ||Γ′||. Finally, if γ = eΓ ⊂ Ω joins 1, ev, it must be

that Γ(0) = 0, Γ(1) = v, and then

LengthΩ(γ) =

∫
||γ′||γ ≥

∫
||Γ′|| = LengthV(Γ) ≥ ||v|| = LengthΩ(α),

since in any Banach space (V, ∥ · ∥) the length of any smooth path joinin 0, v is at

least ∥v∥. This proves that α is shorter than any other piecewise smooth path joining

the given endpoints, and we are done. □

Remark 4.8 (Thompson’s part metric). If p, q ∈ Ω, then by Remark 3.30 and the

previous theorem

distΩ(p, q) = ∥ log(Up−1/2q)∥ = ∥ log(Uq−1/2p)∥,

this is Thompson’s part metric for a cone described by Nussbaum [30]. It was proved

by Lawson and Lim that this distance among two geodesics in Ω is a convex function

of the time parameter [23]; theirs is a generalization of the theorem by Corach, Porta

and Recht for C∗-algebras obtained in [9]. For a discussion on the conditions for

the uniqueness of geodesics among p, q ∈ Ω, and the isometries of this metric, see

Lemmens, Roelands and Wortel papers [24, 25] and the references therein.

4.1. Symmetric Gauge norms in Ω. If V is finite dimensional, we can consider a

symmetric gaguge invariant function ϕ : Rn → R≥0, which is permutation invariant

(see [4, Chapter IV]). Let sk(x) ∈ R≥0 be the modulus of the eigenvalues of x, counted

with multiplicity and in decreasing order. Then we can define an equivalent norm in

V by means of

(10) ∥x∥ϕ = ϕ(s1(x), s2(x), . . . , sn(x)).

Clearly ∥ · ∥ϕ is positive, non-degenerate and homogeneous. To prove that it is sub-

additive, take a representation π of the closed JB-algebra generated by x, y ∈ V

(Remark 4.4) into Cn. Then the representation preserves the singular values and
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their multiplicity, hence

∥x+ y∥ϕ = ϕ(si(x+ y)) = ϕ(si(π(x+ y)) = ϕ(si(π(x) + π(y))

≤ ϕ(si(π(x))) + ϕ(si(π(y))) = ϕ(si(x)) + ϕ(si(y))

= ∥x∥ϕ + ∥y∥ϕ,

where the inequality is due to the majorization inequalities [4, Theorem IV.2.1].

We now can give the cone Ω the Finsler structre induced by the action of G(Ω) and

this gauge norm: define

|v|p = ∥Up−1/2v∥ϕ, p ∈ Ω, v ∈ TpΩ ≃ V .

If g ∈ G(Ω) and p ∈ Ω recall from Remark 4.1 that k = U(gp)−1/2gUp1/2 ∈ Aut(V).

Hence

|gv|gp = ∥U−1/2
gp gv∥ϕ = ∥kUp−1/2v∥ϕ = ∥Up−1/2v∥ϕ = |v|p,

since every automorphism of G(Ω) preserves the spectrum and its multiplicity. Hence

the length of paths Lengthϕ and the rectifiable distance distϕ are again invariant for

the action of the group G(Ω).

Let α(t) = Up1/2 exp(tUp−1/2v) be the geodesic of the symmetric space structure of

Ω. With the same proof as Corollary 4.2, paralell transport along α is an isometry

of (Ω, distϕ). We now prove that geodesic are also minimizing for the gauge norm

distance:

Theorem 4.9. Let V be a finite dimensional Jordan algebra and consider any symmet-

ric gauge norm in V as in (10). Then the geodesics of the symmetric space connection

of Ω are minimizing, i.e.

Lengthϕ(α) = ∥Up−1/2v∥ϕ = distϕ(α(0), α(1)).

Moreover, if the symmetric gauge norm is strictly convex, then geodesics are the unique

minimizing paths.

Proof. Again, by the invariance of the action of G(Ω) it suffices to prove that α(t) = etv

is minimizing. Let γ = eΓ ⊂ Ω be any piecewise C1 path with Γ(0) = 0,Γ(1) = v.

By Corollary 4.6, we know that for each t, the element U
γ
−1/2
t

γ′
t and the operator

G(adπtΓt/2)πt(Γ
′
t) have the same eigenvalues, and with the same multiplicity. Hence

|γ′
t|γt = ∥U

γ
−1/2
t

γ′
t∥ϕ = ϕ(si(G(adπtΓt/2)πt(Γ

′
t))) = ∥G(adπtΓt/2)πt(Γ

′
t)∥ϕ

where the norm on the right is the symmetric gauge norm induced by ϕ in Mn(C) =
B(Cn), of the self-adjoint operator G(adπtΓt/2)πt(Γ

′
t). Now again by [20, Remark

23], since πtΓt is self-adjoint, we have that

∥G(adπtΓt/2)πt(Γ
′
t)∥ϕ = ∥sinh(adπ(Γt)/2))

ad π(Γt)/2
π(Γ′

t)∥ϕ ≥ ||Γ′
t||ϕ.

Then as in the proof of Theorem 4.7

Lengthϕ(γ) =

∫
|γ′|γ ≥

∫
||Γ′||ϕ = Lengthϕ(Γ) ≥ ||v||ϕ = Lengthϕ(α),
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showing that the geodesic is minimizing. Now if Lengthϕ(γ) = Lengthϕ(α), then in

particular it must be that Lengthϕ(Γ) = ||v||ϕ, and if the norm is strictly convex, this

is only possible if Γ(t) = tv. Therefore γ(t) = etv is a geodesic. □

A generalization of these minimality results for infinite dimensional JBW -algebras

and their symmetric gauge norms will appear elsewhere.

5. Finsler metrics in G(Ω)

We will now turn to define a Finsler norm in G(Ω).

Definition 5.1. If H ∈ Lie(G(Ω)) = str(V) ⊂ B(V), consider ∥H∥ = ∥H∥∞ the

supremum norm of H as a linear operator acting on V. If H ∈ Tg G(Ω) = g str(V),

we define

∥H∥g = ∥g−1H∥.
This is a left-invariant Finsler norm in G(Ω). Moreover, since every k ∈ Aut(V) is an

isometry, and we can identify Tg G(Ω) ·k = Tgk G(Ω), we have

∥Hk∥gk = ∥k−1g−1Hk∥ = ∥g−1H∥ = ∥H∥g,

thus this norm is right-invariant (hence bi-invariant) for the action of the group

Aut(V).

Definition 5.2. The length of a piecewise C1 path α : [a, b] → G(Ω) is

LengthG(Ω)(α) =

∫ b

a

∥α̇(t)∥α(t)dt.

and the distance among g, h ∈ G(Ω) is given by

distG(Ω)(g, h) = inf
α
LengthG(Ω)(α),

where the infimum is taken over all the paths α ⊂ G(Ω) joining g and h. Note that

this distance is left-invariant as for every smooth path α the map gα is also smooth.

Moreover, both the length and the distance are bi-invariant for the action of the

subgroup Aut(V). Using the continuity of the inverse in GL(V) and of multiplication

in B(V), and the fact that G(Ω) is an embedded submanifold of GL(V), it is not hard

to check that the Finsler structure is compatible with the manifold structure (see [31,

Proposition 12.22]). Thus the topology of the rectifiable distance distG(Ω) matches

the topology of the Banach-Lie group G(Ω) (which is the norm topology of B(V) by

Remark 2.11).

As mentioned in Remark 3.9, the geodesics of Aut(V) for the quadratic spray given

in Definition 3.7 are the one-parameter groups t 7→ ketD, with k ∈ Aut(V) and

D ∈ Der (V). We now show that these are minimizing path for the (restricted) Finsler

structure of Aut(V).

Theorem 5.3. Let k ∈ Aut(V), D ∈ Der (V) such that ∥D∥ < π/2. Consider the

goedesic δ(t) = ketD, then δ is minimizing in Aut(V), i.e.

distAut(V)(k, ke
D) = ∥D∥ = Length(δ).
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Moreover, if γ ⊂ Aut(V) is any piecewise C1 path joining k, keD such that Length(Γ) =

∥D∥, then for any unit norm functional φ ∈ Der (V)∗ such that φ(D) = ∥D∥, we have

that γ−1
t γ′

t sits inside the same face of the sphere Fφ = φ−1(∥D∥) for all t. In partic-

ular, if the norm is smooth at D, then the unique geodesic is δ.

Proof. By [22, Theorem 3.17], the exponential map of B(V) is a diffeomorphisms of the

ball of radius π/2 in Der (V) onto its image in Aut(V), which is an open neighbourhood

of Id ∈ Aut(V). Then the minimality of the one-parameter group follows from [21,

Theorem 4.11 and Theorem 4.22]. □

5.1. The quotient distances in Ω = G(Ω) / Aut(V). With the above distance in

G(Ω), we can define a quotient distance in Ω. Given two elements in the cone, the

distance between them will be the distance between their respective fibers.

Definition 5.4. Take x, y ∈ Ω and take g, h ∈ G(Ω) such that g(1) = x, h(1) = y.

Define

d′(x, y) = distG(Ω)(g Aut(V), h Aut(V)) = inf
k1,k2∈Aut(V)

distG(Ω)(gk1, hk2).

Proposition 5.5. d′ is a well defined G(Ω)-invariant distance in Ω.

Proof. If g1(1) = g2(1), then g1 Aut(V) = g2 Aut(V), then d′ is well defined. As distG(Ω)

is right-invariant for the action of Aut(V), we have

d′(x, y) = distG(Ω)(g Aut(V), h Aut(V)) = distG(Ω)(g, h Aut(V)) ≤ distG(Ω)(g, h).

The distance from a point to a closed set is positive, so d′ is a distance. Moreover, as

distG(Ω) is also left-invariant, for any f ∈ G(Ω) we have

d′(fx, fy) = distG(Ω)(fg, fh Aut(V)) = distG(Ω)((fh)
−1fg, Aut(V))

= distG(Ω)(h
−1g, Aut(V)) = distG(Ω)(g, h Aut(V)) = d′(x, y),

so d′ is invariant for the action of G(Ω). □

We will soon show that this distance d′ is in fact equal to the rectifiable distance distΩ
defined in Section 4 by means of the Finsler norms.

5.1.1. The metric of Ω as a quotient Finsler metric. We now consider the following

invariant norm in TΩ:

Definition 5.6. Let Z ∈ Tg G(Ω) = g str(V), let Z(1) = z ∈ V = Tg(1)Ω. Consider

the quotient Finsler norm, which is the quantity at g(1) ∈ Ω given by

∥z∥g1 = inf
D∈Der (V)

∥Z − gD∥g = dist∥·∥∞(g−1Z, Der (V)).

Lemma 5.7. The quotient norm in TΩ is equal to the Finsler norm ∥v∥p = ∥Up−1/2v∥
of Section 4, in particular it is a good definition and it does not depend on the Z such

that Z(1) = z.
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Proof. Let g ∈ G(Ω), let Z = g(Lx +D0) ∈ Tg Str(V). Then Z(1) = gx thus

∥Z − gD∥g = ∥Lx +D0 −D∥ ≥ ∥(Lx +D0 −D)(1)∥ = ∥x∥ = ∥g−1Z(1)∥

and taking infimum over D ∈ Der (V) we see that ∥Z(1)∥g1 ≥ ∥g−1Z(1)∥. On the

other hand by considering the special case of D = D0 in the infimum we see that

∥Z(1)∥g1 ≤ ∥g(Lx +D0)− gD0∥g = ∥Lx∥ = ∥x∥ = ∥g−1Z(1)∥.

Thus if we write p = g(1) ∈ Ω, it must be g = Up1/2k for some automorphism k, and

then

∥Z(1)∥g1 = ∥g−1Z(1)∥ = ∥k−1Up−1/2Z(1)∥ = ∥Up−1/2Z(1)∥. □

5.2. Comparing both distances. Our goal in this section is to prove that d′ = distΩ
in Ω.

Lemma 5.8. Let γ join x, y ∈ Ω, let Λ be any lift of γ to G(Ω). Then LengthΩ(γ) ≤
LengthG(Ω)(Λ). Moreover for every x, y ∈ Ω we have that distΩ(x, y) ≤ d′(x, y).

Proof. We compute the speed of γ using the previous lemma:

∥γ̇∥γ = inf
D∈Der (V)

∥Λ′ − ΛD∥Λ ≤ ∥Λ′∥Λ.

This implies that LengthΩ(γ) ≤ LengthG(Ω)(Λ). Now take γ = eΛ a path joining x to

y in Ω, as the path γ and its lift are arbitrary, taking infimum we have that

distΩ(x, y) ≤ distG(Ω)(Λ0,Λ1).

We have to prove that for every pair k1, k2 ∈ Aut(V) we have that dΩ(x, y) ≤
dG(Ω)(Ux1/2k1, Uy1/2k2). Then, taking infimum we will have the desired conclusion.

If k1, k2 are in different connected components, dG(Ω)(Ux1/2k1, Uy1/2k2) = ∞, so we

can assume they are in the same connected component. Let’s take an specific lift of

γ: take kt a smooth path joining k1 and k2 in Aut(V). Now we consider the path

Λt = U
γ
1/2
t

kt, which is a smooth lift of γ to G(Ω), as kt(1) = 1 for every t. As shown

above,

distΩ(x, y) ≤ distG(Ω)(Λ0,Λ1) = distG(Ω)(Ux1/2k1, Uy1/2k2),

and this finishes the proof. □

Definition 5.9 (Isometric lifts). Given a piecewise smooth path γt ⊂ Ω, we call

a piecewise smooth path Λt ⊂ G(Ω) an isometric lift of γ if it is a lift of γ and

LengthΩ(γ) = LengthG(Ω)(Λ). We call it an ε−isometric lift if

LengthΩ(γ) ≤ LengthG(Ω)(Λ) + ε.

As q : G(Ω) → Ω given by g 7→ g · p = g(p) is a smooth submersion and a quotient

map (Remark 3.22), it was proved in [21, Theorem 3.25] that every path γ has an

ε−isometric lift for every positive ε, and this is sufficient to prove the reversed in-

equality d′(x, y) ≤ distΩ(x, y) for our distances in Ω. In our particular case, however,

we will be able to find an isometric lift, as we have a good decomposition of every

element in G(Ω).



FINSLER GEOMETRY OF THE STRUCTURE GROUP 25

Remark 5.10. For Γ to be an isometric lift, it has to be an horizontal lift, i.e. a lift

for which Λ−1Λ′ ∈ L. This is because, as we have seen before, ∥L + D∥ ≥ ∥L∥ for

every D derivation and L ∈ L, so an horizontal lift always has shorter length.

Remark 5.11 (V -identities). Recall the V -operators,

Vx,y(z) = Ux,z(y) = LxLzy + LzLxy − Lxzy = x(zy) + z(xy)− y(xz),

for x, y, z ∈ V , therefore

Vx,y = LxLy − LyLx + Lxy = [Lx, Ly] + Lxy

and then V x,y = [Lx, Ly]−Lxy = −Vy,x by Lemma 3.23. The following identities hold

(they can be easily established in a special Jordan algebra, and then by means of the

theorem of McDonald [15, Section I.9], they hold on any Jordan algebra):

(11) Ux−1Ux,y(z) = Vx−1,y(z).

(12) Va,b + Vb,a = L2ab and Va,b − Vb,a = [La, Lb].

Take Λ ⊂ G(Ω) a lift of γ ⊂ Ω. Every element g ∈ G(Ω) can be decomposed as

g = Uxk, where x ∈ Ω and k ∈ Aut(V) (see for instance [22, Corollary 3.28]). Then,

using this decomposition for Λ and noting that the positive square root of an element

is unique, we have that Λ = Uγ1/2kt where kt is a path of automorphisms.

Lemma 5.12. Let γ ⊂ Ω be smooth, let Λ = Uγ1/2kt be any smooth lift of γ,

where kt ⊂ Aut(V). Then the horizontal-vertical decomposition Λ−1Λ′ = LHγ +Dγ ∈
L⊕ Der (V) is given by

Hγ(t) = 2k−1
t (L

γ
−1/2
t (γ

1/2
t )′

)kt, Dγ(t) = k−1
t [L

γ
−1/2
t

, L
(γ

1/2
t )′

]kt + k−1
t k′

t.

Proof. We have by (11)

Λ−1Λ′ = k−1Uγ−1/2(Uγ1/2)′k + k−1k′ = 2k−1Uγ−1/2Uγ1/2,(γ1/2)′ k + k−1k′

= k−12Vγ−1/2,(γ1/2)′k + k−1k′.

Moreover, if we write for T ∈ str(V) by means of Lemma 3.23 the decomposition

T = T+T
2

+ T−T
2

, the first summand is a derivation and the second is an L operator.

Then, as for every V operator we have Vx,y = −Vy,x by the previous remark, it follows

that

2Vγ−1/2,(γ1/2)′ =
(
Vγ−1/2,(γ1/2)′ + Vγ−1/2,(γ1/2)′

)
+
(
Vγ−1/2,(γ1/2)′ − Vγ−1/2,(γ1/2)′

)
=
(
Vγ−1/2,(γ1/2)′ − V(γ1/2)′,γ−1/2

)
+
(
Vγ−1/2,(γ1/2)′ + V(γ1/2)′,γ−1/2

)
.

Now note that for every automorphism k we have that kHk−1 = kHk−1. Then

Λ−1Λ′ = k−1 2Vγ−1/2,(γ1/2)′k + k−1k′

= k−1
(
Vγ−1/2,(γ1/2)′ + V(γ1/2)′,γ−1/2

)
k +

+ k−1
(
Vγ−1/2,(γ1/2)′ − V(γ1/2)′,γ−1/2

)
k + k−1k′,

thus

k−1
(
Vγ−1/2,(γ1/2)′ + V(γ1/2)′,γ−1/2

)
k
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is the L component of Λ−1Λ′ and

k−1
(
Vγ−1/2,(γ1/2)′ − V(γ1/2)′,γ−1/2

)
k + k−1k′

is the derivation component of Λ−1Λ′. The proof finishes by applying the identites in

(12). □

Proposition 5.13. Given γ a piecewise smooth path in Ω joining x to y, there exists

a unique horizontal lift Λ ⊂ G(Ω) with Λ(0) = Ux1/2 . This lift is given by Λ = Uγ1/2kt,

where kt is a path of automorphisms with initial point Id, that satisfies the differential

equation

(13) k′
t = [L

(γ
1/2
t )′

, L
γ
−1/2
t

]kt.

Moreover, this lift is isometric.

Proof. Note first that the differential equation has a solution inside Aut(V), since the

bracket of two L’s is a derivation. Then using Lemma 5.12, it is easy to check that

Λ = Uγ1/2kt is horizontal. Therefore horizontal lifts exist, and moreover they are

unique because the solution of the differential equation with initial data k0 = Id is

unique. Let us prove now that this lift is isometric. Let Λ̃ be any other lift of γ. As

we said before, Λ̃ = Uγ1/2 k̃t for k̃t a smooth path of automorphisms. As for every

x ∈ V and D ∈ Der (V) we have that ∥Lx +D∥ ≥ ∥Lx∥, the norm of Λ̃−1Λ̃′ is greater

than the norm of its L−component. Moreover, as automorphisms are isometries,

∥Λ̃−1Λ̃′∥ ≥ ∥k̃−1LHγ k̃∥ = ∥k−1LHγk∥ = ∥Λ−1Λ′∥.

Now let ε > 0, and let Λ̃ be an ε-lift of γ as in [21, Theorem 3.25], then by Lemma

5.8 and the previous inequality

LengthΩ(γ) ≤ LengthG(Ω)(Λ) ≤ LengthG(Ω)(Λ̃) ≤ LengthΩ(γ) + ε

Since ε is arbitrary, it follows that Λ is an isometric lift of γ. □

Theorem 5.14. For every x, y ∈ Ω we have d′(x, y) = distΩ(x, y).

Proof. The inequality distΩ ≤ d′ was obtained earlier in Lemma 5.8, let us prove

that the other inequality holds. Let γ be the geodesic of Ω joining x, y, let Λ be the

isometric lift of γ that starts at Ux1/2 . We have that Λ finishes in Uy1/2k for some

automorphism k. Then

d′(x, y) = distG(Ω)(Ux1/2 Aut(V), Uy1/2) ≤ distG(Ω)(Ux1/2k−1, Uy1/2)

distG(Ω)(Ux1/2 , Uy1/2k) ≤ LengthG(Ω)(Λ) = LengthΩ(γ) = distΩ(x, y).

Then d′(x, y) ≤ distΩ(x, y). □

5.3. The metric geometry of G(Ω). We now return the problem of finding short

paths for the Finsler metric introduced in G(Ω), with the help of the additional tools

developed in the previous section.
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Theorem 5.15 (Isometric lift of a geodesics). Let αt = Up1/2e
tv be a geodesic of Ω.

Then the isometric lift Λ ⊂ G(Ω) of α is

Λt = Up1/2e
tLv = Up1/2Uetv/2 .

Proof. Note that Up1/2e
tLv(1) = Up1/2Uetv/2(1) = Up1/2e

tv = α(t), therefore Λt is a lift

of α. Since Λ−1
t Λ′

t = Lv, we have that Λ is horizontal and moreover

LengthG(Ω)(Λ) =

∫
∥Λ−1Λ′∥ = ∥Lv∥ = ∥v∥ = LengthΩ(α)

therefore it is the isometric lift. □

From this we can characterize certain minimizing paths in G(Ω) and compute the

distance:

Corollary 5.16. The geodesic Λt = Upe
tLv is minimizing in G(Ω), i.e.

LengthG(Ω)(Λ) = ∥Lv∥ = ∥v∥ = distG(Ω)(Λ0,Λ1) = distG(Ω)(Up, Upe
Lv).

Proof. By the previous theorem, Λ is an isometric lift of the minimizing geodesic

α(t) = Upe
tv in Ω. Then if Φ is any path in G(Ω) joining the same endpoints than Λ,

the path ϕ = Φ(1) is a path in Ω joining the same endpoints than α. Therefore by

Lemma 5.8 and the fact that α is minimizing in Ω, we have

LengthG(Ω)(Λ) = LengthΩ(α) ≤ LengthΩ(ϕ) ≤ LengthG(Ω)(Φ),

therefore Λ is minimizing in G(Ω). □

This enables the following remark:

Remark 5.17 (Distance from Id to the fiber eLz Aut(V)). Every g ∈ G(Ω) can be

written as g = Uxk for some x ∈ Ω and k ∈ Aut(V), the metric is left-invariant and

Aut(V)-right-invariant, and the metric in Ω is the quotient metric. Therefore we can

conclude, by the previous corollary, that for every g ∈ G(Ω) and z ∈ V we have

distG(Ω)(g, ge
Lz) = distG(Ω)(1, e

Lz) = ∥z∥ = distG(Ω)(1, e
Lz Aut(V))

and t 7→ etLz is the optimal path between Id ∈ G(Ω) and the fiber eLz Aut(V) ⊂ G(Ω).

Remark 5.18. Let D ∈ Der (V), let δ = −iDC where DC is the complexification of

D, i.e. DC(x + iy) = Dx + iDy. Then it is easy to check that δ is a derivation in

VC. Moreover, it is a ∗-derivation i.e. δ(w∗) = −(δ(w))∗, where (x + iy)∗ = x − iy

for x, y ∈ V is the usual involution of the complexification. Then by [33, Corollary

10], we have that δ ∈ HerB(V C) that is φ(δ) ⊂ R for all φ ∈ (B(V C))∗ such that

φ(Id) = 1 = ∥φ∥.

We already noted (and used repeatedly) that ∥Lx +D∥ ≥ ∥Lx∥, thus the derivations

are in some sense orthogonal to L (this is the notion of Birkhoff orthogonality). Now

we show that the L operators are orthogonal to Der (V) i.e.:

Proposition 5.19. Let x ∈ V, let D ∈ Der (V). Then ∥Lx +D∥ ≥ ∥D∥.
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Proof. Let φ ∈ B(V C) such that φ(Id) = 1 = ∥φ∥. Since |z| ≥ ±Im z for any z ∈ C,
we have

∥Lx +D∥ ≥ |φ(Lx +D)| ≥ ±Imφ(Lx)± Im iφ(δ),

where δ = −iD as in the previous remark. Now the operator Lx is Hermitian, therefore

φ(Lx) ⊂ R, and so is δ, hence ∥Lx +D∥ ≥ 0 ± φ(δ). Thus the numerical range of δ

is in the interval bounded by ∥Lx +D∥, i.e.

V (δ) = {φ(δ) : ∥φ∥ = 1 = φ(Id)} ⊂ [−∥Lx +D∥, ∥Lx +D∥].

Let co(C) denote the convex capsule of the set C ⊂ R. Since δ is Hermitian, we have

co(σ(δ)) = V (δ) and ∥δ∥ = r(δ) = max{λ : λ ∈ V (δ)} ≤ ∥Lx + D∥, see [5, §10] for
details. Therefore ∥D∥ = ∥δ∥ ≤ ∥Lx +D∥. □

We know by Theorem 5.3 that the one-parameter groups t 7→ etD are optimal with

respect to any other path Λ ⊂ Aut(V) joining its endpoints. Since derivations are

also in good position with respect to L-operators, the question arises: is the one-

parameter group in Aut(V) optimal with respect to any other path Λ ⊂ G(Ω) joining

its endpoints?
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