CONNECTIONS AND FINSLER GEOMETRY OF THE
STRUCTURE GROUP OF A JB-ALGEBRA

GABRIEL LAROTONDA AND JOSE LUNA

ABSTRACT. We endow the Banach-Lie structure group Str(V) of an infinite di-
mensional JB-algebra V' with a left-invariant connection and Finsler metric, and we
compute all the quantities of its connection. We show how this connection reduces to
G(R2), the group of transformations that preserve the positive cone €2 of the algebra
V, and to Aut(V'), the group of Jordan automorphisms of the algebra. We present
the cone € as an homogeneous space for the action of G(2), therefore inducing a
quotient Finsler metric and distance. With the techniques introduced, we prove the
minimality of the one-parameter groups in ) for any symmetric gauge norm in V.
We establish that the two presentations of the Finsler metric in ) give the same
distance there, which helps us prove the minimality of certain paths in G() for its
left-invariant Finsler metric.

1. INTRODUCTION

The geometry of the general linear group with a left-invariant Riemannian metric
has been a subject of interest since the seminal works of Arnol’d on the group of
diffeomorphisms preserving the volume of a spatial region [2]. In his construction,
the connection carries more relevant structure than the distance, and it is by solving
Euler’s equation for geodesics that the motion of the fluid is described. On the other
hand, in the setting of the group G4 of invertible elements of a C*-algebra A, it is
more natural to consider the Finsler metric obtained by left-translating the spectral
norm of the algebra, and the linear connections that arise in that setting are not
necessarilly the Levi-Civita connections of a Riemannian metric; this is the viewpoint
adopted by Corach, Porta and Recht (see [¢] and the references therein). By means of
the action (g, a) — gag* of G 4 on the positive cone 2 of the algebra A, it is possible
to study the relation among the geometries of the group G4, the stabilizer of the
action Uy (the unitary group of A), and the quotient space 2 ~ G 4/U 4, as shown in
[9]. The metric in the cone obtained by this construction matches Thompson’s part
metric described by Nussbaum in [30]. This viewpoint of homogeneous spaces was
latter transported to several groups of operators and their homogeneous spaces, see
[1, 7, 10, 19] to mention a few. Our intention with this paper is to geometrize the
structure group Str(V) of a Jordan Banach algebra V, following the guidelines of the
previous remarks. In particular, the subgroup G(2) C Str(V) preserving the positive
cone © C V fulfills the role of the group G 4, by means of the action (g,a) — g(a) on
the cone 2, and the group of automorphisms of the algebra Aut(V) takes the place
of the unitary group in the previous setting. With the recent developments on the
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topology of these groups obtained in [22], we ensure that the rectifiable distances
induced by our Finsler metrics in these infinite dimensional groups give in fact their
manifold topology, which coincides with the norm topology of B(V).

This paper is organized as follows: in Section 2 we review the main objects of the
paper: Jordan Banach algebras V, their positive cone €2, and the functional calculus
in V. Then we describe the main Banach-Lie groups acting on V, which are all
embedded subgroups of GL(V): the group of automorphisms of the algebra Aut(V), the
structure group Str(V) and the subgroup G(2) of Str(V) preserving the positive cone
). In Section 3 we present invariant connections in the group Str(V), we compute its
geodesics, curvature and paralell transport, and show how this connection reduces to
the subgroups G(€2) and Aut(V). Then we present the cone €2 as a Cartan homogeneous
space of the group G(f), therefore carrying a natural connection (the symmetric
connection) for which the geodesics are those of the Thompson’s part metric [30].
In Section 4 we endow these groups with a left-invariant metric using the uniform
norm in the Lie algebras of the groups, and we show that the one-parameter groups
of derivations in Aut(V) are of minimal length for this Finsler metric. Then we endow
) with a natural left-invariant Finsler metric, and we prove that this metric is the
quotient metric of the one given for G(€2). We prove the minimality of the geodesics
of the Thompson part-metric for any symmetric gauge norm in V. Then, in Section
5, using the notion of horizontal lift of geodesics, we show that one-parameter groups
in G(Q2), with initial speed in the space of L-operators, are indeed minimal for the
distance induced by our left-invariant Finsler metric in G(£2).

2. JORDAN BANACH ALGEBRAS AND THE STRUCTURE GROUP

Let V be a real vector space with product o, possibly infinite dimensional. Then (V, o)
is a Jordan algebra if o is commutative and

(1) v’ (zoy) =wo(z®oy).

Every associative algebra can be made into a Jordan algebra with the Jordan product
roy=1/2(zy + yx). We will denote as B(V) the associative algebra of operators of
linear bounded operators on V, and GL(V) will denote the invertible elements of B(V).

Definition 2.1 (Quadratic representation). For fixed x € V, define the operator
L, :V — V by means of L,y = zoy, and consider the linear operator U, = 2L2 — L,2.
This is the quadratic representation of of V in B(V). If we compute the quadratic
representation in an associative algebra with Jordan product as defined above, we
obtain U,y = xyx. The quadratic representation gives us a bilineal representation:
1
Upy=1/2Upyy — U, = U,) = §DyU(x) =L,Ly+ LyLy — Lyoy = U, .

where D, f(x) denotes the differential of the map f at the point y, in the direction of x.
In an associative algebra with the Jordan product defined above, U, ,z = %(xzy—i—yzx).
We define the bilinear V'-operators as a permutation of the U, that is V, ,(2) = U, .(y).



FINSLER GEOMETRY OF THE STRUCTURE GROUP 3

The most important property of this representation is the fundamental formula:
(2) Uy,y = U, U,U,.

Definition 2.2 (Invertible elements and spectrum). An element x € V is invertible
if there exists an element y € V such that U,y = x and U,y?* = 1. An element z is
invertible in V if and only if U, is an invertible operator (for a proof see [28, Part
I1, Criterion 6.1.2]). Moreover, x,y are invertible if and only if U,y is also invertible:
this is plain from Uyp,, = U,U,U, (the fundamental formula) and the previous result.
For z € V, the spectrum of x is o(z) = {\ € R such that x — Al is not invertible}.

Definition 2.3 (Positive cone € of a Jordan algebra). Given V a Jordan algebra
and z € V, we say x is positive if o(z) is contained in the positive numbers. We
denote by €2 the set of positive elements in V. The set €2 is a convex proper cone:
QN (=) =0, thus there is a partial order in V: given x,y € V, we say that x < y if
y — 2 € . It is plain that Q is the set of elemets with nonnegative spectrum, by the
lower-semicontinuity of the spectrum.

We now add more structure: we will provide a norm for V related to the order
structure. The general reference for JB-algebras is the book [11].

Definition 2.4. Let V be a Jordan algebra with norm || - || such that (V,| - ||) is a
Banach space. We say V is a JB-algebra if

D Aoyl <ll=llyll 2 =l =1l=I*  3) [*] < ll2*+ ¢l

Then every JB-algebra is totally real: if 2* +y* = 0, then both x = y = 0. The order
norm in V is the norm induced by the partial order and the chosen unit order e = 1
in the cone Q C V:

|z|| = inf{A > 0: =A1 <z < Al}.

Remark 2.5 (Square roots and logarithms). Every JB-algebra is archimedean: for
every x in V exists A > 0 such that —A1 < & < Al (see [, Proposition 3.3.10] for
a proof). Moreover, the order norm coincides with the original norm of the space V
[14, Proposition 3.3.10]. The order norm on a JB-algebra allows us to do continuous
functional calculus on V. The associative commutative Banach algebra C(z) is iso-
metrically isomorphic to C'(o(z)); a proof can be found in [/, Theorem 3.2.4], and it
uses a complexification of C(z) and the known spectral theorem for complex algebras.
Then we can characterize €) as the cone of squares of V: every positive element has
an square root, and as o(z%) = {\2,\ € o(z)}, every square is positive. Likewise,
we can also characterize Q = eV: every positive element has a real logarithm, and
o(e®) = {e* X € a(x)}, so the exponential of every element is positive.

We will consider a group of automorphisms that will act on €2; we want it to be a
Banach-Lie group. To give an appropiate Lie and manifold structure to the group of
transformations that fix the cone, we will study first a larger group and derive the
structure from there.
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Definition 2.6 (Structure Group). The structure group of V is the set of g € GL(V)
such that there exists another ¢* € GL(V) with

ng = chcg*

for all z in V. We denote the structure group as Str(V); it is a closed subgroup of

GL(V).

Remark 2.7 (The adjoint and group operations). If g and h belong to Str(V), then gh
belongs to Str(V) and (gh)* = h*g*, and g~! belongs to Str(V) with (¢71)* = (¢*) "
If g € Str(V) so does g*, and (¢*)* = ¢g. Let y be an invertible element in V, then
U, belongs to the structure group and U; = U,. This is a direct consequence of
the fundamental formula and from the fact that y is invertible if and only if U, is
invertible.

Definition 2.8. We say that k € GL(V) is a multiplicative automorphism of V (or an
automorphism of V for short) if k(a o b) = k(a) o k(b) for all a,b € V. We will denote
this set with Aut(V); it is a closed subgroup of Str(V).

Note that k(L,y) = k(x oy) = (kx) o (ky) = Ly,ky, then kL k™' = L;, and Uy, =
kU,k~! for all v € V. In particular Aut(V) preserves the invertibles and k(v)~! =
k(v™1). Moreover Aut(V) preserves the cone €2, since k(v?) = (kv)? and the cone can
be characterized as the set of invertible squares in V (Remark 2.5).

It is well-know that for any = € V, then e = U,., As for every t and every v € V we
have that elv € Str(V), the left-multiplication operators L, belong to str(V), this
is a Banach subspace of B(V), which we denote L. = {L,,v € V}. Then it is easy to
check that L. C str(V). Let Der (V) be the subspace of derivations i.e. D € B(V)
such that D(zoy) = Dxoy+ x o Dy for all z,y € V. It is plain that Der (V) C B(V)
is a Banach-Lie subalgebra. The following was proved in [22]:

Theorem 2.9. Str(V) C GL(V) is an embedded Banach-Lie group with
Lie(Str(V)) = str(V) = {H € B(V) : 2U, yy, = HU, — U, H Yz €V},
where H = H — 2Upy 1. Also Aut(V) C Str(V) is an embedded Banach-Lie subgroup,
with Banach-Lie algebra Lie(Aut(V)) = Der(V) C str(V).
Moreover Der (V) = {D € str(V) : D1 = 0}, and str(V) = Der (V) ®L. We have
that Der (V) is a Cartan subalgebra:
(3) [L,L] C Der (V) [L,Der (V)] CL [Der(V),Der (V)] C Der (V),
i.e. we obtain a Lie-triple system.

Definition 2.10. Let G(£2) be the group of automorphisms that preserve the cone
G(Q) = {g € GL(V) : g(Q) = 2},

Remark 2.11. We have that InnStr(V) and Aut(V) are embedded Banach-Lie sub-
groups of Str(V), and that G(Q2) C Str(V) (see [22]). Although G(?) is contained
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in the structure group, it does not automatically inherit a differentiable structure.
However, if we denote Str(V), the connected component of the identity of Str(V)
(which is open since Str(V) is a topological group), then Str(V), C G(£2) C Str(V)
and each inclusion is open and closed, thus G(2) is an embedded Banach-Lie subgroup
of GL(V). This is also proved in [22].

3. SPRAYS AND CONNECTIONS IN G(2) AND

For a smooth map f: M — N we denote f, : TM — TN to the fiber bundle map,
locally given by f.,v = Df,(v), where the latter is the usual differential of f at p in
the direction of v. If p: M — M, we will use Dgp to denote the second differential of
p in a local chart.

In what follows we give a short presentation of covariant derivatives without torsion,
from the point of view of quadratic sprays introduced by Ambrose, Palais and Singer:

Remark 3.1 (Quadratic sprays and connections). Let M be a smooth manifold (at
least C*) over the Banach space X. For s € R, let u, : TM — TM be multiplication
by s in each fiber (likewise for the fiber bundle TTM). A quadratic spray in M is a
smooth section F': TM — TTM (i.e. if 7 : TM — M is the canonical projection,
then m, F' = idrys) such that F(usV) = (ps) s (V) for each V€ TM. Note that the
projection condition can be restated as F'(V) € Ty TM for each V € TM. Locally, a
spray is given by a smooth map F': U x X — X that we denote (p,v) — F,(V). The
Christoffel bilinear operator of the spray is obtained by polarizing F', that is

(0, w) = 3 (Fylo +w) — Fy(v) — Fy(w).

If X,V € X(M) are smooth vector fields, any quadratic spray induces a unique
covariant derivative without torsion, which locally is given by

(vXY)p = DYP(XP) - Fp(vay;J)-

In particular the paralell transport p; = P/T*(y) for V along a path v C M obeys
the differential equation i, = I, (v, ), and Euler’s equation for the V geodesics is
v = F,, (7). This is discussed with further detail in [17, Chapter IV] or [18, Capitulo

6]).
In what follows, M is Banach smooth manifold, modelled on a Banach space X.

Remark 3.2. If f is smooth and injective, f : U — V with U,V C M, and X € X(U)
consider the push-forward f.X € (V) given locally by f.X(f(p)) = Df,(X,).

Definition 3.3 (Automorphisms of the connection, affine transformations). More
generally, let M, M be smooth manifolds with spray, let V,V be their respective
connections. Let f : M — M be a local diffeomorphism, we say that f is an affine
transformation if for each U C M where f|y : U — f(U) is bijective, and every pair
of vector fields X,Y in U, we have

VixtY = f.(VxY).
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In particular if U,V C (M, V) and f: U — V is affine, we say that f is a connection
automorphism. These automorphisms will be denoted by Aut(M, V).

Remark 3.4 (Invariance of parallell transport by automorphisms). If f € Aut(M, V),
then f maps geodesics into geodesics. Morevoer, if v C M, p = v(a), and u(t) =
P(v)Lv indicates parallell transport of v € T,,D along v, then n = D f,u is parallell
transport of w = D f,v along 8 = f o~.

Let X € X(M), we denote p(t,p) = p:(p) the flow of X, that verifies p}(p) = X (p:(p)),
po(p) = p. Now we introduce the connection Killing fields, see [17] for proofs of the
following;:

Theorem 3.5 (Killing fields). Let X € X(M), let p; be the flow of X. The following
are equivalent

(1) pr € Aut(M, V) for allt.

(2) For any t and any V € TM, we have F((p;)«V) = (pt)eF' (V)

(3) For any geodesic v C M, the field X is Jacobi along 7.

(4) For anyY,Z € X(M) we have [X,VyZ] = Vxy|Z + Vy[X, Z].
A field X wverifying any of this conditions is a Killing field of (M,V), we denote with
Kill(M, V) to the set of Killing fields; it is a Lie subalgebra of X(M).

Note that by the second property above, Killing fields can be described by the con-
nection V or by the quadratic spray F' inducing the connection; we will use Kill(M)
to denote the Killing fields, when the spray or connection is clear from the context.
Automorphisms and Killilng fields are determined up to first order, see [29] which
extends previous results of [17, Ch. XIII].

3.1. Invariant connections in Str(V) and G(2). Since GL(V) is open in the Banach
space B(V), we will identify tangent spaces of subgroups G C GL(V) with the left
translation of their Lie algebras, that is if ¢ € G C GL(V) is a Lie group, then
T,G = ¢T'G = g Lie(G).

Then, a typical path in T'G is of the form v, = g,v;, where g; is a path in G, and v,
is a path in Lie(G). Thus a typical element of TT'G can be identified with the speed
of v, that is 7' = ¢g'v 4+ gv’. But since ¢; C G, then ¢’ € T,G and it must be of the
form ¢’ = gw for some w € Lie(G), and also v' = z € Lie(G). Thus a typical element
of TyTG for' V= gv € TgG must be of the form

Z = guwv+ gz = g(wv + z), g€ G, wv,w,z e Lie(G).
Therefore a left-invariant connection spray in Str(V) must be of the form
(4) FygV) = g(V2+ B(V,V)),  gestr(V),V € str(V).

for some continuous symmetric bilinear operator B : str(V) x str(V) — str(V), and
it is apparent that each quadratic operator like this defines a left-invariant spray in
Str(V).
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Definition 3.6 (The { operation). In str(V) = L @ Der (V) we have the linear
operation (L, + D) = L, — D, where L, is multiplication by x € V and D is a
derivation; it is a Lie algebra homomorphism (see Lemma 3.23 below).

Definition 3.7 (Left-invariant spay). Consider the case of the spray
(5) Fy(gV)=g(V?+[VI,V])) =g(V*+ VIV -VVT),  gestr(V), V estr(V),

that is g~'F,(g(L,+ D)) = D*+(L,)*+3L,D— DL, = (L, +D)*—2Lp,. Ifx,y € V
and d, D € Der (V), then the Christoffel bilinear operator g~'I',(g(L, + D), (L, +d))
equals to

(6) 1/2(LyLy + LyLy, + 3Lyd + 3L,D — DL, — dL, + dD + Dd).

The decomposition of str(V) induces a decomposition of T'Str(V) in the direct sum
of two vector bundles, the horizontal bundle and the vertical bundle, where for each
g € str(V)

Hy={9L,:x €V} =gL and V, ={9D : D € Der (V)} = gDer (V).

For horizontal vectors, we have F,(gL,) = g(L,)? while for vertical vectors it is
F,(gD) = gD?. On the other hand, it is easy to check that this will be the case for a
general spray F' in Str(V) of the form (4) if and only if B(L,, L,) = B(D, D) = 0 for
all 7, D.

Remark 3.8 (Geodesics). It is easy to check that the unique geodesic of the spray
with v(0) =g and vy =V =L, + D is

(Ly—D) 2tD

V() = ge' e

Remark 3.9 (G(f2) and Aut(V) are totally geodesic in Str(V)). It is apparent that
this spray can be restricted to the open subgroup G(f2), and also to the Banach-Lie
subgroup Aut(V). Since e*==P) C str(V), C G(2), and the automorphisms e*”
also preserve the positive cone 2, then it is clear that a geodesic with initial speed
g € G(Q), stays inside G(2) for all £. Thus G(?2) is totally geodesic in Str(V).

On the other hand, for a geodesic to have initial speed in T Aut(V), it is necessary
and sufficient that g = v(0) € Aut(V) and that L, = 0, thus the geodesic must be of
the form v(t) = ke'® and again we wee that Aut(V) is totally geodesic in Str(V). In
particular geodesics of Aut(V) are (left translations of) one-parameter groups.

Proposition 3.10 (Paralell transport). Let v C Str(V) be a smooth path, let v; =
v 14 = L,, + d; with d; a path in Der (V) and y; a path in V. Then pu = v(L,, + D;)
is paralell transport along ~ if and only if

L =-3/2[d,L,] +1/2[L,,D] inside L
D' =-1/2[L,, L,] —1/2[d, D] inside Der (V).

In particular if 7y = ge!(Lwo—d)e2do i a4 geodesic then v, = e~22ddo (L, + dy) and we
can solve explicitly

—2taddg etM t(Lyofdo)

[ = e Yo o = ge e™ g™ o,
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where

B addy  ad Ly,
M= 1/2< —ad Ly, 3addy > '

Proof. We first compute
YW =" (Ls+ D)+ L+ D = (L, +d)(L,+ D)+ L, + D'
=L,L,+ L,D+dL,+dD+ L, + D"
Comparing this with (6) we arrive to
L.+ D' =1/2[L,, L) +3/2|La,d) + 1/2|L,, D] + 1/2[D, d.
Recall the Cartan subalgebra relations (3), so is must be L/, = 3/2[L,,d] + 1/2[L,, D]

and D' = 1/2[L,, L,| + 1/2[D, d] as claimed in the first formulas. Now assumme = is
a geodesic as stated, we let

e=1, +l~) _ e2taddo,y—1lu — 2taddop 4 o2taddo
Since L, + D' = ¢ = e2addo(2[dy L,] + 2[do, D] + L., + D'), after pluggin this in

the equation for L,, D, we obtain that L, = 1/2[dy, L,] + 1/2[L,,, D] and also that
D" = —-1/2[L,,, L.] — 1/2[dy, D]. Hence

L 12 ad dy ad Ly, L,
D ) —adL,, 3addy D )’
thus it must be e = L, + D = etM €9, and what’s left is apparent. U

3.1.1. Motivation: the Riemannian metric of an Euclidean algebra. In this section we
give some background and motivation for the choice of this particular affine connection
in Str(V). Let V a finite dimensional Euclidean Jordan algebra, then if we denote Tr
the trace of B(V), the trace in V given by tr(z) = Tr(L,) induces a positive definite
inner product on V by means of (v|w) = tr(vw). This trace in V is invariant for
automorphisms since

tr(kz) = Tr(Lpe) = Tr(kL, k™) = Tr(L,) = tr(x).

In particular differentiating tr(e'Px) = tr(z) we see that Tr(Lpx) = tr(Dz) = 0 for
any x € V and any D € Der (V).

Theorem 3.11. IfV is a (finite dimensional) Euclidean Jordan algebra with inner
product (v|w) = tr(vw), then Str(V) admits the left invariant Riemannian metric

(ViW)y =12Te(g7 V(g™ W)+ g7 W (g™'V)T), g e Str(V), V,W €T, Str(V)
or equivalently
(9(Ls + D), g(Ly + D))y = Tr(L,L,) — Te(DD),
The connection V induced by the spray (5) is the Levi-Civita connection of this metric.

Proof. 1t is clear that the formula defines a left-invariant bilinear form, we need only
to check that (V.V), > 0if V #£ 0. f V = L, + D € str(V), then (V,V); =
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Tr((L)?)—Tr(D?%). Now Dx? = 2zDx thus D*z? = 20D?*r+2(Dx)?, hence —xD?*z =
(Dx)?* — D*2% and then tr(—xD?z) = tr((Dx)?) > 0 (since D*z* = Dv for v = Da?)
and it is 0 only if Dx = 0. Let B = {vy,...,v,} is a basis of V, and compute

—Tr(D?) =) (-D*viv;) = Z tr(—v;D%v;) = Y _tr((Dv;)?) > 0
Take a complete system of orthogonal primitive idempotents ¢; (which form an orthog-

onal basis) such that z = . \;¢; for some real \; (see the second spectral theorem in
[13, Theorem III.1.2]). Then

Tr((Lo)?) = > ((La)’ciles) = Z Atr(e

Thus our bilinear form is non-negative. But if (V V>1 = 0, then it must be — Tr(D?) =
0 (which implies that Dv; = 0 for all ¢, thus D = 0), and also that Tr(L2) =
> A2 tr(c?) = 0, which also implies that = 0. Then (V, V), =0 only if V = 0.
Now we prove that the connection (equivalently, the spray F') is the metric connection
for this riemannian metric. Since V is a connection without torsion, it suffices to check
that it is compatible with the metric. Let u,n be vector fields along v C Str(V), we
write v = v 14', i = v 'u. Then by Remark 3.1

Y Dy =T =TI (Y ) = T = 1/ 2(0 v+ [ 0] 4 [0 1)
We have a similar expression for v~1D,n. Thus using the ciclicity of the trace, after
a tedious but straightforward computation we obtain

(7)  (Dupy )y + (Den, )y = Ty ') + Tr(aly ') — Tr(viai') — Tr(vail).

Note that g/ = (v 'u) = =y Yy u+~yy' = —vjii + v~ 14/, and similarly for 7.
Thus the last term in (7) is equal to

d d
at Tr(jn ) E(M; 77>%

and we are done. O

The example above can be also presented in the infinite dimensional setting of Jordan-
Hilbert algebras with a finite trace, such as the special Jordan algebra of (self-adjoint)
Hilbert-Schmidt operators acting on a complex Hilbert space, see [!] for further dis-
cussion.

We now introduce symmetric spaces according to Loos [26], to be able to deal with
the geometry of the cone ; see also Neeb’s paper [29] for the Banach setting:

Definition 3.12 (Symmetric space). Let M be a Banach manifold p: M x M — M
smooth, denote p(z,y) = x -y = S;(y). We say that (M, p) is a symmetric space if
the following axioms hold for x,y, 2z € M:

SNz-z=z (S2)z-(z-y)=y (Bz-(y-2)=(xy) - (v-2)
(S4) Each x € M has a neighbourhood U s.t. y € U, if -y =y then z = y.
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For each p € M, the map S, : M — M is a diffeomorphism by (52), because this is
equivalent to Sg = idys. The first axiom tells us that p is a fixed point of S, and the
fourth axiom tells us that p is an isolated fixed point of .S,. These maps S, are known
as symmetries of the symmetric space (M, p).

Definition 3.13 (Automorphisms of a symmetric space). Let (M, ) be a symmetric
space. We say that a local diffeomorphism f : M — M is an automorphism of (M, u)
if f(u(z,y)) = p(f(x), f(y)) for all z,y € M. We denote this group by Aut(M, p). It
is immediate from (S3) that the symmetries S, (p € M) belong to Aut(M, ).

Remark 3.14 (T'M as a symmetric space). Let (M, 1) be a symmetric space, then for
all p € M we have (S))., = —idp,n. For V.W € T'M the product V - W = i, (V, W)
defines a symmetric space structure in 7M. If v,w € T,M then v-w = 2v — w.
Moreover if f € Aut(M,u) then f, € Aut(M,p,). For V. = (p,v) € TM let Xy :
TM — TM be given by Xy (W) = p.(V, W), more precisely

Zipw) (4 W) = fatpg (v, 0)-
We will denote with Z : M — T'M the zero section, Z(q) = (¢,0) for ¢ € M.

Theorem 3.15 (Connection of a symmetric space). Let (M, u) be a connected sym-
metric space. If V = (p,v) € TM, YyoZ: M —TM and (XyoZ),: TM — TTM,
then

(1) F(V)=—=(3vj20Z).V is a quadratic spray in M.

(2) Aut(M, F) = Aut(M, ).

(3) F is the unique quadratic spray in M which is invariant for all the symmetries

Sp. In fact locally we have Fy(v) = £(D?S,),(v,v) for all v e T,M.
(4) (M, F) is geodesically complete.
(5) If R is the curvature tensor of (M, F) then VR = 0.

Proof. See [29] and for further details see [18, Section 7.5]. O

Remark 3.16. If F' is a quadratic spray, the bilinear Christoffel operator is obtained
by polarization, i.e. 2I'(V, W) = F(V + W) — F(V) — F(W). However for symmetric
spaces we have a simpler expresssion (see [18, Section 7.5]):

1 1
FP(V, W) == _Q(EV ¢) Z)*pW = —§<EW e} Z)*pV

Moreover for the curvature tensor we obtain

R(U,V) = _Tl{(EU 0Z)u(ByoZ).— (ByoZ)(XyoZ).}.

The viewpoint of homogeneous spaces will be also useful so we present it here:

Definition 3.17 (Symmetric groups and Cartan symmetric spaces). If G is a Banach-
Lie group, and ¢ : G — G is an automorphism, we say that (G, o) is a symmetric Lie
group if 02 = idg. Consider

G°={g€G:0o(g) =g},
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for an open subgroup K C G7, we say that the space M = G/ K is a Cartan symmetric
space.

We will denote ¢ : G — M to the quotient map, let also 0 = ¢(1) and g -0 = gK
denote the quotient elements, let m(g,h - 0) = mh.(g) = £y(h - 0) = (gh) - 0 be the
action of G in M. So ¢, is an automorphism of M.

Proposition 3.18. If o, : Lie(G) — Lie(G) denotes the differential of o at the
identity of G, then 02 = 1, thus Lie(G) = m & € where
m = {z € Lie(G) : o,z = —x}, t={y e Lie(G) : 0.y = y}.
Moreover (see [29, pag. 134], [6, Chapter I11§1.6] or [18, Section 7.5.2] for full details):
(1) g=m@ tis a Cartan decomposition, that is [€,€] C €, [&, m] Cm, [m,m] C &
(2) K < G is an embedded Banach-Lie subgroup and Lie(K) = ¢.
(3) M has a unique smooth structure such that ¢ is a smooth quotient map,
Gsx1 - m — T, M is an isomorphism and ker ¢,; = €. A chart of M around o is

given by the inverse of Exp : m — M, x + €” - 0o with a suitable restriction to
a neighbouhood of 0 € m.

Remark 3.19 (The symmetric space structure of the quotient space M = G/K). In
M = G/K define

8) (g -o,h-0) = go(g)~'a(h) - o.
This is well-defined and (M, ) obeys the axioms of a symmetric space, in particular
from (S53) we see that G acts on M by p automorphisms: C,u(p, q) = p(lyp, €yq).

Abusing notation a bit, if g € G and = € Lie(G), we will denote by gz the differential
of left multiplication by ¢ in the group G. See [29] and [18, Section 7.5] for a proof of
the following:

Theorem 3.20 (Geodesics, paralell transport and Killing fields of (M, F)). Let
M = G/K be connected with (G, o) symmetric Banach-Lie group and K C G° open
subgroup. Let (M, F) be the spray induced by the symmetric structure. Then

(1) If g € G and v = quy(97), w = Gug(gy) € Ty oM with x,y € m, then

d2
dsdt
(2) Let p=g-0€ M and v = gaz € T,M with x € m. The unique geodesic vy

with o = p, ) = (g)a1vV = Guggx is given by v(t) = ge'™* - o.
(3) Translations 7: along v are given by 7;(p) = ge'®g~* - p.

q(ge e'™).

s=t=0

Loo(v,w) = =(ly) ol o(q1z, gay) =

(4) Paralell transpor along v is given by Pi(y)w = (D1y)qgw = (Ltadge )ug.ol.
(5) Forz,y,z e m, if X = q,(9x) € T,,M etc., the curvature atp =g-o0 € M is
given by

RBy(X,Y)Z = —qug(gllz, yl, 2]) = = (lg)sotar ([, Y], 2])-

(6) If . € m then p(p) = e - p is the flow of the unique Killing field X such that
DX, =T,(X,,—) and X(0) = gax.
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3.2. The cone (2 as a Cartan symmetric space of G(2). We are now in position
to present the cone of positive elements of a JB-algebra V as a Cartan homogeneous
symmetric space, by the action of the group G(2):

Definition 3.21. The action G(2) ~ 2 is given by the smooth map A : G(Q2) xQ — Q
defined as an evaluation,

Alg,p) =9 p=gp=9(p).
We denote the quotient map ¢ : G(2) — €, that is ¢(g) = g¢(1). In particular
Qg9 = 9(1).

Remark 3.22 (Q = G(2) /Aut(V)). This action is transitive as for every p € €,
p = U,2(1). Hence Q = ¢(G(2)) = O(1), the orbit of 1 € V by the action of the
symmetric group G(2). Note that K, the stabilizer of the action at 1 € V is exactly
Aut(V). Then ¢ is a smooth submersion, and we can identify Q ~ G(Q2) /Aut(V) as
Banach manifolds; moreover

T,Q = Lie(G(Q))/ Lie(Aut (V) = (L & D)/D ~ L,

which is obvious as IL is isomorphic to V via the isomorphism v +— L,,.

By combining two antiautomorphisms of the structure group, we obtain an involutive
automorphism ¢ in the structure group Str(V) that preserves the open subgroup

G(Q):

Lemma 3.23. If g € Str(V), let o(g) = (¢*) "' = U,;' g. Then
(1) o :8tr(V) — Str(V) is an automorphism with 0% = 1 and o(G(2)) = G(Q).
(2) o(U,) = U; ! for any z € V, and the fixed point subgroup of ¢ is K = Aut(V).
(3) Denote H = 0, H for H € str(V) =L®Der (V), then L, + D= —L,+ D =
—(L, + D)', thus

L={Hestr(V):0,H=—-H}=m
Der (V) ={H € str(V):0,H=H} =t

is the Cartan decomposition of str(V) by means of the involutive automor-
phism o.

Proof. Clearly 0? = 1, on the other hand as it is a composition of two antiautomor-
phisms it follows that o(gh) = o(g)o(h). Now if g € G(Q2) so does g~', and every
U-operator preserves the positive cone € so Uy € G(€2), hence g* preserves the cone,
showing that o(g) preserves the cone, thus o(G(Q2)) = G(2). From the fundamen-
tal formula we have that (U})~! = U;! and on the other hand if k& € Aut(V) then

xT

Uk = Uy = 1, thus o(k) = k. For the last assertion, note first that

th) == U(U ta:/Z) - Uefta;/2 - e_th,

a(e e

and differentiating at ¢ = 0 shows that o,y L, = —L,. Finally from o(e'”) = e!” when
D € Der (V), we see that 0,,D = D. O
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We will now compute the affine conection V and spray F' derived by the structure of
symmetric space of Str(V). For that, we need to compute the symmetric product in
2 and in T2, and from there we compute the spray.

Let z,y € Q, let VW € TQ; identiying 7,02 ~ V we can identify V = (z,v),
W = (y,w), where v,w € V.

Proposition 3.24 (Spray and connection of € as a symmetric space of G(2)). Let
r,y € Q let V= (x,v),W = (y,w) € T). Then

(1) w(z,y) =z -y="U,(y™") in Q.
(2) p(V,W) = 20U, (y™ ) — UU; M in TQ.
(3) F(V) = F,(v) = Uy(z™') is the spray of the symmetric structure (£2, ut).

Proof. Let © = U,1/2(1), y = U,2(1). Then the symmetric product is given by (8):
,U,(I,y) =Ty = U$1/20' (Umuz)_l o (Uyl/Q) (1) = U$1/2U;1/2U;,1/2(1) = Ux(y_l).
The symmetric product in T2 is defined by p. (Remark 3.14). Consider o, 5: 1 — Q

such that a(0) = z, /(0) = v and B(0) =y, #'(0) = w. Then
(0, 0) = Hagagy (0, 0) = (e, B)) (0) = (Ua(B71))" (0)
= 2U0(0),0(0)(B(0) ) = UaoyUp(0)-1 (8'(0)) = 2U, o (y~ ') — UU, H(w).

We know that F,(v) = —(X,/2 0 Z)«(v), where Z is the null section from Q to 7Q
(Theorem 3.15); then

Yy/2 0 Z(y) = Zv/2(OTyQ) = Ux,v(yil) - Ung,Tl(()) = Uw,v(yil)-
Now, if w belongs to T,2, let’s calculate the differential of this function in w. Take
a: I — Q with a(0) =y, o/(0) = w. Then
(Buya02),, (1) = (Supa 0 Z(0)) (0) = (Unela™)' (0) =~V
Taking y = x and w = v, we have that
Fo(v) = =(Zv20 Z)u(v) = UpoUy v = Uy(z7),

where the last equality holds by the Shirshov-Cohn’s theorem (see Remark 4.4 below).
O

Remark 3.25 (Str(V) C Aut(Q2)). For each g € Str(V) we have that

gz, 9y) = Uga(9y) ™" = gUsg ™ UpnUg'g(y™") = gUs(y™") = gn(=,y)
by [13, Theorem VIIL.2.5], thus Str(V) C Aut(, p) = Aut(Q, F) (Theorem 3.15).
We show below (Proposition 3.34) that the inner structure group InnStr(V) =
(Us)zev invertible C Str(V) of V acts transitively on Q, giving the paralell transport
along geodesics. For a full description of Aut(), F'), see the Appendix in [12].
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Remark 3.26 (Affine connection of the symmetric space (€2, 1)). We first obtain the
Christoffel operators

1 1
[ (v,w) = é(Fm(v +w) — F,(v) — Fy(w)) = §(U,U+w — U, = Uy)(x™) = Uy (™).
And the affine conection for V, W € X(Q) is then
VW (z) = DW,(V,) = To(Vy, Wo) = DW,(V,) — Uy, w, (7).

This gives us the covariant derivative of a field X along a curve v C 2
DX dX

— = VX = — = Uyx(77).

Remark 3.27 (The relation between the sprays and connections of G(2) and of Q).
Let F¢ denote the spray of the group G(f2) (Definition 3.7), and let us use F*® for
the spray of 2 given in the previous proposition, FZ?(U) = U,(p~!). Recall that for
horizontal vectors we have F'(gL,) = g(Ly)?, now if ¢ : G(2) — Q is the quotient
map and p = Upi/2(1) = q(Up/2) € Q, then naming g = U,1/2 we have

Foig)(@:9(9La)) = F, (9L:(1)) = Fp(Upew) = Uy , o (071) = Upr2UsUpara(p7)
= UpaUn(1) = Upa(a?) = (%) = g(La)*(1) = FS(gL.)(1)
— 4uo(FE(gL)).
Since g, is a linear map, then D?q., = 0 for any g € G({2), and the sprays are g-related,
ie.
Foig(ag(V)) = D*qug (V. V) + qug Fy (V)

for any horizontal vector V € ‘H, = gL C T'G(Q2). Keep in mind however, that this
will also hold true for any quadratic spray in Str(V) of the form (4) that vanishes in

L, i.e. such that B(L,, L,) = 0.

Remark 3.28 (Horizontal vector fields). From the last identity, or also by direct
computation, it is not hard to see that if X, Y € X(G(Q2)) are horizontal vector fields,
then for the push-forward vector fields ¢, X, ¢.Y € X(Q) and the respective affine
connections, we have

0.(V§Y (9)) = V¥ 1 (a.Y)(a(9)) Vg€ G(Q).

In particular horizontal geodesics of G(Q2) (which are of the form ~(t) = ge!’» with
g € G(Q2), see Remark 3.8) are mapped by ¢ to geodesics of €2, which are of the form

a(t) = q(y(t)) = v()(1) = ge'™* (1) = gUpur2(1) = g(e").

This is discussed with more detail in the next section.

We can describe the geodesics in this space, from here V denotes the affine connection
induced by the symmetric structure (€2, 1) as described above.
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Proposition 3.29 (Geodesics). Let x € Q and v € V = T,Q. We can choose g = U

T

so that g(1) = 2. The unique geodesic a of (£2, V) such that a(0) =z, o/(0) = v is
Ck(t) — g€tL9_1“<1) _ Uml/zetLUx—l/zv(l) = Um1/2U tu 71/21)(1) = Ux1/2 exp(t U;}QU)

Nl

Thus the exponential map of the connection V is exp,(v) = a(1) = U,1/2 eXp(U;}Qv),

with global smooth inverse for z,y € Q given by exp,!(y) = U,z log (U, ),y).
Proof. We only need to check that o = F,(a’). We have that
N — -1y _ tU _1/0v\\—1
Fale) = Uuwla™) = UUzl/2(etUZ‘l/Qvoszl/zv)<(le/2<6 ==129))7)
= Ul,l/Q Uetszl/QvoUzil/szafl/Q Ux—1/2 (e_tszl/zv)
= Um1/2UU 71/20UetU171/2v(e_tszl/W) = Um1/2UU

= Ux1/2(U$71/2'U o (Uxfl/Q'U o etUw’I/QU» = Oé”,

,1/2v(€tU””71/2v)

where we used repeatedly that operations are made in the strongly associative subal-
gebra generated by U,-1/2v. O

Remark 3.30. Let x,y € (), consider the path that joins z,y inside 2 given by:

9) Qg y(t) = Upiyz exp(t log(U,-1/2y)).
Note that this curve has initial point = and initial speed v = U,1/2 log (U,-1/2y), and
the geodesic with these initial paramenters is

alt) =U.

U _1,2U log (U__ tlog (U _
- —1/2Y,1/2 g ( = 1/2Y) — Ux1/2€ g ( = 1/2Y) :am,y(t)-

t
1/2€

S0 o, is a geodesic that unites x and y. Moreover, it is unique. Now note that for
each z € V, we have ¢'=(1) = U,

e

dejy(t) = UI1/2€tLZ(1) =U

x

1=72(1) = €'*, thus for z = log(U,-1/2y) we can rewrite
1/2€tz.

So a,, is the image by the quotient map ¢ : G(Q) — Q of the path ¢ > U,1/2¢"* in
G(Q).

By Remarks 3.1 and 3.26, a vector field n in TQ) parallel along v C  must be a
solution of the differential equation

W =T5(7',n) = Uyy(y™):
This equation with initial value 7(0) = w has a unique solution. If the path ~ is a
geodesic we will show how to compute the parallel transport along it.

Proposition 3.31 (Parallell transport in €2). Parallel transport along the geodesic
0 1s given by

Pss-i-t(ax’y) = Uw1/2Uexp(t/2log (Uz_l/Qy))Ux71/2.
and in particular paralell transport along any geodesic is implemented by the Inner
Structure group.

Proof. By the above remark, if we name z = log(U,-1/2y) € V, we can write o, ,(t) =
ge'T - o where g = U, and T = L, € G(2). Hence by Theorem 3.20, the one
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parameter-group of automorphisms

Tt(p) = getTg_l(p) = U$1/2€tLZUm71/2(p) = U$1/2Uetz/2szl/2(p)

gives translation along o. Moreover, by the same theorem, parallel transport along
Oy is given by Pt (awy) = (Tt)san,(s)- Since p — 74(p) is linear, its differential is
itself and the proof is finished. O

From Remark 3.16, the formula for the curvature tensor in our symmetric space is
RBy(V,\W)Z = Tp(V,T,(W, 2)) = T, (W, T, (V, 2))
- UV,UW,Z(Pfl)(p_l) - UW,UV,Z(Pfl)(p_I)
This can be further rewritten as follows:
Proposition 3.32 (Curvature in ). Let p = Upi/2(1) = gl € Q, write v = U,-1/2V,
w=U,-12W, 2="U,-12Z. Then
Ry(V\W)Z = —U,/2[Ly, Ly](2) = Up2(wo (voz) —vo(woz)),
and in particular R,(V, W)V = Up12(U, — (Ly)*)w.
Proof. Note that V' = U,i2v = Up2Ly(1) = qug(9L,) and likewise with W, Z. We
recall that m, the eigenspace for A = —1 of o,; is exactly m = L. Thus by Theorem
3.20, and noting that [L,, L,](1) = vw — wv = 0, we have
Ry(V\W)Z = —U,2([[Ly, Ly|, L.](1) = —=Up/2[Ly, Lyw)(2)
= —Uppz(vo(woz)—wo(voz)),
where we used that (U, — (L,)?)(w) = ((L,)? — Ly2)(w) =v?ow —vo (vow). [
Remark 3.33 (Killing fields in €2). We now discuss Killing fields in (€2, V), see also
the Appendix in [12]. Given z € Lie(G(Q2)) = str(V), consider p;(p) = e**(p), and
define X (p) = py(p) = z(p). As p; is an one-parameter group, X is a vector field with

flow p;. To see that X is a Killing field, we need to show that p; belongs to Aut(2, V),
which in the case of symmetric spaces is equal to Aut(£2, 1) by Theorem 3.15. Then

p(e(x), € (y)) = p(e*U,s (1), €U0 (1)) = €U 20 (€ Upye) " o (€U, 2 )(1)
= e U,e 77U, 12(1) = U, (y ") = €% p(z, y),
so X is a Killing field. Moreover, if z = L, + D, then X (1) = z(1) = xp and
DX, =T1(2(1),—) = L.qy = L,. We know that given p € Q, the value of a Killing
field V' and its derivative in p‘ determine V', so we have all the Killing fields. By
means of Theorem 3.20, we can further state that

Proposition 3.34. The unique Killing field X in (Q,V) with X(1) =x € V = T1Q
and VX (1) =0 (ie. DXy = L, = I'y(z,—)) is given by X(p) = pox. It’s flow is
pe(p) = € (p) = Upsar2 (p)-

Remark 3.35 (The case of a special Jordan algebra). In the case of a special Jor-
dan algebra, this results are maybe well-known: as U,y = xyx with the associative
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product, then straightforward computations show that

wle,y) =x-y=xy ' (v, w) =v-w=zy v +oy e — sy wy e
F,(v) = vzt [.(v,w) =1/2(vz"'w + wz™'v)

DX dX 1 _ _

DE_IX L0 X 4 X075) emye) = 2o

The geodesic joining , y is o, (t) = x1/2et 108" 2va™ %) 1/2  Para]lel transport along
the geodesic joining x,y is then

P (g, )(0) = 22 (2 2ya V220 2 V2 (V2 2212,
If we write V = p'/2up'/?, and likewise for W, Z, then the curvature tensor at p € Q
is given by
1
RP(‘/v W)Z = Zp1/2“vv U}], Z]pl/Q'
The unique Killing field X in Q with X(1) =« € V and DX, = L, = I'j(z,—) is

given by X (p) = 1/2(zp + pz) and its flow is p,(p) = e®/?pet/2.

4. FINSLER METRIC AND GEODESIC DISTANCE IN {)

The positive cone €2 carries a natural Finsler metric which preserves the symmetric
space structure, where the Finsler norm at each tangent space 7),{2 ~ V is defined as
-1
[ollp = 1Up-120]] = [|U 0]l

This structure is discussed in detail in [16], [29] and more recenlty in [11]. Consider
the rectifiable length

b
Length (7) = / 14(0) o

and its rectifiable distance

distq(p, ¢) = inf Lengthq(v),
v

where the infimum is taken from all piecewise C! paths v C Q joining p, ¢. This defines
a metric in 2, and since the Finsler norm is compatible, the manifold topology of €2
(the norm topology of V) is the same as the topology induced by this metric in 2 (see
[12, Section 1] and [31, Proposition 12.22]).

Remark 4.1 (G(§2)-invariance). The Finsler metric is invariant for the action of the
the group G(€2) in TQ: if g € G(2) and p € Q2 then

U(gp)—l/QgUp1/2(].> = U(gp)—1/2<gp) = 1,
and since k = U ,,)-1/29U,12 € G(€2), it must be that k € Aut(V) [22, Proposition
3.22]. Hence
Ugp)-1/29 = kUp-1/2 for some k € Aut(V),
and then
lgvllgy = U, 2gvll = 1kUp-120]| = [|Uprr20]] = [0,
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since every automorphism of G(2) is an isometry [22, Proposition 3.22]. Hence both
the length of paths and the distance are invariant for the action of the group G(£2).

Moreover, since paralell transport along geodesics is implemented by the Inner Struc-
tre group (Proposition 3.31), and this implementation is the same that moves the base
point, it is then apparent that

Corollary 4.2. Paralell transport along geodesics is isometric for the Finsler metric
in (2. In particular geodesics of the connection a(t) = U,/ exp(tUp‘l}Qv) have constant
speed

U, —1200]l = llailla. = 1 Po(@)agll = llagllag = [1Up-1/20]]-

The speed at the Lie algebra of any path can be expressed in terms of the L operators
as follows:

Lemma 4.3. Let v = e C Q be piecewise smooth, then

U,y—1/2’)/l = {G(ad LF)LF/}(l)

sinh(\)

where G is the real analytic map G(\) = ==

Proof. Note that U,-12 = U,-r)y = e~Lr; moreover, v = e = U.,2(1). Then,

considering the map F(\) = 1’§_A, F(0) =1, we have that

V' = (Uar2(1)) = (Uer2) (1) = (e"7)(1) = {e"T F(ad Lr)(Lr+) }(1)

due to a well known formula for the differential of the exponential map in associative
Banach algebras. Then,

U, 127y =e e F(ad L)L/ (1) = F(ad Ly ) Lr(1).

As for every z, y in V we have that [L,, L,| is a derivation, we have that the odd
terms of F'(ad L)L, disappear if we evaluate in 1. Moreover,

_1—e? 1—cosh(\)+ sinh())

F(\
=" ) ,
so the even terms of F(\) are the terms of G(\) = &/\(A) Then

U,yfl/z’}/ = G(ad LF)LF/(l) OJ

All the previous remarks and results of this section still hold in place if we replace the
order norm of V = T1Q) with any equivalent G(§2)-invariant norm in V.

Remark 4.4. Let C(z,y) be the closed subalgebra of a JB-algebra generated by
two elements x,y and 1. By the Shirshov—Cohn Theorem [32, Proposition 2.1], it is
isometrically isomorphic to a Jordan algebra of self-adjoint operators on a complex
Hilbert space. In other words, it can be represented isometrically into a C* algebra
with its special Jordan product.

Lemma 4.5. Let z,y € V, let 7 : C(z,y) — B(H) be any isometric representation of

the closed J B-algebra generated by 1, x, y into a Hilbert space. Then for G(\) = %
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we have

R (GEA L)L) =6 (a0 T ) 7o)

Proof. 1t is well know that for associative Banach algebras, for every pair of elements
T and S ( ) .
sinh(ad T’
S) = (2571)TS (1723)Td )
AT (S) /0 e e s
We can apply this formula in B(V) with "= L, and S = L, for z,y € V. If we call
I €V the evaluation of this operator in v = 1, we get

_sinh(ade) . ! (2s—1)Lo 7 ,(1-25)Lg
T= SRR )(1) = [ L )

1 1
:/ 6(28_1)LxLy6(1_25)Lx(1)d8:/ e Ve [ U 120 (1)ds
0 0

1 1
_ / 6(25—1)LwLy6(1—2s)wd8 — / Ue(571/2>x <y o 6(1—28)33) ds.
0 0

Note that the integrand of I belongs to C(x,y) for every s € [0,1]. Then, so does I.
As the integrand belongs to C(z,y), the representation 7 commutes with the integral.
Then, applying 7 to I we have

1 1
7'('([) =T (/ Ue(sfl/2)z (y o 6(1728)1) dS) = / Ue(sfl/Q)Tr(z) (ﬂ'(y) 9] 6(1725)“‘%)) ds
0 0

1
_ / %e(s—l/Z)w(a:) (ﬂ_(y)e(l—Qs)x + 6(1—23)&:7T(y)) 6(5—1/2)W(m)d5
0

1
_1 / <€<2s—1>”<;>W(y)eu—zs)’*(;) . e(zs—n—*”ﬁW(me(l—zs)—*’;“”)> ds
0

2

1 (sinh(ad(™2)) = sinh(ad(=52)) ~ sinh(ad("2))
_< D) ) )T )

2

2

where the last equality holds because sinh(\)/\ is an even map. d

Corollary 4.6. Let v, = e'* be a smooth path in Q. For each t € [a,b] = Dom(7),
let m; is any isometric representation of the JB-algebra generated by 1,1, I, € V into
a special Jordan algebra. Then

7Tt(U}y;1/2”}/£) = G(ad Wtft/Q)ﬂ't(Fg).
In particular both operators have the same spectrum, and if the eigenvalues of U’Y—l 27}
t

are isolated, their multiplicity is the same for both operators.

Proof. We apply the the previous lemma to z = I';,y = I}, and we combine it with
Lemma 4.3 to obtain the equality. Then the assertions on the spectrum follow because
the spectrum (and its multiplicity) is invariant for 7. O

With this it is immediate the optimality of the connection geodesics for the Finsler
invariant metric in 2. In [30] the reader can find a completely different proof; we will



20 GABRIEL LAROTONDA AND JOSE LUNA

show in the next section how our proof enables the generalization of this result to any
metric in  induced by a symmetric norm, see also [3] for the setting of C*-algebras.

Theorem 4.7. The geodesic a(t) = Uy exp(tUp‘l}Zv) is minimizing for distq in €Q,
1.€.

Lengthq(a) = [|U,-1/2v]| = dista(a(0), a(1)).
Proof. We will prove the theorem for geodesics o such that «(0) = 1. As the metric
is invariant for the transitive action of the group G(£2), this will prove the result for

all geodesics. So assumme that a(t) = e for some v € V. Take v = ¢! a smooth
path in Q. By the previous results, and using that each 7, is isometric, we have

19 1ly = U127l = |G(ad Lr) Ly (1)]] = [|7(G(ad Lr) L (1))
sinh(ad 7(T")/2))
= (I
adm(I)/2
Now, since X = 7(I")/2 is a self-adjoint operator of a C*-algebra, we can apply [20,
Remark 23], obtaining |||, > ||['||. Finally, if v = " C Q joins 1,¢", it must be
that I'(0) = 0, I'(1) = v, and then

Lengtho() = / Wl = / ||| = Lengthy(T') > [lv]] = Lengthe(a),

since in any Banach space (V,|| - ||) the length of any smooth path joinin 0,v is at

least ||v||. This proves that « is shorter than any other piecewise smooth path joining
the given endpoints, and we are done. O

Remark 4.8 (Thompson’s part metric). If p,q € Q, then by Remark 3.30 and the
previous theorem

dista(p, q) = [[log(Up-1/2q)[| = [[1og(Uy-1/2p)|l;

this is Thompson’s part metric for a cone described by Nussbaum [30]. It was proved
by Lawson and Lim that this distance among two geodesics in 2 is a convex function
of the time parameter [23]; theirs is a generalization of the theorem by Corach, Porta
and Recht for C*-algebras obtained in [9]. For a discussion on the conditions for
the uniqueness of geodesics among p,q € €2, and the isometries of this metric, see
Lemmens, Roelands and Wortel papers [241, 25] and the references therein.

4.1. Symmetric Gauge norms in (). If V is finite dimensional, we can consider a
symmetric gaguge invariant function ¢ : R" — R>(, which is permutation invariant
(see [1, Chapter IV]). Let si(x) € Rs( be the modulus of the eigenvalues of z, counted
with multiplicity and in decreasing order. Then we can define an equivalent norm in
V by means of

(10) [zllo = ¢(s1(2), s2(2), - -, 50 ().

Clearly || - ||4 is positive, non-degenerate and homogeneous. To prove that it is sub-
additive, take a representation 7 of the closed JB-algebra generated by z,y € V
(Remark 4.4) into C". Then the representation preserves the singular values and
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their multiplicity, hence

[z + yllo = o(si(z +y)) = ¢(si(m(z + y)) = o(si(7(x) + 7(y))
< @(si(m(2))) + d(si(m(y))) = ¢(si(x)) + d(si(y))
= ll=lls + llyllo,
where the inequality is due to the majorization inequalities [/, Theorem IV.2.1].

We now can give the cone 2 the Finsler structre induced by the action of G(£2) and
this gauge norm: define

vlp = |Up-120]lg, pEQ, veET,Q=V.

If g € G(Q) and p € Q recall from Remark 4.1 that k = Up-1/29U,12 € Aut(V).
Hence

1901y = U5 2g0lls = [kU,-ss20lls = 1Uy-ss20ll6 = [0,
since every automorphism of G(£2) preserves the spectrum and its multiplicity. Hence
the length of paths Length, and the rectifiable distance disty are again invariant for
the action of the group G(£2).

Let a(t) = Uy exp(tU,-1/2v) be the geodesic of the symmetric space structure of
2. With the same proof as Corollary 4.2, paralell transport along « is an isometry
of (€,dists). We now prove that geodesic are also minimizing for the gauge norm
distance:

Theorem 4.9. LetV be a finite dimensional Jordan algebra and consider any symmet-
ric gauge norm in \V as in (10). Then the geodesics of the symmetric space connection
of Q are minimizing, 1.e.

Length,(a) = ||U,-1/2v]|¢ = disty(a(0), a(1)).

Moreover, if the symmetric gauge norm is strictly convex, then geodesics are the unique
minimizing paths.

Proof. Again, by the invariance of the action of G(f2) it suffices to prove that a(t) = e
is minimizing. Let v = e!' C Q be any piecewise C! path with T'(0) = 0,T'(1) =
By Corollary 4.6, we know that for each ¢, the element U _1/2% and the operator
G(ad mI'y/2)m(T'}) have the same eigenvalues, and with the same multiplicity. Hence

ke = 10U ~v23ille = ¢(si(Glad 'y /2)m (1)) = [|Glad m L'y /2)m (T o

where the norm on the right is the symmetric gauge norm induced by ¢ in M, (C) =
B(C"), of the self-adjoint operator G(ad mI';/2)m(I;). Now again by [20, Remark
23], since m I, is self-adjoint, we have that

sinh(ad 7(T';)/2))

IGadm L/ 2mT)lle = 1= /2

T(T)lle = 11T
Then as in the proof of Theorem 4.7

Length, (1) = [ Y1, 2 [ 1l = Lengthy(r) = [Jo] = Lengthy (o),
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showing that the geodesic is minimizing. Now if Length,(y) = Length,(a), then in
particular it must be that Length,(I') = [|v[|, and if the norm is strictly convex, this
is only possible if I'(t) = tv. Therefore v(t) = €' is a geodesic. O

A generalization of these minimality results for infinite dimensional JBW-algebras
and their symmetric gauge norms will appear elsewhere.

5. FINSLER METRICS IN G(f2)

We will now turn to define a Finsler norm in G(£2).

Definition 5.1. If H € Lie(G(Q2)) = str(V) C B(V), consider ||H| = ||H||« the
supremum norm of H as a linear operator acting on V. If H € T, G(Q2) = gstr(V),
we define

1Hlg = llg™ H]I.

This is a left-invariant Finsler norm in G(§2). Moreover, since every k € Aut(V) is an
isometry, and we can identify T, G(Q2) -k = T, G(€2), we have

1 Ellge = [~ g™ HE| = [lg™ H| = [ H]],,
thus this norm is right-invariant (hence bi-invariant) for the action of the group
Aut(V).
Definition 5.2. The length of a piecewise C! path « : [a,b] — G(Q) is

b
Lengthgo(@) = [ 14(0)]agdt
and the distance among g, h € G(2) is given by
distg(a)(g, h) = inf LengthG(Q) (),

where the infimum is taken over all the paths a C G(2) joining g and h. Note that
this distance is left-invariant as for every smooth path a the map ga is also smooth.
Moreover, both the length and the distance are bi-invariant for the action of the
subgroup Aut(V). Using the continuity of the inverse in GL(V) and of multiplication
in B(V), and the fact that G(Q2) is an embedded submanifold of GL(V), it is not hard
to check that the Finsler structure is compatible with the manifold structure (see [31,
Proposition 12.22]). Thus the topology of the rectifiable distance distgq) matches
the topology of the Banach-Lie group G(2) (which is the norm topology of B(V) by
Remark 2.11).

As mentioned in Remark 3.9, the geodesics of Aut(V) for the quadratic spray given
in Definition 3.7 are the one-parameter groups t +— ke'P) with k € Aut(V) and
D € Der (V). We now show that these are minimizing path for the (restricted) Finsler
structure of Aut(V).

Theorem 5.3. Let k € Aut(V), D € Der(V) such that |D|| < 7/2. Consider the
goedesic §(t) = ke'P | then & is minimizing in Aut(V), i.e.

dist gus(v) (k, ke”) = || D|| = Length(9).
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Moreover, if v C Aut(V) is any piecewise C* path joining k, keP such that Length(T') =
|D||, then for any unit norm functional ¢ € Der (V)" such that p(D) = | D||, we have
that ~; 'y, sits inside the same face of the sphere F,, = ¢ 1(||D||) for all t. In partic-
ular, if the norm is smooth at D, then the unique geodesic is §.

Proof. By [22, Theorem 3.17], the exponential map of B(V) is a diffeomorphisms of the
ball of radius 7/2 in Der (V) onto its image in Aut(V), which is an open neighbourhood
of Id € Aut(V). Then the minimality of the one-parameter group follows from [21,
Theorem 4.11 and Theorem 4.22]. O

5.1. The quotient distances in Q = G(2) /Aut(V). With the above distance in
G(Q2), we can define a quotient distance in 2. Given two elements in the cone, the
distance between them will be the distance between their respective fibers.

Definition 5.4. Take z,y € Q and take g, h € G(Q2) such that g(1) = z, h(1) = y.
Define

d'(z,y) = distgia) (g Aut(V), hAut(V)) = inf  distg)(ghki, hks).

k1, k2 €Aut(V)
Proposition 5.5. d' is a well defined G(€2)-invariant distance in €.
Proof. If g1(1) = g2(1), then gy Aut(V) = g Aut(V), then d' is well defined. As distgq)
is right-invariant for the action of Aut(V), we have
d'(z,y) = distga)(g Aut(V), hAut(V)) = disteo) (g, h Aut(V)) < distgy(g, h).

The distance from a point to a closed set is positive, so d' is a distance. Moreover, as
distg(o) is also left-invariant, for any f € G(Q2) we have

d'(f, fy) = disto) (fg, fhAut(V)) = diste)((fh) " fg, Aut(V))
= distg)(h g, Aut(V)) = distg) (g, h Aut(V)) = d'(z, y),
so d' is invariant for the action of G(2). O

We will soon show that this distance d’ is in fact equal to the rectifiable distance distq
defined in Section 4 by means of the Finsler norms.

5.1.1. The metric of Q as a quotient Finsler metric. We now consider the following
invariant norm in 7°C):

Definition 5.6. Let Z € T,G(Q) = gstr(V), let Z(1) = z € V = Ty1Q2. Consider
the quotient Finsler norm, which is the quantity at g(1) € Q given by

Iellor =, dnf | 12 = gDlly = disty (g7 Z.Dex (V).

Lemma 5.7. The quotient norm in 72 is equal to the Finsler norm ||v||, = ||U,-1,20||
of Section 4, in particular it is a good definition and it does not depend on the Z such
that Z(1) =
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Proof. Let g € G(Q), let Z = g(L, + Dy) € T,Str(V). Then Z(1) = gx thus
1Z = gDllg = ||ILs + Do = D|| = [|(Ls + Do — D)) = ||zl = llg~" Z(1)]]

and taking infimum over D € Der (V) we see that ||Z(1)||,;n > [lg7'Z(1)|. On the
other hand by considering the special case of D = Dy in the infimum we see that

1Z(W)]lg1 < l9(Le + Do) = gDolly = | Lol = [l = lg™" Z(1)]].

Thus if we write p = g(1) € €, it must be g = U,,1/2k for some automorphism k, and
then
1ZWllgr = lg™ ZW)l = K7 U2 Z(1)|| = |Upar2Z ()] O

5.2. Comparing both distances. Our goal in this section is to prove that d’ = distg
in Q.

Lemma 5.8. Let 7 join z,y € Q, let A be any lift of 7 to G(£2). Then Lengthq, () <
Lengthgq)(A). Moreover for every z,y € Q we have that disto(z,y) < d'(z,y).

Proof. We compute the speed of v using the previous lemma:

y[l» = inf ||[A" = ADJx < ||A|a.
il =, inf | IA = AD|ls < X
This implies that Lengthg(v) < Lengthgq)(A). Now take v = e a path joining z to
y in €2, as the path v and its lift are arbitrary, taking infimum we have that

diStg(.%, y) < diStG(Q) (Ao, Al)

We have to prove that for every pair ki, ko € Aut(V) we have that do(z,y) <
dG’(Q)(U:B1/2k51, Uy1/2k2). Then, taking infimum we will have the desired conclusion.
If k1, ko are in different connected components, dg(q)(Uyi/2k1, Uyi2ks) = 0o, so we
can assume they are in the same connected component. Let’s take an specific lift of
v: take k; a smooth path joining k; and ky in Aut(V). Now we consider the path
Ay = U’Yt1/2kt, which is a smooth lift of v to G(£2), as k(1) = 1 for every ¢. As shown
above,
diStQ(ZL‘, y) S diStG(Q) (AQ, Al) = diStG(Q)(Uxuzk‘l, Uy1/2k2),

and this finishes the proof. OJ

Definition 5.9 (Isometric lifts). Given a piecewise smooth path v, C Q, we call
a piecewise smooth path A; C G(2) an isometric lift of ~ if it is a lift of v and
Lengthq(v) = Lengthgq)(A). We call it an e—isometric lift if

Lengthg () < Lengthgq)(A) +&.

As q: G(2) — Q given by g — g -p = g(p) is a smooth submersion and a quotient
map (Remark 3.22), it was proved in [21, Theorem 3.25] that every path v has an
e—isometric lift for every positive €, and this is sufficient to prove the reversed in-
equality d'(z,y) < distq(x,y) for our distances in . In our particular case, however,
we will be able to find an isometric lift, as we have a good decomposition of every
element in G(2).
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Remark 5.10. For I' to be an isometric lift, it has to be an horizontal lift, i.e. a lift
for which A™'A’ € L. This is because, as we have seen before, ||L + D| > ||L]| for
every D derivation and L € L, so an horizontal lift always has shorter length.

Remark 5.11 (V-identities). Recall the V-operators,
Viy(2) =Us2(y) = LoLoy + Lo Lpy — Loy = 2(2y) + 2(zy) — y(x2),
for x,y, z € V, therefore
Viw = LyLy — L,L, + Ly, = [Ly, L] + Ly,

and then V, v = La, Ly] — Ly = =V}, by Lemma 3.23. The following identities hold
(they can be easily estabhshed in a special Jordan algebra, and then by means of the
theorem of McDonald [15, Section 1.9], they hold on any Jordan algebra):

(11) UI71Ux7y(Z) = ‘/;7173/(2’).

(12) Vab + Voo = Loy and Vs — Voo = [La, L)

Take A C G(Q2) a lift of v C Q. Every element g € G(§2) can be decomposed as
g = Uk, where x € Q and k € Aut(V) (see for instance [22, Corollary 3.28]). Then,
using this decomposition for A and noting that the positive square root of an element
is unique, we have that A = U,12k; where k; is a path of automorphisms.

Lemma 5.12. Let v C  be smooth, let A = U, 12k be any smooth lift of ~,
where k; C Aut(V). Then the horizontal-vertical decomposition A™'A’ = Ly + D, €
L & Der (V) is given by

H,(t) = zk;;l(L%_l/z( 2, ) K, D, (t) = k;l[L 12y Lol + by Yl
Proof. We have by (11)
AN = B0 e (Una) k 4+ k7K = 267 0 210Ul e oy b+ KU
= E712Vmue ek + KR

Moreover, if We write for 7' € str(V) by means of Lemma 3.23 the decomposition

T = T+T + =T the first summand is a derivation and the second is an L operator.
Then, as for every V operator we have V;W = —V,,» by the previous remark, it follows
that

2V sy = (Vamara sy + Viasa uiay ) 4 (Vamwa iz = Vicira uray)
= (Vomrrz, vy = Vipaygmvz) + (Vim ey + Viguay 5-172)
Now note that for every automorphism k we have that kHk—' = kHk~'. Then
AN =12 Vo172 (172 k + EE
e (le/z,(vm) Vo) b+
R Vg~ Vg )

thus
k! (Vr1/2’(,},1/2)/ + ‘/7(71/2)/7,},71/2) k
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is the L component of A=A’ and
kL (V771/27(71/2)/ — ‘/7(71/2)/7771/2) k + k=LE

is the derivation component of A~'A’. The proof finishes by applying the identites in
(12). O

Proposition 5.13. Given 7 a piecewise smooth path in €2 joining x to y, there exists
a unique horizontal lift A C G(2) with A(0) = U,1/2. This lift is given by A = U 1,2k,
where k; is a path of automorphisms with initial point I/d, that satisfies the differential
equation

(13) K= [Loye, L ek

(/%)

Moreover, this lift is isometric.

Proof. Note first that the differential equation has a solution inside Aut(V), since the
bracket of two L’s is a derivation. Then using Lemma 5.12, it is easy to check that
A = U,2k; is horizontal. Therefore horizontal lifts exist, and moreover they are
unique because the solution of the differential equation with initial data ky = Id is
unique. Let us prove now that this lift is isometric. Let A be any other lift of 7. As
we said before, A = U,y1/2]%t for k; a smooth path of automorphisms. As for every
z €V and D € Der (V) we have that ||L, + D|| > || L. ||, the norm of A'A’ is greater
than the norm of its L—component. Moreover, as automorphisms are isometries,

IATA)| 2 |&7 Lo, k| = Ik Loz, k]| = AT

Now let ¢ > 0, and let A be an e-lift of v as in [21, Theorem 3.25], then by Lemma
5.8 and the previous inequality

Lengthq(7) < Lengthg g (A) < Lengthgq)(A) < Lengthq(v) + ¢

Since ¢ is arbitrary, it follows that A is an isometric lift of ~. OJ
Theorem 5.14. For every z,y € Q we have d'(x,y) = distq(z,y).

Proof. The inequality disto < d’ was obtained earlier in Lemma 5.8, let us prove
that the other inequality holds. Let v be the geodesic of €2 joining x,y, let A be the
isometric lift of v that starts at U,i2. We have that A finishes in U2k for some
automorphism k. Then
d/(ZL', y) = diStG(Q)(le/Q Aut(V), Uy1/2) < diStG(Q)(Ux1/2k71, Uy1/2)
diste(q)(Uyi/2, Up2k) < Lengthg o) (A) = Lengthg (v) = dista(z, y).

Then d'(z,y) < distg(z,y). O

5.3. The metric geometry of G(2). We now return the problem of finding short
paths for the Finsler metric introduced in G(f2), with the help of the additional tools
developed in the previous section.
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Theorem 5.15 (Isometric lift of a geodesics). Let ay = U2 be a geodesic of .
Then the isometric lift A C G(Q2) of « is

A = Upl/QetL” = Upl/QUetv/Q.

Proof. Note that U,ize'™ (1) = Upji2Uptos2(1) = Upze® = aft), therefore A, is a lift
of a. Since A;'A} = L,, we have that A is horizontal and moreover

Lengthe«n(A)=:L/nHA_lAﬂ|==HLUH==|hﬂ|==LengthQ(a)
therefore it is the isometric lift. O

From this we can characterize certain minimizing paths in G(€2) and compute the
distance:

Corollary 5.16. The geodesic A; = Uye'™ is minimizing in G(2), i.e.
Lengthgg) (A) = || L[| = [|v]| = distga) (Ao, A1) = distga)(Up, Upe™).

Proof. By the previous theorem, A is an isometric lift of the minimizing geodesic
a(t) = Uye™ in Q. Then if ® is any path in G(Q2) joining the same endpoints than A,
the path ¢ = ®(1) is a path in € joining the same endpoints than a. Therefore by
Lemma 5.8 and the fact that « is minimizing in €2, we have

Lengthgq)(A) = Lengthg () < Lengthg(¢) < Lengthg g (®),
therefore A is minimizing in G(2). d
This enables the following remark:

Remark 5.17 (Distance from Id to the fiber ez Aut(V)). Every g € G(Q) can be
written as g = U,k for some xz € 2 and k € Aut(V), the metric is left-invariant and
Aut(V)-right-invariant, and the metric in © is the quotient metric. Therefore we can
conclude, by the previous corollary, that for every g € G(Q2) and z € V we have

distg()(g, ge™*) = distga) (1, €") = ||z = distga) (1, " Aut(V))
and t — el is the optimal path between Id € G(2) and the fiber el= Aut(V) C G(1Q).

Remark 5.18. Let D € Der (V), let 6 = —iD® where DC is the complexification of
D, i.e. D%(x +iy) = Dx + iDy. Then it is easy to check that § is a derivation in

*

VE. Moreover, it is a *-derivation i.e. d(w*) = —(6(w))*, where (z + iy)* = = — iy

for z,y € V is the usual involution of the complexification. Then by [33, Corollary
10], we have that § € Her B(VC) that is ¢(d) C R for all p € (B(VC))* such that

p(Id) =1= .

We already noted (and used repeatedly) that ||L, 4+ D|| > ||L.||, thus the derivations
are in some sense orthogonal to IL (this is the notion of Birkhoff orthogonality). Now
we show that the L operators are orthogonal to Der (V) i.e.:

Proposition 5.19. Let z € V, let D € Der (V). Then || L, + D| > ||D||.
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Proof. Let ¢ € B(V®) such that ¢(Id) = 1 = ||¢||. Since |z| > +Im 2 for any z € C,
we have
ILe + Dl = |¢(Le + D)| = £Im p(L,) £ Imip(5),

where 6 = —iD as in the previous remark. Now the operator L, is Hermitian, therefore
©(L,) C R, and so is 4, hence ||L, + D|| > 0 £ ¢(J). Thus the numerical range of §
is in the interval bounded by || L, + D]|, i.e.

V(0) ={»(0) : el = 1= o(Id)} C [=[|La + DI, [|La + Dl]-

Let co(C) denote the convex capsule of the set C C R. Since ¢ is Hermitian, we have
co(o(6)) = V(0) and ||d]| = r(d) = max{\ : A € V(0)} < ||L, + D||, see [, §10] for
details. Therefore ||D| = ||0|| < || L. + D] O

We know by Theorem 5.3 that the one-parameter groups t — e are optimal with
respect to any other path A C Aut(V) joining its endpoints. Since derivations are
also in good position with respect to L-operators, the question arises: is the one-
parameter group in Aut(V) optimal with respect to any other path A C G(2) joining
its endpoints?
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