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Abstract

This article surveys the results in three recent papers by the present authors, which study
the metric, differential and projective geometry of the Poincaré half space and the Poincaré
disk of a C∗-algebra.
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1 Introduction

Given a C∗-algebra A, denote by GA the group of invertible elements of A and by G+ the
positive elements of GA. We define the Poincaré half space of A

H = {h ∈ A : Im h =
1

2i
(h− h∗) is a positive invertible element of A}.

and the Poincaré disk of A
D = {z ∈ A : ‖z‖ < 1}.

In the papers [1], [2] and [3] we define the groups Uρ, Uρ′ which operate on D and H, respectively,
and define on D and H isomorphic structures of reductive homogeneous spaces with invariant
Finsler metrics. Additionally both spaces carry Kähler structures (in a non commutative sense).
We study metric and geometric properties of these spaces. For example the geodesics of the
reductive structure of H (and D) have minimal length among all smooth curves joining their
endpoints. Moreover, the function f(t) = distance between γ(t) and δ(t), for two geodesics
γ and δ, is convex. Therefore, H and D become non positively curved spaces in the sense of
Busemann [18], [7], [10].

As part of their Kähler structure, H and D carry an invariant symplectic structure. We
compute the moment map of this structure, always in a non commutative sense. In the presence
of a trace in A, we show that, for an appropriate subgroup of Uρ, the image of the moment
map is a convex set, a result which resembles the classical theorem of Atiyah, Guillemin and
Sternberg [4], [19] (see also [8]).

Finally, we describe the metric properties of D, as a subset of the projective line of A. Given
z0, z1 ∈ D, let δ : R → D be the unique geodesic with δ(0) = z0 and δ(1) = z1, and its limit
points

z+∞ = lim
t→+∞

δ(t) , z−∞ = lim
t→−∞

δ(t).
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Using ideas of Zelikin [36], we define the cross ratio of the four-tuple {z−∞, z0, z1, z+∞}, which
is an operator cr(z−∞, z0, z1, z+∞). On the other hand, we have the ”initial velocity operator”
δ̇(0), whose norm is the distance between z0 and z1. We establish an identity which relates
the distance operator δ̇(0) and the cross ratio operator cr(z−∞, z0, z1, z+∞). This identity is an
operator valued version of the classical formula involving the hyperbolic distance in the complex
unit disk with the cross ratio in the complex projective line.

One of the motivations for the study of H is the following. We consider G+ as the config-
uration space of a dynamical system. The elements of G+ may be thought of as a familiy of
equivalent inner products of a Hilbert space. The corresponding phase space is TG+. Note that
TG+ consists of pairs of the form (a,X), with a ∈ G+ and X ∈ (TG+)a ' Ah, the selfadjoint
elements of A. TG+ identifies with H by means of (a,X)←→ X + ia. This identification is not
merely formal. The Liouville 1-form on H can be obtained, in the usual way, by identifying the
tangent bundle TG+ with the cotangent bundle T ∗G+, as explained in [2].

As a second motivation, let E be a complex vector bundle over a compact space M provided
with a Hermitian structure. Consider the C∗-algebra Γ(End(E)) of continuous sections of the
endomorphism bundle of E. The Poincaré space of Γ(End(E)) consists of the elements of the
form X + ia, where a is a Hermitian structure on E and X is infinitesimal deformation of a.

2 The geometry of G+

Since one of the motivations of this work is the identification of H with the tangent bundle
TG+, we begin with a summary of results on the geometry of G+. Moreover, the geometry of
D and H depend on the geometry of G+. The results of this section can be found in [13], [14].
For other examples of homogeneous spaces of groups of invertible elements in C∗-algebras see
[5], [16], [25], [26], [27], [35].

First we fix notation for this section. A is a unital C∗-algebra, Ah = {x ∈ A : x∗ = x}
(Hermitian elements of A), Aah = {x ∈ A : x∗ = −x} (anti-Hermitian elements of A); recall
that Ah ⊕ Aah = A. GA is the group of invertible elements of A, G+ is the space of positive
elements of GA, UA is the group of unitary elements of A.

If A is represented in a Hilbert space (L, 〈 , 〉), then G+ can be thought of as a set of inner
product on L which are equivalent to 〈 , 〉: if a ∈ G+,

〈ξ, η〉a := 〈aξ, η〉, ξ, η ∈ L.

Each a ∈ G+ defines also an involution ∗a in A: for x ∈ A, x∗a = a−1xa. If A is represented in
L, then ∗a is the adjoint with respect to 〈 , 〉a.

Note that for a ∈ G+, if we denote

Aah := {x ∈ A : x∗a = x} and Aaah := {x ∈ A : x∗a = −x},

then it holds that A = Aah ⊕Aaah (i.e., the decomposition as a-Hermitian and a-anti-Hermitian
elements).

Since GA is an open subset of A, its manifold structure is trivial, and for each g ∈ GA, the
tangent space (TGA)g identifies with A. Similarly, G+ is open in Ah, and thus (TG+)a ' Ah
for each a ∈ G+.

The group GA acts on G+ by means of

L : GA ×G+ → G+ , Lga = (g∗)−1ag−1,
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for g ∈ GA and a ∈ G+. The action is transitive: for each pair a, b ∈ G+ it holds that Lga = b
for g = b−1/2a1/2.

Along this paper, for the left action of a group G on a manifold M , we use both notations
Lgm and g ·m, for g ∈ G and m ∈M .

The isotropy subgroup of a ∈ G+ for the action L is Ia = {g ∈ GA : (g∗)−1ag−1 = a}.
Note that I1 = UA. Again, if A is represented in L, then Ia = {g ∈ GA : g : (L, 〈 , 〉a) →
(L, 〈 , 〉a) is unitary}. For any a ∈ G+, the map pa : GA → G+, pa(g) = Lga = (g∗)−1ag−1 is
a submersion with a global section sa : G+ → GA, sa(b) = b−1/2a1/2. As a consequence, we get
a diffeomorphism

GA/UA ←→ G+, gUA 7→ (g∗)−1g−1 = (gg∗)−1,

whose inverse is b 7→ b−1/2UA.
Notice that the tangent map of pa at 1 ∈ GA is (Tpa)1 : A → Ah, T (pa)1x = −(ax+ x∗a).

Its kernel is the Banach-Lie algebra of Ia: ia = N((Tpa)1) = (TIa)1. If A is represented in
L, then (TIa)1 consists of the elements of A which are anti-Hermitian operators in (L, 〈 , 〉a).
Therefore, a natural complement for (TIa)1 in (TGA)1 = A is

Ha = {x ∈ A : ax = x∗a},

i.e., the a-Hermitian elements ofA. It is a relevant fact that the restriction (Tpa)1|Ha : Ha → Ah
is a linear isomorphism, whose inverse is Ka : Ah → Ha, Ka(z) = −1

2a
−1z. It is easy to verify

that Ha has the following properties:

1. for g ∈ Ia and y ∈ Ha, it holds that gyg−1 ∈ Ha;

2. for x ∈ ia = (TIa)1 and y ∈ Ha, it holds that [x, y] = xy − yx ∈ Ha;

3. the map a 7→ Ha is smooth.

This shows that the distribution of subspaces a 7→ Ha defines a reductive structure in G+.
Usually, Ha is called the horizontal space of A = (TGA)a at a ∈ G+.

The map a 7→ Ka will be called the 1-form of the reductive homogeneous spaces G+.
As with any reductive homogenous space, for any smooth curve a = at : [0, 1] → G+ there

exists a unique horizontal lifting of a, i.e., a smooth curve g = gt : [0, 1]→ G such that pa0g=a
and ġt := dg

dt ∈ Hgt for all t ∈ [0, 1]. The horizontal lifting g is the unique solution of the linear
differential equation {

ġ = Ka(ȧ)g
g0 = 1,

which we call the transport equation for G+. The solution g provides the parallel transport of
vectors along the curve a. Explicitly, the transport equation for G+ is{

ġ = −1
2a
−1ȧg

g0 = 1.

The solution g is used to define (via parallel transport) the covariant derivative of a vector field
X = Xt along a = at:

DX

dt
:= (g∗t )

−1(
d

dt
(TLgt)atXt)g

−1
t = Ẋ − 1

2
(Xa−1ȧ+ ȧa−1X).
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The vector field is parallel if
DX

dt
= 0. A curve a = at is called a geodesic of this linear connection

if ȧ is parallel, i.e.,
ä = ȧa−1ȧ. (1)

There are two classical problems associated to the equation (1), namely:

1. the initial values problem 
ä = ȧa−1ȧ
a0 = b
ȧ0 = x, for b ∈ G+, x ∈ (TG+)b

and

2. the boundary values problem 
ä = ȧa−1ȧ
a0 = b
a1 = c, for b, c ∈ G+

Both have a unique solution. For the initial values problem the solution is

at = e−
t
2
x = etK1(x) if b = 1,

or
at = b1/2e−

t
2
b−1/2xb−1/2

b1/2 (2)

for b ∈ G+ and x ∈ Ah = (TG+)1 arbitrary. The solution for the boundary valued problem is

at = b1/2(b−1/2cb−1/2)tb1/2. (3)

Note that the velocity vector at t = 0 of this geodesic is x = −2 log(b−1/2cb−1/2)
The exponential map of G+ is therefore given by

expa : (TG+)a ' Ah → G+ , expa(x) = a1 = a1/2ea
−1/2xa−1/2

a1/2, (4)

which is a global diffeomorphism with inverse

loga : G+ → Ah , loga b = a1/2 log(a−1/2ba−1/2)a1/2. (5)

There is a natural metric in G+ which comes from a Finsler structure, i.e., a continuous
distribution of norms a 7→ ‖ ‖a on (TG+)a. Define ‖X‖a := ‖a−1/2Xa−1/2‖. It is easy to show
that ‖X‖a = ‖g∗Xg‖g∗ag. Put d(a, b) = inf length(γ), for γ a smooth curve joining a and b,

where length(γ) =
∫ 1

0 ‖γ̇(t)‖γ(t)dt. Therefore d is invariant under the action of GA, which means
that G acts isometrically on G+.

Theorem 2.1.

1. If b, c ∈ G+ and at = b1/2(b−1/2cb−1/2)tb1/2 is the unique geodesic joining b and c, then
a = at is shortest among all smooth curves joining b and c in G+. Then

d(b, c) = length(a) = ‖ log(b−1/2cb−1/2)‖.

2. If a = at, b = bt are geodesics in G+, then f(t) = d(at, bt) is a convex function in R
Remark 2.2. Metric spaces with these properties are called non positive curvature spaces in
the sense of Alexandroff [18], [7], [9]. Note that the geodesics are defined for all t ∈ R, and that
he distance d is GA-invariant.
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3 Polar decomposition of reflections

If T is a bounded linear operator on a Hilbert space, there exists a unique partial isometry V
such that T = V |T | = |T ∗|V , with |T | = (T ∗T )1/2 such that N(V ) = N(T ) (N denotes the
nullspace). In an abstract C∗-algebra A, a similar result holds, except that the partial isometry
may not belong to A, but to A′′, the enveloping von Neumann algebra of A. However, if T is
invertible, then V = T |T |−1 ∈ A. This is called the polar decomposition of T .

Proposition 3.1. If a ∈ GA then σa := a|a|−1 = |a∗|−1a ∈ UA.

For further use, we remark that if a2 = 1, then σa = σ−1
a = σ∗a and σa|a| = |a|−1σa.

4 A space of idempotents related to a symmetry

From now on, we shall deal with the C∗-algebra M2 = M2(A) = A2×2, which can be regarded
as the algebra of all A-linear adjointable operators acting in the right C∗ A-module A2. The
A-valued inner product of this module is given by

〈x,y〉 = x∗y = x∗1y1 + x∗2y2,

for x =

(
x1

x2

)
and y =

(
y1

y2

)
. The adjoint of a matrix a =

(
a11 a12

a21 a22

)
∈M2 is given by

a∗ =

(
a∗11 a∗21

a∗12 a∗22

)
.

If a ∈M2 and S is a submodule of A2, we write a ≥ 0 in S if 〈ax,x〉 ≥ 0 for all x ∈ S.
We define

Q = {q ∈M2 : q2 = q} (6)

and
P = {p ∈ Q : p∗ = p}. (7)

Notice that the map q 7→ 2q − 1 establishes natural bijections

Q → {a ∈M2 : a2 = 1}.

For later use, we recall that Q is a smooth submanifold of M2 with tangent spaces given by

(TQ)q = {x ∈M2 : xq + qx = x},

for q ∈ Q. Also P is a smooth submanifold of Q, and for p ∈ P,

(TP)p = {x ∈M2 : xp+ px = x and x∗ = x}.

Proposition 4.1. Given q ∈ Q and a symmetry σ, the following conditions are equivalent:

1. σ(2q − 1) ∈ G+
2 .

2. There exists λ ∈ G+
2 such that 2q − 1 = λ2σ.
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3. There exists λ ∈ G+
2 such that q = λ(1

2(1 + σ))λ−1 and σλσ = λ−1.

4. σ ≥ 0 in R(q), σ ≤ 0 in N(q) and q = σq∗σ.

This result gives several characterizations of the set

Qσ = {q ∈ Q : σ(2q − 1) ∈ G+
2 }, (8)

which plays a central role in this exposition. Notice also the immersion

Qσ ↪→ G+
M2
, defined by q 7→ (2q − 1)σ. (9)

The fiber Qσ is a smooth submanifold of Q, and for q ∈ Qσ

(TQσ)q = {x ∈M2 : xq + qx = x and σx∗ = xσ}.

5 The unitary group of a symmetry

Every symmetry σ ∈M2 defines an A-valued sesquilinear form θσ in A2:

θσ : A2 ×A2 → A , θσ(x,y) = 〈σx,y〉 = x∗σy. (10)

Every a ∈M2 admits a θσ-adjoint a]σ ∈M2,

θσ(ax,y) = θσ(x, a]σy), i.e., a]σ = σa∗σ. (11)

The unitary group Uσ of θσ is

Uσ = {a ∈ GM2 : θσ(ax, ay) = θσ(x,y) for all x,y ∈ A2} = {a ∈ GM2 : σa∗σ = a−1}. (12)

In this paper we shall study the group Uσ and some relevant homogeneous spaces, only for the
special symmetries

σ = ρ :=

(
1 0
0 −1

)
and σ = ρ′ :=

(
0 −i
i 0

)
.

In the remaining of this section we focus in the case ρ. Explicitly,

θρ : A2 ×A2 → A , θρ(x,y) = x∗1y1 − x∗2y2 = x∗ρy.

By (11), for a ∈ M2 it holds that a]ρ = ρa∗ρ =

(
a∗11 −a∗21

−a∗12 a∗22

)
. Therefore, a ∈ Uρ if and

only if a ∈ GM2 and satisfies ρa∗ρ = a−1; explicitly
a∗11a11 − a∗21a21 = 1
a∗11a12 − a∗21a22 = 0
a∗12a11 − a∗22a21 = 0
a∗22a22 − a∗12a12 = 1

(13)
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Remark 5.1. It can be shown that Uρ is a Banach-Lie subgroup of GM2 ([1]). Its Banach-Lie
algebra is given by

Uρ = {x ∈M2 : ρx+ x∗ρ = 0} = {
(
b x∗

x c

)
: b, c ∈ Aah, x ∈ A},

where Aah = {x ∈ A : x∗ + x = 0}.
Observe also that the Banach-Lie algebra of the subgroup Uρ ∩ UM2 is

(T (Uρ ∩ UM2))1 = {
(
b 0
0 c

)
: b, c ∈ Aah}.

Using (13) it follows that the subgroup Uρ is closed for the adjoint operation and that
a11, a22 ∈ GA.

Proposition 5.2. The map

Qρ → U+
ρ , q 7→ ((2q − 1)ρ)1/2

is a diffeomorphism with inverse λ 7→ λpλ−1.

Remark 5.3. Notice that the diffeomorphism above has the explicit matrix form

q 7→

(
(1 + q

−1/2
11 q∗21q21q

−1/2
11 )1/2 q

−1/2
11 q∗21

q21q
−1/2
11 (1 + q21q

−1
11 q

∗
21)1/2

)
. (14)

The elements of Uρ are known in different areas of mathematics as Möbius, linear fractional
[29], [24], [31] or symplectic transformations [28], [16], [35].

6 Qρ as a homogeneous space of Uρ
In this section we prove that Qρ and D are diffeomorphic as reductive homogeneous spaces of
Uρ, by means of an Uρ-equivariant diffeomorphism.

The set
Kρ := {x ∈ A2 : x∗ρx = 1, x1 ∈ GA} (15)

plays a role which is similar to that of the punctured plane in the stereographic projection. Notice
that Kρ consists of the elements of the unit sphere of θρ whose first coordinate is invertible.

In order to identify the spaces Qρ and D we shall use projective methods. In fact, we
present both spaces as subsets of the ”projective line” associated with A2. For instance, x =(
x1

x2

)
∈ Kρ will serve to indicate the element z ∈ D, z = x2x

−1
1 by means of its ”homogeneous

coordinates”. Analogously, a point q ∈ Qρ is represented by x ∈ Kρ as the θρ-orthogonal
projection over the A-submodule [x] spanned by x.

We collect in the next proposition several useful facts which relate Kρ with the group Uρ.

Proposition 6.1.

1. If x =

(
x1

x2

)
∈ Kρ, then ‖x2x

−1
1 ‖ < 1.
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2. If a ∈ Uρ and x ∈ Kρ, then ax ∈ Kρ.

3. If x ∈ Kρ then there exists y ∈ A2 such that x∗ρy = 0 and y∗ρy = −1; in particular

a =

(
x1 y1

x2 y2

)
∈ Uρ.

4. The action of Uρ on Kρ by left multiplication (see 2. above) is transitive: Kρ = Uρx for
any x ∈ Kρ.

The next theorem is a useful characterization of Qρ by means of elements of Kρ; it will be
frequently used in the sequel. First we need to establish a few facts.

Definition 6.2. If x ∈ Kρ, denote

px = xx∗ρ ∈M2. (16)

Lemma 6.3. For x ∈ Kρ it holds that px ∈ Q and R(px) = [x] := {xa : a ∈ A}. In particular,
this latter space is a closed and complemented submodule of A2. For x,x′ ∈ Kρ, px = px′ if and
only if [x] = [x′], if and only if there exists u ∈ UA such that x′ = xu.

Theorem 6.4. Qρ coincides with the set {px : x ∈ Kρ}.

Theorem 6.5.

1. The map ϕρ : Kρ → Qρ ϕρ(x) = px is a smooth principal fibration, with group UA and

with a global cross section: σρ : Qρ → Kρ , σρ(q) = λqe1 =

(
q

1/2
11

q21q
−1/2
11

)
.

2. The map Φ : Kρ → Qρ × UA , Φ(x) = (px,x
∗ρσρ(px)) is a diffeomorphism with inverse

Φ−1(q, u) = σρ(q)u
∗.

Remark 6.6. One should notice that, with the current assumptions and notations, x∗ρσρ(px) =
x∗1(x1x

∗
1)−1/2

The tautological bundle of Qρ is defined by

{(q,x) ∈ Qρ ×A2 : x ∈ R(q)}

with the projection (q,x) 7→ q. We get the diagram

Kρ ↪→ {(a,x) :∈ Qρ ×A2 : x ∈ R(q)}
↘ ↓
Qρ

(17)

where the horizontal arrow is given by x 7→ (px,x) (x ∈ Kρ). A corollary of Theorem 6.4 is that
ϕρ : Kρ → Qρ is the principal bundle with group UA associated to the tautological bundle. We
shall pursue this matter later (Section 14).
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Proposition 6.7.

1. Uρ acts transitively on Qρ by similarity: Uρ ×Qρ → Qρ, (a, q) 7→ aqa−1.

2. For every q0 ∈ Qρ, the map πq0 : Uρ → Qρ, πq0(a) = aq0a
−1 is smooth and onto. Moreover,

πq0 admits a global cross section.

Corollary 6.8. For q ∈ Qρ, the isotropy group Hq of q, Hq = {a ∈ Uρ : aqa−1 = q} is a closed
Lie-Banach subgroup of Uρ and the bijection Uρ/Hq ↔ Qρ is a diffeomorphism. In other terms,
Qρ is a reductive homogeneous space of Uρ.

The proof is straightforward. The cross section of the above proposition induces the inverse
diffeomorphism.

We note now that Qρ is a reductive homogeneous space of Uρ. We proved before (Remark
5.1) that the Lie algebra of Uρ is

uρ = {x ∈M2 : ρx∗ρ = −x} = {
(
b c∗

c d

)
: b, c, d ∈ A, b+ b∗ = 0, d+ d∗ = 0}.

The isotropy group of p in Uρ is

Ip = {a ∈ Uρ : ap = pa} = {
(
u 0
0 v

)
: u, v ∈ UA}.

Then its Lie algebra is

ip = {
(
b 0
0 d

)
: b+ b∗ = d+ d∗ = 0},

and a natural supplement for ip in uρ is

Hp = {
(

0 c∗

c 0

)
: c ∈ A}. (18)

It is fairly obvious that aHpa
−1 ⊂ Hp for every a ∈ Ip.

It follows then that the unique geodesic δ in Qρ with δ(0) = p and δ̇(0) = X ∈ Hp is

δ(t) = etX · p = e
t
2
Xp e−

t
2
X . (19)

Recall from (9) the immersion

Φ : Qρ → G+
M2

, q :7→ ((2q − 1)ρ)1/2,

which satisfies that im Φ = U+
ρ .

We shall prove later that this immersion preserves the relevant geometrical structures. In
particular, it translates geodesics of Qρ into geodesics of G+

M2
. Conversely, every geodesic of

G+
M2

contained in U+
ρ is the image of a geodesic in Qρ. Using this translation we are able to

compute in an explicit way all geodesics of Qρ.
If q0, q1 ∈ Qρ, then

µ0 = ((2q0 − 1)ρ)1/2 , µ1 = ((2q1 − 1)ρ)1/2 (20)
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belong to G+
M2

and, therefore, they are joined by a unique geodesic µ in G+
M2

. Explicitly, the
curve

µ : [0, 1]→ G+
M2

, µ(t) = µ
1/2
0

(
µ
−1/2
0 µ1µ

−1/2
0

)t
µ

1/2
0

is the unique geodesic in G+
M2

such that µ(0) = µ0 and µ(1) = µ1 (recall (3) in Section 2). By
definition, µ0, µ1 ∈ im Φ = U+

ρ ; it is an easy exercise to show that µ(t) ∈ U+
ρ for all t ∈ [0, 1]

(for all t ∈ R, in fact). From the polar decompositions

(2q0 − 1) = (2q0 − 1)ρρ = µ2
0ρ, (2q1 − 1) = (2q1 − 1)ρρ = µ2

1ρ

and the fact (Proposition 4.1) that q0 = µ0pµ
−1
0 and q1 = µ1pµ

−1
1 we see that

q(t) = µ(t)pµ−1(t) (21)

is the geodesic in Qρ joining q0 and q1.

Remark 6.9. It is apparent that U+
ρ is also a reductive homogeneous space of Uρ. We do not

pursue its study here, since its geometry is that of Qρ.

7 D as a homogeneous space of Uρ
Our next step is to show that the Poincaré disk

D = {z ∈ A : z∗z < 1} = {z ∈ A : ‖z‖ < 1}

is a reductive homogeneous space of Uρ, equivariantly diffeomorphic to Qρ.

Recall from Proposition 6.1 that x2x
−1
1 ∈ D for every x =

(
x1

x2

)
∈ Kρ.

Proposition 7.1. The map

ϕD : Kρ → D , ϕD(x) = x2x
−1
1

is a smooth submersion with a smooth global cross section. Namely,

xz :=

(
1
z

)
(1− z∗z)−1/2 ∈ Kρ,

and ϕD(xz) = z; thus σD(z) = xz defines a smooth global cross section for ϕD.

Notice that σD(ϕD(x)) = xx2x−1
1

=

(
1

x2x
−1
1

)
(x1x

∗
1)1/2.

We have the following proposition:

Proposition 7.2. If x ∈ Kρ then x∗ρσD(x2x
−1
1 ) ∈ UA, and the map

ΦD : Kρ → D × UA, ΦD(x) = (x2x
−1
1 ,x∗ρσD(x2x

−1
1 )

is a diffeomorphism with inverse

Φ−1
D (z, u) = σD(z)u∗ =

(
1
z

)
(1− z∗z)−1/2u∗.
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Definition 7.3. Define the action of Uρ on D as follows: for a ∈ Uρ and z ∈ D, put

a · z := ϕD(aσD(z)) = ϕD(a

(
1
z

)
(1− z∗z)−1/2) = (a21 + a22z)(a11 + a12z)

−1.

Proposition 7.4. The action of Uρ on D is transitive.

With a similar argument as in Proposition 6.1.4, it easy to show that

gz =

(
(1− z∗z)−1/2 (1− z∗z)−1/2z∗

z(1− z∗z)−1/2 (1− zz∗)−1/2

)
∈ Uρ (22)

and gz · 0 = z.

For each z0 ∈ D, consider

πz0 : Uρ → D , πz0(a) = a · z0.

Theorem 7.5. D is a reductive homogeneous space of Uρ.

Consider z0 = 0. The isotropy subgroup I0 = {a ∈ Uρ : a · 0 = 0} is

I0 = {
(
u 0
0 v

)
: u, v ∈ UA}.

The Lie algebra of I0 is

i0 = {
(
b 0
0 d

)
: b∗ = −b, d∗ = −d}

and a supplement for i0 in uρ is

H0 = {
(

0 c∗

c 0

)
: c ∈ A}

which is a reductive complement.
As in the case of Qρ, the geodesics of the affine connection of D starting at 0 are, exactly,

those of the form δ(t) = etX · 0, with X ∈ H0; the geodesics starting at z ∈ D are gz · (δ(t)).

The next result identifies Qρ and D as reductive homogeneous spaces of Uρ.

Theorem 7.6. There exists a diffeomorphism αD : Qρ → D which makes the following diagram
commutative

Kρ
ϕρ

~~

ϕD

  
Qρ

αD // D,

(23)

All maps in the diagram are Uρ-equivariant, i.e., for every x ∈ Kρ, a ∈ Uρ and q ∈ Qρ it holds
that

ϕρ(ax) = apxa
−1 , ϕD(ax) = a · (x2x

−1
1 ) and αD(apxa

−1) = pax.

11



We continue here the study of the geodesics of D.
It is easy to see that for any z ∈ D, the unique geodesic δ of D such that δ(0) = 0 and

δ(1) = z is given by

δ(t) = e
t

 0 α∗

α 0


· 0 , where α = z

∞∑
k=0

1

2k + 1
(z∗z)k. (24)

Note here that
∑∞

k=0
t2k+1

2k+1 is the Taylor series of the function f(t) = 1
2 log(1+t

1−t), in the interval
(−1, 1). We shall compute below the explicit form of δ in D, joining 0 and z ∈ D at time t = 1:

Lemma 7.7. Given z ∈ D, the unique geodesic δ of D with δ(0) = 0 and δ(1) = z is given by

δ(t) = ω tanh(t|α|), (25)

where α is given in (24) above, and ω is the partial isometry in the polar decomposition of α:
α = ω|α|, performed in A∗∗.

Notice that ω ∈ A∗∗ need not belong to A. However, δ(t) ∈ A for all t. Concerning partial
isometries in C∗-algebras, see [21].

Let us relate the polar decompositions of z and α.

Proposition 7.8. If z ∈ D and α as in (24), then

α =
1

2
ω(log(1 + |z|)− log(1− |z|)), and z = ω|z|,

i.e., the partial isometry ω ∈ A∗∗ is the same for α and z.

Corollary 7.9. The exponential map exp0 of D at 0, and its inverse log0 can be written explicitly
as follows: if z = ω|z| ∈ D

log0 : D → (TD)0 , log0(z) =
1

2
ω log

(
(1 + |z|)(1− |z|)−1

)
.

If α = ω|α| ∈ A ' (TD)0, then

exp0 : (TD)0 → D , exp0(α) = ω tanh(|α|).

In particular, if α = log0(z) (or, equivalently, z = exp0(α)), then z and α have the same partial
isometry in the polar decomposition. Also,

| exp0(α)| = tanh(|α|) and | log0(z)| = 1

2
log
(
(1 + |z|)(1− |z|)−1

)
. (26)
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8 H as a reductive homogeneous space

Consider now the symmetry

ρ′ :=

(
0 −i
i 0

)
= i

(
0 −1
1 0

)
, (27)

the A-valued form θρ′

θρ′ : A2 ×A2 → A, θρ′(x,y) = x∗ρ′y = −i(x∗1y2 − x∗2y1) = 2 Im (x∗1y2), (28)

its unitary group
Uρ′ = {a ∈ GM2 : ρ′a∗ρ′ = a−1}, (29)

and the hyperboloid
Kρ′ = {x ∈ A2 : x∗ρ′x = 1, x1 ∈ GA}. (30)

Consider also the unitary matrix in M2

U =
1√
2

(
1 1
i −i

)
. (31)

Proposition 8.1. The matrix U has the following properties,

1. it intertwines ρ and ρ′: ρ′ = UρU∗;

2. it conjugates the unitary groups: Uρ′ = UUρU∗;

3. it maps one hyperboloid onto the other: Kρ′ = UKρ.

Proposition 8.2.

1. If x ∈ Kρ′ then x2x
−1
1 ∈ H.

2. The map
ϕH : Kρ′ → H , ϕH(x) = x2x

−1
1 (32)

is a submersion with a global cross section

σH : H → Kρ′ , σH(h) =

(
1
h

)
(2 Im h)−1/2. (33)

As in the case of ρ, we define

Qρ′ = {q ∈ Q : (2q − 1)ρ′ ∈ G+
M2
} (34)

and we get analogous results and properties. In particular, if x ∈ Kρ′ and px = xx∗ρ′, then
px ∈ Qρ′ and these idempotents exhaust Qρ′ :

Qρ′ = {xx∗ρ′ : x ∈ Kρ′}.
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We get an analogous commutative diagram

Kρ′
ϕρ′

}}

ϕH

  
Qρ′

αH // H,

(35)

where ϕρ′(x) = xx∗ρ′ and αH(px) = x2x
−1
1 is a well defined diffeomorphism.

The group Uρ′ acts on H (as Uρ acts on D) as follows. First, note that, if a ∈ Uρ′ and h ∈ H
then

xh =

(
1
h

)
(2 Im h)−1/2 ∈ Kρ′ (36)

and also axh ∈ Kρ′ by Proposition 8.1.

Definition 8.3. For a ∈ Uρ′ and h ∈ H put

a · h = ϕH(axh) = (axh)2(axh)−1
1 = (a21 + a22h)(a11 + a12h)−1.

It is a routine calculation to prove that this action is well defined and that all maps in the
diagram (35) are Uρ′-equivariant. The action of Uρ′ on H is transitive because the unitary U
implements an isomorphism between diagrams (23) and (35). However, in the next section we
shall prove this result without using the unitary U .

As in the case of D, H is a reductive homogeneous space of Uρ′ and we get that H and Qρ′
are isomorphic (as reductive homogeneous spaces). Combining diagrams (23) and (35) by means
of U , we get a bigger diagram

Kρ
U−→ Kρ′

ϕρ ↙ ↘ ϕD ϕρ′ ↙ ↘ ϕH

D
−→
α−1
D Qρ

−→
Ad(U) Qρ′

−→
αH H

. (37)

Here Ad(U) : Qρ → Qρ′ denotes ths isomomorphism Ad(U)q = UqU∗.

Remark 8.4. The composition αH ◦Ad(U)◦α−1
D provides the (linear fractional) diffeomorphism

Γ : D → H , Γ(z) = i(1 + z)(1− z)−1

with inverse
Γ−1 : H → D , Γ−1(h) = (1 + ih)(1− ih)−1.

9 The Borel subgroup of Uρ′

We have proven several results about the relations between the groups Uρ and the manifolds Kρ,
Qρ and D. The unitary matrix U allowed us to translate these relations to the analogous spaces
in the case of ρ′. We have chosen to proceed in this order (first ρ, then ρ′) because many of
the properties reviewed had easier and more natural proofs in the former realm. In this section
we introduce a subgroup of Uρ′ which is easier to understand, and, more important, it admits a
clear geometric interpretation.
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Definition 9.1. The Borel subgroup of Uρ′ is

B′ := {a =

(
a11 0
a21 a22

)
∈ Uρ′}.

Proposition 9.2. The subgroup B′ coincides with

{a =

(
g 0

(g∗)−1x (g∗)−1

)
: g ∈ GA, x ∈ Ah}.

Remark 9.3. Observe that, for a =

(
g 0

(g∗)−1x (g∗)−1

)
∈ B′ and h ∈ H, it holds that

a · h = (a

(
1
h

)
)2(a

(
1
h

)
)−1
1 = (g∗)−1(x+ h)g−1 = Lg(a+ h).

That is, the action of B′ on h is the affine translation by x∗ = x (which remains in H: Im
(x+ h)= Im (h) > 0), followed by the action Lg of GA extended to H: Lgk = (g∗)−1kg−1.

Significantly, there is no loss of geometric information if we restrict the action to the subgroup
B′:

Proposition 9.4. B′ acts transitively on H.

Proposition 9.5. The action of B′ on Kρ′ is free. So in particular, B′ is diffeomorphic to Kρ′.

Specifically, we get the diffeomorphism

Kρ′ → B′ x 7→

( √
2x1 0

1√
2
(x∗1)−1(x∗1x2 + x∗2x1) 1√

2
(x∗1)−1

)
(38)

with inverse

B′ → Kρ′ ,
(

g 0
(g∗)−1x (g∗)−1

)
7→
(

g
(g∗)−1(x+ i)

)
.

Remark 9.6. The diffeomorphism Kρ′ ' B′ proved above defines a group structure on Kρ′ . On
the other hand, as in (17), we have the diagram

Kρ′ ↪→ {(a,x) :∈ Qρ′ ×A2 : x ∈ R(q)}
↘ ↓
Qρ′ ,

(39)

which proves that the map Kρ′ → Qρ′ , x 7→ px is a principal fiber bundle with structure group
UA, associated to the tautological bundle on Qρ′ , cf. [6]. This configuration is similar to that of
the classical Hopf fibration

S1 ↪→ S3 ⊂ C2

↓
S2 = CP1,

where S3 → S2 is the principal S1-bundle associated to the tautological bundle on CP1. More-
over, S3 can be identified with the group Spin (3), which is isomorphic to the group of unit
quaternions.
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In order to understand the structure of Uρ′ , it will be also useful to consider the subgroup
T ⊂ Uρ′ ,

T := {
(

1 τ
0 1

)
: τ ∈ Ah}. (40)

B′ and T locally decompose Uρ′ , in the following sense:

Proposition 9.7. B′ and T are Banach-Lie subgroups of Uρ′, and complemented submanifolds of
M2. They generate an open and closed subgroup of Uρ′, which contains the connected component
of the identity.

Remark 9.8. If A is a von Neumann algebra, then Uρ′ is connected. Since U+
ρ′ is clearly

connected (in fact, contractible), one needs to show that the unitary part Dρ′ = Uρ′ ∩UM2 of Uρ′
is connected. Note that Dρ′ = UM2 ∩{J}′ . Since J is anti-Hermitian, it follows that {J}′ ⊂M2

is a von Neumann algebra, and therefore UM2 ∩ {J}′ is the unitary group of a von Neumann
algebra, thus connected.

Theorem 9.9. The unitary part Dρ′ of Uρ′ is isomorphic to UA × UA. The group Π0(Uρ′) of
connected components of Uρ′, is isomorphic to Π0(UA)×Π0(UA).

Corollary 9.10. B′ and T generate Uρ′ if and only if UA is connected.

Remark 9.11. Note that if c ∈ T , then c∗ ∈ B′. In particular, B′ and (B′)∗ = {b∗ : b ∈ B′}
generate a subgroup B′ ∨ (B′)∗ of Uρ′ which contains the connected component of the identity.

The matrix J =

(
0 −1
1 0

)
is an element of Uρ′ . Notice that B′ and J generate the subgroup

B′ ∨ J = B′ ∨ (B′)∗. Indeed, if b =

(
g 0

(g∗)−1x (g∗)−1

)
∈ B′ (x∗ = x), then

JbJ−1 =

(
(g∗)−1 −(g∗)−1

0 g

)
,

which is the adjoint of

(
g−1 0
−xg−1 g∗

)
=

(
h 0

(h∗)−1y (h∗)−1

)
, an element of B′; here h = g−1

and y = −h∗xh ∈ Ah.
Observe that J acts as a symmetry of H in the sense that it is an involutive isometry of the

homogeneous reductive space H and inverts geodesics through i ∈ H. Also we have a similar
symmetry with respect to any point in H (by means of the action of the group Uρ′). For this
reason we can consider H as a symmetric space as in the classical setting [20].
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10 The covariant derivative in H
In this section we compute explicitly the covariant derivative induced by the reductive structure
(see for instance [22]). As in the case of Uρ, the Banach-Lie algebra uρ′ of Uρ′ decomposes as

uρ′ = u0,ρ′ ⊕ u1,ρ′ = {β ∈M2(A)as : βJ = Jβ} ⊕ {γ ∈M2(A)s : γJ = −Jγ},

where J =

(
0 −1
1 0

)
as above. Then, elements X ∈ uρ′ are of the form X = X0 +Xh,

X =

(
x11 x12

−x12 −x11

)
+

(
α β
β −α

)
with x∗11 = −x11, and all other entries selfadjoint. The left hand subspace u0,ρ′ is the Banach-Lie
algebra of the isotropy group of the action at the element i ∈ H. The right hand subspace u1,ρ′

is the horizontal space at this point.

Theorem 10.1. The 1-form of the reductive connection at i ∈ H is

ςi(ζ) =
1

2

(
−Υ χ
χ Υ

)
, if ζ = χ+ iΥ.

The covariant derivative is given by

Dζ

dt
= ζ ′ −Re(x′y−1

0 Υ + y′y−1
0 χ) + iRe(x′y−1

0 χ− y′y−1
0 Υ). (41)

Therefore, the geodesics ζ of H, which start in h0 = x0 + iy0, are the solutions of Dζ̇
dt = 0,

which amounts to {
χ̈ = Re (x′y−1

0 Υ̇ + y′y−1
0 χ̇)

Ϋ = Re (x′y−1
0 χ̇− y′y−1

0 Υ̇)
.

11 Finsler metrics

By ”Finsler metric” or ”Finsler structure”, we mean a continuous distribution of norms in the
tangent spaces as in Section 2 (cf. [32], Section 12).

In this section we define Finsler structures in Qρ and D, which are invariant with respect
to the action of Uρ. The case of Qρ′ and H as homogeneus metric spaces of Uρ′ can be dealt
similarly.

11.1 Finsler metric in Qρ
The space Qρ has a Finsler metric, which is invariant under the action of Uρ. It is defined as
follows:

1. If X ∈ (TQρ)p, define ‖X‖p = ‖X‖.

2. If X ∈ (TQρ)q, then a−1Xa ∈ (TQρ)p for every a ∈ Uρ such that a · p = q. We define
‖X‖q = ‖a−1Xa‖.
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Note that ‖a−1Xa‖ = ‖b−1Xb‖ if a, b ∈ Uρ verify that a · p = b · p = q. Indeed, in this case
b = aw for w ∈ Ip; in particular, as we saw earlier, w is a unitary element in M2. Thus

‖b−1Xb‖ = ‖w∗a−1Xaw‖ = ‖a−1Xa‖.

Thus the Finsler metric below is well defined:

Definition 11.1. For X ∈ (TQρ)q,

‖X‖q = ‖a−1Xa‖|,

for any a ∈ Uρ such that a · p = q

This metric is invariant under the action of Uρ:

‖cXc−1‖cqc−1 = ‖X‖q , for all q ∈ Qρ, X ∈ (TQρ)q and c ∈ Uρ. (42)

11.2 Finsler metric in D

We introduce a Finsler metric on D, which will be shown to be invariant under the action of
Uρ. In other words, for each a ∈ Uρ, if La : D → D denotes the translation Laz = a · z, then
(TLa)z : (TD)z → (TD)a·z will be an isometry.

Definition 11.2.

1. For x ∈ (TD)0 ' A we put
‖x‖0 := ‖x‖, (43)

the usual norm of A.

2. If x ∈ (TD)z where z = a · 0, then (TLa−1)zx ∈ (TD)0 and we put

‖x‖z := ‖(TLa−1)zx‖0 = ‖(TLa−1)zx‖. (44)

Next, we show that the diffeomorphism αD in the diagram (23) is isometric.

Proposition 11.3. The diffeomorphism αD : Qρ → D, αD(q) = q21q
−1
11 is isometric, i.e.

‖(TαD)qx‖αD(q) = ‖x‖q,

for every x ∈ (TQρ)q.

Remark 11.4. There is a similar result for the isomorphism Qρ′ → H.
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12 Immersions in G+
M2

We have now all geometric tools necessary to profit from our knowledge of the geometry of Qρ
and Qρ′ . First, we need the following definition:

Definition 12.1. If M (resp. M ′) is a homogeneous space of the Lie-Banach group G (resp.
G′), a morphism from (G,M) to (G′,M ′) is a smooth map

G×M → G′ ×M ′ , (g,m) 7→ (ϕ(g),Φ(m))

such that ϕ : G→ G′ is a smooth group homomorphism, Φ : M →M ′ is a smooth map and

Φ(g ·m) = ϕ(g) · Φ(m) (45)

for all g ∈ g, m ∈M .

Examples 12.2.

1. Uρ ×D → Uρ ×Qρ, ϕ(a) = a, Φ(z) = pxz , where as before, xz =

(
1
z

)
(1− z∗z)−1/2. In

this case it is an isomorphism, i.e., the inverse map is also an morphism.

2. Uρ×Qρ → GM2×G+
M2

, ϕ(a) = (a∗)−1 (i.e., ϕ is the inclusion Uρ ↪→ GM2), Φ(q) = (2q−1)ρ

(q ∈ Qρ). Indeed, it holds that Φ(aqa−1) = a(2q − 1)a∗.

Analogous examples of morphisms are provided by the following versions of 1. and 2.:

3. Uρ′ ×H → Uρ′ ×Qρ′ , ϕ(a) = a, Φ(h) = pxh , where xh =

(
1
h

)
(Im h)−1/2, as in (36).

4. Uρ′ × Qρ′ → GM2 × G+
M2

, ϕ(a) = (a∗)−1, Φ′(q′) = (2q′ − 1)ρ′. Here also im Φ′ = U+
ρ′ =

Uρ′ ∩G+
M2

.

It is easy to check that the immersions Φ : Qρ → G+
M2

and Φ′ : Qρ′ → G+
M2

preserve the
Finsler metrics.

Therefore, we get:

Theorem 12.3. The spaces D, H, Qρ and Qρ′ share with G+
M2

the following properties:

1. any two points can be joined by a unique geodesic;

2. every geodesic is defined for all t ∈ R;

3. the geodesic joining two points m1,m2 is shortest among all smooth curves joining them
in the manifold;

4. if γ, δ are two geodesics, then f(t) = d(γ(t), δ(t)) is a convex function.

All these spaces are non positive curvature spaces in the sense of Alexandroff.
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Example 12.4. Let us compute the distance dD(0, z) between 0 and z in D. Recall from (26)
the explicit form of the modulus of inverse of the exponential map (based at 0 ∈ D):

| log0(z)| = 1

2
log
(
(1 + |z|)(1− |z|)−1

)
.

Then

d(0, z) = ‖α‖ = ‖ log0(z)‖ = | log0(z)| = 1

2
‖ log

(
(1 + |z|)(1− |z|)−1

)
‖.

The function f(t) = log(1 + t) − log(1 − t) is strictly increasing in [0, 1), with f(0) = 0. Thus
(using that ‖|z|‖ = ‖z‖),

‖ log(1 + |z|)− log(1− |z|)‖ = max{|f(t)| : t ∈ σ(|z|)} = f(‖z‖).

Then,

d(0, z) =
1

2
log(

1 + ‖z‖
1− ‖z‖

).

Recall, for z ∈ D, the element gz ∈ Uρ such that gz · 0 = z given in (22),

gz =

(
(1− z∗z)−1/2 (1− z∗z)−1/2z∗

z(1− z∗z)−1/2 (1− zz∗)−1/2

)
.

Using the fact that the action of B on D is isometric, and the above construction of gz, for
arbitrary z1, z2 ∈ D, we can compute d(z1, z2) as follows:

d(z1, z2) = d(0, g−1
z1 · z2) =

1

2
log(

1 + ‖g−1
z1 · z2‖

1− ‖g−1
z1 · z2‖

). (46)

In order to compute g−1
z , recall that elements g in Uρ are characterized by the relation ρg∗ρ = g−1.

Then

g−1
z =

(
(1− z∗z)−1/2 −(1− z∗z)−1/2z∗

−z(1− z∗z)−1/2 (1− zz∗)−1/2

)
.

Then, after straightforward computations,

g−1
z1 · z2 = (1− z1z

∗
1)−1/2(z2 − z∗1)(1− z∗1z2)−1(1− z∗1z1)1/2.

Remark 12.5. In the scalar case A = C, one has

d(0, z) =
1

2
log

(
1 + |z|
1− |z|

)
,

which is (1
2 times) the Poincaré distance in the open unit disk D.

13 A lifting form

We remarked before that the range of q = px ∈ Qρ has basis {x} (x ∈ Kρ), as right A-submodule
of A2. We complete this observation by showing that also N(q) has a basis, and that together
with x they form a θρ-orthonormal basis of A2.
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Proposition 13.1. Let x ∈ Kρ. There exist unique elements y ∈ R(px) and z ∈ N(px),
y, z ∈ Kρ, with y1, z1 positive and invertible. Namely

y = xx∗1(x1x
∗
1)−1/2 and z =

(
x1x

∗
1(1 + x2x

∗
2)−1/2

(1 + x2x
∗
2)−1/2

)
.

The unitary group UA acts on each x in Kρ. We get the tangent map of this action

ιx : Aah = (TUA)1 → (TKρ)x (47)

which is injective and splits: one has the decomposition (TKρ)x = N(px)⊕ im ιx.

Remark 13.2. N(px) is the unique singly generated A-submodule of (TKρ)x.

This short section deals with several properties of the tangent map at x ∈ Kρ of ϕρ : Kρ →
Qρ, ϕρ(x) = px. Recall the tangent spaces

(TKρ)x = {z ∈ A2 : Re x∗ρz = 0}, x ∈ Kρ,

and
(TQρ)q = {a ∈M2 : aq + qa = a, ρa = a∗ρ}, q ∈ Qρ.

It is easy to verify that (Tϕρ)x : (TKρ)x → (TQρ)px is given by

(Tϕρ)xz = zx∗ρ+ xz∗ρ, z ∈ (TKρ)x.

Notice that if x ∈ Kρ and a ∈ (TQρ)px it holds that ax ∈ N(px). Indeed, since apx + pxa = a,
it holds that apxx + pxax = ax. Since pxx = x, this implies that pxax = 0.

Notice also that N(px) ⊂ (TKρ)x: if z ∈ A2 and xx∗ρz = 0, then, since x1 ∈ GA, it must
be x∗ρz = 0, a fortiori Re x∗ρz = 0.

Proposition 13.3. For every x ∈ Kρ the A-linear map

κx : (TQρ)px → (TKρ)x , κxa = ax

satisfies

1. ((Tϕρ)x ◦ κx)a = a , for all a ∈ (TQρ)px;

2. κx ◦ (Tϕρ)x = 1− px;

3. im κx = N(px).

Definition 13.4. We call κx the lifting form of Qρ.
Corollary 13.5. For x ∈ Kρ, there is the decomposition (TKρ)x = N(px)⊕N((Tϕρ)x).

For further reference, we write
Hx = N(px), (48)

and call it the horizontal space over x.

Corollary 13.6. For x ∈ Kρ, the restriction

(Tϕρ)x
∣∣
N(px)

: N(px)→ (TQρ)px
is a linear isomorphism with inverse κx.

Remark 13.7. If a ∈ (TQρ)px and y ∈ Kρ is such that py = px, then y = xu for some u ∈ UA
(see Lemma 6.3). Then κy(a) = ay = axu. Therefore, we can think of every a ∈ (TQρ)px as
the set of pairs (xu, zu) with z ∈ N(px) and u ∈ UA. We write (x, z) ∼ (xu, zu).
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14 Kähler structures

14.1 The coefficient bundle

Let us describe a setting, which will allow us to present a useful approach to the three main
vector bundles which we shall use to study the geometry of Qρ. They are all based on the
principal bundle ϕρ : Kρ → Qρ.

Let η : F → Qρ be a fiber bundle, consider the commutative diagram

FKρ
ϕ̃ρ−→ F

η∗ ↓ ↓ η
Kρ

ϕρ−→ Qρ
, (49)

where FKρ = {(f,x) : f ∈ F, x ∈ Kρ, η(f) = ϕρ(x)}. This diagram describes η∗ as the bundle
over Kρ induced by ϕρ. Note that FKρ carries a natural action from UA, which lifts the action of
UA over Kρ, and which presents the bundle η : F → Qρ as the space of orbits of η∗ : FKρ → Kρ
under this action.

We can argue that an element f ∈ F over q ∈ Qρ is represented by an element f̃ ∈ FKρ in

the basis x ∈ Kρ (ϕρ(x) = q, f lies over the same x). More precisely, (f̃ ,x) and (f̃ ′,x′) represent
the same element if and only if there exists u ∈ UA such that f̃ ′ = f̃u and x′ = xu.

Definition 14.1. Given a bundle η : F → Qρ, we call a Kρ-presentation of η a bundle ζ : Z →
Kρ, with an action of UA over T which lifts the action of UA over Kρ, and a bundle isomorphism
Φ : Z → FKρ preserving the action of UA,

Z
Φ−→ FKρ

ζ ↘ ↙ η
Kρ

.

Let us give three examples of Kρ-presentations which will be relevant in this paper.

14.2 The tautological bundle over Qρ
Consider

ξ : E → Qρ,
where E = {(q,x) ∈ M2(A) ×A2 : q ∈ Qρ,x ∈ R(q)} and ξ(q,x) = q. Over each idempotent q
we put the vectors in the range of q.

Proposition 14.2. ξ is a locally trivial vector bundle.

Then we have the induced bundle over Kρ, and the diagram (49) in this case:

EKρ
ϕ̃ρ−→ E

ξ∗ ↓ ↓ ξ
Kρ

ϕρ−→ Qρ
,

Consider the product bundle Kρ × A → A and the isomorphism β : Kρ × A → E , β(x, a) =
(px,xa). The action of UA on Kρ × A is given by (x, a) · u = (xu, u∗a). The isomorphism β
gives a Kρ-presentation for E . Thus, an element (q,y) of E is represented by a pair (x, a), and
two pairs (x, a), (x′, a′) represent the same element of E if and only if there exists u ∈ UA such
that x′ = xu and a′ = u∗a.
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14.3 The coefficient bundle

The fiber bundle defined now will be a central feature of our exposition. It will provide a setting
for the most relevant notions studied in this paper.

We shall describe a bundle over Qρ, whose fiber over q is the space of right A-module
endomorphisms of R(q), which we shall call the coefficient bundle

γ : C → Qρ.

Formally, C = {(q, ϕ) ∈ Qρ × LA(R(q)) : q ∈ Qρ}, where LA(R(q)) denotes the space of right
A-module endomorphisms of the module R(q), and the map γ : C → Qρ is γ(q, ϕ) = q. Given
x ∈ Kρ with px = q, an endomorphism ϕ of R(q) gives ϕ(x) = xa. We say that x is a basis for
R(q), and that a ∈ A is the matrix of ϕ in the basis x. If we change x for y = xu ∈ R(q) for
u ∈ UA, and denote by b the matrix of ϕ at y, ϕ(y) = yb, then

xub = yb = ϕ(y) = ϕ(x)u = xau, (50)

i.e., b = u∗au. In other words, the endomorphisms can be identified with the pairs (x, a) ∈
Kρ ×A, subject to the equivalence relation

(x, a) ∼ (xu, u∗au) , u ∈ UA. (51)

Notation 14.3. We denote by
[
(x, a)

]
the endomorphism of the module R(px) which has matrix

a in the basis x .

Remark 14.4. Observe that C is a fiber bundle whose fibers are C∗-algebras. If, additionally,
A is commutative then C is the product bundle Qρ ×A.

Proposition 14.5. The space C is a C∞ differentiable manifold and the map γ : C → Qρ is a
C∞ trivial fiber bundle.

As in the previous cases, the coefficient bundle γ : C → Qρ induces the bundle γ∗ : CKρ → Kρ
and the commutative diagram (49) in this setting becomes

CKρ
ϕ̃ρ−→ C

γ∗ ↓ ↓ γ
Kρ

ϕρ−→ Qρ
.

The fiber (CKρ)x over x ∈ Kρ consists of the endomorphisms of R(px). Therefore, one has the
representation Φ : Kρ ×A → CKρ , given by Φ(x, a) = (x, [(x, a)]).

14.4 The connection in the coefficient bundle

Since Cq consists of endomorphisms ξq, q ∈ Qρ, the standard connection on C is given by the
Leibnitz formula. Let X ∈ TQρ and x = x(t) adjusted to X. Let σ and ϕ be cross sections of ξ
and C, respectively. We define the covariant derivative DXϕ by the rule

(DXϕ)σ := DX(ϕσ)− ϕ(DXσ). (52)

Straightforward computations prove

(DXϕ)σ = x
(
λ̇+ [θρ(x, ẋ), λ]

)
a = x

(
λ̇+ [x∗ρx, λ]

)
a. (53)
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14.5 The tangent bundle TQρ
For any x ∈ Kρ, the nullspace N(px) is a subspace of (TKρ)x, which we called the horizontal
space Hx. The tangent map of the fibration ϕρ : Kρ → Qρ

(Tϕρ)x : (TKρ)x → (TQρ)px

is bijective when restricted to Hx. Then we have the bundle ν : H → Kρ, where H = {(z,x) :
x ∈ Kρ, z ∈ Hx}, and the map is given by ν(z,x) = x. Thus, we have the Kρ-presentation

H
Φ−→ (TQρ)Kρ

ν ↘ ↙ τ∗

Kρ
,

where τ : TQρ → Qρ is the tangent bundle and τ∗ : (TQρ)Kρ → Kρ is the induced bundle. The
isomorphism Φ is given by the differential of ϕρ restricted to H, namely

Φ(x, z) = (x, (dϕρ)x(z)) , for x ∈ Kρ , z ∈ Hx. (54)

Then a tangent vector to Qρ at px is represented by a pair (x, z), x ∈ Kρ, z ∈ Hx; (x, z) and
(xu, z′) represent the same vector if and only if z′ = zu (u ∈ UA).

Remark 14.6. We may consider the tautological 1-form with values in the tangent bundle TQρ
that associates to a tangent vector X to Qρ, the same vector X as an element of TQρ. The
lifting form given in Definition 13.4 is just an expression of the values of this tautological form
in terms of the principal bundle Kρ.

14.5.1 TQρ as a C-module

Recall from (52) that the fiber Cq can be presented as the set of pairs (x, a) ∈ Kρ×A modulo the
equivalence (x, a) ∼ (xu, u∗au) for u ∈ UA. Since each submodule R(q) has a basis consisting
of one element, then LA(R(q)) is in one to one correspondence with A: having chosen a basis
x ∈ Kρ for R(q), the map A → Cq, a 7→ (x, a) is a ∗-isomorphism. Thus, each fiber Cq has the
structure of a C∗-algebra, namely A. Clearly the structure does not depend on the choice of the
basis; another basis xu provides the same structure, because Ad(u) is a ∗-automorphism of A.

On the other hand, we saw before that the tangent bundle has a similar presentation. Each
X ∈ (TQρ)q is given by the set of pairs (x,v) ∈ Kρ × A2, modulo the equivalence (x,v) ∼
(xu,vu) for u ∈ UA and v = Xx = κx(X). Accordingly, we denote X ∈ (TQρ)q as [(x,v)].

Definition 14.7. For X ∈ (TQρ)q and ϕ ∈ LA(R(q)) we define the product

X · ϕ := [(x,va)] ∈ (TQρ)q

if x ∈ Kρ, px = q, ϕ = [(x, a)] and X = [(x,v)].

Observe that this operation is well defined: if we change the basis to xu, then ϕ and X are
represented by (xu, u∗au) and (xu,vu) respectively, and the product in the new referential is
(xu,vuu∗au) = (xu,vau) which represents the same tangent vector X · ϕ as (x,va).

Thus, TQρ can be regarded as a bundle of right modules over C, which is a bundle of
C∗-algebras (isomorphic to A).
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Remark 14.8. The tautological bundle over Kρ.
Let us consider the pullback E ′ = ϕ∗ρE of E by ϕρ,

ξ′ : E ′ = {(x,v) ∈ Kρ ×A2 : pxv = v} → Kρ , ξ′(x,v) = x.

Pick x ∈ Kρ and let E ′x be the fiber of X ′ over x. Then the map

a→ E ′x , a 7→ xa

is an isomorphism of right A-modules, with inverse v 7→ θρ(x,v). It can be regarded as a chart
for E ′x associated to x. Let y ∈ Epx (i.e., px = py = q); then there exists a unitary u ∈ UA such
that y = xu. The isomorphism between A and E ′y is A 3 b 7→ ya. The coordinates a and b of
a given v ∈ Eq are related by xub = yb = v = xa, and thus, a = ub. Then we can regard the
vectors v ∈ Eq as pairs (x, a) ∈ Kρ ×A, with the following equivalence relation:

(x, a) ∼ (xu, u∗a) , u ∈ UA.

Remark 14.9. The connection in the tautological bundle.
The covariant derivative in the tautological bundle ξ : E → Qρ is given by

DXσ = q(X • σ),

where σ is a cross section for ξ and X • σ is the directional derivative of σ, considering σ as a
function with values in A2. Let us write this explicitly, in referential terms: let q(t) be a smooth
curve in Qρ, with q̇ = X, and let x(t) be a smooth lifting of q(t) in Kρ, i.e, px(t) = q(t). Then
σ(t) = x(t)a(t) where a(t) ∈ A is a smooth curve. We have

DXσ =
d

dt
q(x(t)a(t)) = q(ẋ(t)a(t) + x(t)ȧ(t)) = x (ȧ(t) + θρ(x(t), ẋ(t))a(t)) .

This formula can be read as follows: the covariant derivative has two terms in the fibers of ξq,
xa and the component of ẋ in R(q) multiplied by a. Note also that since qx = x, ẋ decomposes
as qx in R(q) plus Xx in N(q).

15 The complex structure of Qρ

Notice that, for any q ∈ Qρ, the tangent space (TQρ)q is a real vector space. In this section, we
shall define a generalized complex structure on Qρ. This means a smooth map q 7→ Jq, where

Jq : (TQρ)q → (TQρ)q (55)

is a bounded linear map such that J 2
q = −1(TQρ)q , with an integrability property. For general

ideas about complex structures in finite dimensional manifolds, we refer the reader to [22].
Recall, from Theorem 6.5, the map ϕρ : Kρ → Qρ, ϕρ(x) = xx∗ρ and its tangent map

(Tϕρ)xY = (Yx∗ + xY∗)ρ.
Fix q ∈ Qρ and x ∈ Kρ such that q = px. Then, for all Z ∈ (TQρ)q, it holds that

(Tϕρ)x iZx = i (Zxx∗ − xx∗Z∗)ρ = i (Zq − qZ) = i Z(2q − 1),

because q = px = xx∗ρ, Z∗ρ = ρZ and Zq + qZ = Z. This shows that

JqZ := (Tϕρ)x i Zx = i Z(2q − 1)

is a well defined map Jq : (TQρ)q → (TQρ)q. The proof that Jq(JqZ) = −Z is a simple
computation.
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Remark 15.1. In the particular case when q = p =

(
1 0
0 0

)
, and x = e1, we have, in matrix

form, Z =

(
0 Z1

−Z∗1 0

)
, and JpZ = iZρ =

(
0 −iZ1

−iZ∗1 0

)
= −i

(
0 Z1

Z∗1 0

)
.

In order to see that this complex structure is integrable we proceed as follows. First, we
note that it is invariant under the action of the group Uρ. Next, we identify Qρ with the disk
D = {a ∈ A : ‖a‖ < 1} ⊂ A. The disk D has a natural complex structure, as an open subset
of the Banach space A, which is invariant for the action of Uρ (the identification Qρ ' D is Uρ-
equivariant). In order to prove that our complex structure is integrable, it suffices to show that
these structures coincide at the point q = p, which corresponds to 0 ∈ D in the identification
Qρ ' D:

Lemma 15.2. The complex multiplication defined in Qρ corresponds, under the identification
Qρ ' D, to the usual multiplication by the imaginary constant i.

In [6] the reader will find a similar treatment of complex structures in a C∗-algebra context.

16 The Hilbertian product in Qρ

We define now on Qρ a generalization of the notion of Hermitian structure. It consists of a
Hilbertian product on each (TQρ)q with values in Cq, which is invariant under the action of Uρ.

Definition 16.1. Given X,Y ∈ (TQρ)q, we put

〈X,Y〉q = the endomorphism of R(q) given by the pair (x,−θρ(κx(X), κx(Y)))

=
[
(x,−θρ(κx(X), κx(Y)))

]
,

where x ∈ Kρ is such that px = q, and the brackets denote the equivalence class as in (51).

Note that (regarding X and Y as matrices in M2(A))

−θρ(κx(X), κx(Y)) = −(Xx)∗ρ(Yx) = −x∗X∗ρYx.

Summarizing,

〈X,Y〉q =
[
(x,−x∗X∗ρXx)

]
. (56)

Remark 16.2. Some remarks are in order.

1. The minus sign is needed so that the form is positive. Indeed, recall that θρ is negative in
N(q) and Xx ∈ N(q),

〈X,X〉q = [(x,−θρ(Xx,Xx))].

Recall that the C∗-algebra structure of the fibers Cq of C is that of A: an endomorphism
ϕ of LA(R(q) ' A is positive if and only if any of its matrices is a positive element of A.
Recall from the definition of Qρ, that the projection q decomposes θρ, i.e., θρ is positive
in R(q) and negative in N(q). On the other hand, as seen above, Xx ∈ N(q).
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2. If one changes x for xu for some u ∈ UA, then

θρ(κxu(Xu), κxu(Yu)) = u∗θρ(κx(X), κx(Y))u,

i.e. 〈X,Y〉q is indeed an element of Cq.

3. This Hilbertian product is linear with respect to the product defined in 14.7: if q = px ∈
Qρ, X,Y ∈ (TQρ)q and ϕ ∈ LA(R(q)), then

〈X,Y · ϕ〉q = 〈X,Y〉q · ϕ.

Indeed, if we use the basis x ∈ Kρ for R(q), then Y ·ϕ is represented by the pair (x,Yxa),
and

θρ(κx(X), κx(Y · ϕ)) = (Xx)∗ρYxa,

which is the element of A that one uses to define 〈X,Y〉q · ϕ (in terms of the basis x).

4. Recall from the end of Section 13, that if v̇, ẇ ∈ (TH)ζ for some ζ ∈ H, then

〈v̇, ẇ〉ζ = −1

4
(y−1/2v̇y−1/2)∗(y−1/2ẇy−1/2),

which is the Hilbertian product, in its version for H.

Theorem 16.3. The complex structure on Qρ is compatible with the Hilbertian product in the
following sense:

〈JqX,Y〉q = −〈X,JqY〉q,

for q = px ∈ Qρ and X,Y ∈ (TQρ)q.

Remark 16.4. We saw earlier that the tangent space (TQρ)q is a right module over the corre-
sponding fiber Cq of the coefficient bundle. The scalar field C lies naturally inside Cq as

C 3 z ←→
[
(x, zI)

]
∈ Cq,

because uzIu∗ = zI for all u ∈ UA. Thus (TQρ)q is a C-vector space. It is clear that the complex
structure in TQρ which we defined above (in terms of the identification Φ of (54)) coincides with
the one induced by the operator J .

Remark 16.5. One might wish to extend the argument above. Namely, to use the identification
Qρ ' D ⊂ A in order to endow the tangent bundle TQρ with a right action of the algebra A.
However, this action depends on the immersion (at the tangent level) and is not intrinsic. It
works in the case of C, as it works also for the center of A: endomorphisms with matrices in
the center of A have the same matrix for any basis of the given submodule.

17 The invariant Finsler structure

We proved in Section 11 that Qρ has a Finsler structure, which is invariant under Uρ. If q ∈ Qρ
and X ∈ (TQρ)q, define the norm

‖X‖q = ‖|2q − I|−1/2X|2q − I|1/2‖.
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We recall that it is precisely this structure, which when translated to the disk D, gives the
Poincaré metric of the disk (Section 11). In this section we shall see that the Hilbertian product,
induces also in a natural way the same Finsler structure.

Let ϕ ∈ LA(R(q)). Define

|ϕ| := sup
0 6=y∈R(q)

‖θρ(ϕ(y), ϕ(y))‖1/2

‖θρ(y,y)‖1/2
. (57)

Alternatively, θρ is a C∗-Hilbert module (positively) inner product in R(q). Thus, the above
formula is just the usual way to compute the norm of an endomorphism, when the module R(q)
is endowed with the C∗-module norm.

In the presence of a basis x ∈ Kρ of R(q) and a matrix a ∈ A for ϕ, the norm of the
endomorphism is the norm of the matrix.

Lemma 17.1. If ϕ = [(x, a)], then |ϕ| = ‖a‖.

Theorem 17.2. Let q ∈ Qρ and X ∈ (TQρ)q. Then

|〈X,X〉q| = ‖X‖2q .

18 The symplectic form ω

References for symplectic geometry are [33], [10], [15].
The differential forms that we consider here may have at least three types of coefficients,

with respect to the scalar multiplying of the tangent vectors and also the values of the forms.
The concept of form varies substantially according to the type the coefficients:

1. coefficients in C;

2. if A has a center valued trace, i.e., there exists a tracial linear map τ : A → B, with B a
subalgebra of the center of A, then the coefficients are the elements of B;

3. if A has a scalar trace τ : A → C, then the coefficients are the complex numbers.

If X,Y ∈ (TQρ)q, the decomposition in selfadjoint and anti-selfadjoint parts

〈X,Y〉q = (X,Y)q + iω(X,Y)q

provides a generalized Riemannian form

(X,Y)q = Re〈X,Y〉q

and a generalized symplectic form

ω(X,Y)q = Im〈X,Y〉q.

In this paper we are interested in ω. Notice that ω is sesqui-linear and ω(Y,X) = −ω(X,Y).
We compute now the curvature of the canonical connection, which turns out to be a scalar

multiple of the symplectic form ω.
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To simplify the computation, we make the assumption that given X,Y ∈ (TQρ)q, we can
construct a smooth map q(t, s) ∈ Qρ such that

q(0, 0) = q,
∂

∂t
q|(0,0) = X and

∂

∂s
q|(0,0) = Y,

and this map q(t, s) is lifted to a map x(t, s) ∈ Kρ. We assume also the existence of a cross
section σ defined on a neighbourhood of q. σ = xa, where both x and a are functions of (t, s).
To abbreviate, we shall write with a dot ˙ the derivatives with respect to t, and with a tilde ′ the
derivatives with respect to s. Then, differentiating

DXσ = x(ȧ+ θρ(x, ẋ)a)

with respect to s, we get

x
(
ȧ′ + θρ(x

′, ẋ)a+ θρ(x, ẋ
′)a+ θρ(x, ẋ)a′ + θρ(x,x

′)(ȧ+ θρ(x, ẋ)a)
)

= DYDXσ.

Interchanging ′ with ˙ we get

x
(
ȧ′ + θρ(ẋ,x

′)a+ θρ(x, ẋ′)a+ θρ(x,x
′)ȧ+ θρ(x, ẋ)(a′ + θρ(x,x

′)a)
)

= DXDYσ.

This should be specialized at (t, s) = (0, 0). Clearly, the lifting of q(t, s) can be done in order
that x′ and ẋ are horizontal at (0, 0) (i.e., that they belong to N(q)). Then we get

R(X,Y)σ = DXDYσ −DYDXσ = x(θρ(ẋ,x
′)− θρ(x′, ẋ))a.

Since ẋ and x′ are horizontal, we have that ẋ = κx(X) = Xx and x′ = Yx. Then

R(X,Y)σ =
[
(x,x(θρ(Xx,Yx)− θρ(Yx,Xx))a)

]
=
[
(x,xθρ(x, [X,Y]x)a)

]
. (58)

Here we use that X and Y, being tangent vectors of Qρ, are θρ-symmetric, i.e., X∗ρ = ρX.
Note that R(X,Y) is an endomorphism of Eq. Recall the Hilbertian C-valued product in Qρ

〈X,Y〉q = −
[
(x, θρ(Xx,Yx)

]
for x ∈ Kρ such that px = q, which is an element of Cq, i.e., an endomorphism of Eq. Its
imaginary part is

Im〈X,Y〉q = − i
2

[
(x,−θρ(Xx,Yx) + θρ(Xx,Yx)∗)

]
= − i

2

[
(x, θρ(Yx,Xx)− θρ(Xx,Yx))

]
=
i

2

[
(x, θρ(x, [X,Y]x)

]
.

Thus, we have proved the following result, which is a kind of prequantization of Qρ [34]:

Theorem 18.1. The curvature of the tautological bundle E and the Hilbertian product in Qρ
are related by the following formula

i

2
R(X,Y)q = Im〈X,Y〉q = ω(X,Y)q.
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19 The moment map

Consider a symplectic manifold M , and a Lie group G (with Lie algebra G) which acts on M by
symplectomorphisms. In this situation a moment map is an equivariant function µ : M → G∗,
the dual of G. Equivalently, µ can be given as a map M × G → R. We shall adopt this latter
point of view, and in our case the scalars will be replaced by the coefficient bundle C.

Recall from Remark 5.1 the Banach-Lie algebra Uρ of the Banach-Lie group Uρ, Uρ = U0,ρ⊕
U1,ρ, where

U0,ρ = {
(
a1 0
0 a2

)
∈M2(A) : a1, a2 ∈ Aah} and U1,ρ = {

(
0 a∗

a 0

)
∈M2(A) : a ∈ A}. (59)

If a ∈ Uρ and q ∈ Qρ, we put

fa(q) =
1

2i

[
(x, θρ(x, ax))

]
=

1

2i

[
(x,x∗ρax)

]
, (60)

for x ∈ Kρ such that px = q. Again, a simple computation shows that if one chooses xu
instead, the element θρ(x, ax) varies accordingly: θρ(xu, axu) = 〈ρxu, axu〉 = u∗〈ρx, ax〉u =
u∗θρ(x, ax)u. Thus, fa(q) ∈ Cq. We call fa : Qρ → C is the moment map of the generalized
symplectic manifold Qρ.

Proposition 19.1. The moment map is equivariant with respect to the action of Uρ: if c ∈ Uρ,
q ∈ Qρ and a ∈ Uρ,

fcac−1(cqc−1) = fa(q).

Let us compute the covariant derivative of fa. We use a horizontal lifting x(t) ∈ Kρ of the
curve q(t) in the direction of X at q (i.e., q(0) = q, q̇(0) = X and ẋ(t) ∈ N(q(t))). Then

DXfa =
[
(x,

1

2i
(θρ(ẋ, ax) + θρ(x, aẋ)))

]
=
[
(x, Im θρ(ẋ, ax))

]
,

where we use that a is θρ-anti-symmetric. Since ẋ is horizontal, it holds that ẋ = Xx. Then

DXfa =
[
(x, Im θρ(Xx, ax)

]
. (61)

On the other hand, when computing the curvature of the canonical connection of E , we
proved that for any X,Y ∈ (TQρ)q

Im 〈X,Y〉q =
[
(x,

1

2i
(θρ(Xx,Yx)− θρ(Xx,Yx)∗))

]
= −

[
(x, Im θρ(Xx,Yx))

]
.

Now we consider for each a ∈ Uρ the vector field in Qρ, Xa(q) = (dπq)1(a) = [a, q], where
πq : Uρ → Qρ denotes the action map: πq(c) = cqc−1. Applying the formula above with
X = Xa, we get

ω(Xa,Y)q = Im 〈Xa,Y〉q =
[
(x,−Im θρ(Xax,Yx))

]
.

Observe that Xa(q)x = [a, q]x = aqx − qax = ax − qax (recall that qx = pxx = x). Note also
that θρ(qax,Yx) = 0 because Yx ∈ N(q). Thus θρ(Xax,Yx) = θρ(ax,Yx). Therefore

ω(Xa,Y)q =
[
(x,−Im θρ(ax,Yx))

]
.
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We proved before that DYfa =
[
x, Im θρ(Yx, ax))

]
. Thus, we have shown that

DYfa = ω(Xa,Y).

Suppose now that f is a section of C over some open subsetW of Qρ. Consider the covariant
derivative Df as a 1-form on W with values in C: Df(X) = DXf .

Definition 19.2. We say that a field Xf is the symplectic gradient of f if

DXf = ω(X,Xf ).

We are mainly interested in the case of functions of the form fa, for a ∈ Uρ,

fa(q) =
1

2i

[
(x, θρ(x, ax))

]
=

1

2i

[
(x,x∗ρax)

]
,

where q ∈ Qρ and x ∈ Kρ satisfies px = q. Recall that the Lie algebra Uρ consists of all matrices

a =

(
a11 α
α∗ a22

)
, where a∗ii = −aii. Recall also the identity DXfa = ω(X,Xa). This says that

Xa is the symplectic gradient of fa.
Recall also that Xa(q) = [a, q]. Now given a, b ∈ Uρ, we want to find the value of ω(Xa,Xb).

at q =

(
1 0
0 0

)
, and correspondingly x = e1 ∈ Kρ. Since

Xa = [a, q] =

(
0 −α
α∗ 0

)
, Xb = [b, q] =

(
0 −β
β∗ 0

)

for some α, β ∈ A, then 〈Xa,Xb〉q = θρ
(( 0

α∗

)
,

(
0
β∗

))
= −αβ∗, and

ω(Xa,Xb)q = Im 〈Xa,Xb〉q =
1

2i
(βα∗ − αβ∗).

We want to establish the relationship between ω(Xa,Xb) and f[a,b]. To this effect, observe first
that

θρ(e1, [a, b]e1) = −θρ(ae1, be1) + θρ(be1, ae1) = αβ∗ − βα∗ + a11b11 − b11a11.

Then ω(Xa,Xb) = 1
2i(βα

∗ − αβ∗) and f[a,b] = 1
2i(αβ

∗ − βα∗ + a11b11 − b11a11). So

ω(Xa,Xb) = −f[a,b] +
1

2i
(a11b11 − b11a11).

Finally, fa(q) = 1
2iθρ(e1, ae1) = 1

2ia11, and

ω(Xa,Xb) = −f[a,b] + 2i[fa, fb]. (62)

This equality holds at q =

(
1 0
0 0

)
, but a simple argument shows that (62) holds at every

q ∈ Qρ. Indeed, each of the terms involved is a function in q ∈ Qρ with a, b ∈ Uρ fixed. If we
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change q by cqc−1 for c ∈ Uρ, the values change by an inner automorphism. Finally, since Uρ
acts transitively on Qρ, our claim is proven.

Given two sections f, g with their respective symplectic gradients Xf and Xg, the Poisson
bracket {f, g} is defined as

{f, g} = ω(Xf ,Xg).

Then, we get
{fa, fb} = −f[a,b] + 2i[fa, fb].

The term 2i[fa, fb] occurs because of the non-commutativity of the C∗-algebras Cq, where the
moment map takes its values.

Summarizing the facts of the last sections:

Theorem 19.3. Consider the manifold Qρ, with the tautological bundle E and the coefficient
bundle C. Then

1. There exist invariant connections in E and C, linked by Leibnitz’ rule (see (52)).

2. There exists a Hilbertian product in TQρ, with values in C. This product is compatible
with the right C-module structure of TQρ.

3. The imaginary part ω of the Hilbertian product in TQρ is the curvature of the tautological
connection of E. In this sense, the symplectic form ω is exact.

4. The map fa (a ∈ Uρ) is a moment map: the field Xa is the symplectic gradient of the
function (cross section for C) fa. Here gradients are computed using the covariant deriva-
tive.

20 The Liouville 1-form

We begin this section with the explicit computation of the lifting form introduced in Section 13,
for the case of H.

20.1 The lifting form of H

Pick x ∈ Kρ′ , which means that 2 Im x∗1x2 = 1. Note the fact that x1 ∈ GA implies that also
x2 ∈ GA. As in the model D, every x ∈ Kρ′ gives rise to a projection (its representative in
Qρ′): px = xx∗ρH . Consider its complement

1− px =

(
1− ix1x

∗
2 ix1x

∗
1

−ix2x
∗
1 1 + ix2x

∗
1

)
.

Note the second column

(
ix1x

∗
1

1 + ix2x
∗
1

)
=

(
ix1

(x∗1)−1 + ix2

)
x∗1, which means that the vector

x⊥ :=

(
ix1

(x∗1)−1 + ix2

)
. (63)
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generates the nullspace of px. Note that θρ′(x⊥,x⊥) = −1. The pair {x,x⊥} forms a θρ′-
orthogonal basis for A2. Any element z ∈ A2 is written

z = xθρ′(x, z)− x⊥θρ′(x⊥, z).

Note also that x⊥ = xi+ e2(x∗1)−1, which gives x⊥ = x− e2i(x
∗
1)−1.

The map Kρ′ → H, x 7→ ζ = x2x
−1
1 is the H valued version of the projection map x → px.

Its tangent map at x, is v 7→ v̇ := v2x
−1
1 − x2x

−1
1 v1x

−1
1 . Suppose now that v ∈ N(px):

v =

(
x1

x2 − i(x∗1)−1

)
λ, so that

v̇ = (x2 − i(x∗1)−1)λx−1
1 − x2x

−1
1 x1λx

−1
1 = (x2λ− i(x∗1)−1λ− x2λ)x−1

1 = −i(x∗1)−1λx−1
1 ,

and thus λ = i x∗1v̇x1. Then, given x in kρ′ which projects over ζ in H, and v̇ ∈ (TH)ζ , we have
the (lifting) form, as in Section 13

κHx (v̇) =

(
x1

x2 − i x1(x∗1)−1

)
ix∗1v̇x1 =

(
x1x

∗
1

x2x
∗
1 − i

)
i v̇x1.

Or equivalently
κHx (v̇) = (x i− e2i (x∗1)−1)i x∗1v̇x1 = (−xx∗1 + e2)v̇x1.

There is a natural global cross section for the map Kρ′ 3 x 7→ ζ ∈ H, namely ζ = x + iy 7→(
1
ζ

)
(2y)−1/2. Then we have

κHx (v̇) =

(
(2y)−1

ζ(2y)−1 − i

)
i v̇(2y)−1/2. (64)

We want to compute the following product in H.
Consider the expressions (64) for two tangent vectors v̇, ẇ in (TH)ζ :

v =

(
(2y)−1

ζ(2y)−1 − i

)
i v̇(2y)−1/2 , w =

(
(2y)−1

ζ(2y)−1 − i

)
i ẇ(2y)−1/2.

Then we have

θρ′(v,w) = 〈v̇, ẇ〉 = (2y)−1/2v̇∗θρ′
(( (2y)−1

ζ(2y)−1 − 1

)
,

(
(2y)−1

ζ(2y)−1 − 1

))
ẇ(2y)−1/2

= −(2y)−1/2v̇∗(2y)−1ẇ(2y)−1/2 = −1

4
(y−1/2v̇y−1/2)∗(y−1/2ẇy−1/2).

Suppose now that the algebra has a trace τ onto a commutative subalgebra B ⊂ A. If we
take the trace of the above expression, we get

τ〈v̇, ẇ〉 = −τ((2y)−1v̇∗(2y)−1ẇ). (65)

Here y−1/2v̇y−1/2 is the translation to the point y−1/2ζy−1/2 of the vector v̇. Note that
y−1/2ζy−1/2 = y−1/2xy−1/2 + i.
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Therefore 〈v̇, ẇ〉ζ = 〈v̇0, ẇ0〉ζ0 , where ζ0 = y−1/2xy−1/2 + i. When the imaginary part
equals 1, the inner product has the simpler expression 〈v̇0, ẇ0〉ζ0 = −1

4 v̇
∗
0ẇ0. Or, explicitely, if

v̇0 = ẋ+ i ẏ and ẇ0 = ξ̇ + i η̇, then v̇∗0ẇ0 = (ẋξ̇ + ẏη̇) + i(ẋη̇ − ẏξ̇), and

τ〈v̇0, ẇ0〉ζ0 = −1

4
{τ(ẋξ̇ + ẏη̇) + i τ(ẋη̇ − ẏξ̇)}.

Both traces in the above expression are selfadjoint elements of B (or real numbers if the trace is
numerical). The imaginary part of τ〈v̇0, ẇ0〉ζ0 is essentially the (trace of the) symplectic form
ω. This expression corresponds strictly to dp ∧ dq in the classical setting, where p varies in the
imaginary part and q in the real part. This shows that H = TG+ as a true dynamical system.

Let us write down the real and imaginary part of τ〈 , 〉 at any point ζ ∈ H (non necessarily
with Im ζ = 1). With the current notation, we get

τ〈v̇, ẇ〉ζ = −1

4
{τ(ẋξ̇ + ẏη̇) + i τ(ẋη̇ − ẏξ̇)}, (66)

where ẋ+ i ẏ = y−1/2v̇y−1/2 and ξ̇ + i η̇ = y−1/2ẇy−1/2.
Let us compute now the 1-form of Liouville which induces the symplectic form ω of H.

Recall that it receives different names: tautological 1-form, canonical 1-form, Poincaré 1-form,
symplectic potential. The 1-form of Liouville is a form on the cotangent bundle of the manifold.
Here it shall be presented as a 1-form in the tangent bundle TG+ ' H, identifying the tangent
bundle TG+ with the co-tangent bundle T ∗G+. To perform this identification, we shall use the
trace τ , and the action of GA on G+. Given a vector v̇ ∈ (TH)ζ , for ζ = x + i y ∈ H, the
Liouville form α maps ζ into an element of B. We must project v̇ from its tangency point ζ
to the point y ∈ G+, having in mind that ζ = x + i y represents the tangent x at the point y.
Finally, we evaluate x in v̇. To perform this task, we translate to y = 1, and compute

αy(v̇) = τ(y−1/2xy−1/2y−1/2v̇y−1/2) = τ(y−1xy−1v̇). (67)

This is the Liouville 1-form.
Now we differentiate this 1-form in H, i.e., we compute dα(v̇, v′) = v̇α(v′)−v′α(v̇)−α([v̇, v′]).

Consider a function in the variables s, t whose derivatives produce the fields v̇, v′ when differ-
entiated with respect to t and s, respectively. We must compute

∂

∂t
αζ(v

′)− ∂

∂s
αζ(v̇),

because there is no need to substract α([v̇, v′]), since it is trivial. Then

∂

∂t
αζ(v

′) = τ(−y−1v̇y−1xy−1v′ + y−1ẋy−1y′ − y−1xy−1ẏy−1y′ + y−1xy−1ẏ′)

and
∂

∂s
αζ(v̇) = τ(−y−1y′y−1xy−1ẏ + y−1x′y−1ẏ − y−1xy−1y′y−1ẏ + y−1xy−1y′).

Therefore

(dα)ζ(v̇, v
′) =

∂

∂t
αζ(v

′)− ∂

∂s
αζ(v̇) = τ(y−1ẋy−1y′ − y−1x′y−1ẏ).

Now, comparing this last expression with the imaginary part of the trace of the Hilbertian
product form, and adapting the notation of both computations, we get
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Theorem 20.1. The symplectic form ω is exact:

(dα)ζ(v̇, ẇ) = ω(v̇, ẇ).

Remark 20.2. Since G+ can be regarded as a submanifold of H:

G+ 3 y 7→ iy ∈ H,

then we can compute the Hilbertian product of H on this submanifold. This coincides with the
Riemannian structure of G+. If x1, x2 ∈ (TG+)y, we have that ζ1 = x1 + i y and ζ2 = x2 + i y
belong to H. Define

[x1, x2]y = τ((y−1/2x1y
−1/2)(y−1/2x2y

−1/2)) = τ(y−1x1y
−1x2).

It is a B-valued, bilinear (it takes selfadjoint values) and positive semidefinite form. Note also
that this form is invariant under the action of G on G+. In fact, g · y = (g−1)∗yg−1, for g ∈ G
and y ∈ G+. The action defines a linear isomorphism in A, so that the same formula gives the
induced action in the tangent spaces of G+: g · x = (g−1)∗xg, if x ∈ (TG+)y. A straightforward
computation shows that

[g · x1, g · x2]g·y = [x1, x2]y.

If A = Mn(C), B = C and τ is the usual trace for n×n matrices, this inner product is the usual
Riemannian metric for the homogeneous space of positive definite n× n matrices.

On the other hand, if we embed G+ ↪→ H, by means of y 7→ i y, i.e., we regard G+ as the
imaginary positive axis of H, then for x1, x2 ∈ (TG+)y it holds

〈i x1, i x2〉i y = −1

4
(y−1/2i x1y

−1/2)∗(y−1/2i x2y
−1/2) = −1

4
(y−1/2x1y

−1/2)(y−1/2x2y
−1/2),

and, thus,

τ〈i x1, i x2〉i y = −1

4
[x1, x2]y.

This means that the trace of the Hilbertian product, restricted to the positive imaginary
axis in H, gives, essentially, the Riemannian metric of the space G+.

A geometric case of an algebra with a central trace is the following. Consider a complex vector
bundle E → B with compact base space B, endowed with a Riemannian metric 〈e, e′〉b, b ∈ B,
e, e′ ∈ Eb (the fiber of E over b). Consider the fiber bundle End(E) → B of endomorphisms
of the vector bundle E, and let A be the algebra Γ(End(E)) of the continuous global cross
sections of End(E). Since each Eb is a (finite dimensional) Hilbert space, End(Eb) is a C∗-
algebra. The space Γ(End(E)) of cross sections has therefore the norm ‖ϕ‖ = supb∈B ‖ϕb‖,
where ϕb : Eb → Eb and ‖ϕb‖ is the usual norm of linear operators. With this norm, A is a C∗-
algebra. The center Z(A) of this algebra is the space of scalar sections λ in End(E) (homotetic
in each fiber). The central trace is given by tr : A → Z(A), tr(σ)b = Tr(σb), b ∈ B, with Tr the
usual trace of Eb. More specifically, B could be a compact manifold, and E the complexification
of its tangent bundle, with an Hermitian metric. This case is interesting due to the equivalence,
as homogeneous spaces, of the disk D and the Poincaré halfspace H of the algebra A. This
homogeneous space can be thought as the tangent bundle TG+ of the space G+ of positive
and invertible elements of A. In this context, an element of H is a pair (X, a) with a ∈ G+

and X ∈ (TG+)a. The element a ∈ G+ represents a Riemannian metric in B, and a possible
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tangent vector X (a selfadjoint element of A) could be the Ricci curvature of the metric a. In
this manner, the geometry of H is linked to the deformation of the pairs (Riemannian metric,
Ricci curvature), viewed as elements of TG+.

21 The scalar case

In this section we shall consider the classical case when A = C. We shall check that the geometry
induced by Uρ on D is the classical hyperbolic geometry of the Poincaré disk. In the scalar case,
or more generally, when A is commutative, the coefficient bundle C consists of A in each fiber:
the Hilbertian product, the moment map, and so forth, take values in A. Indeed, if ϕ is an
endomorphism of R(q), with bases x and xu, then the corresponding matrices of ϕ in these
bases are

a and uau∗ = a,

respectively. That is, the coefficient bundle C ends up being A.
In particular, in the case A = C, one obtains a complex structure for the unit disk D. The

goal of this section is to show that this structure is the classical complex structure of the Poincaré
disk.

We first recall the isomorphism
ΦD : D → Qρ.

In the scalar case we get

D 3 z 7→ pz =
1

1− |z|2

(
1 −z̄
z −|z|2

)
.

The tangent spaces (TD)x identify with C. Given a ∈ C, regarded as a tangent vector in T (D)z,
let us denote by Xa = (dΦD)z(a) the corresponding tangent vector in T (Qρ)pz . Clearly, one
gets

Xa =
1

(1− |z|2)2

(
āz + az̄ −ā− az̄2

a+ āz2 −āz − az̄

)
.

21.1 The complex inner product

For the module R(pz), we chose the basis xz =
1

(1− |z|2)1/2

(
1
z

)
. Thus, the lifting κxz(Xa)

is given by

Xaxz =
1

(1− |z|2)5/2

(
āz + az̄ −ā− az̄2

a+ āz2 −āz − az̄

)(
1
z

)
=

1

(1− |z|2)3/2

(
az̄
a

)
.

Therefore, if z ∈ D and a, b ∈ C (= (TD)z)

〈a, b〉z = −θρ(Xaxz,Xbxz) = − 1

(1− |z|2)3/2
θρ(

(
az̄
a

)
,

(
bz̄
b

)
) =

āb

(1− |z|2)2
, (68)

which is the classical complex inner product in the Poincaré disk.
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21.2 The linear connection

Let X be a tangent field defined on a neighbourhood of q in Qρ, and Y ∈ (TQρ)q. Let q(t) be
a smooth curve adapted to Y: q(0) = q and q̇(0) = Y. Then the covariant derivative in Qρ is
given by [12]

∇YXq =
d

dt
Xq(t)|t=0 + [Xq, [Y, q]].

Let now a = a(z) be a C-valued smooth map defined on a neighbourhood of z0 ∈ D, regarded
as a tangent vector field in D, and b ∈ C a tangent vector at z0. To compute ∇baz0 , we have to
compute ∇Xb

Xa at z = z0, and identify this tangent vector as a matrix Xc for certain c ∈ C
(at z!), and then c = ∇baz0 . In order to simplify this computation, we shall consider the case
z0 = 0. In fact, due to the invariance of the linear connection under the action of Uρ, this will
suffice to identify the covariant derivative. In this case (z0 = 0), we have

Xa(z) =
1

(1− |z|2)2

(
ā(z)z + a(z)z̄ −ā(z)− a(z)z̄2

a(z) + ā(z)z2 −ā(z)z − a(z)z̄

)
, Xb =

(
0 −b̄
b 0

)
.

Applying the formula above and choosing a smooth z(t) ∈ D such that z(0) = 0 and ż(0) = b
(for instance z(t) = tb), after straightforward computations one obtains

∇Xa(Xb)E1 =

(
0 − ∂

∂b ā(0)
∂
∂ba(0) 0

)
= X ∂

∂b
a(0) at z = 0.

Thus,

∇ba0 =
∂

∂b
a(0). (69)

This coincides with the Levi-Civita connection of the classical metric of the Poincaré disk (at
the origin).

21.3 The moment map

Note that the Lie algebra Uρ is given in this case by all matrices of the form

a =

(
iα ω
ω̄ iβ

)
= i

(
α 0
0 β

)
+

(
0 ω
ω̄ 0

)
, α, β ∈ R, ω ∈ C.

Recall that if q = px ∈ Qρ and a ∈ Uρ, then the moment map is given by

fa(q)) =
1

2i
θρ(x, ax).

If z ∈ D and q = pz, we choose as above the basis
1

(1− |z|2)1/2

(
1
z

)
, and a is given as above,

then

fa(z)) = fa(q) =
1

1− |z|2

{
1

2
θρ(

(
1
z

)
,

(
α 0
0 β

)(
1
z

)
) +

1

2i
θρ(

(
1
z

)
,

(
0 ω
ω̄ 0

)(
1
z

)}

=
1

1− |z|2

(
1

2
(α− β|z|2) +

1

2i
(ωz − ω̄z̄)

)
. (70)
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21.4 Commutative C∗-algebras

If A is commutative (i.e., A = C(Ω,C) for some compact Hausdorf space Ω), the coefficient
bundle also reduces to A, as remarked at the beginning of this section. Moreover, it is clear
that the computations done in this section can be carried over exactly in the same way. Thus,
one gets a near classical situation, in which the Hilbertian product, the metric and the moment
map take values in A, and the formulas look the same as in the scalar case, replacing complex
numbers by continuous functions.

22 Valuations

In this section we introduce valuation maps. Once a valuation map onto a commutative C∗-
algebra is chosen, the non commutative Kähler structure becomes a classical Kähler structure:
measurements take values in a fixed scalar field, instead of being elements of the coefficient
bundle C. Most important, valuation maps will allow us to examine the convexity properties of
the moment map.

In what follows, F denotes a commutative C∗-algebra.

Definition 22.1. A valuation ν in Qρ is a differentiable map ν : C → F with the following
properties:

1. ν is positive in the following sense: for any q ∈ Qρ, ν|Cq : Cq → F is a positive linear map
between C∗-algebras. In particular, this implies that ν|Cq is bounded.

2. ν is tracial: for any q ∈ Qρ and a, b ∈ Cq, ν(ab) = ν(ba).

Additionally, we say that ν is faithful if

3. for any q ∈ Qρ and a ∈ Cq, ν(a∗a) = 0 implies a = 0.

Let us introduce the following examples, which show that the existence of ν is not an unlikely
event.

Examples 22.2.

1. If the base algebra A admits a trace τ with values in a commutative subalgebra F ⊂ A,
then naturally a valuation ν is defined: ν(ϕ) = τ(a), where a is the matrix of ϕ in x, for
any q ∈ Cq.

2. A need not admit a trace. Suppose that there exists a ∗-homomorphism onto a com-
mutative algebra π : A → F (here F need not be a subalgebra of A). In this case,
π(ab) = π(a)π(b) = π(b)π(a) = π(ba). One such example is the Toeplitz C∗-algebra
T (C(T)) = {Tf : f ∈ C(T)}, where Tf denotes the Toeplitz operator with symbol f .
T (C(T)) does not admit a trace, but it has a ∗-homomorphism onto a commutative alge-
bra, namely

π : T (C(T))→ T (C(T))/K(L2(T)) ' C(T).

Another example of this sort is the algebra D+K = {D+K : D diagonal and K compact}
in B(`2). In this case, there is a homomorphism

π : D +K → D +K/K(`2) ' `∞/c0.
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3. A third sort of example is obtained if A has a positive tracial map onto a commutative
algebra.

Let us fix a valuation ν : C → F .
The structures that we have defined in Qρ, with values in C, have valuations which transform

them in structures with values in F . The main feature is the C-valued Hilbertian product: if
q = px,

〈X,Y〉q = −θρ(κx(X), κy(Y)) = −θρ(Xx,Yy) ∈ Cq,

and applying ν
〈X,Y〉νq := −νθρ(X,x,Yy). (71)

This F-valued inner product defines a Hermitian structure in Qρ, where the scalar ”field” is F .
Note that if ν is not faithful, then 〈 , 〉ν is positive semi-definite.

Next, we consider the connection and curvatures, and the symplectic form. We saw in
Theorem 18.1 that the canonical connection in the tautological bundle ξ → Qρ has curvature
equal to (−2i-times) the imaginary part of the Hilbertian product (both terms in this assertion,
considered as 2-forms in Qρ with values in C).

Let us consider now the following: pick a field of bases x ∈ Kρ defined on an open set and a
cross section σ of ξ on this open set. We can write

DXσ = x(X · a+ α(X)a)

where σ = xa, a is an A-valued function, X · a is the directional derivative of a in the direction
X, and α(X) is an A-valued 1-form in Qρ (what we called the 1-form of Qρ in the basis x) . If
we compute

DXDYσ −DYDXσ −D[X,Y]σ

for fields X,Y in (TQρ)q, we obtain the following expression for the curvature R(X,Y)σ:

R(X,Y)σ = x((dα)(X,Y)a+ [α(X), α(Y)]a),

where [α(X), α(Y)] = α(X)α(Y) − α(Y)α(X). On the other hand, we saw in Theorem 18.1
that

− 1

2i
R(X,Y)q = Im 〈X,Y〉q,

where both terms are C-valued, and X,Y ∈ (TQρ)q. Applying the valuation ν we get

ν(R(X,Y)q) = ν(dα(X,Y) + [α(X), α(Y)]) = νdα(X,Y).

Note that ν(X · α(Y)) = X · dα(Y), because ν is linear and bounded (it commutes with the
derivatives). Hence

ν dα(X,Y) = ν(X · α(Y)−Yα(X)− α([X,Y] = X · να(Y)−Y · να(X)− να([X,Y]).

In other words: ν dα(X,Y) = d να(X,Y). Therefore

Im 〈(X,Y〉νq = ν Im〈(X,Y〉q = − i

2i
νR(X,Y)q = − 1

2i
ν dα(X,Y) = − 1

2i
d να(X,Y).
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Thus, recalling that ω(X,Y) = Im 〈X,Y〉, we have that the alternate F-valued 2-form νω over
Qρ satisfies the equality

νω(X,Y) = − 1

2i
d να(X,Y). (72)

We shall call νω the valuated symplectic form over Qρ, with values in F . Then we have that the
valuated symplectic form νω is exact. Indeed, there exist global bases x defined in the whole
Qρ.

Recall the moment map defined in Section 19: for a ∈ Uρ, fa : Qρ → C, is defined by

fa(q) = 1
2i

[
(x,x∗ρax)

]
. Recall also the equality DXfa = ω(X,Xa). Let us apply the valuation

to the moment map
fνa = νfa : Qρ → F .

Note that
X · fνa = X · νfa = νDX · fa,

Therefore X · fνa = νω(X,Xa). This means that fν is a moment map. Let us understand now
the map fν as a map from Qρ to the dual of Uρ. Here ”dual” means the space of bounded linear
”functionals” with values in F . To do this, we shall consider the following tracial functional :

τ : M2(A)→ F , τ

(
a11 a12

a21 a22

)
=

1

2
ν(a11 + a22).

Apparently, τ is positive, τ(I) = 1 and verifies τ(ab) = τ(ba). Then, if q = px, we have

fνa (q) = νθρ(x, ax) = ν(x∗ρax) = τ(x∗ρax),

where the last equality uses the fact that, on elements a of A (regarded as scalar matrices(
a 0
0 a

)
), ν coincides with τ . Then, using the trace property of τ , τ(x∗ρax) = τ(xx∗ρa) =

τ(qa), i.e.,
fνa (q) = τ(qa). (73)

This formula allows one to clearly identify (by means of ν) the moment map as a map from Qρ
with values in the tangent space of the Lie algebra Uρ of the group Uρ: to q ∈ Qρ corresponds
the F-valued linear functional τ(q ·), with density matrix q.

Remark 22.3. The dual space considered is subordinated to the valuation ν. It consists of
bounded linear functionals defined on Uρ, with values in F . If, additionally, the algebra of scalars
F in which one chooses to take measurements is a subalgebra of A, then these functionals τ(q ·)
are also F-linear.

Next we shall discuss a property of the moment map, which mimicks the theorem of [23],
[4], [19] and [8] on compact symplectic manifolds acted by a torus. We shall consider therefore
a subgroup of the full group Uρ acting in Qρ, namely the diagonal group

Dρ = {
(
u1 0
0 u2

)
: ui ∈ UA} ⊂ Uρ,

which will play the role of a torus. Note that Dρ = Uρ ∩ U2(A), i.e., the unitary matrices in
M2(A) which preserve the form θρ.
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In classical symplectic geometry, the restriction of the action to the subgroup induces a
restricted moment map, which, when regarded as a map from the manifold to the dual of the
Lie algebra of the acting group, consists in composing the moment of the full group with the
projection of the Lie algebra of the full group onto the Lie algebra of the subgroup.

In our case, we shall restrict the action to Dρ. Note that the Lie algebra of Dρ is the
subalgebra U0,ρ given in (59)

U0,ρ = {
(
a1 0
0 a2

)
: a∗i = −ai}.

The projection is given by

Uρ → U0,ρ ,

(
a1 b
b∗ a2

)
7→
(
a1 0
0 a2

)
.

The following is an Atiyah-Guillemin-Sternberg’s type of convexity result.

Theorem 22.4. The image of the moment map fν of the restricted action of the group Dρ,

Qρ 3 q
fν7−→ τ(q ·) ∈ L(U0,ρ,F),

regarded as a subset of the space L(U0,ρ,F) of linear functionals U0,ρ → F , is a convex set.

23 The hyperbolic part of AP1

We say that an element x ∈ A2 is regular if x ∈ Gl2(A)e1, i.e., if x is the first column of a
matrix in Gl2(A). A regular rank one submodule of A2 is a right A-module ` ⊂ A2 of the form
` = [x] := {xa; a ∈ A} for some regular x ∈ A2.

Definition 23.1. The projective line of A is the set AP1 of all regular rank one submodules of
A2.

We define the cross ratio CR(`1, `2, `3, `4) of four submodules `1, `2, `3, `4 in AP1, following
ideas by M. I. Zelikin [36].

Definition 23.2. We denote by CR(`1, `2, `3, `4) the (possibly empty) set of module homomor-
phisms ϕ : `3 → `3 of the form ϕ = ψη, where the homomorphisms η : `3 → `2, ψ : `2 → `3
satisfy x− ψ(x) ∈ `4 and y − η(y) ∈ `1, for all x ∈ `2, y ∈ `3.

This set may contain more than one element. In the next section, we discuss existence and
uniqueness of elements in CR(`1, `2, `3, `4).

Consider the subset APρ1 of AP1, which we call the hyperbolic part of AP1:

APρ1 = {[x] : x ∈ Kρ}.

Note that the elements of Kρ are regular because they are the first columns of matrices in Uρ.
It is easy to see that APρ1 is properly contained in AP1.

Proposition 23.3. The group Uρ acts transitively on APρ1.
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There exist many natural ways of endowing AP1 with a differentiable structure. Here we
choose to define the differentiable structure only on APρ1. We have shown that Qρ = {px : x ∈
Kρ}, where px is the unique θρ-orthogonal projection with range [x].

Proposition 23.4. The mapping R : Qρ → APρ1 defined by R(q) = R(q) is a bijection, with
R−1([x]) = px. Morever, R(aqa−1) = a ·R(q).

Proof. Straightforward computation.

The natural bijection R allows one to transfer the differentiable structure of Qρ to APρ1. For
instance, the tangent space at [x] ∈ APρ1, for x ∈ Kρ, is identified as

(TAPρ1)[x] = {X ∈M2(A) : X] = X, pxX = X(1− px)}

' {[y] : y ∈ A2, θρ(x,y) = 0, θρ(y,y) = 1} = N(px).

The isomorphism implementing ' above is the map X 7→ Xx, from (TAPρ1)[x] onto N(px).
If ` ∈ APρ1, denote by

`⊥ρ = {y ∈ A2 : θρ(y,x) = 0 for all x ∈ `}.

Note that (TAPρ1)[x] ' [x]⊥ρ .

24 The invariant metric in APρ1
Given ` ∈ APρ1 and V ∈ (TAPρ1)`, fix a generator x0 ∈ Kρ for `, i.e., [x0] = ` and θρ(x0,x0) = 1.
Recall that x0 is determined up to a unitary element of A: if x′0 is another such generator,
then there exists u ∈ UA such that x′0 = x0u. Having fixed a generator for `, as we saw above,
(TAPρ1)` identifies with `⊥ρ , and to the tangent vector V corresponds an element v ∈ `⊥ρ . We
define

|V |` := ‖θρ(v,v)‖1/2. (74)

Note that | |` does not depend on the choice of the generator. If we choose x′0 = x0u instead,
the tangent vector V is represented by v′ = vu ∈ `⊥ρ , and therefore

‖θρ(v′,v′)‖ = ‖θρ(vu,vu)‖ = ‖u∗θρ(v,v)u‖ = ‖θρ(v,v)‖.

Next, recall from Lemma that θρ is negative definite (non degenerate), and therefore the expres-
sion (74) above defines a proper norm in (TAPρ1)`.

Remark 24.1. If V ∈ (TAPρ1)[x0], V is represented by some v ∈ [x0]⊥ρ ; since y0 =

(
(x∗1)−1x∗2

1

)
,

for x0 =

(
x1

x2

)
, is a generator of [x0]⊥ρ , there exists a ∈ A such that v = y0a. Then

|V |[x0] = ‖θρ(y0a,y0a)‖1/2 = ‖a∗(1− x2x
−1
1 (x2x

−1
1 )∗a‖1/2 = ‖(1− |(x2x

−1
1 )∗|2)a‖.

Note also that the norm of v = y0a in A2 is

‖y0a‖ = ‖〈y0a,y0a〉‖1/2 = ‖(1 + |(x2x
−1
1 )∗|2)a‖.
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Proposition 24.2. For any ` ∈ APρ1, the norm | |` of (TAPρ1)` is complete.

The distribution APρ1 3 ` 7→ | |` is clearly continuous. Thus, APρ1 is endowed with a Finsler
metric.

The following result is tautological, but of the utmost importance for our discussion:

Theorem 24.3. The Finsler metric defined in (74) is invariant under the action of Uρ.

24.1 Invariant metric in APρ1
Lemma 24.4. The differential of the map APρ1 → D, [x] 7→ x2x

−1
1 , at [e1] is the tangent map[(

0
x

)]
7−→ x , x ∈ A.

Theorem 24.5. The identification [x]←→ x2x
−1
1 between APρ1 and D, is isometric.

25 Limit points of geodesics

One of our concerns in computing the geodesic δ, and the above results on the polar decompo-
sition, is to establish the following result:

Theorem 25.1. For z ∈ D, let δ be the unique geodesic of D such that δ(0) = 0 and δ(1) = z.
Put z = ω|z| the polar decomposition (i.e., ω ∈ A∗∗); then

SOT− lim
t→∞

δ(t) = ω and SOT− lim
t→−∞

δ(t) = −ω.

This geometric role of the partial isometry ω in the polar decomposition of z ∈ D (or, more
generally, of every z ∈ A \ {0}) has not been noticed before, to the authors’ knowledge.

In order to compute the limit points of arbitrary geodesics, it will be useful to extend the
action of Uρ to the strong operator border

∂D := {a ∈ A∗∗ : ‖a‖ = 1}

of D, i.e., to define g · a for a ∈ A∗∗ with ‖a‖ = 1.

Lemma 25.2. If g ∈ Uρ and a ∈ ∂D, then g11 + g12a is invertible in A∗∗.

Proposition 25.3. If a ∈ ∂D, and g ∈ Uρ, then

g · a := (g21 + g22a)(g11 + g12a)−1 ∈ ∂D,

defines a left action of Uρ on ∂D.

Using this result, we can compute the limit points of arbitrary geodesics. Since the action
of Uρ is transitive, given z1, z2 ∈ D, there exists g ∈ Uρ such that g · z1 = 0.

Corollary 25.4. Let z0, z1 ∈ D and g ∈ Uρ such that g · z0 = 0. Let δ be the unique geodesic of
D such that δ(0) = z0 and δ(1) = z1. Denote by δ̇0 the initial velocity of δ. Then

SOT− lim
t→+∞

δ(t) = g · ω0 and SOT− lim
t→−∞

δ(t) = g · (−ω0),

where ω0 ∈ A∗∗ is the partial isometry in the polar decomposition of δ̇0: δ̇0 = ω0|δ̇0|.
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Remark 25.5. In order to identify these limit points in D, following the notation of the above

Corollary, note that if g = |g∗|v =

(
(1 + b∗b)1/2 b∗

b (1 + bb∗)1/2

)(
v1 0
0 v2

)
(the reversed

polar decomposition), then v · ω0 = v2ω0v
∗
1 is a partial isometry. Therefore, the limit points of

geodesics are elements in ∂D of the form

(b+ (1 + bb∗)1/2ω)((1 + b∗b)1/2 + b∗ω)−1 and (b− (1 + bb∗)1/2ω)((1 + b∗b)1/2 − b∗ω)−1,

where b ∈ A is arbitrary and ω ∈ A∗∗ is a partial isometry.
Note that not every partial isometry in A∗∗ occurs in the polar decomposition of an element

in D. For instance, if A = C([0, 1]) (continuous functions in the unit interval), the polar decom-

position of f ∈ A is f = w|f |, where w ∈ L∞(0, 1) is given by w(t) =

{
f(t)/|f(t)| if f(t) 6= 0
0 if f(t) = 0

.

An arbitrary partial isometry in L∞(0, 1) is a measurable function whose values are zero or
complex numbers of modulus 1. The set of zeros of such a function is an arbitrary measurable
set, whereas the set of zeros of partial isometries which occur in the polar decomposition of a
continuous function, are closed subsets of [0, 1].

Another way to study the limit points of geodesics, is by using the Borel subgroup B ⊂ Uρ.
This is the conjugate group of B′ ⊂ Uρ′ defined before (Definition 9.1), by means of the unitary
matrix U . Indeed, since the action of this group is transitive in D, any limit point of a geodesic
is either of the form g · v or g · (−v), for g ∈ B. Consider the following example:

Example 25.6. Suppose that A is a von Neumann algebra, and let p 6= 0 be a projection in A.

Write b =

 g + ĝ

2
− ĝx g − ĝ

2
− ĝx

g − ĝ
2

+ ĝx
g + ĝ

2
+ ĝx

, which is the general form of an element in B (here we

put ĝ = (g∗)−1). Let us compute b · p. After straightforward computations,

b · p = (g(1 + p) + ĝ (−1 + p+ 2x(1 + p))) (g(1 + p) + ĝ (1− p− 2x(1 + p)))−1 .

Note that 1 + p is invertible and that (1− p)(1 + p)−1 = 1− p. Then

b · p =
(
1 + ĝ (p− 1 + 2x(1 + p)) (1 + p)−1g−1

) (
1 + ĝ (1− p− 2x(1 + p)) (1 + p)−1g−1

)−1
=

=
(
1 + ĝ(p− 1 + 2x)g−1

) (
1 + ĝ(1− p− 2x)g−1

)−1
.

Denote α = ĝ(p−1)g−1 and β = 2ĝxg−1. Observe that α is a non-invertible selfadjoint element,
α ≤ 0 and its range is proper and closed; β is an arbitrary anti-Hermitien element. Then

b · p = (1 + α+ β) (1− (α+ β))−1 .

Note that 1− (α+β) is invertible because Re(1− (α+β)) = 1−α ≥ 1. If one picks p = 1, then
α = 0 and

b · 1 = (1 + β)(1− β)−1,

which is a unitary operator such that −1 does not belong to its spectrum. In particular, this
shows that the action of B ceases to be transitive in ∂D.

Our next result shows a necessary condition for an element a ∈ A∗∗ with ‖a‖ = 1 to be a
limit point of a geodesic of D.
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Proposition 25.7. If a ∈ A∗∗ is the limit point at +∞ of a geodesic in D, then 1− a∗a = hqh,
where h ∈ G+ and q ∈ A∗∗ is a projection. In particular, not every element of norm 1 in A∗∗
is the limit point of a geodesic: such elements satisfy that the defect element 1− a∗a has closed
range.

Remark 25.8. The characterization of the partial isometries which appear in the polar decom-
positions of all limit points a ∈ A∗∗ is an interesting open problem.

26 Operator cross ratio in the hyperbolic part of the projective
line

Here we state the main result of this part of the monograph, relating the metric ofAPρ1 introduced
in Section 24, with the so called operator cross ratio, as defined in the Grassmann manifold of
a Hilbert space by M.I. Zelikin [36]. We shall apply these ideas to the rank one submodules in
APρ1. To this effect, the isometry between APρ1 and the disk D will be important.

Consider ` =

[(
1
z

)]
∈ APρ1, for z ∈ D. Let z = ω|z| be the polar decomposition. Let δ

be the geodesic of APρ1 such that δ(0) =

[(
1
0

)]
and δ(1) =

[(
1
z

)]
. Equivalently, regarded

in D: δ(0) = 0 and δ(1) = z. As seen in Section 25,

SOT− lim
t→+∞

δ(t) = ω and SOT− lim
t→−∞

δ(t) = −ω.

Four points are determined: −ω, 0, z, ω, or better, four rank one submodules

`−∞ :=

[(
1
−ω

)]
, `0 :=

[(
1
0

)]
, ` =

[(
1
z

)]
, `+∞ :=

[(
1
ω

)]
,

where the limit lines lie in ∂APρ1.
In Section 23 we defined the operator cross ratio of four elements in AP1, as a (possibly

empty) set of module endomorphisms, following ideas of Zelikin [36]. Here we compute the
operator cross ratio CR(`−∞, `0, `, `+∞), proving that it is non empty, and that there exists a
natural `-endomorphism to choose from this set.

Recall that elements of CR(`−∞, `0, `, `+∞) are (module) endomorphisms of `, defined as the
composition of the projection from ` to `0 parallel to `−∞, followed by the projection from `0 to
` parallel to `+∞.

In coordinates, by choosing generators in the respective submodules(
1
z

)
7→
(

1
0

)
λ,

(
1− λ
z

)
=

(
1
−ω

)
µ.

Then 1 − λ = µ and z = −ωµ. Then ω|z| = −ωµ. If z is invertible (and then ω is unitary)
this implies µ = −|z|, otherwise this is just one possible solution. Non uniqueness of solutions
of these equations reflect the geometric fact that the modules `0 and `∞ may not be in direct
sum. Explicitly, all solutions of these equations are of the form

λ = 1 + |z| − Ω , µ = −|z|+ Ω,
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where Ω ∈ A∗∗ is such that ωΩ = 0. In particular, |z|Ω = |z|ω∗ωΩ = 0. We choose the solution
with Ω = 0. Note that λ = 1 + |z|, and therefore the first projection in the above composition
is given by (

1
z

)
7→
(

1 + |z|
0

)
.

Next (
1 + |z|

0

)
7→
(

1
z

)
γ ,

(
1 + |z| − γ
−zγ

)
=

(
1
ω

)
ε.

So that 1 + |z|−γ = ε and −zγ = ωε, and then (the unique solution if ω is unitary, or a possible
solution that we choose, otherwise) 1 + |z| − γ = −|z|ω, i.e.,

γ = (1− |z|)−1.

Other solutions of the above equation are of the form

γ = (1− |z|)−1 + (1− |z|)−1Ω′,

where Ω′ ∈ A∗∗ is such that ωΩ′ = 0. In general, the possible endomorphisms ` → ` are given
(in these coordinates) by(

1
z

)
7→
(

1
z

)
(1 + |z|+ Ω)(1− |z|)−1(1 + Ω′) = (1 + |z|)(1− |z|)−1 + Ω′+ Ω(1− |z|)−1 + ΩΩ′,

where we use that ωΩ = ωΩ′ = 0, and thus (1± |z|)±1Ω = Ω (and the same for Ω′).
As noted, if z is invertible, there is a unique solution with Ω = Ω′ = 0. Our choice of cross

ratio, picking Ω = Ω′ = 0 in any case, is justified below.

Remark 26.1. The following fact is known (see for instance [21]). Let an ∈ A with ‖an‖ ≤ 1.
If an → a strongly, then |an| → |a| strongly.

Remark 26.2. Dixmier and Marechal [17] proved that the set on invertible elements of a von
Neumann algebra is strong operator dense in the algebra. The argument in [17] proceeds as
follows. Let a = u|a| be the polar decomposition of a (u ∈ A∗∗). First, the algebra A∗∗ is
factored in its finite and properly infinite parts. In the finite part u can be chosen unitary. In
the properly infinite part, one readily sees that it suffices to consider the cases in which u is an
isometry or a co-isometry. In the case that u is an isometry, Dixmier and Maréchal prove that
u is the strong limit of unitaries un. If u is a co-isometry, they show that there exist invertible
elements gn which converge strongly to u, with norms ‖gn‖ = 1 (this is clear in the proof, though
it is not stated in their result). Summarizing, if A is a von Neumann algebra, and a ∈ A, there
exist gn ∈ G with ‖gn‖ ≤ ‖a‖ such that

SOT− lim
n→∞

gn = a.

Using this fact, it is clear that, if A is a von Neumann algebra, and z ∈ D, then there exist
zn ∈ G with ‖zn‖ ≤ ‖z‖, such that zn → z strongly.

Proposition 26.3. Let zn, z ∈ D such that zn → z strongly and ‖zn‖ ≤ ‖z‖. Then

(1 + |zn|)(1− |zn|)−1 → (1 + |z|)(1− |z|)−1 strongly.
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Definition 26.4. Let z ∈ D. We define cr(0, z) ∈ CR(`−∞, `0, `z, `∞), for `z =

[(
1
z

)]
, as

the endomorphism

cr(0, z) : `z → `z , cr(0, z)
(( 1

z

)
a
)

=

(
1
z

)
(1 + |z|)(1− |z|)−1a,

for a ∈ A.

We use the action of Uρ to extend this definition to any pair z0 6= z1 ∈ D.

Definition 26.5. Let z0, z1 ∈ D, z0 6= z1. Pick g ∈ Uρ such that g·0 = z0 and denote z = g−1 ·z1.
We define

cr(z0, z1) = g cr(0, z)g−1.

Before checking that the definition does not depend on the choice of g, we remark the
following. Let δ be the unique geodesic of D such that δ(0) = z0 and δ(1) = z1, and let

z−∞ = SOT− lim
t→−∞

δ(t) and z+∞ = SOT− lim
t→+∞

δ(t).

Then cr(z0, z1) ∈ CR(`z−∞ , `z0 , `z1 , `z+∞), because g is a module homomorphism which maps `z

onto `z1 . Indeed, if x =

(
1
z

)
a ∈ `z, then clearly

gx =

(
1
g · z

)
(g11 + g12z)a =

(
1
z1

)
(g11 + g12z)a ∈ `z1 .

Let us check that cr(z1, z2) is well defined, i.e., that it does not depend on the choice of g.

To prove this, recall that if k ∈ Uρ satisfies k ·0 = 0, then k =

(
u1 0
0 u2

)
, with u1, u2 ∈ UA.

Proposition 26.6. With the above notations, the endomorphism

cr(z0, z1) ∈ CR(`z−∞ , `z0 , `z1 , `z+∞)

does not depend on the choice of g. Namely, if h ∈ Uρ satisfies h · 0 = z0, and z′ = h−1 · z1, then

h cr(0, z′)h−1 = g cr(0, z)g−1.

Suppose that A is a von Neumann algebra. If z ∈ D is non invertible, there exist zn ∈ D
which are invertible such that zn → z strongly and ‖zn‖ ≤ ‖z‖. Then cr(0, zn), cr(0, z) are
endomorphisms of different submodules. In order to compare them, we can regard them as
A-module morphisms of A2, embedding each module in A2 using the θρ-orthogonal projections
p`zn , p`z onto the submodules `zn , `z, respectively. For z′ ∈ D,

p`z′ (x) = (1− |z′|2)−1/2θρ(

(
1
z′

)
,x)

(
1
z′

)
(1− |z′|2)−1/2.

Proposition 26.7. Let A be a von Neumann algebra.

1. If z ∈ D ∩GA, the set CR(`−∞, `0, `z, `∞) consists of a single element cr(0, z).
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2. If z ∈ D is non invertible, there exist zn ∈ D which are invertible such that zn → z strongly
and ‖zn‖ ≤ ‖z‖. Then, with the above notations,

cr(0, zn)p`zn (x)→ cr(0, z)p`z(x)

strongly in A2.

Observe that in the von Neumann algebra case cr(0, z) is then uniquely defined when z is
invertible, and is defined by strong continuity in the remaining cases.

Remark 26.8. As a corollary we get that, even if the set CR(`1, `2, `3, `4) may be empty for
general `1, `2, `3, `4, the particular set CR(`−∞, `0, `z, `∞) is not, and cr(0, z) is a distinguished
element of this set.

As a first approximation of the deep relationship between the cross ratio and the metric
in APρ1, we can state the following result. It can be regarded of the scalar version of our
main result, here we state the equality between the norm of the endomorphism cr(0, z) and the
distance between 0 and z in the Poincaré disk D.

Theorem 26.9. Let z ∈ D, then

1

2
‖cr(0, z)‖B(`z) = d(0, z),

where ‖ ‖B(`z) denotes the norm of operators acting in `z ⊂ A2.

27 The cross ratio, the logarithm and the exponential

We have just defined a Hilbertian C-valued structure in Qρ ' APρ1, or, equivalently, in D. In
particular, the product

〈 log0(z), log0(z)〉0

takes values in the set of endomorphisms of `0 =

[(
1
0

)]
, where log0 is defined in Corollary

7.9. It is a positive module endomorphism (given by multiplying the generator e1 by a positive

element of a). Thus, it has a unique positive square root 〈 log0(z), log0(z)〉1/20 , which we denote by
mod0(log0(z)) of log0(z). Explicitly, in the generator e1, mod0(log0(z)) consists in multiplying
the generator by log

(
(1 + |z|)(1− |z|)−1

)
.

On the other hand, we saw that, for z ∈ D, the endomorphism of `z denoted by cr(0, z), is

given by the same coefficient log
(
(1 + |z|)(1− |z|)−1

)
, which multiplies the generator

(
1
z

)
of

`z.
We shall translate the endomorphism cr(0, z) from `z to `0 by means of the parallel transport

of APρ1, along the geodesic δ, with δ(0) = `0 and δ(1) = `z (i.e., the same former δ, which under
the identification D ' APρ1 joins δ(0) = 0 and δ(1) = z in D: δ(t) = ω tanh(t|α|)).

The parallel transport of elements of D (or APρ1) along the geodesic δ(t) = e
t

 0 α∗

α 0


· 0,

where α is, as in (24)

α = z
∞∑
k=0

1

2k + 1
(z∗z)k,
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is given by the left action of the invertible matrix

e
t

 0 α∗

α 0


: `0 → `δ(t). The endomorphism cr(0, z) of `z is transported to `0 as

cr(0, z)0 := e
−

 0 α∗

α 0


cr(0, z)e

 0 α∗

α 0


: `0 → `0.

Our main result (for the origin) is the following:

Theorem 27.1. With the current notation, if z ∈ D (or `z ∈ APρ1),

emod0(log0(z)) = cr(0, z)0 (75)

or, equivalently,
mod0(log0(z)) = log(cr(0, z)0), (76)

where the exponential in the first equality is the usual exponential of A, log in the second equality
is the usual logarithm of G+, and each endomorphism of `0 is identified with its coefficient in

the basis e1 =

(
1
0

)
.

As in Definition 26.5, let z0 6= z1 ∈ D (`z0 6= `z1 ∈ AP
ρ
1). Pick g ∈ Uρ such that g · 0 = z0,

and denote by z = g−1 · z1 as before. Let δ be the geodesic such that δ(0) = 0 and δ(1) = z1.
Then δz0,z1 = g · δ is the geodesic which joins z0 and z1 at t = 0 and t = 1, respectively. Recall
that cr(z0, z1) = gcr(z0, z1)g−1. Likewise, we put

logz0(z1) := g log0(z)g−1, and modz0(z1) = 〈 logz0(z1), logz0(z1)〉1/2z0
,

where 〈ϕ,ψ〉z0 = g〈gϕg−1, gψg−1〉0g−1, and logz0 is the inverse of the exponential expz0 :
(TD)z0 → D. It is not difficult to verify that these definitions do not depend on the choice
of g.

Finally, let us denote by cr(z0, z1)z0 the parallel transport of cr(z0, z1) from `z1 to `z0 along
the geodesic δz0,z1 (obtained by conjugation as in the case of the origin, by the value at t = 1 of
the one parameter group in Uρ which determines δz0,z1). The Uρ-covariance of the data involved
enables us to prove the following:

Theorem 27.2. With the current notations,

modz0(logz0(z1)) = log (cr(z0, z1)z0) .

In particular, ‖ logz0(z1)‖z0 = ‖ log(cr(z0, z1)z0)‖.

Remark 27.3. If we think of modz0(logz0(z1)) as an distance operator from z0 to z1, then the
identity in the above theorem shows a projective way of computing this operator distance.
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28 An example

Suppose that the algebra A has a trace tr onto a central subalgebra, that is, there exists a C∗-
subalgebra B ⊂ Z(A) of the center of A and a conditional expectation tr : A → B satisfying
tr(xy) = tr(yx) for all x, y ∈ A. This happens, for instance, if A is a finite von Neumann
algebra.

We can define a Hilbertian B-valued inner product, by means of

〈X,Y 〉tr,q = −tr(θρ(Xx, Y y)).

Indeed, since tr is tracial, the value of −tr(θρ(Xx, Y y)) is independent of the choice of x ∈ Kρ
satisfying q = px. On the other hand, cr(z0, z1) is an element of Γz0 , which has matrix a in a
unital base x ∈ R(q), as explained before. We put cr(z0, z1)tr, for tr(a). Clearly, cr(z0, z1)tr
does not depend on the basis x. With these notations, the formula in Corollary 27.2, can be
written

〈logz0 z1, logz0 z1〉1/2tr = log cr(z0, z1)tr, (77)

which is an identity involving elements in B.
More specifically, if A is commutative, we can choose tr the identity A = B, and we have

| logz0 z1| = log cr(z0, z1), (78)

as elements in A.
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