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Abstract

This article surveys the results in three recent papers by the present authors, which study
the metric, differential and projective geometry of the Poincaré half space and the Poincaré
disk of a C*-algebra.
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1 Introduction

Given a C*-algebra A, denote by G 4 the group of invertible elements of A and by GT the
positive elements of G 4. We define the Poincaré half space of A

1
H={hecA:Imh= 27(h — h™) is a positive invertible element of A}.

and the Poincaré disk of A
D={zecA:|z] <1}.

In the papers [1], [2] and [3] we define the groups U,, U,y which operate on D and #, respectively,
and define on D and H isomorphic structures of reductive homogeneous spaces with invariant
Finsler metrics. Additionally both spaces carry Kéhler structures (in a non commutative sense).
We study metric and geometric properties of these spaces. For example the geodesics of the
reductive structure of # (and D) have minimal length among all smooth curves joining their
endpoints. Moreover, the function f(t) = distance between (t) and 0(t), for two geodesics
~v and 9, is convex. Therefore, H and D become non positively curved spaces in the sense of
Busemann [18], [7], [10].

As part of their Kéhler structure, H and D carry an invariant symplectic structure. We
compute the moment map of this structure, always in a non commutative sense. In the presence
of a trace in A, we show that, for an appropriate subgroup of U,, the image of the moment
map is a convex set, a result which resembles the classical theorem of Atiyah, Guillemin and
Sternberg [4], [19] (see also [8]).

Finally, we describe the metric properties of D, as a subset of the projective line of A. Given
20,21 € D, let § : R — D be the unique geodesic with §(0) = 29 and 6(1) = 21, and its limit
points

Zdoo = tilinoo 5(t) ) R—oo — tilrfnoo(s(t)



Using ideas of Zelikin [36], we define the cross ratio of the four-tuple {z_o, 20, 21, 2400 }, Which
is an operator cr(z_oo, 20, 21, Z+00). On the other hand, we have the ”initial velocity operator”
5(0), whose norm is the distance between zp and z;. We establish an identity which relates
the distance operator & (0) and the cross ratio operator cr(z_oo, 20, 21, 2400 ). This identity is an
operator valued version of the classical formula involving the hyperbolic distance in the complex
unit disk with the cross ratio in the complex projective line.

One of the motivations for the study of H is the following. We consider G as the config-
uration space of a dynamical system. The elements of G may be thought of as a familiy of
equivalent inner products of a Hilbert space. The corresponding phase space is TG". Note that
TG consists of pairs of the form (a, X), with a € GT and X € (TG"), ~ Ay, the selfadjoint
elements of A. TG identifies with # by means of (a, X) +— X + ia. This identification is not
merely formal. The Liouville 1-form on H can be obtained, in the usual way, by identifying the
tangent bundle TG™ with the cotangent bundle T*G™, as explained in [2].

As a second motivation, let F¥ be a complex vector bundle over a compact space M provided
with a Hermitian structure. Consider the C*-algebra I'(End(E)) of continuous sections of the
endomorphism bundle of E. The Poincaré space of I'(End(FE)) consists of the elements of the
form X + ia, where a is a Hermitian structure on F and X is infinitesimal deformation of a.

2 The geometry of G*

Since one of the motivations of this work is the identification of H with the tangent bundle
TG, we begin with a summary of results on the geometry of G*. Moreover, the geometry of
D and H depend on the geometry of GT. The results of this section can be found in [13], [14].
For other examples of homogeneous spaces of groups of invertible elements in C*-algebras see
[5], [16], [25], [26], [27], [35].

First we fix notation for this section. A is a unital C*-algebra, A, = {z € A : z* = z}
(Hermitian elements of A), A, = {z € A: 2" = —z} (anti-Hermitian elements of A); recall
that Aj, @ Au, = A. G4 is the group of invertible elements of A, G is the space of positive
elements of G 4, U4 is the group of unitary elements of A.

If A is represented in a Hilbert space (£, ( , )), then GT can be thought of as a set of inner
product on £ which are equivalent to { , ): if a € GT,

(€, = (a&,n), &, € L.

Each a € G defines also an involution *e in A: for z € A, % = a~
L, then *e is the adjoint with respect to ( ,)q.
Note that for a € G, if we denote

pi={reA:z* =2} and Ay, ={recA:z" = -z},

a

Lza. If A is represented in

then it holds that A = Aj & A%, (i.e., the decomposition as a-Hermitian and a-anti-Hermitian
elements).

Since G 4 is an open subset of A, its manifold structure is trivial, and for each g € G 4, the
tangent space (T'G ), identifies with A. Similarly, G* is open in Ay, and thus (TG"), ~ A
for each a € G™.

The group G 4 acts on G by means of

L:GaxG" -G, Lya= (¢*) tag™,



for g € G4 and a € G*. The action is transitive: for each pair a,b € G* it holds that Lya = b
for g = b=1/241/2.

Along this paper, for the left action of a group G on a manifold M, we use both notations
Lym and g-m, for g € G and m € M.

The isotropy subgroup of a € G+ for the action L is 7, = {g € G4 : (¢*)tag™! = a}.
Note that Z; = Uy. Again, if A is represented in £, then Z, = {g € G4 : g : (L, {, )a) —
(L,{, )a) is unitary}. For any a € G, the map p, : G4 — GT, pu(9) = Lga = (¢%) tag™! is
a submersion with a global section s, : Gt — G 4, s4(b) = b1/2¢1/2. As a consequence, we get
a diffeomorphism

GafUs+— G, gUar (6 gt = (99") 7,

whose inverse is b — b~ /2U 4.

Notice that the tangent map of p, at 1 € G4 is (T'pa)1 : A — Ap, T(pPa)1z = —(az + x*a).
Its kernel is the Banach-Lie algebra of Z,: i, = N((Tpa)1) = (TZ,)1. If A is represented in
L, then (T'Z,); consists of the elements of A which are anti-Hermitian operators in (£, (, )4).
Therefore, a natural complement for (7Z,); in (T'G4)1 = A is

H,={z € A:azx =2"a},

i.e., the a-Hermitian elements of A. It is a relevant fact that the restriction (I'pg)1|m, : Ho — An
is a linear isomorphism, whose inverse is K, : A, — H,, K, (2) = —%ailz. It is easy to verify
that H, has the following properties:

1. for g € Z, and y € Hy, it holds that gyg~' € Hyg;
2. for x € i, = (TZ,)1 and y € Hy, it holds that [z,y] = zy — yx € Hy;
3. the map a — H, is smooth.

This shows that the distribution of subspaces a — H, defines a reductive structure in G*.
Usually, H,, is called the horizontal space of A = (T'G4), at a € GT.

The map a +— K, will be called the 1-form of the reductive homogeneous spaces G.

As with any reductive homogenous space, for any smooth curve a = a; : [0,1] — G there
exists a unique horizontal lifting of a, i.e., a smooth curve g = g; : [0,1] — G such that py,g=a
and g, := % € Hy, for all t € [0,1]. The horizontal lifting ¢ is the unique solution of the linear

differential equation
{ g= Ka(d)g

go =1,

which we call the transport equation for G. The solution g provides the parallel transport of
vectors along the curve a. Explicitly, the transport equation for G is

{ g=—3a'ag
go =1

The solution ¢ is used to define (via parallel transport) the covariant derivative of a vector field
X = X, along a = ay:
DX d

*\— _ .1 1. .
o = (g7) l(ﬁ(TLgt)atXt)gt - x i(Xa Lo+ aa 1X).



The vector field is parallel if e 0. A curve a = a; is called a geodesic of this linear connection

if @ is parallel, i.e.,
i = aa"ta. (1)
There are two classical problems associated to the equation (1), namely:

1. the initial values problem

i=aa"ta
ag=>
ag=x, forbe Gt x e (TG"),
and

2. the boundary values problem

i=aa"ta

ag = b
ap =c, forb,ce Gt
Both have a unique solution. For the initial values problem the solution is
ar = em2% = K@) jf p — 1,

or
ap = B2y o)

for b€ G and x € A, = (I'G"); arbitrary. The solution for the boundary valued problem is
ap = bl/g(b_l/ZCb_l/Q)tbl/Q. (3)

Note that the velocity vector at t = 0 of this geodesic is 2 = —2log(b~'/2cb~1/2)
The exponential map of G is therefore given by

exp, : (TG)a~ Ay — G, exp,(z) =a; = a1/26“71/2m71/2a1/2, (4)
which is a global diffeomorphism with inverse
log, : Gt — Ay, log, b=a'?log(a™"?ba=1/?)a'/?. (5)

There is a natural metric in G which comes from a Finsler structure, i.e., a continuous
distribution of norms a ~ || ||, on (T'G™"),. Define || X||q := [la=/2Xa~1/2||. Tt is easy to show
that || X||, = [|¢" X g||geag- Put d(a,b) = inflength(y), for v a smooth curve joining a and b,
where length(y) = fol [17(t)[|ly(¢)dt. Therefore d is invariant under the action of G 4, which means
that G acts isometrically on G™.

Theorem 2.1.

1. If bc € GT and a; = bl/z(17_1/261)_1/2)75171/2 s the unique geodesic joining b and c, then
a = ay is shortest among all smooth curves joining b and ¢ in G*. Then

d(b, ¢) = length(a) = || log(b~"/2cb=1/?)].

2. If a = a;,b = by are geodesics in GT, then f(t) = d(as,by) is a convex function in R

Remark 2.2. Metric spaces with these properties are called non positive curvature spaces in
the sense of Alexandroff [18], [7], [9]. Note that the geodesics are defined for all ¢ € R, and that
he distance d is G 4-invariant.



3 Polar decomposition of reflections

If T is a bounded linear operator on a Hilbert space, there exists a unique partial isometry V'
such that T = V|T| = |[T*|V, with |T| = (T*T)"/? such that N(V) = N(T) (N denotes the
nullspace). In an abstract C*-algebra A, a similar result holds, except that the partial isometry
may not belong to A, but to A”, the enveloping von Neumann algebra of A. However, if T is
invertible, then V = T|T|~! € A. This is called the polar decomposition of T.

Proposition 3.1. If a € G4 then o, := ala|™' = |a*|7ta € U.

1

For further use, we remark that if a®> = 1, then o, = 0, ! = o and o,]a| = |a| lo,.

4 A space of idempotents related to a symmetry

From now on, we shall deal with the C*-algebra My = M(A) = A?*2, which can be regarded
as the algebra of all A-linear adjointable operators acting in the right C* A-module A?. The
A-valued inner product of this module is given by

(%, y) =Xy = z151 + 2302,

for x = ( 1 > and y = < zl > The adjoint of a matrix a = < a2 ) € Ms is given by
2

T2 az1 Qg2
* *
o = < ayjp A )
- * * .
Qip Qoo

If @ € My and S is a submodule of A%, we write a > 0 in S if (ax,x) >0 for all x € S.
We define

Q={qe M :¢’=q} (6)
and

P={peQ:p"=p} (7)

Notice that the map ¢ — 2¢g — 1 establishes natural bijections
Q—{acMy:a*=1}.
For later use, we recall that Q is a smooth submanifold of Ms with tangent spaces given by
(TQ)g ={z € My :zq+ qx =z},
for ¢ € Q. Also P is a smooth submanifold of Q, and for p € P,
(TP)p ={x € My :xzp+pxr =z and z* = z}.

Proposition 4.1. Given q € Q and a symmetry o, the following conditions are equivalent:

1. o(2¢—1) € G5.

2. There exists A € G3 such that 2¢ — 1 = \0.



3. There exists A € Gy such that g = A(3(1+0))A"! and oho = AL,
4. 0>01in R(q), 0 <0in N(q) and g = oq*o.
This result gives several characterizations of the set
Q,={qeQ:0(2¢—1) € GJ}, (8)
which plays a central role in this exposition. Notice also the immersion
Qy — Gj\r/[y defined by ¢~ (2¢ — 1)o. (9)
The fiber Q. is a smooth submanifold of @, and for ¢ € O,

(TQs)q ={x € My: zq+ gz =z and o2* = z0}.

5 The unitary group of a symmetry
Every symmetry o € My defines an A-valued sesquilinear form 6, in A?%:
Oy : A2x A2 5 A, b,(x,y) = (ox,y) = x"0y. (10)
Every a € M, admits a 6,-adjoint afe € M,
0,(ax,y) = 0,(x,a"y), ie., a* =oa*o. (11)
The unitary group U, of 0, is
Uy = {a € Gy, : O5(ax,ay) = 0,(x,y) for all x,y € A%} ={a € Gy, : 0a*c =a™'}.  (12)

In this paper we shall study the group U, and some relevant homogeneous spaces, only for the

special symmetries
(1 0 (0 =i
O'—p.—<0 _1> and U—p.—<i O).

In the remaining of this section we focus in the case p. Explicitly,
0,: A2 x A2 = A ,0,(x,y) = 2jy1 — 2hys = X py.

* *
app  —ag

By (11), for a € My it holds that a% = pa*p = < > Therefore, a € U, if and

—ajy Gy
only if a € Gy, and satisfies pa*p = a~1; explicitly

a’{lan — a§1a21 =1
a’{lalg - a§1a22 =0
GTQCLH — a§2a21 =0
a59022 — G]9012 = 1



Remark 5.1. It can be shown that U, is a Banach-Lie subgroup of Gy, ([1]). Its Banach-Lie
algebra is given by

b z*

ﬂp:{xeMgzpw—i—x*p:O}:{( . >:b,c€Aah,x€A},

T

where Ay ={z € A: 2" +2 =0},
Observe also that the Banach-Lie algebra of the subgroup U, N Uy, is

(T(Up ﬁUMQ))l = {< 8 2 ) :b,c € Aah}-

Using (13) it follows that the subgroup U, is closed for the adjoint operation and that
arl,az € G4.

Proposition 5.2. The map
Q, = U, g ((2¢—1)p)"”
is a diffeomorphism with inverse A — ApA™L.

Remark 5.3. Notice that the diffeomorphism above has the explicit matrix form

—1/2 —1/2 -1/2
o[ @ +a5,/ qé"lqlz/l2q11/ )2 an a5 ' (14)
421471, (1 +Q21Q1_11qg1)1/2

The elements of U, are known in different areas of mathematics as Mobius, linear fractional
[29], [24], [31] or symplectic transformations [28], [16], [35].

6 @, as a homogeneous space of U,

In this section we prove that Q, and D are diffeomorphic as reductive homogeneous spaces of
U,, by means of an U,-equivariant diffeomorphism.
The set
K,:={xec A :x"px=1, 21 € G4} (15)

plays a role which is similar to that of the punctured plane in the stereographic projection. Notice
that KC, consists of the elements of the unit sphere of 6, whose first coordinate is invertible.

In order to identify the spaces Q, and D we shall use projective methods. In fact, we
present both spaces as subsets of the ”"projective line” associated with A%. For instance, x =
< il ) € K, will serve to indicate the element z € D, z = :chl_l by means of its ”homogeneous

2
coordinates”. Analogously, a point ¢ € Q, is represented by x € K, as the 6,-orthogonal
projection over the A-submodule [x] spanned by x.

We collect in the next proposition several useful facts which relate K, with the group U,,.

Proposition 6.1.

Lapx= (2) €K, then faaa ] < 1.
2



2. IfacU, and x € K,, then ax € K.

3. If x € K, then there exists y € A? such that x*py = 0 and y*py = —1; in particular
a= ( e > eU,.

L2 Y2

4. The action of U, on K, by left multiplication (see 2. above) is transitive: K, = U,x for
any x € KC,.

The next theorem is a useful characterization of Q, by means of elements of IC,; it will be

frequently used in the sequel. First we need to establish a few facts.

Definition 6.2. Ifx € K,, denote
px =Xx"p € Ma. (16)

Lemma 6.3. For x € IC, it holds that px € Q and R(px) = [x] := {xa : a € A}. In particular,
this latter space is a closed and complemented submodule of A%. For x,x' € Ky, px = px if and
only if [x] = [x'], if and only if there exists u € U4 such that X' = xu.

Theorem 6.4. Q, coincides with the set {px : x € K,}.
Theorem 6.5.
1. The map ¢, : K, = Q, ©p(X) = px is a smooth principal fibration, with group U and

1/2
with a global cross section: o, : Q, = K, , 0,(q) = \ge1 = ( q11_1 9 )

2. The map ® : K, = Q, xUs , P(x)= (px,X*po,(px)) is a diffeomorphism with inverse

*

o~ 1(q,u) = op(q)u”.

Remark 6.6. One should notice that, with the current assumptions and notations, x*po,(px) =
i (zraf) "2

The tautological bundle of Q,, is defined by
{(a,x) € @, x A% : x € R(q)}
with the projection (¢,x) — q. We get the diagram

K, <= {(a,x):€ Q,x A*:x € R(q)}
N (17)
Qp

where the horizontal arrow is given by x — (px,x) (x € k). A corollary of Theorem 6.4 is that
vy : K, — Q, is the principal bundle with group U4 associated to the tautological bundle. We
shall pursue this matter later (Section 14).



Proposition 6.7.

1. U, acts transitively on Q, by similarity: U, x Q, — Q,, (a,q) — aga™ .

1

2. For every qo € Q, the map mg, : U, — Q,, Tg,(a) = agoa™" is smooth and onto. Moreover,

Tqo admits a global cross section.
Corollary 6.8. For q € Q,, the isotropy group Hy of q, Hy ={a € U, : aqa™t = q} is a closed
Lie-Banach subgroup of U, and the bijection U,/ Hy <+ Q, is a diffeomorphism. In other terms,
Q, is a reductive homogeneous space of U,.

The proof is straightforward. The cross section of the above proposition induces the inverse
diffeomorphism.

We note now that Q, is a reductive homogeneous space of U,. We proved before (Remark
5.1) that the Lie algebra of U, is

C*

upz{vaMg:px*pz—az}:{< IC) p > :be,de A, b+ b =0, d+d* = 0}.
The isotropy group of p in U, is

Ip:{aeup:ap:pa}:{(g 2>:u,v€L{A}.

Then its Lie algebra is

. b * *
1p:{<0 2>:b+b —d+d =0,

P c ‘ ' : :

It is fairly obvious that aHpcf1 C H,, for every a € Z,. .
It follows then that the unique geodesic ¢ in Q, with 6(0) =p and 6(0) = X € H,, is

Recall from (9) the immersion
:0Q, G, g (20— 1)p)'2,

which satisfies that im ® = U

We shall prove later that this immersion preserves the relevant geometrical structures. In
particular, it translates geodesics of Q, into geodesics of G]\Z. Conversely, every geodesic of
GX@ contained in Z/{;r is the image of a geodesic in Q,. Using this translation we are able to
compute in an explicit way all geodesics of Q.

If go,q1 € Qp, then

o = ((2q0 — D)2, p1 = ((2q1 — 1)p)*/? (20)



belong to GX/[Q and, therefore, they are joined by a unique geodesic p in GXF/IQ. Explicitly, the

curve

_ _ t
w01 = Gl oon(t) =y’ (uo Y2 g 1/2) T

is the unique geodesic in Gj\'/b such that (0) = pp and w(1) = py (recall (3) in Section 2). By
definition, po, 1 € 7m ® = U; it is an easy exercise to show that u(t) € Uf for all t € [0,1]
(for all t € R, in fact). From the polar decompositions

(2q0 — 1) = (290 — V)pp = pgp, (201 —1) = (21 — D)pp = piip
and the fact (Proposition 4.1) that gy = ,uop,ual and g1 = ulpufl we see that
q(t) = p(t)pu~ (t) (21)
is the geodesic in Q, joining go and q;.

Remark 6.9. It is apparent that L{p+ is also a reductive homogeneous space of U,. We do not
pursue its study here, since its geometry is that of Q,.

7 D as a homogeneous space of U,

Our next step is to show that the Poincaré disk
D={zeA:z"z2<1}={z€ A |z <1}
is a reductive homogeneous space of U,, equivariantly diffeomorphic to Q,,.

Recall from Proposition 6.1 that :ngfl € D for every x = ( il ) € K.
2

Proposition 7.1. The map
op: K, =D, ¢p(x)= xgxfl

18 a smooth submersion with a smooth global cross section. Namely,

X, 1= ( L > (1-22)"12 ek,

z

and op(x;) = z; thus op(z) = x, defines a smooth global cross section for ¢p.

1

; — _ 1/2
Notice that op(¢pp(x)) = S ( - ) (z127)"/2.

We have the following proposition:
Proposition 7.2. If x € K, then x*paD(xga:l_l) € Uy, and the map
Op: K, =D xUy, Pp(x)= (xg:z:fl,x*po'D(xgxfl)

is a diffeomorphism with inverse



Definition 7.3. Define the action of U, on D as follows: for a € U, and z € D, put

a-z:=¢plaocp(z)) = ¢pla ( i ) (1-— Z*Z)_I/Q) = (ag1 + agez)(a11 + algz)_l.

Proposition 7.4. The action of U, on D is transitive.

With a similar argument as in Proposition 6.1.4, it easy to show that

B (1-— z*z)_1/2 (1-— z*z)_1/2z*
9= = ( 21— z%2)" 12 (1= z27) L2 €Uy (22)

and g, -0 = z.
For each zy € D, consider
T Uy =D, my(a) =a- 2.
Theorem 7.5. D is a reductive homogeneous space of U,.

Consider zy = 0. The isotropy subgroup Zyp = {a € U, : a- 0 =0} is

0
IO:{(S y ) tu,v €Ua

The Lie algebra of Zj is
10:{<g 2):()*:—(), d* = —d}
and a supplement for iy in u, is
0 c¢*
HO:{<C O):CGA}
which is a reductive complement.

As in the case of Q,, the geodesics of the affine connection of D starting at 0 are, exactly,
those of the form 6(¢) = X - 0, with X € Hy; the geodesics starting at z € D are g, - (6(t)).

The next result identifies Q, and D as reductive homogeneous spaces of U,,.

Theorem 7.6. There exists a diffeomorphism ap : Q, — D which makes the following diagram

commutative
Ko
Qp =2 D7

All maps in the diagram are U,-equivariant, i.e., for every x € K,, a € U, and q € Q,, it holds
that

(23)

pplax) = apxa_1 , ¢plax)=a- (:Ugﬂ:fl) and ozD(apxa_l) = Pax-

11



We continue here the study of the geodesics of D.
It is easy to see that for any z € D, the unique geodesic 6 of D such that §(0) = 0 and
d(1) = z is given by

()
o 0 - 1 * _\k
i(t)y=e -0, where a:zkzo2k+l(2 z)". (24)

Note here that Y 7, t;:% is the Taylor series of the function f(t) = log(1t}), in the interval

(—=1,1). We shall compute below the explicit form of § in D, joining 0 and z € D at time ¢t = 1:

Lemma 7.7. Given z € D, the unique geodesic § of D with §(0) =0 and (1) = z is given by
0(t) = wtanh(t|al), (25)
where a is given in (24) above, and w is the partial isometry in the polar decomposition of «:

a = w|al, performed in A**.

Notice that w € A** need not belong to .A. However, §(t) € A for all ¢. Concerning partial
isometries in C*-algebras, see [21].
Let us relate the polar decompositions of z and «a.

Proposition 7.8. If z € D and « as in (24), then
1
o= og(1 +|2l) ~log(1 ~ [2]). and = =uwz],

i.e., the partial isometry w € A** is the same for o and z.

Corollary 7.9. The exponential map expy of D at 0, and its inverse log, can be written explicitly
as follows: if z = wl|z| € D

1 _
logy : D — (TD)y , logy(z) = iwlog (A+ =) =127
If a =wla| € A~ (TD)y, then
expy : (TD)g — D, expy(a) = wtanh(|a|).

In particular, if o = logy(z) (or, equivalently, z = expy(a)), then z and o have the same partial
isometry in the polar decomposition. Also,

| expg(a)| = tanh(|er]) and [logy(2)] = %bg (A+lzha—1[=h). (26)

12



8 H as a reductive homogeneous space

Consider now the symmetry

the A-valued form 6,
O : A2 x A* = A, 0y(x,y) =x"py = —i(zlys — z351) = 2 Im (2]y2),

its unitary group
Uy ={a € Gy : pap =a '},

and the hyperboloid
Ky={xe A :x*p'x=1,21 € G4}.

Consider also the unitary matrix in Ma

Proposition 8.1. The matriz U has the following properties,
1. it intertwines p and p': p' = UpU*;
2. it conjugates the unitary groups: Uy = UU,U*;

3. it maps one hyperboloid onto the other: Ky = UK,.

Proposition 8.2.
1. If x € Ky then mgxl_l cH.

2. The map
on Ky =H, ounx)= x2$f1

is a submersion with a global cross section

o> =

og:H—Ky, og(h)= ( ) (2 Im h)~'/2,

As in the case of p, we define

Qy={q€Q:(2¢— 1)y G}

(34)

and we get analogous results and properties. In particular, if x € Iy and px = xx*p/, then

px € Qy and these idempotents exhaust Q,:
Qy ={xx"p :x e Ky}

13



We get an analogous commutative diagram

K, (35)

P! W

Qp’ an H,

where ¢, (x) = xx*p’ and ay(px) = 2227 " is a well defined diffeomorphism.
The group U,y acts on H (as U, acts on D) as follows. First, note that, if a € U, and h € H
then

Xp, = < ]11 ) (2Imh)? ek, (36)
and also axj, € K, by Proposition 8.1.

Definition 8.3. Fora € Uy and h € H put
a-h= @H(axh) = (axh)g(axh)l_l = (021 + a22h)(a11 + alzh)_l.

It is a routine calculation to prove that this action is well defined and that all maps in the
diagram (35) are U -equivariant. The action of U, on H is transitive because the unitary U
implements an isomorphism between diagrams (23) and (35). However, in the next section we
shall prove this result without using the unitary U.

As in the case of D, H is a reductive homogeneous space of U, and we get that H and Q,
are isomorphic (as reductive homogeneous spaces). Combining diagrams (23) and (35) by means
of U, we get a bigger diagram

K, N K,

Yp N ¥D oy Nl . (37)
3 — .

D ap Qp Ad(U) Qp/ (634 H

Here Ad(U) : Q, — Q, denotes ths isomomorphism Ad(U)q = UqU*.
Remark 8.4. The composition a0 Ad(U)oap!' provides the (linear fractional) diffeomorphism
I''D—H, T(z)=i(1+2)(1—-2)""

with inverse

I':H—-D, T"Yh) = (1+ih)(1 —ih)" L

9 The Borel subgroup of U,

We have proven several results about the relations between the groups U, and the manifolds I,
Q, and D. The unitary matrix U allowed us to translate these relations to the analogous spaces
in the case of p/. We have chosen to proceed in this order (first p, then p’) because many of
the properties reviewed had easier and more natural proofs in the former realm. In this section
we introduce a subgroup of U, which is easier to understand, and, more important, it admits a
clear geometric interpretation.

14



Definition 9.1. The Borel subgroup of Uy is

B i={a= ( a0 ) Uy},

a1 a2

Proposition 9.2. The subgroup B’ coincides with
{a:( *971 *0,1 >Ig€GA,:E€Ah}.
(g) "z (97)

Remark 9.3. Observe that, for a = ( (g*jq_lx (g*(;_l ) € B and h € H, it holds that

1 1\._ o\ — _
a-h= (a< b ))2(a< L ))11 =(¢") Nz +h)g = Ly(a+h).
That is, the action of B’ on h is the affine translation by z* = z (which remains in H: Im

x4+ h)=Im (h) > 0), followed by the action L, of G4 extended to H: L,k = (¢*) 'kg~!.
g g

Significantly, there is no loss of geometric information if we restrict the action to the subgroup

B
Proposition 9.4. B’ acts transitively on H.
Proposition 9.5. The action of B' on K is free. So in particular, B' is diffeomorphic to IC,.

Specifically, we get the diffeomorphism

3
Ky — B xr—>< . V2 0 ) (38)

L) Majes +ogm) ()

with inverse

<

B — Ky, < (g*)gilx (g*[;l ) ~ ( (9*) z +1) )

Remark 9.6. The diffeomorphism K, =~ B’ proved above defines a group structure on K. On
the other hand, as in (17), we have the diagram

Ky < {(a,x):€ Qy x A% :x € R(q)}
N (39)
Qp’a

which proves that the map K, — Q,, x + px is a principal fiber bundle with structure group
Uy, associated to the tautological bundle on Q,, cf. [6]. This configuration is similar to that of
the classical Hopf fibration
St — 83 c?
1
S2 =CP!,

where 83 — 82 is the principal S-bundle associated to the tautological bundle on CP'. More-
over, S3 can be identified with the group Spin (3), which is isomorphic to the group of unit
quaternions.
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In order to understand the structure of U, it will be also useful to consider the subgroup
T C Up/,

T::{((l) 71’>:7'€.Ah}. (40)

B’ and T locally decompose Uy, in the following sense:

Proposition 9.7. B’ and T are Banach-Lie subgroups of U, , and complemented submanifolds of
Ms. They generate an open and closed subgroup of Uy, which contains the connected component
of the identity.

Remark 9.8. If A is a von Neumann algebra, then U/, is connected. Since Z/{;? is clearly
connected (in fact, contractible), one needs to show that the unitary part D, = U, NUpg, of Uy
is connected. Note that D, = Uy, N{J}' . Since J is anti-Hermitian, it follows that {J} C M>
is a von Neumann algebra, and therefore Uz, N {J} is the unitary group of a von Neumann
algebra, thus connected.

Theorem 9.9. The unitary part D,y of Uy is isomorphic to Usq x Ua. The group (U, ) of
connected components of Uy, is isomorphic to Ilo(Ua) x Ho(Ua).

Corollary 9.10. B' and T generate Uy if and only if U is connected.

Remark 9.11. Note that if ¢ € T, then ¢* € B'. In particular, B and (B')* = {b* : b € B}
generate a subgroup B’ V (B')* of U,y which contains the connected component of the identity.

. 0 -1
The matrix J = ( 10

' TR (R £h— g 0
B'vJ=DBVv(B)* Indeed, if b = ( () z (g%)

) is an element of ;. Notice that B’ and J generate the subgroup

> € B (z* = z), then

g' o0
which is the adjoint of ( 1 o« > = ( (h*

—zg' g
and y = —h*zh € A;.

Observe that J acts as a symmetry of H in the sense that it is an involutive isometry of the
homogeneous reductive space H and inverts geodesics through ¢ € H. Also we have a similar
symmetry with respect to any point in H (by means of the action of the group U,). For this
reason we can consider H as a symmetric space as in the classical setting [20].

)1y (h*o)_l >, an element of B'; here h = g~!
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10 The covariant derivative in H

In this section we compute explicitly the covariant derivative induced by the reductive structure
(see for instance [22]). As in the case of U,, the Banach-Lie algebra u, of U, decomposes as

Uy =Upy By = {8 € Ma(A)as : BT = JB} & {y € Ma(A)s : vJ = —Jv},

where J = < 0 -1 > as above. Then, elements X € u, are of the form X = Xo + Xj,

1 0
X:<9611 T12 >+<04 5)
—T12 —T11 B —a
with 27, = —x11, and all other entries selfadjoint. The left hand subspace ug , is the Banach-Lie

algebra of the isotropy group of the action at the element i € H. The right hand subspace uy
is the horizontal space at this point.

Theorem 10.1. The 1-form of the reductive connection at i € H is
1/ -1 x e ,
s@=3( 7 X)) o=

The covariant derivative is given by

D¢ _ _ . _ _
—7 == Re(a'yg T +y/yy ) +iRe(@'yg 'x — y'yp ' 1), (41)
Therefore, the geodesics ¢ of ‘H, which start in hg = zg + iyg, are the solutions of %f =0,
which amounts to > .
X =Re (@'yy T+y'ys X)
T = Re (2'yy "X~ Yy ' T)

11 Finsler metrics

By ”Finsler metric” or ”Finsler structure”, we mean a continuous distribution of norms in the
tangent spaces as in Section 2 (cf. [32], Section 12).

In this section we define Finsler structures in Q, and D, which are invariant with respect
to the action of U,. The case of Q, and H as homogeneus metric spaces of U, can be dealt
similarly.

11.1 Finsler metric in Q,

The space Q, has a Finsler metric, which is invariant under the action of U,. It is defined as
follows:

1. f X € (T'Q,)p, define || X||, = |X]|.

2. If X € (TQ,)y, then a~'Xa € (TQ,), for every a € U, such that a-p = gq. We define
IXlg = o™ Xal.
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Note that |[a™'Xal|| = 671X if a,b € U, verify that a-p = b-p = ¢. Indeed, in this case
b = aw for w € Z,; in particular, as we saw earlier, w is a unitary element in Ms. Thus

[672Xb] = '™ Xaw] = [la~ Xa]
Thus the Finsler metric below is well defined:
Definition 11.1. For X € (T'Q,)q,
1Xllg = lla™" Xalll
for any a € U, such that a-p =q
This metric is invariant under the action of U,:

[eXe gt = IXlq» forallge Q,, X € (TQ,), and ¢ € U, (42)

11.2 Finsler metric in D

We introduce a Finsler metric on D, which will be shown to be invariant under the action of
U,. In other words, for each a € U,, if L, : D — D denotes the translation L,z = a - 2z, then
(TLy), : (TD), — (TD),.. will be an isometry.

Definition 11.2.

1. For xz € (TD)y ~ A we put
[ llo = [, (43)

the usual norm of A.

2. If x € (TD), where z =a -0, then (T'L,~1).x € (TD)y and we put
]|z == [[(TLa-1)22llo = [|(T Lo—1) |- (44)
Next, we show that the diffeomorphism ap in the diagram (23) is isometric.
Proposition 11.3. The diffeomorphism ap : Q, = D, ap(q) = q21qf11 is isometric, i.e.

[(Tap)ezllapq) = Il
for every x € (T'Q,)q.

Remark 11.4. There is a similar result for the isomorphism Q, — H.
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12 Immersions in Gj(@

We have now all geometric tools necessary to profit from our knowledge of the geometry of Q,
and Qp/. First, we need the following definition:

Definition 12.1. If M (resp. M') is a homogeneous space of the Lie-Banach group G (resp.
G'), a morphism from (G, M) to (G', M') is a smooth map

GxM =G xM , (g,m)— (p(g),2(m))

such that ¢ : G — G’ is a smooth group homomorphism, ® : M — M’ is a smooth map and
®(g-m) = p(g) - 2(m) (45)
forallge g, me M.
Examples 12.2.
1. Uy xD = U, x Qp, p(a) = a, P(z) = px,, where as before, x, = < i > (1—2%2)"Y2 In
this case it is an isomorphism, i.e., the inverse map is also an morphism.

2. Uyx Q, — Gy X G"A'JQ, ¢(a) = (a*)~! (i.e., ¢ is the inclusion U, < Gap,), P(q) = (2¢—1)p
(q € Q,). Indeed, it holds that ®(aga™!) = a(2g — 1)a*.

Analogous examples of morphisms are provided by the following versions of 1. and 2.:

3. Uy x H—= Uy x Qy, pla) = a, P(h) = px,, where xj, = ( ! ) (Im h)~Y/2, as in (36).

h

4. Uy x Qy — G, X G]T/IQ, o(a) = (a*)71, ®'(¢') = (2¢ — 1)p'. Here also im @' = L{; =
Z/[p/ N GLQ.

It is easy to check that the immersions ® : Q, — GLQ and @ : Qy — G}\F/IQ preserve the
Finsler metrics.
Therefore, we get:

Theorem 12.3. The spaces D, H, Q, and Q, share with G]T/,@ the following properties:
1. any two points can be joined by a unique geodesic;
2. every geodesic is defined for all t € R;

3. the geodesic joining two points mi, ma is shortest among all smooth curves joining them
in the manifold;

4. if 7,9 are two geodesics, then f(t) = d(y(t),0(t)) is a convex function.

All these spaces are non positive curvature spaces in the sense of Alexandroff.
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Example 12.4. Let us compute the distance dp(0, z) between 0 and z in D. Recall from (26)
the explicit form of the modulus of inverse of the exponential map (based at 0 € D):

[logo ()] = 5 log ((1+ [2)(1 ~ 2™ .
Then 1
(0, 2) = | = || ogo(=) | = |ogo(=)] = 510 (1 -+ [=) (1~ |=1)~") |

The function f(t) = log(1 + ¢) — log(1 — t) is strictly increasing in [0,1), with f(0) = 0. Thus
(using that [[[z]]| = [|z[]),

[og (1 + |z[) —log(1 — |2])|| = max{|f(¥)] : t € o(|z])} = F(l|=]])-

Then,
1+ ||z]

1 — |||

d(0, 2) = %log( )

Recall, for z € D, the element g, € U, such that g. - 0 = z given in (22),

g = ( (1—2"2)712 (1 =z 2)~ /2 >

2(1—2"2)"12 (1 = 22%)~1/2

Using the fact that the action of B on D is isometric, and the above construction of g,, for
arbitrary z1, zo € D, we can compute d(z1, z2) as follows:

L 1+lgz" - 2l

d(z1,22) = d(0, 92" - 22) = = log( - .
! 1- H9211 : ZQH

; (46)

In order to compute g !, recall that elements g in U, are characterized by the relation pg*p = g L

Then
1 (1—2%2)"Y2 (1 —z2)" /2%
z —2(1 — z*2)"1/? (1 — zz*)"1/2 '

Then, after straightforward computations,
g5 2= (L= 212]) V22— 2)(1 = 2z) " (L - 220) V2.

Remark 12.5. In the scalar case A = C, one has

1 1+ ||
d0,z) = -1
( 7Z) 2 Og<1_|z|)7

which is (3 times) the Poincaré distance in the open unit disk D.

13 A lifting form

We remarked before that the range of ¢ = px € Q, has basis {x} (x € K,), as right A-submodule
of A?. We complete this observation by showing that also N(g) has a basis, and that together
with x they form a ¢,-orthonormal basis of A2,
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Proposition 13.1. Let x € KC,. There exist unique elements y € R(px) and z € N(px),
v,z € K,, with y1, 21 positive and invertible. Namely

r1zy(1+ mgxé)*l/Q
(1+x2x§)_1/2 '

The unitary group U4 acts on each x in K,. We get the tangent map of this action
tx  Agh = (TZ/{.A)I — (T,Cp)x (47)

which is injective and splits: one has the decomposition (T/C,)x = N(px) @ im ix.

y = xzt(z120) "% and z = <

Remark 13.2. N(px) is the unique singly generated .A-submodule of (T/C,)x.

This short section deals with several properties of the tangent map at x € I, of ¢, : £, —
Qp, ¢p(x) = px. Recall the tangent spaces

(TK,)x = {z € A> : Re x*pz = 0}, x € K,,
and
(TQp)g={a € My:aq+qa=a,pa=a"p}, q€ Q.
It is easy to verify that (T'¢,)x : (TKp)x — (T'Qp)py is given by
(Tpp)xz =2zx"p+x2"p, z € (TK,)x.

Notice that if x € K, and a € (T'Q,)p, it holds that ax € N(px). Indeed, since apx + pxa = a,
it holds that apxx 4+ pxax = ax. Since pxx = X, this implies that pyax = 0.

Notice also that N(px) C (TK,)x: if z € A% and xx*pz = 0, then, since z1 € G 4, it must
be x*pz = 0, a fortiori Re x*pz = 0.

Proposition 13.3. For every x € K, the A-linear map
kx 1 (TQp)px = (TK))x , kxa =ax

satisfies

1. (Tpp)xokx)a=a , foralla€ (TQy)p.;

2. kxo (Typ)x =1 —px;

3. im kx = N(px).
Definition 13.4. We call kx the lifting form of Q,,.
Corollary 13.5. For x € KC,, there is the decomposition (TK,)x = N(px) ® N(T¢,)x)-

For further reference, we write
Hy = N(px)v (48)
and call it the horizontal space over x.

Corollary 13.6. For x € K,, the restriction
(TSOP)X}N(px) : N(px) = (T'Qp)px

18 a linear isomorphism with inverse ky.

Remark 13.7. If a € (T'Q,),, and y € K, is such that py = py, then y = xu for some u € Uy
(see Lemma 6.3). Then ky(a) = ay = axu. Therefore, we can think of every a € (T'Q,),, as
the set of pairs (xu,zu) with z € N(px) and u € Uy. We write (x,z) ~ (xu, zu).
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14 Kahler structures

14.1 The coefficient bundle

Let us describe a setting, which will allow us to present a useful approach to the three main
vector bundles which we shall use to study the geometry of Q,. They are all based on the
principal bundle ¢, : K, — Q,.

Let n: ' — Q, be a fiber bundle, consider the commutative diagram

Fe, 2% F

nl i (49)

Ko =5 Q
where Fic, = {(f,x): f € F, x € K,, n(f) = ¢p(x)}. This diagram describes 7" as the bundle
over K, induced by ¢,. Note that Fic, carries a natural action from Uy, which lifts the action of
Uy over K,, and which presents the bundle n : F' — Q, as the space of orbits of n* : Fic, — I,
under this action.

We can argue that an element f € F over ¢ € Q,, is represented by an element f € Fx, in

the basis x € K, (¢,(x) = ¢, f lies over the same x). More precisely, (f,x) and (f',x') represent
the same element if and only if there exists u € U4 such that f’ = fu and X' = xu.

Definition 14.1. Given a bundle n: F' — Q,, we call a KC,-presentation of n a bundle ¢ : Z —
K, with an action of U over T' which lifts the action of Ua over K,, and a bundle isomorphism
¢ : Z — Fy, preserving the action of U,

z 2 K,
¢\ n -
K,

Let us give three examples of K,-presentations which will be relevant in this paper.

14.2  The tautological bundle over Q,

Consider

§:&— 9,
where £ = {(¢,x) € Ma(A) x A% : ¢ € Q,,x € R(q)} and £(g,x) = g. Over each idempotent ¢
we put the vectors in the range of q.

Proposition 14.2. £ is a locally trivial vector bundle.

Then we have the induced bundle over K, and the diagram (49) in this case:

&, & ¢

&l &,

Ko =5 Q
Consider the product bundle K, x A — A and the isomorphism 5 : K, x A = &, f(x,a) =
(px,xa). The action of Uy on K, x A is given by (x,a) - v = (xu,u*a). The isomorphism 3
gives a K,-presentation for £. Thus, an element (q,y) of £ is represented by a pair (x,a), and
two pairs (x,a), (x/,a’) represent the same element of £ if and only if there exists u € Uy such
that x’ = xu and o’ = u*a.
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14.3 The coefficient bundle

The fiber bundle defined now will be a central feature of our exposition. It will provide a setting
for the most relevant notions studied in this paper.

We shall describe a bundle over Q,, whose fiber over ¢ is the space of right .4-module
endomorphisms of R(q), which we shall call the coefficient bundle

v:C— Q.

Formally, C = {(q,¢) € Q, x La(R(q)) : ¢ € Q,}, where L4(R(q)) denotes the space of right
A-module endomorphisms of the module R(q), and the map v :C — Q, is v(q,¢) = ¢. Given
x € K, with px = ¢, an endomorphism ¢ of R(q) gives ¢(x) = xa. We say that x is a basis for
R(q), and that a € A is the matriz of ¢ in the basis x. If we change x for y = xu € R(q) for
u € Uya, and denote by b the matrix of ¢ at y, ¢(y) = yb, then

xub =yb = p(y) = p(x)u = xau, (50)

ie, b = u*au. In other words, the endomorphisms can be identified with the pairs (x,a) €
K, x A, subject to the equivalence relation

(x,a) ~ (xu,u*au) , u € Uy. (51)

Notation 14.3. We denote by [(X, a)} the endomorphism of the module R(px) which has matrix

a in the basis x .

Remark 14.4. Observe that C is a fiber bundle whose fibers are C*-algebras. If, additionally,
A is commutative then C is the product bundle Q, x A.

Proposition 14.5. The space C is a C° differentiable manifold and the map v : C — Q, is a
C™ trivial fiber bundle.

As in the previous cases, the coefficient bundle v : C — Q,, induces the bundle v* : Cxc, — K,
and the commutative diagram (49) in this setting becomes
Cx, — C
v Ly

K, 2 9,
The fiber (Cx,)x over x € K, consists of the endomorphisms of R(px). Therefore, one has the
representation ® : K, x A — Cx,, given by ®(x,a) = (x, [(x,a)]).
14.4 The connection in the coefficient bundle

Since C, consists of endomorphisms §;, ¢ € Q,, the standard connection on C is given by the
Leibnitz formula. Let X € TQ, and x = x(t) adjusted to X. Let o and ¢ be cross sections of £
and C, respectively. We define the covariant derivative Dx¢ by the rule

(Dx¢p)o == Dx(po) — p(Dx0). (52)

Straightforward computations prove

(Dyp)o =x ()\ + [0,(x,%), )\}) a=x ()\ + [x"px, A]) a. (53)
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14.5 The tangent bundle 7'Q,

For any x € K,, the nullspace N(px) is a subspace of (T'KC,)x, which we called the horizontal
space Hy. The tangent map of the fibration ¢, : K, — Q,

(Top)x : (TKp)x = (T'Qp)ps

is bijective when restricted to Hyx. Then we have the bundle v : H — IC,, where H = {(z,x) :
x € K,, z € Hy}, and the map is given by v(z,x) = x. Thus, we have the K -presentation

H 5 (TQ))x,
l/\( /T* )
Ko

where 7 : T'Q, — Q,, is the tangent bundle and 7* : (TQp);Cp — K, is the induced bundle. The
isomorphism @ is given by the differential of ¢, restricted to H, namely

O(x,2) = (x, (dpy)x(z)) , for x e K, , z € Hy. (54)

Then a tangent vector to Q, at px is represented by a pair (x,z), x € K,, z € Hy; (x,2) and
(xu, z’) represent the same vector if and only if 2z’ = zu (u € Uy).

Remark 14.6. We may consider the tautological 1-form with values in the tangent bundle T'Q,
that associates to a tangent vector X to Q,, the same vector X as an element of T'Q,. The
lifting form given in Definition 13.4 is just an expression of the values of this tautological form
in terms of the principal bundle ,,.

14.5.1 TQ, as a C-module

Recall from (52) that the fiber C; can be presented as the set of pairs (x,a) € K, x A modulo the
equivalence (x,a) ~ (xu,u*au) for u € Uy. Since each submodule R(g) has a basis consisting
of one element, then £4(R(q)) is in one to one correspondence with A: having chosen a basis
x € K, for R(q), the map A — C,, a — (x,a) is a x-isomorphism. Thus, each fiber C, has the
structure of a C*-algebra, namely A. Clearly the structure does not depend on the choice of the
basis; another basis xu provides the same structure, because Ad(u) is a *-automorphism of A.
On the other hand, we saw before that the tangent bundle has a similar presentation. Each
X € (TQ,), is given by the set of pairs (x,v) € K, x A%, modulo the equivalence (x,v) ~
(xu, vu) for u € Uy and v = Xx = rx(X). Accordingly, we denote X € (T'Q,), as [(x,V)].

Definition 14.7. For X € (T'Q,), and ¢ € L4(R(q)) we define the product
X-p =[x, va)] € (TQ)q
ifx €Ly, px = ¢, ¢ = [(%,0)] and X = [(x,v)].

Observe that this operation is well defined: if we change the basis to xu, then ¢ and X are
represented by (xu,u*au) and (xu,vu) respectively, and the product in the new referential is
(xu, vuu*au) = (xu, vau) which represents the same tangent vector X - ¢ as (x,va).

Thus, T'Q, can be regarded as a bundle of right modules over C, which is a bundle of
C*-algebras (isomorphic to A).
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Remark 14.8. The tautological bundle over IC,.
Let us consider the pullback £ = @, of € by ,
g8 ={(x,v) e, x A2 :ipxv=v}—=>K,, £xv)=x
Pick x € K, and let & be the fiber of X’ over x. Then the map
a— &, arxa

is an isomorphism of right .A-modules, with inverse v — 6,(x,v). It can be regarded as a chart
for & associated to x. Let y € &,, (i.e., px = py = q); then there exists a unitary u € U4 such
that y = xu. The isomorphism between A and E;, is A 5 b +— ya. The coordinates a and b of
a given v € &, are related by xub = yb = v = xa, and thus, a = ub. Then we can regard the
vectors v € &; as pairs (x,a) € K, x A, with the following equivalence relation:
(x,a) ~ (xu,u*a) , u€Uy.
Remark 14.9. The connection in the tautological bundle.
The covariant derivative in the tautological bundle £ : £ — Q, is given by
Dxo =q(X e0),

where ¢ is a cross section for £ and X e ¢ is the directional derivative of o, considering ¢ as a
function with values in A2. Let us write this explicitly, in referential terms: let ¢(¢) be a smooth
curve in Q,, with ¢ = X, and let x(t) be a smooth lifting of ¢(t) in K, i.e, px) = ¢(t). Then
o(t) = x(t)a(t) where a(t) € A is a smooth curve. We have

Dyo = %Q(X(t)a(t)) = q(x(t)a(t) + x(t)a(t)) = x (a(t) + 0,(x(t), x(t))a(t)) -

This formula can be read as follows: the covariant derivative has two terms in the fibers of &,
xa and the component of x in R(q) multiplied by a. Note also that since gx = x, X decomposes
as ¢gx in R(q) plus Xx in N(q).

15 The complex structure of Q,

Notice that, for any ¢ € Q,, the tangent space (1'Q,), is a real vector space. In this section, we
shall define a generalized complex structure on Q,. This means a smooth map ¢ — J;, where

Jq: (TQp)g — (TQp)q (55)
is a bounded linear map such that ij = —l(rg,),, With an integrability property. For general
ideas about complex structures in finite dimensional manifolds, we refer the reader to [22].

Recall, from Theorem 6.5, the map ¢, : K, = Q,, ¢,(x) = xx*p and its tangent map
(Tpp)xY = (YX* +xY7%)p.
Fix ¢ € Q, and x € K, such that ¢ = px. Then, for all Z € (T'Q,),, it holds that
(Tp)x 1Zx =i (Zxx* —xx"Z")p=1i (Zq—qZ)=17Z(2q — 1),
because ¢ = px = xx*p, Z*p = pZ and Zq + qZ = Z. This shows that
T4Z = (Tp)x t Zx =1 Z(2q — 1)

is a well defined map J; : (T'Q,)q — (I'Qp)q. The proof that J,(J,Z) = —Z is a simple
computation.
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In order to see that this complex structure is integrable we proceed as follows. First, we
note that it is invariant under the action of the group U,. Next, we identify Q, with the disk
D ={a€c A:|a|]| <1} C A The disk D has a natural complex structure, as an open subset
of the Banach space A, which is invariant for the action of U, (the identification Q, ~ D is U,
equivariant). In order to prove that our complex structure is integrable, it suffices to show that

these structures coincide at the point ¢ = p, which corresponds to 0 € D in the identification
~ D:
7

Remark 15.1. In the particular case when ¢ = p = ( ) , and x = ej, we have, in matrix

Lemma 15.2. The complex multiplication defined in Q, corresponds, under the identification
Q, ~ D, to the usual multiplication by the imaginary constant 1.

In [6] the reader will find a similar treatment of complex structures in a C*-algebra context.

16 The Hilbertian product in 9,

We define now on Q, a generalization of the notion of Hermitian structure. It consists of a
Hilbertian product on each (1'Q,), with values in C,, which is invariant under the action of U,,.

Definition 16.1. Given X,Y € (T'Q,),, we put

(X,Y), = the endomorphism of R(q) given by the pair (x, —0,(kx(X), kx(Y)))

= | (% =0, (< (X), ki (Y))]
where x € IC, is such that px = q, and the brackets denote the equivalence class as in (51).

Note that (regarding X and Y as matrices in Ms(.A))
—0,(kx(X), kx(Y)) = —(Xx)*p(Yx) = —x"X"pYx.

Summarizing,

(X,Y), = [(x, —x*X*pXx)). (56)
Remark 16.2. Some remarks are in order.

1. The minus sign is needed so that the form is positive. Indeed, recall that 6, is negative in
N(q) and Xx € N(q),
<X7 X)q = [(Xv _ep(an XX))]

Recall that the C*-algebra structure of the fibers C, of C is that of A: an endomorphism
¢ of L4(R(q) ~ A is positive if and only if any of its matrices is a positive element of A.
Recall from the definition of Q,, that the projection ¢ decomposes 0,, i.e., 8, is positive
in R(q) and negative in N(q). On the other hand, as seen above, Xx € N(q).
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2. If one changes x for xu for some u € Uy, then
0p(Fxu(Xu), kxu(Yu)) = u*0,(kx(X), kx(Y))u,
ie. (X,Y), is indeed an element of C,.

3. This Hilbertian product is linear with respect to the product defined in 14.7: if ¢ = px €
Q,, X, Y € (T'Q,)q and ¢ € L 4(R(q)), then

(X, Y- 90>q = <X7Y>q tp.

Indeed, if we use the basis x € IC, for R(q), then Y - ¢ is represented by the pair (x, Yxa),
and
0,(rx(X), kx (Y - 9)) = (Xx)*pYxa,

which is the element of A that one uses to define (X,Y), - ¢ (in terms of the basis x).

4. Recall from the end of Section 13, that if v,w € (T"H), for some ¢ € H, then
o L, o 19, —1/2.. —
(0,w)¢ = = (y™ 2oy 2) (™ Py ™12,

which is the Hilbertian product, in its version for H.

Theorem 16.3. The complex structure on Q, is compatible with the Hilbertian product in the
following sense:
(JeX,Y)q = —(X, TgY)q,

forq=px € Qp and X, Y € (TQ,),-

Remark 16.4. We saw earlier that the tangent space (7'Q,), is a right module over the corre-
sponding fiber C, of the coefficient bundle. The scalar field C lies naturally inside C, as

Coz+— [(x,zl)} € Cy,

because uzlu* = zI for allu € U. Thus (T'Q,), is a C-vector space. It is clear that the complex
structure in 7'Q,, which we defined above (in terms of the identification ® of (54)) coincides with
the one induced by the operator 7.

Remark 16.5. One might wish to extend the argument above. Namely, to use the identification

» ~ D C A in order to endow the tangent bundle 7'Q, with a right action of the algebra A.
However, this action depends on the immersion (at the tangent level) and is not intrinsic. It
works in the case of C, as it works also for the center of A: endomorphisms with matrices in
the center of A have the same matrix for any basis of the given submodule.

17 The invariant Finsler structure

We proved in Section 11 that Q, has a Finsler structure, which is invariant under U,. If ¢ € Q,,
and X € (T'Q,),, define the norm

1X1lq = ll12g — I|7"/*X|2q — I]"?].
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We recall that it is precisely this structure, which when translated to the disk D, gives the
Poincaré metric of the disk (Section 11). In this section we shall see that the Hilbertian product,
induces also in a natural way the same Finsler structure.

Let ¢ € L4(R(q)). Define

| :=  sup 16,(e (), I

(57)
0#y€R(q) ‘|0P(Y7 Y) H1/2

Alternatively, 6, is a C*-Hilbert module (positively) inner product in R(g). Thus, the above
formula is just the usual way to compute the norm of an endomorphism, when the module R(q)
is endowed with the C*-module norm.

In the presence of a basis x € K, of R(q) and a matrix a € A for ¢, the norm of the
endomorphism is the norm of the matrix.

Lemma 17.1. If ¢ = [(x,a)], then |¢| = ||al|.
Theorem 17.2. Let ¢ € Q, and X € (T'Q,)q. Then

(X, X)q = [1X]5-

18 The symplectic form w

References for symplectic geometry are [33], [10], [15].

The differential forms that we consider here may have at least three types of coefficients,
with respect to the scalar multiplying of the tangent vectors and also the values of the forms.
The concept of form varies substantially according to the type the coefficients:

1. coefficients in C;

2. if A has a center valued trace, i.e., there exists a tracial linear map 7 : A — B, with B a
subalgebra of the center of A, then the coefficients are the elements of B;

3. if A has a scalar trace 7 : A — C, then the coefficients are the complex numbers.

If X,Y € (T'Q,)q, the decomposition in selfadjoint and anti-selfadjoint parts
(X,Y), =(X,Y), +iw(X,Y),
provides a generalized Riemannian form
(X,Y), = Re(X,Y),
and a generalized symplectic form
w(X,Y), =Im(X,Y),.

In this paper we are interested in w. Notice that w is sesqui-linear and w(Y,X) = —w(X,Y).
We compute now the curvature of the canonical connection, which turns out to be a scalar
multiple of the symplectic form w.
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To simplify the computation, we make the assumption that given X,Y € (T'Q,),, we can
construct a smooth map ¢(t,s) € Q, such that

0 0
q(0,0) =gq, aq,(o,o) =X and %(ﬂ(o,o) =Y,

and this map ¢(t,s) is lifted to a map x(¢,s) € K,. We assume also the existence of a cross
section o defined on a neighbourhood of ¢q. ¢ = xa, where both x and a are functions of (¢, s).
To abbreviate, we shall write with a dot ~the derivatives with respect to ¢, and with a tilde ’ the
derivatives with respect to s. Then, differentiating

Dyo =x(a+ 0,(x,%)a)
with respect to s, we get
x (a' +6,(x',%)a+ 0,(x,%")a + 0,(x,%)a’ + ,(x,x')(a + 0,(x,%)a)) = Dy Dyo.
Interchanging ’ with " we get
e (d’ + 0,(x,x")a + 0,(x, x')a + 0,(x,x")a + 0,(x,%)(a’ + 0,(x, X/)CL)> =D,D,o.

This should be specialized at (¢, s) = (0,0). Clearly, the lifting of ¢(¢, s) can be done in order
that x" and x are horizontal at (0,0) (i.e., that they belong to N(g)). Then we get

R(X,Y)o =Dy,D,0— D,Dyo =x(0,(%x,%x") — 0,(x',%))a.
Since x and x" are horizontal, we have that x = rx(X) = Xx and x’ = Yx. Then
R(X,Y)o = | (x,x(0,(Xx, Yx) —ep(Yx,Xx))a)} - [(x,xep(x, X, Y]x)a)|.  (58)

Here we use that X and Y, being tangent vectors of Q,, are 6,-symmetric, i.e., X*p = pX.
Note that R(X,Y) is an endomorphism of &;. Recall the Hilbertian C-valued product in Q,

(X,Y), = — [(x, 0,(Xx, Yx)}

for x € K, such that px = ¢, which is an element of C,, i.e., an endomorphism of &;. Its
imaginary part is

1

Im(X,Y), = —% (x,—0,(Xx, Yx) + Hp(XX,YX)*)} =3 [(X, 0,(Yx,Xx) — 0,(Xx, Yx))

1
= o[, 0,0, X, YI))
Thus, we have proved the following result, which is a kind of prequantization of Q, [34]:

Theorem 18.1. The curvature of the tautological bundle & and the Hilbertian product in Q,
are related by the following formula

R(X,Y), = Im(X,Y), = w(X,Y),.

[NCRIEN
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19 The moment map

Consider a symplectic manifold M, and a Lie group G (with Lie algebra &) which acts on M by
symplectomorphisms. In this situation a moment map is an equivariant function p : M — &*,
the dual of &. Equivalently, © can be given as a map M x & — R. We shall adopt this latter
point of view, and in our case the scalars will be replaced by the coefficient bundle C.

Recall from Remark 5.1 the Banach-Lie algebra i, of the Banach-Lie group U,, {, = o , @
iy ,», where

a; O 0 a*

Llo,p={< 0 a > € Ms(A) : a1,a2 € Aupn} and uL,,:{( . 0 ) € My(A):ac A}. (59)

Ifaeci,and g € Q,, we put

1 1

fold) = 5; (%, 8p(x,a%))| = 5| (.7 pax) (60)

for x € K, such that px = ¢. Again, a simple computation shows that if one chooses xu
instead, the element 6,(x,ax) varies accordingly: 6,(xu,axu) = (pxu,axu) = u*(px, ax)u =
u*f,(x, ax)u. Thus, f.(q) € C;. We call f, : Q, = C is the moment map of the generalized
symplectic manifold Q,,.

Proposition 19.1. The moment map is equivariant with respect to the action of U,: if c € U,,
g€ Q, anda c i,
fcac*l(cqc_l) - ftl(Q)'

Let us compute the covariant derivative of f,. We use a horizontal lifting x(¢) € IC, of the
curve ¢(t) in the direction of X at ¢ (i.e., ¢(0) = ¢, ¢(0) = X and %(¢t) € N(¢(t))). Then

Dxfu = [(x, = (8,(%, ax) + 6,(x, afc)))} - [(x, Im 0,(%,ax))],

27
where we use that a is 0,-anti-symmetric. Since x is horizontal, it holds that x = Xx. Then

Dx fo = |(x, Im 0,(Xx, ax)}. (61)

On the other hand, when computing the curvature of the canonical connection of &£, we
proved that for any X, Y € (T'Q,)4

Im (X,Y), = |(x, 2% (6,(Xx, Yx) — HP(XX,YX)*))} S [(x,fm 9P(XX,YX))].

Now we consider for each a € , the vector field in Q,, X,(q) = (dmy)1(a) = [a,q], where

my © U, — Q, denotes the action map: m,(c) = cgc™'. Applying the formula above with

X =X,, we get
W(Xa,Y)g = Im (Xo,Y)g = [(x, ~Im ep(Xax,Yx))]

Observe that X,(¢)x = [a, q]x = agx — gax = ax — qax (recall that gx = pxx = x). Note also
that 0,(gax, Yx) = 0 because Yx € N(q). Thus 0,(X,x, Yx) = 0,(ax, Yx). Therefore

w(Xe, Y)g = [(x, —Im 6,(ax, Yx))}.
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We proved before that Dy f, = [x, Im 6,(Yx, ax))] Thus, we have shown that

Dy fo = w(Xa,Y).

Suppose now that f is a section of C over some open subset W of Q,. Consider the covariant
derivative Df as a 1-form on W with values in C: Df(X) = Dx f.

Definition 19.2. We say that a field X is the symplectic gradient of f if
Dx f = w(X,Xy).

We are mainly interested in the case of functions of the form f,, for a € 4,,

1

ala) = 5[ 06,0506, )] = - x,x ),

where ¢ € Q, and x € K, satisfies px = ¢. Recall that the Lie algebra i, consists of all matrices
a= < 6;1*1 aa , where a}; = —a;;. Recall also the identity Dx f, = w(X,X,). This says that
22
X, is the symplectic gradient of f,.
Recall also that X,(¢q) = [a, ¢]. Now given a, b € il,, we want to find the value of w(X,, Xj).

1
at g = < 0 ), and correspondingly x = e € IC,. Since

0 0
Xa:[aaQ]:(o?* _0a> ! Xb:[b’q]:</>(’]* _0/6>

for some a, f € A, then (X,,Xyp)q = (9,;( ( 0(3* > , < 50* > ) = —af*, and

]' * *
w(Xeg, Xp)g = Im (Xq, Xp)g = Z(ﬂa —af").
We want to establish the relationship between w(Xy, Xp) and f|, 5. To this effect, observe first

that
0p(e1, [a, b]el) = —Hp(ael, bel) + 9p(be1,ae1) = 05,3* — ﬁa* + anbn — b11a11.

Then w(Xa,Xb) = %(BO&* — Oéﬁ*) and f[a,b} = %(Ogﬁ* — Ba* + a11b11 — b11a11). So

1
w(Xa, Xp) = = flap + Z(aubn — byia).

Finally, fa(Q) = %eﬂ(elvael) = 2%’(111’ and

W(Xa, Xp) = = flap) + 2i[fas fo]- (62)
: : 10 .
This equality holds at ¢ = 00 ) but a simple argument shows that (62) holds at every

q € Q,. Indeed, each of the terms involved is a function in ¢ € Q, with a,b € U, fixed. If we
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change g by cqc™! for ¢ € U,, the values change by an inner automorphism. Finally, since U,
acts transitively on Q,, our claim is proven.

Given two sections f, g with their respective symplectic gradients X and X, the Poisson
bracket {f, g} is defined as

{f,9} = w(Xy, Xy).
Then, we get
{far fo} = _f[a,b} + 2i[fa, fol-

The term 2i[fq, f5] occurs because of the non-commutativity of the C*-algebras C4, where the
moment map takes its values.
Summarizing the facts of the last sections:

Theorem 19.3. Consider the manifold Q,, with the tautological bundle £ and the coefficient
bundle C. Then

1. There exist invariant connections in € and C, linked by Leibnitz’ rule (see (52)).

2. There exists a Hilbertian product in T'Q,, with values in C. This product is compatible
with the right C-module structure of T'Q,.

3. The imaginary part w of the Hilbertian product in T'Q, is the curvature of the tautological
connection of €. In this sense, the symplectic form w is exact.

4. The map fo (a € U,) is a moment map: the field X, is the symplectic gradient of the
function (cross section for C) f,. Here gradients are computed using the covariant deriva-
tive.

20 The Liouville 1-form

We begin this section with the explicit computation of the lifting form introduced in Section 13,
for the case of H.

20.1 The lifting form of H

Pick x € K, which means that 2 I'm xjxe = 1. Note the fact that x; € G 4 implies that also
x2 € G4. As in the model D, every x € K, gives rise to a projection (its representative in
Qy): px = xx*pp. Consider its complement

- s
1= py = 1—izi25  ix12] .
—ixox] 14 iz0x]

S .
Note the second column e « | = . _Zfl . x7], which means that the vector
1+ ixox} (7)™ +ixg
i:L'l

T ( ()~ + iz ) | .
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generates the nullspace of px. Note that 6,(x,,x;) = —1. The pair {x,x;} forms a 60,-
orthogonal basis for A%. Any element z € A? is written

z=x0y(x,2) —x,0,(x1,2).
Note also that x; = xi + ez(x}) !, which gives x| = x — eqi(x}) L.
The map Ky — H, x = ( = achl_l is the H valued version of the projection map x — px.

Its tangent map at x, is v — 0 = vgscfl - xgq:fllefl. Suppose now that v € N(px):
T
= . A, so that
b= (29 —i(x}) DAyt — moaT e Ayt = (wad —i(x]) TN — 2Nyt = —i(a}) T gl

and thus A\ = ¢ 270x1. Then, given x in &k, which projects over ¢ in H, and v € (TH)¢, we have
the (lifting) form, as in Section 13

*
. I . . 1T ..
k() = . o1 | ixi0T = )i v
xo — i x1(x7) Tox] — 1

Or equivalently

H

kH(0) = (x i — egi () 7V)i 20z = (—x2} + )z,

There is a natural global cross section for the map Ky > x = ¢ € H, namely ¢ = x + iy —

( é ) (2y)~'/2. Then we have

1
k() = ( 6(2(;?;)1 . )w(2y)—1/2. (64)

We want to compute the following product in H.
Consider the expressions (64) for two tangent vectors ©,w in (TH)¢:

v= ( C(%’El_i )m(2y)1/2 W= ( C(gjglf_i )m(2y)‘1/2.

Then we have
oy (vow) = () = oy 20, (o) (o) Yot

179 % 1. _ 1, 19, _1/9v%, —1/2 . _
= —(29) 720" (2y) i (2y) TP = = (T Py TRy Ry ),

Suppose now that the algebra has a trace 7 onto a commutative subalgebra B C A. If we
take the trace of the above expression, we get

(0, w) = —7((2y) 0" (2y) ). (65)

Here y~/20y~1/2 is the translation to the point y1/2¢y~1/2 of the vector . Note that

Y20y 12 =y 2y 12 gy,

33



Therefore (,w)c = (0o, to)¢,, where (g = y~/22y~'/2 4 i. When the imaginary part
equals 1, the inner product has the simpler expression (vg,o)¢, = —iogwo. Or, explicitely, if
0o =2 + 1y and wo = & + i 7, then 0fwy = (£€ + yn) + i(xn — y&), and

i b, = — 3 (7@€ + ) + i 7dn — ).

Both traces in the above expression are selfadjoint elements of B (or real numbers if the trace is
numerical). The imaginary part of 7(7p, wo)¢, is essentially the (trace of the) symplectic form
w. This expression corresponds strictly to dp A dq in the classical setting, where p varies in the
imaginary part and ¢ in the real part. This shows that H = TG as a true dynamical system.

Let us write down the real and imaginary part of 7(, ) at any point ¢ € ‘H (non necessarily
with I'm ¢ = 1). With the current notation, we get

i) = — (G + i) i (i — )}, (66)

where & +i § =y~ /20y~/2 and § +in =y Y2y /2

Let us compute now the 1-form of Liouville which induces the symplectic form w of H.
Recall that it receives different names: tautological 1-form, canonical 1-form, Poincaré 1-form,
symplectic potential. The 1-form of Liouville is a form on the cotangent bundle of the manifold.
Here it shall be presented as a 1-form in the tangent bundle TG™ ~ H, identifying the tangent
bundle TG with the co-tangent bundle T*G™". To perform this identification, we shall use the
trace 7, and the action of G4 on GT. Given a vector 0 € (T'H)¢, for ( = x +i y € H, the
Liouville form o maps ¢ into an element of B. We must project © from its tangency point ¢
to the point y € GT, having in mind that ( = x + i y represents the tangent z at the point v.
Finally, we evaluate x in ©. To perform this task, we translate to y = 1, and compute

ay (0) = 7(y 2y ™V 2y 20y Y?) = 7 (y ey ). (67)

This is the Liouville 1-form.

Now we differentiate this 1-form in H, i.e., we compute da(v,v") = va(v') —v' a(v) —a([0,v']).
Consider a function in the variables s, ¢ whose derivatives produce the fields v, v when differ-
entiated with respect to t and s, respectively. We must compute

0 , 0 .
aaC(v ) - %Oéc(’l)),

because there is no need to substract «([v,v’]), since it is trivial. Then

0

5;%W) = T(—y toy ey +y iy —y T ey gy Y +y T ey YY)
and 5
550¢(®) = r(—y Wy ey gy y g -y ey Yy +y ey Y.
Therefore
3 / a 1 1

(da)c(i},v’) = aag(v ) — %ac(i)) =71y~ ty Ny —y~ w’yily).

Now, comparing this last expression with the imaginary part of the trace of the Hilbertian
product form, and adapting the notation of both computations, we get
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Theorem 20.1. The symplectic form w is exact:
(da)¢(0,w) = w(v,W).
Remark 20.2. Since G* can be regarded as a submanifold of H:
Gt oym—iyeH,

then we can compute the Hilbertian product of H on this submanifold. This coincides with the
Riemannian structure of G*. If 21,29 € (I'G"),, we have that (4 =z1 +iyand =22 +i y
belong to H. Define

1, 20)y = T((y 221y ) (y Py~ V?) = 7y taryLa).

It is a B-valued, bilinear (it takes selfadjoint values) and positive semidefinite form. Note also
that this form is invariant under the action of G on G*. In fact, g-y = (g7 )*yg~ !, for g € G
and y € G*. The action defines a linear isomorphism in A, so that the same formula gives the
induced action in the tangent spaces of G*: g-z = (¢7!)*zg, if v € (TGT),. A straightforward
computation shows that

[9- 21,9 T2]gy = [T1,22]y.

If A= M,(C), B=C and 7 is the usual trace for n x n matrices, this inner product is the usual
Riemannian metric for the homogeneous space of positive definite n x n matrices.

On the other hand, if we embed G < H, by means of y > i v, i.e., we regard G as the
imaginary positive axis of H, then for 1,z € (I'GT), it holds

1 _ _ _ _
_7(y 1/21,‘1y 1/2)(y 1/23323/ 1/2)7

) ) 1, 1. 1/, —1/2. _
(i 1,0 $2>z‘y:_1(y V23 oy V2 (y % 2oy ™/?) = 4

and, thus,
. . 1
T(L 21,1 T2); y = ——[T1,T2]y.

4

This means that the trace of the Hilbertian product, restricted to the positive imaginary
axis in H, gives, essentially, the Riemannian metric of the space G ™.

A geometric case of an algebra with a central trace is the following. Consider a complex vector
bundle £ — B with compact base space B, endowed with a Riemannian metric (e, e}y, b € B,
e, € Ey (the fiber of E over b). Consider the fiber bundle End(E) — B of endomorphisms
of the vector bundle E, and let A be the algebra I'(End(E)) of the continuous global cross
sections of End(F). Since each Ej is a (finite dimensional) Hilbert space, End(E}p) is a C*-
algebra. The space I'(End(E)) of cross sections has therefore the norm ||¢| = supycp ||sll,
where ¢y, : Ep — Ep and ||pp|| is the usual norm of linear operators. With this norm, A is a C*-
algebra. The center Z(.A) of this algebra is the space of scalar sections A in End(E) (homotetic
in each fiber). The central trace is given by tr : A — Z(A), tr(o), = Tr(op), b € B, with T'r the
usual trace of Ep. More specifically, B could be a compact manifold, and E the complexification
of its tangent bundle, with an Hermitian metric. This case is interesting due to the equivalence,
as homogeneous spaces, of the disk D and the Poincaré halfspace H of the algebra A. This
homogeneous space can be thought as the tangent bundle T'G™ of the space G of positive
and invertible elements of A. In this context, an element of H is a pair (X,a) with a € G
and X € (TG"),. The element a € G represents a Riemannian metric in B, and a possible
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tangent vector X (a selfadjoint element of A) could be the Ricci curvature of the metric a. In
this manner, the geometry of H is linked to the deformation of the pairs (Riemannian metric,
Ricci curvature), viewed as elements of TG™.

21 The scalar case

In this section we shall consider the classical case when 4 = C. We shall check that the geometry
induced by U, on D is the classical hyperbolic geometry of the Poincaré disk. In the scalar case,
or more generally, when 4 is commutative, the coefficient bundle C consists of A in each fiber:
the Hilbertian product, the moment map, and so forth, take values in A. Indeed, if ¢ is an
endomorphism of R(q), with bases x and xu, then the corresponding matrices of ¢ in these
bases are

a and uwau* = a,

respectively. That is, the coefficient bundle C ends up being A.

In particular, in the case A = C, one obtains a complex structure for the unit disk D. The
goal of this section is to show that this structure is the classical complex structure of the Poincaré
disk.

We first recall the isomorphism

(I)D :D — Qp.

In the scalar case we get

1 1 —Zz
DEZHPZ‘l—!zP(z —!zP)'

The tangent spaces (TD), identify with C. Given a € C, regarded as a tangent vector in T'(D).,
let us denote by X, = (d®p).(a) the corresponding tangent vector in T'(Q,),.. Clearly, one

gets
< 1 az+az —a-—az’
T 11222\ ata? —az—az )

21.1 The complex inner product

1
For the module R(p,), we chose the basis x, = 72 ( i > Thus, the lifting rx, (Xq)

TSEE
is given by

X ox 1 az+az —a—az? 1Y 1 az
ET (1 —122)52 \ a+az® —az—az z ) (1—|22)32\ a )

Therefore, if z € D and a,b € C (= (TD),)

1 az bz ab
020 = 00X = =l () ( )= e @

which is the classical complex inner product in the Poincaré disk.

36



21.2 The linear connection

Let X be a tangent field defined on a neighbourhood of ¢ in Q,, and Y € (T'Q,),. Let ¢(t) be
a smooth curve adapted to Y: ¢(0) = ¢ and ¢(0) = Y. Then the covariant derivative in Q,, is
given by [12]
= I X0+ X, Y]

Let now a = a(z) be a C-valued smooth map defined on a neighbourhood of zy € D, regarded
as a tangent vector field in D, and b € C a tangent vector at z9. To compute Vya,,, we have to
compute Vx, X, at z = 2, and identify this tangent vector as a matrix X, for certain c € C
(at 2!), and then ¢ = Vja,,. In order to simplify this computation, we shall consider the case
29 = 0. In fact, due to the invariance of the linear connection under the action of U, this will
suffice to identify the covariant derivative. In this case (z9 = 0), we have

X, (2) = 1 ( a(2)z +a(z)z —a(z) — a(2)z? ) X, = < 0 —b >

A= 12P2 \ a(2) +a(2)2 —al2)z —al2)z

VyX,

Applying the formula above and choosing a smooth z(t) € D such that z(0) = 0 and 2(0) = b
(for instance z(t) = tb), after straightforward computations one obtains

O =
0 —%a

(0)
VX(L (Xb)El = < %a(o) 0 - X%Q(O) at z = 0.

Thus,
0
= —a(0). 69
Viao = —-a(0) (69)
This coincides with the Levi-Civita connection of the classical metric of the Poincaré disk (at

the origin).

21.3 The moment map

Note that the Lie algebra &(, is given in this case by all matrices of the form

o= (s )=i(5 5)+ (8 5) asemvee

Recall that if ¢ = px € Q, and a € Y,, then the moment map is given by

Fal) = 5;0(x,0%).

1
If z € D and g = p,, we choose as above the basiswmm(i),andais given as above,

— |z

then
1 1 1 a 0 1 1 1 0 w 1
s (1) (5 2) ()t D)-(25) ()
1 1 1 __

= (Ha- ) + Sz —02). (70)
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21.4 Commutative C*-algebras

If A is commutative (i.e., A = C(Q,C) for some compact Hausdorf space 2), the coefficient
bundle also reduces to A, as remarked at the beginning of this section. Moreover, it is clear
that the computations done in this section can be carried over exactly in the same way. Thus,
one gets a near classical situation, in which the Hilbertian product, the metric and the moment
map take values in A, and the formulas look the same as in the scalar case, replacing complex
numbers by continuous functions.

22 Valuations

In this section we introduce valuation maps. Once a valuation map onto a commutative C*-
algebra is chosen, the non commutative Kahler structure becomes a classical Kahler structure:
measurements take values in a fixed scalar field, instead of being elements of the coefficient
bundle C. Most important, valuation maps will allow us to examine the convexity properties of
the moment map.

In what follows, F denotes a commutative C*-algebra.

Definition 22.1. A valuation v in Q, is a differentiable map v : C — F with the following
properties:

1. v is positive in the following sense: for any q € Q,, V|, : Cq — F is a positive linear map
between C*-algebras. In particular, this implies that v|c, is bounded.

2. v is tracial: for any q € Q, and a,b € Cy, v(ab) = v(ba).
Additionally, we say that v is faithful if

3. for any q € Q, and a € Cy, v(a*a) = 0 implies a = 0.

Let us introduce the following examples, which show that the existence of v is not an unlikely
event.

Examples 22.2.

1. If the base algebra A admits a trace 7 with values in a commutative subalgebra F C A,
then naturally a valuation v is defined: v(¢) = 7(a), where a is the matrix of ¢ in x, for
any q € Cq.

2. A need not admit a trace. Suppose that there exists a *-homomorphism onto a com-
mutative algebra m : A — F (here F need not be a subalgebra of A). In this case,
mw(ab) = 7w(a)w(b) = 7w(b)w(a) = mw(ba). One such example is the Toeplitz C*-algebra
T(C(T)) = {Tf : f € C(T)}, where Ty denotes the Toeplitz operator with symbol f.
T(C(T)) does not admit a trace, but it has a x-homomorphism onto a commutative alge-
bra, namely

7 T(C(T)) — T(C(T))/K(LA(T)) ~ C(T).

Another example of this sort is the algebra D+K = {D+ K : D diagonal and K compact}
in B(¢?). In this case, there is a homomorphism

T:D+K — D+ K/K?) =~ 12 )cy.
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3. A third sort of example is obtained if A has a positive tracial map onto a commutative
algebra.

Let us fix a valuation v : C — F.
The structures that we have defined in Q,, with values in C, have valuations which transform
them in structures with values in F. The main feature is the C-valued Hilbertian product: if

q = Px,
(X,Y)q = _gp(’iX(X)’ ky(Y)) = _gp(XXaYY) € Cq,

and applying v
(X,Y), = —v0,(X,x,Yy). (71)

This F-valued inner product defines a Hermitian structure in Q,, where the scalar "field” is F.
Note that if v is not faithful, then ( , )" is positive semi-definite.

Next, we consider the connection and curvatures, and the symplectic form. We saw in
Theorem 18.1 that the canonical connection in the tautological bundle { — O, has curvature
equal to (—2i-times) the imaginary part of the Hilbertian product (both terms in this assertion,
considered as 2-forms in Q, with values in C).

Let us consider now the following: pick a field of bases x € K, defined on an open set and a
cross section o of £ on this open set. We can write

Dxo =x(X":a+ a(X)a)

where 0 = xa, a is an A-valued function, X - a is the directional derivative of a in the direction
X, and (X)) is an A-valued 1-form in Q, (what we called the 1-form of Q, in the basis x) . If
we compute

DxDvyo — Dy Dxo — D[X’Y}O'

for fields X,Y in (T'Q,)4, we obtain the following expression for the curvature R(X,Y)o:
R(X, Y)o = x((da)(X, Y)a+ [a(X), a(¥)]a),

where [a(X), a(Y)] = a(X)a(Y) — a(Y)a(X). On the other hand, we saw in Theorem 18.1
that

1
_ZR(Xa Y)q =1Im <X7 Y>l]7
where both terms are C-valued, and X,Y € (T'Q,),. Applying the valuation v we get
V(R(X,Y),) = v(da(X,Y) + [a(X), a(Y)]) = vda(X,Y).

Note that v(X - a(Y)) = X - da(Y), because v is linear and bounded (it commutes with the
derivatives). Hence

vda(X,Y)=v(X-a(Y) = Yo(X) — (X, Y] =X - v(Y) = Y - va(X) — va([X, Y]).

In other words: v da(X,Y) = d va(X,Y). Therefore

) 1 1
Im (X, Y)y =v Im((X,Y), = —%VR(X,Y)(] =gV da(X,Y) = _Zd va(X,Y).
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Thus, recalling that w(X,Y) = Im (X,Y), we have that the alternate F-valued 2-form vw over
Q, satisfies the equality

(X, Y) = —Qlid va(X,Y). (72)

We shall call vw the valuated symplectic form over Q,, with values in 7. Then we have that the
valuated symplectic form vw is exact. Indeed, there exist global bases x defined in the whole
Qp-

Recall the moment map defined in Section 19: for a € ,, f, : Q, — C, is defined by
falq) = % [(x, x* pax)} . Recall also the equality Dx f, = w(X,X,). Let us apply the valuation
to the moment map

fo=vfa:Q,— F.
Note that
X'f(l;:X'Vfa:VDX'fav

Therefore X - f = vw(X, X,). This means that f¥ is a moment map. Let us understand now
the map f¥ as a map from Q, to the dual of {,. Here "dual” means the space of bounded linear
”functionals” with values in F. To do this, we shall consider the following tracial functional :

1
T:My(A)—F, 1 < énn G2 ) = —v(an + a22).
az1 22 2

Apparently, 7 is positive, 7(I) = 1 and verifies 7(ab) = 7(ba). Then, if ¢ = px, we have
fo(q) = vl,(x,ax) = v(x*pax) = 7(x*pax),

a

where the last equality uses the fact that, on elements a of A (regarded as scalar matrices

0 a
7(qa), i.e.,

( a 0 >), v coincides with 7. Then, using the trace property of 7, 7(x*pax) = 7(xx*pa) =

fd (@) = 7(qa). (73)

This formula allows one to clearly identify (by means of ) the moment map as a map from Q,
with values in the tangent space of the Lie algebra &I, of the group U,: to ¢ € Q, corresponds
the F-valued linear functional 7(q -), with density matrix q.

Remark 22.3. The dual space considered is subordinated to the valuation v. It consists of
bounded linear functionals defined on ,, with values in F. If, additionally, the algebra of scalars
F in which one chooses to take measurements is a subalgebra of A, then these functionals 7(q -)
are also F-linear.

Next we shall discuss a property of the moment map, which mimicks the theorem of [23],
[4], [19] and [8] on compact symplectic manifolds acted by a torus. We shall consider therefore
a subgroup of the full group U, acting in Q,, namely the diagonal group

0
Dp—{(%l " > :uiEUA}Cup,

which will play the role of a torus. Note that D, = U, NUz(A), i.e., the unitary matrices in
M>(.A) which preserve the form 6,,.
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In classical symplectic geometry, the restriction of the action to the subgroup induces a
restricted moment map, which, when regarded as a map from the manifold to the dual of the
Lie algebra of the acting group, consists in composing the moment of the full group with the
projection of the Lie algebra of the full group onto the Lie algebra of the subgroup.

In our case, we shall restrict the action to D,. Note that the Lie algebra of D, is the
subalgebra g , given in (59)

o, = (o) )t = o)

a2

The projection is given by

al b aq 0
U, — o, , (b* a2)|—>(0 a2>.

The following is an Atiyah-Guillemin-Sternberg’s type of convexity result.

Theorem 22.4. The image of the moment map f" of the restricted action of the group D,,

Q,35q5 (g ) € L(tho,p, F),

regarded as a subset of the space L( ,, F) of linear functionals o, — F, is a convex set.

23 The hyperbolic part of AP,

We say that an element x € A2 is reqular if x € Gla(A)ey, i.e., if x is the first column of a
matrix in Gla(A). A regular rank one submodule of A? is a right A-module ¢ C A? of the form
¢ = [x] := {xa;a € A} for some regular x € A2.

Definition 23.1. The projective line of A is the set AP of all reqular rank one submodules of
A2

We define the cross ratio CR(¢y, {2, 3, ¢4) of four submodules ¢y, ¢35, {3, £4 in APy, following
ideas by M. I. Zelikin [36].

Definition 23.2. We denote by CR(¢1,42,¥3,04) the (possibly empty) set of module homomor-
phisms o : €3 — L3 of the form ¢ = ¥n, where the homomorphisms 1 : b3 — o, ¥ : o — I3
satisfy x — (x) € by and y —n(y) € {1, for all x € by, y € 3.

This set may contain more than one element. In the next section, we discuss existence and
uniqueness of elements in CR(¢1, o, l3,04).
Consider the subset AP] of APy, which we call the hyperbolic part of AP;:

AP? = {[x] 1 x € K,}.

Note that the elements of K, are regular because they are the first columns of matrices in U,,.
It is easy to see that AP/ is properly contained in AP;.

Proposition 23.3. The group U, acts transitively on APY}.

41



There exist many natural ways of endowing APy with a differentiable structure. Here we
choose to define the differentiable structure only on AP{. We have shown that Q, = {px : x €
Ko}, where py is the unique 6,-orthogonal projection with range [x].

Proposition 23.4. The mapping R : Q, — AP} defined by R(q) = R(q) is a bijection, with
R7Y([x]) = px. Morever, R(aqa™') = a-R(q).

Proof. Straightforward computation. O

The natural bijection R allows one to transfer the differentiable structure of Q, to AIP’T . For
instance, the tangent space at [x] € APY, for x € ,, is identified as

(TAP)) g = {X € Ma(A) : X* = X, pxX = X(1—px)}

~{ly]:y € A% 0,(x,y) = 0,0,(y,y) =1} = N(px).

The isomorphism implementing ~ above is the map X — Xx, from (TAP)[ onto N (px).
If ¢ € AP?, denote by

ttr ={y e A%:0,(y,x) =0 for all x € ¢}.

Note that (T APY)px ~ [x] L.

24 The invariant metric in AP}

Given ¢ € AP} and V € (T APY),, fix a generator xg € K, for ¢, i.e., [xo] = £ and 0,(x0,x0) = 1.
Recall that xq is determined up to a unitary element of A: if x{ is another such generator,
then there exists u € Uy such that x{, = xou. Having fixed a generator for ¢, as we saw above,
(T APY), identifies with £17, and to the tangent vector V corresponds an element v € £+». We
define
Ve = 8,(v,v) /2 (74)
0 p\V,V .

Note that | |, does not depend on the choice of the generator. If we choose x{, = xou instead,
the tangent vector V is represented by v/ = vu € ¢+, and therefore

10, (v', V)| = 10p(vu, vi) | = [[u 6, (v, v)ul = [[6,(v, V).

Next, recall from Lemma that 6, is negative definite (non degenerate), and therefore the expres-
sion (74) above defines a proper norm in (T.APY),.

*\—1,.%
Remark 24.1. If V ¢ (TAP?) (@1) a3 )

]» V is represented by some v € [Xo]J‘P; since yg = ( 1

[xo

for xg = < il ), is a generator of [xq]**, there exists a € A such that v = yga. Then
2

Vo = 18p(y0a. yoa) [/ = [la* (1 — @y ! (wowy ) a2 = (1 — [(z2z )" )all.
Note also that the norm of v = yoa in A? is

Iyoall = l[(voa, yoa) |'/? = [[(1 + |(z227")*)al.
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Proposition 24.2. For any { € AP, the norm | |, of (T APY), is complete.

The distribution AP} 5 ¢+ | | is clearly continuous. Thus, AP/ is endowed with a Finsler
metric.
The following result is tautological, but of the utmost importance for our discussion:

Theorem 24.3. The Finsler metric defined in (74) is invariant under the action of U,,.

24.1 Invariant metric in AP}

Lemma 24.4. The differential of the map AP} — D, [x] — 332:101_1, at [e1] is the tangent map

(2)] e wea

Theorem 24.5. The identification [x] < xoxy " between APY and D, is isometric.

25 Limit points of geodesics

One of our concerns in computing the geodesic §, and the above results on the polar decompo-
sition, is to establish the following result:

Theorem 25.1. For z € D, let § be the unique geodesic of D such that 6(0) =0 and 6(1) = .
Put z = w|z| the polar decomposition (i.e., w € A**); then

SOT — lim 6(t) =w and SOT — lim §(t) = —w.
t—o00 t——o00
This geometric role of the partial isometry w in the polar decomposition of z € D (or, more
generally, of every z € A\ {0}) has not been noticed before, to the authors’ knowledge.

In order to compute the limit points of arbitrary geodesics, it will be useful to extend the
action of U, to the strong operator border

0D :={a € A : ||la|]| = 1}
of D, i.e., to define ¢ - a for a € A™ with ||a|| = 1.
Lemma 25.2. If g € U, and a € 0D, then gi1 + gi2a is invertible in A™*.
Proposition 25.3. Ifa € 0D, and g € U,, then
g+ a:= (g21 + g22a)(g11 + g12a) " € D,
defines a left action of U, on OD.

Using this result, we can compute the limit points of arbitrary geodesics. Since the action
of U, is transitive, given z1, 2o € D, there exists g € U, such that g-z; = 0.

Corollary 25.4. Let zo,21 € D and g € U, such that g-zo = 0. Let 6 be the unique geodesic of
D such that 6(0) = zp and 6(1) = z1. Denote by dq the initial velocity of 5. Then

SOT — lim 0(t) =g -wo and SOT — . lim §(t) =g (—wo),
——00

t——+o0

where wy € A™ is the partial isometry in the polar decomposition of &y: &y = wo|50|.
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Remark 25.5. In order to identify these limit points in D, following the notation of the above

Corollary, note that if g = [¢g*|v = ( (1+ 6012 i > < o 0 > (the reversed
’ b (1 + bb*)/? 0 v

polar decomposition), then v - wp = vawpv] is a partial isometry. Therefore, the limit points of

geodesics are elements in 0D of the form

(b + (1 +b0*)Y20) (1 4+ b*)Y2 + b*w) " and (b — (14 bb*)Y2w)((1 4 b*b)/? — b*w) 7!,

where b € A is arbitrary and w € A** is a partial isometry.

Note that not every partial isometry in A** occurs in the polar decomposition of an element
in D. For instance, if A = C(]0, 1]) (continuous functions in the unit interval), the polar decom-
position of f € Ais f = w|f|, where w € L*>(0,1) is given by w(t) = { g(ltf)é(]gtl E)f (&) #0 .
An arbitrary partial isometry in L>°(0,1) is a measurable function whose values are zero or
complex numbers of modulus 1. The set of zeros of such a function is an arbitrary measurable
set, whereas the set of zeros of partial isometries which occur in the polar decomposition of a
continuous function, are closed subsets of [0, 1].

Another way to study the limit points of geodesics, is by using the Borel subgroup B C U,,.
This is the conjugate group of B’ C U,y defined before (Definition 9.1), by means of the unitary
matrix U. Indeed, since the action of this group is transitive in D, any limit point of a geodesic
is either of the form g -v or g- (—v), for g € B. Consider the following example:

Example 25.6. Suppose that A is a von Neumann algebra, and let p # 0 be a projection in A.
94 . 90

27 gz
Write b = g E § g _%_ § , which is the general form of an element in B (here we
5 + gz — + gx

put g = (¢*)~!). Let us compute b - p. After straightforward computations,

bop=(9(1+p)+§(-1+p+221+p)(9(1+p)+§(1—p—22(1+p))~".

Note that 1 + p is invertible and that (1 —p)(14+p)~' =1 — p. Then
N -1 _—1 N -1 -1\—1
bop=(1+g(p-1+220(1+p)(1+p) g ) (A+5A-p-221+p)(1+p) g ) =

= (L+g(p—1+20)g7") (14401 —p—22)g7") "

Denote a = g(p—1)g~! and 8 = 2gzg~!. Observe that « is a non-invertible selfadjoint element,
a < 0 and its range is proper and closed; 5 is an arbitrary anti-Hermitien element. Then

bop=(+a+B)(1-(a+p)".

Note that 1 — (a+ ) is invertible because Re(1 — (a«+3)) = 1 —« > 1. If one picks p = 1, then
a =0 and

b-1=(1+p)(1-p)",

which is a unitary operator such that —1 does not belong to its spectrum. In particular, this
shows that the action of B ceases to be transitive in 9D.

Our next result shows a necessary condition for an element a € A** with ||a| = 1 to be a
limit point of a geodesic of D.
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Proposition 25.7. If a € A** is the limit point at 400 of a geodesic in D, then 1 —a*a = hqh,
where h € GT and q € A*™ is a projection. In particular, not every element of norm 1 in A**
is the limit point of a geodesic: such elements satisfy that the defect element 1 — a*a has closed
range.

Remark 25.8. The characterization of the partial isometries which appear in the polar decom-
positions of all limit points a € A** is an interesting open problem.

26 Operator cross ratio in the hyperbolic part of the projective
line

Here we state the main result of this part of the monograph, relating the metric of AP{ introduced
in Section 24, with the so called operator cross ratio, as defined in the Grassmann manifold of
a Hilbert space by M.I. Zelikin [36]. We shall apply these ideas to the rank one submodules in
APY. To this effect, the isometry between AP] and the disk D will be important.

Consider ¢ = {( i )} € AP, for z € D. Let z = w|z| be the polar decomposition. Let §

be the geodesic of AP/ such that §(0) = [( (1) ﬂ and §(1) = K i >] Equivalently, regarded
in D: 6(0) =0 and 6(1) = 2. As seen in Section 25,

SOT — lim 6(t) =w and SOT — lim 4(t) = —w.
t——o0

t—4o00

Four points are determined: —w, 0, z,w, or better, four rank one submodules

e ()] = [(0)] o= L)) o= (2]

where the limit lines lie in J.APY.

In Section 23 we defined the operator cross ratio of four elements in AP;, as a (possibly
empty) set of module endomorphisms, following ideas of Zelikin [36]. Here we compute the
operator cross ratio CR({_, ¢y, ¢, {10 ), proving that it is non empty, and that there exists a
natural /-endomorphism to choose from this set.

Recall that elements of CR({_, ¢, ¥, {1 ) are (module) endomorphisms of ¢, defined as the
composition of the projection from £ to £y parallel to {_, followed by the projection from £y to
¢ parallel to 0 4oo.

In coordinates, by choosing generators in the respective submodules

()= L) () = ()

Then 1 — A = p and z = —wp. Then w|z| = —wp. If z is invertible (and then w is unitary)
this implies p = —|z|, otherwise this is just one possible solution. Non uniqueness of solutions
of these equations reflect the geometric fact that the modules ¢y and ¢, may not be in direct
sum. Explicitly, all solutions of these equations are of the form

N=14]2 -9, p=—l1+9,
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where © € A** is such that wQ = 0. In particular, |2|Q = |z|w*wQ = 0. We choose the solution
with 2 = 0. Note that A\ = 1 + |z|, and therefore the first projection in the above composition

is given by <1>H<1EIZI>_
(HOIZI)H(i)% <1+_‘Z|7_7):<i>6

So that 14 |z| —v = € and —z7y = we, and then (the unique solution if w is unitary, or a possible
solution that we choose, otherwise) 1 + |z| — v = —|z|w, i.e.,

y=(1-]z)"

Other solutions of the above equation are of the form

Next

== )T (- )Y

where ' € A** is such that w$)’ = 0. In general, the possible endomorphisms ¢ — ¢ are given
(in these coordinates) by

1 1 _ _ _
(1)~ (1) asiema o) = A+ D) +2 400 - 1) + 00,
where we use that w2 = wQ' = 0, and thus (1 £ |2|)*Q = Q (and the same for ).

As noted, if z is invertible, there is a unique solution with Q = Q' = 0. Our choice of cross
ratio, picking Q = Q' = 0 in any case, is justified below.

Remark 26.1. The following fact is known (see for instance [21]). Let a,, € A with |la,| < 1.
If a,, — a strongly, then |a,| — |a| strongly.

Remark 26.2. Dixmier and Marechal [17] proved that the set on invertible elements of a von
Neumann algebra is strong operator dense in the algebra. The argument in [17] proceeds as
follows. Let a = ula| be the polar decomposition of a (u € A**). First, the algebra A** is
factored in its finite and properly infinite parts. In the finite part u can be chosen unitary. In
the properly infinite part, one readily sees that it suffices to consider the cases in which u is an
isometry or a co-isometry. In the case that v is an isometry, Dixmier and Maréchal prove that
u is the strong limit of unitaries u,. If u is a co-isometry, they show that there exist invertible
elements g, which converge strongly to u, with norms ||g,|| = 1 (this is clear in the proof, though
it is not stated in their result). Summarizing, if A is a von Neumann algebra, and a € A, there
exist g, € G with ||gn| < ||a|| such that

SOT — lim g, = a.
n—oo

Using this fact, it is clear that, if A is a von Neumann algebra, and z € D, then there exist
zn, € G with ||z, ]| < ||z||, such that z, — z strongly.

Proposition 26.3. Let z,,z € D such that z, — z strongly and ||z,|| < ||z||. Then

(L+ J2a)(1 = |27 = (L4 [2))(1 = [2) 7" strongly.
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Definition 26.4. Let z € D. We define cr(0,z) € CR((—oo, 0,02, l0), for £, = [( i )}, as

the endomorphism

r(0,2): £s = €, cr(0, z)(( i )a) - < i ) (1+2)(1 - |2])a,

fora e A.
We use the action of U, to extend this definition to any pair zg # 21 € D.
Definition 26.5. Let 29,21 € D, 29 # 21. Pick g € U, such that g-0 = zy and denote z = g 2.

We define

cr(z0,21) =g cr(O,z)g_l.

Before checking that the definition does not depend on the choice of g, we remark the
following. Let § be the unique geodesic of D such that 6(0) = zp and 6(1) = 21, and let

Z—oo =SOT — lim §(t) and z1o, = SOT — lim §(¢).

t——00 t—+o00
Then cr(z,21) € CR(L._, Lz, L2, L2, ), because g is a module homomorphism which maps £,

onto £,,. Indeed, if x = < i > a € L, then clearly

1 1
gX = (911 + g122)a = (911 + g122)a € £,,.
g-z Z1

Let us check that cr(z1, z2) is well defined, i.e., that it does not depend on the choice of g.

0 .
b ),Wlthul,UQEUA.

To prove this, recall that if & € U, satisfies k-0 = 0, then k = ( 0 u
2

Proposition 26.6. With the above notations, the endomorphism
cr(z0,21) € CR(U._ o Lz, Uy, e )
does not depend on the choice of g. Namely, if h € U, satisfies h-0 = zp, and 2’ = h™'- 21, then
hoer(0, 2™t =g er(0,2)g7 "

Suppose that A is a von Neumann algebra. If z € D is non invertible, there exist z, € D
which are invertible such that z, — z strongly and |/z,] < ||z]|. Then ¢r(0,z,),cr(0,z) are
endomorphisms of different submodules. In order to compare them, we can regard them as
A-module morphisms of A2, embedding each module in .A? using the 6,-orthogonal projections
pe.., > pe, onto the submodules £, ,£., respectively. For 2’ € D,

paG = =12 (L)oo (L )
Proposition 26.7. Let A be a von Neumann algebra.

1. If z€ DN Gy, the set CR({—0, o, L2, Ux) consists of a single element cr(0, z).
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2. If z € D is non invertible, there exist z, € D which are invertible such that z, — z strongly
and ||zn|] < ||z||. Then, with the above notations,

cr(0, zn)pe.,, (x) = cr (0, 2)pe. (x)
strongly in A2.

Observe that in the von Neumann algebra case c¢r(0, z) is then uniquely defined when z is
invertible, and is defined by strong continuity in the remaining cases.

Remark 26.8. As a corollary we get that, even if the set CR(¢1,{2,¢3,¢4) may be empty for
general 01,0y, 03,44, the particular set CR({_, {0, ¢,, ) is not, and ¢r(0, z) is a distinguished
element of this set.

As a first approximation of the deep relationship between the cross ratio and the metric
in AP/, we can state the following result. It can be regarded of the scalar version of our
main result, here we state the equality between the norm of the endomorphism ¢r(0, z) and the
distance between 0 and z in the Poincaré disk D.

Theorem 26.9. Let z € D, then

1
Sller(0,2) s = d(0,2),

where || [|p.) denotes the norm of operators acting in £, C A*.

27 The cross ratio, the logarithm and the exponential

We have just defined a Hilbertian C-valued structure in Q, ~ AP, or, equivalently, in D. In
particular, the product

(logg(2),logg(2))g

(1) )], where log, is defined in Corollary

7.9. Tt is a positive module endomorphism (given by multiplying the generator ey by a positive

element of a). Thus, it has a unique positive square root (logy(z), logo(z)>é/ 2 which we denote by

modo(logy(z)) of logy(z). Explicitly, in the generator e, mody(logy(z)) consists in multiplying
the generator by log ((1 + [2])(1 — |2])71).
On the other hand, we saw that, for z € D, the endomorphism of ¢, denoted by ¢r(0, 2), is

takes values in the set of endomorphisms of £y = [(

given by the same coefficient log ((1 + |2|)(1 — |z])~!), which multiplies the generator ( i ) of

.

We shall translate the endomorphism cr (0, z) from £, to £y by means of the parallel transport
of APY, along the geodesic d, with 6(0) = ¢ and 6(1) = £, (i.e., the same former &, which under
the identification D ~ AP/ joins 6(0) = 0 and 6(1) = 2z in D: §(t) = w tanh(¢|a])).

0 o

The parallel transport of elements of D (or AP}) along the geodesic §(t) = e a 0/ 0,

where « is, as in (24)

a= zi ! (z*2)k
2k +1 ’
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is given by the left action of the invertible matrix

0 o )
t
e ( a 0 : lo = L5()- The endomorphism cr (0, z) of £, is transported to £y as

_(O oz*) (0 a*)
cr(0,2) :=e a 0 cr(0, z)e a 0 by — L.

Our main result (for the origin) is the following:

Theorem 27.1. With the current notation, if z € D (or £, € APY),

emodo(logo(z)) = C’I“(O, Z)O (75)

or, equivalently,
modp(logy(z)) = log(er(0, 2)o), (76)

where the exponential in the first equality is the usual exponential of A, log in the second equality
is the usual logarithm of G, and each endomorphism of {y is identified with its coefficient in

the basis e1 = ( (1) > .

As in Definition 26.5, let 29 # 21 € D (€, # {,, € APY). Pick g € U, such that g -0 = 2o,
and denote by z = g~! - 21 as before. Let § be the geodesic such that §(0) = 0 and §(1) = 2.
Then 9,., = g -0 is the geodesic which joins zp and z; at ¢ = 0 and t = 1, respectively. Recall
that cr(zo, 21) = ger(zo, 21)g~ 1. Likewise, we put

-1 1/2

logZO(zl) = glogy(z)g ", and mod.,(z1) = <log20(z1),logZ0(zl))ZO ,

where (p,7), = 9lgpg, gg o9~ !, and log,, is the inverse of the exponential exp., :

(TD),, — D. It is not difficult to verify that these definitions do not depend on the choice
of g.

Finally, let us denote by c¢r(zo, 21),, the parallel transport of cr(zg, z1) from £,, to £,, along
the geodesic d;, ., (obtained by conjugation as in the case of the origin, by the value at t = 1 of
the one parameter group in U, which determines d,, ., ). The U,-covariance of the data involved
enables us to prove the following:

Theorem 27.2. With the current notations,

mod_,(log,, (21)) = log (cr(20, 21) ) -

In particular, ||log,, (21) |20 = Illog(cr(z0, 21)2) |-

Remark 27.3. If we think of mod.,(log, (21)) as an distance operator from zy to 21, then the
identity in the above theorem shows a projective way of computing this operator distance.
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28 An example

Suppose that the algebra A has a trace tr onto a central subalgebra, that is, there exists a C*-
subalgebra B C Z(A) of the center of A and a conditional expectation tr : A — B satisfying
tr(zy) = tr(yx) for all z,y € A. This happens, for instance, if A is a finite von Neumann
algebra.

We can define a Hilbertian B-valued inner product, by means of

(X, Y )trqg = —tr(0,(Xx,Yy)).

Indeed, since tr is tracial, the value of —tr(6,(Xx,Yy)) is independent of the choice of x € K,
satisfying ¢ = px. On the other hand, c¢r(zo,21) is an element of I',,, which has matrix a in a
unital base x € R(q), as explained before. We put cr(zo, 21)tr, for tr(a). Clearly, cr(zo, 21)tr
does not depend on the basis x. With these notations, the formula in Corollary 27.2, can be
written

(log,, 21,log,, zlﬁf = log cr (20, 21 )tr, (77)
which is an identity involving elements in 5.

More specifically, if A is commutative, we can choose tr the identity A = B, and we have

|log,, 21| = log cr(20, 21), (78)

as elements in A.
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