UNITARY GROUP ORBITS VERSUS GROUPOID ORBITS
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ABSTRACT. We study the unitary orbit of a normal operator a € B(H), re-
garded as a homogeneous space for the action of unitary groups associated with
symmetrically normed ideals of compact operators. We show with an unified
treatment that the orbit is a submanifold of the various ambient spaces if and
only if the spectrum of a is finite, and in that case it is a closed submanifold.
For arithmetically mean closed ideals, we show that nevertheless the orbit al-
ways has a natural manifold structure, modeled by the kernel of a suitable
conditional expectation. When the spectrum of a is not finite, we describe
the closure of the orbits of a for the different norm topologies involved. We
relate these results to the action of the groupoid of partial isometries via the
moment map given by the range projection of normal operators. We show that
all these groupoid orbits also have differentiable structures for which the target
map is a smooth submersion. For any normal operator a we also describe the
norm closure of its groupoid orbit O, which leads to necessary and sufficient
spectral conditions on a ensuring that O, is norm closed and that O, is a
closed embedded submanifold of B(H).
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1. INTRODUCTION

In this paper, norm closures of unitary orbits of normal operators in a W*-algebra
are studied via the actions of certain infinite-dimensional Lie groupoids. To explain
the motivation of this study, we recall that the set of all self-adjoint operators that
share some spectral data of a fixed self-adjoint operator occurs in several areas
of operator theory and its applications, and the study of the geometric features
of such sets has lead to advances in infinite-dimensional differential geometry and
particularly in some areas of Poisson geometry. The simplest instance of that
study is the fact that the set of all self-adjoint matrices that share the spectral
data, i.e., the spectrum and the multiplicity, of a fixed self-adjoint matrix is exactly
the unitary orbit of that matrix, and that unitary orbit is a symplectic manifold
which arises as the orbit of a suitable action of a unitary group. Motivated by
the role payed by the Lie groupoids in Poisson geometry, we investigate in this
paper the spectral characterizations of the operators that belong to the same orbit
of a groupoid action on the set of normal operators. (We refer to the historical
discussion in [Rol8] on the use of normal non-self-adjoint operators in the role of
quantum observables.) The groupoid involved in that action is the groupoid of
partial isometries that was introduced in [OdSI16] (cf. also [OdJaSI18]) in order
to formalize certain geometrical structures of the classical mechanics that occur
in the quantum theory, more specifically, certain Poisson brackets that live on the
predual spaces of W*-algebras and had been earlier discovered in [OdRa03|, going
back to [Bn00]. The foregoing groupoid action is given via a suitable momentum
map from the set of all normal operators to the Grassmann manifold of the Hilbert
space under consideration. Thus, our present study provides motivating examples
for future directions of investigation in the general theory of infinite-dimensional
Lie groupoids that was recently developed in [ScWol5], [ScWol6], and [BGJP19].

The literature concerning topological and geometrical aspects of unitary orbits
O(a) of a normal (in particular: self-adjoint) operator a acting in a separable
Hilbert space H is vast, but disperse, going back to the seminal work of Fialkow
[Fi75], and related results before that; see also [DeFi79], [AnSt91] and the references
therein. In this paper we bring together central aspects of this recurring theme in
operator ideals and operator algebras, in a unified presentation, obtaining also
generalizations of those results. Specifically, we study the differentiable structure
of the norm closure of the unitary orbits. The natural framework for studying
these unitary orbit closures turns out to be provided by the Banach-Lie groupoid
of partial isometries introduced in [OdSI16].

In more detail, let H be a Hilbert space and denote with IC(H) the ideal of
compact operators acting on H. Moreover, denote with U(H) the group of unitary
operators acting on H. Assume that we act on a normal operator a € B(H) via
m(u) := u-a:= vau*, with the Banach-Lie group U of unitary operators in 1+ 7
for a symmetrically normed ideal J C B(#). The differential of this map at the
identity operator 1 € Uy is w1 = —ada, & — [z,a] = za — az, and the stabilizer
subgroup of this action is denoted Uz (a) C Uy. The orbit itself Oz (a) := m(Uy)
is a subset of the linear space B(H), but when a € Z for an operator ideal Z,
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then O7(a) C T as well. There are several basic problems that are interlaced, and
consist of finding necessary and sufficient conditions on the normal operator a and
the symmetrically normed ideals 7 and Z so that the following assertions hold true:

(1) Ug(a) is a Lie subgroup of the Banach-Lie group Uy with its subspace
topology.

) O7(a) 2Uz/Us(a)is an (abstract) differentiable Banach manifold.

) the action map 7: Uy — O (a) has local continuous cross-sections.

) the range of ada : T1(Uy) — T is closed.
5) the subset O7(a) C 7 is closed.

) the subset O7(a) C Z is an immersed submanifold.

) the subset Os(a) C 7 is an embedded submanifold (with its inherited
topology).

We will show via an unified approach that, for any normal operator a € B(H), the
first two of the above conditions can be obtained when the ideal 7 is arithmetically
mean closed (cf. [KaWell]) or when J admits a dual pairing as in below.
Then we will show that the last four conditions are equivalent to each other, and
in fact equivalent to the fact that a has finite spectrum (Theorem . There are
several topologies involved (the operator norm topology, and the ones given by the
norms of the ideals Z and J), and we deal with all of them systematically. This is
done in Section

This brings out the problem of describing the closure of the orbit, when the
spectrum of the normal operator a is infinite. This is done in Section |4l If F(H) is
the ideal of finite-rank operators and a € Z, then it turns out that

% Il
Ormy(a) € Oz(a) C {vav™ [v'v = p.} = Opy(a)  C I,

where p, is the range projection of a. We prove that when Z is a separable sym-
metrically normed ideal, the closures are equal

iz

"l
Or ) (a) = Opm)(a) .

-l

Conversely, we show that if Ogy)(a) € Orey)(a) whenever 0 < a € Z, then
the symmetrically normed ideal Z is separable (Theorem |4.6)).

In Section [5] we find the natural framework for the above occurrence of the set
of partial isometries with fixed initial space V, = {v € B(H) | v*v = p,}. This set
V., C B(H) was studied by several authors and in particular Andruchow et. al in
[AnCoMb05| established that V, is a submanifold of B(H).

Denoting by P(H) C V(H) the sets of orthogonal projections and partial isome-
tries on H, consider the groupoid V(H) = P(H) (cf. [OdSI16]) and the natural
map on the set of normal operators B(H)"" — P(H), a — p,. These struc-
tures allow one to define a groupoid action, which defines an action groupoid
V(H) * B(H)™" = B(H)"". For any a € B(H)"", its corresponding groupoid
orbit is

O, = {vav* | (v,a) € V(H) * B(H)""} = {vav® | v*v = p,} C B(H)™"
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which for compact a is exactly the uniform closure of the unitary orbit of a, as men-
tioned above. We study this orbit with B(#) replaced by a general von Neumann
algebra 9 C B(H), establishing fundamental differentiability properties which in
the case of the orbit of a normal operator a € B(H) can be subsumed to the follow-
ing facts: The mapping V, — O,, v — vav™*, is a principal bundle whose structural
group

K, :={weVH)|w'w=p,, waw* =a} CV, NU(p,H)

is a Banach-Lie group and a submanifold of V,; the inclusion map O, C K(H) is
smooth and its tangent map at every point is injective; and finally, the inclusion
map Opy)(a) = O is smooth, and its tangent map at every point is injective
(Corollary. Thus, in the special case of a compact operator a, this gives a good
picture of the relation between the unitary orbit of a and its closure, when both are
regarded as smooth manifolds (Corollary [5.15). Moreover, for any normal operator
a € B(H)"°" we describe the norm closure of its groupoid orbit O, (Proposition,
which leads to necessary and sufficient spectral conditions on a ensuring that O, is
norm closed (Corollary and that O, is a closed embedded submanifold of B(H)

(Theorems and [5.22)).

2. BASIC DEFINITIONS AND BACKGROUND

Notation 2.1. We denote by H a separable infinite-dimensional complex Hilbert
space, by B(H) the set of all bounded linear operators on H. The spectrum of any
operator a € B(H) is denoted by spec (a).

For any subset S C B(H) we denote

S :={a€eS|a=a"}and S*" :={a € S |aa” =a"a}.

In particular B(H ) are the self-adjoint operators and iB(H)** are the skew-adjoint
operators. We also let

UH):={ueBH) | uwu* =u'u=1}

where 1 € B(H) is the identity operator. We denote by F(#) the set of all finite-
rank operators on H and by KC(H) the set of all compact operators on H. We denote
by &,(H) the p-th Schatten ideal if 1 < p < oo, where G (H) := K(H).

Since the Hilbert space H is fixed, we may drop it from the notation sometimes,
for the sake of simplicity.

Definition 2.2. A symmetrically normed ideal is a two-sided ideal J C B(H)
endowed with a norm || - || 7 satisfying

lazbll7 < [lallllz]| 7|0l

for all x € J and a,b € B(H), where || - || denotes the usual operator norm of
B(H). We also assume that J with its norm is a Banach space. We choose the
normalization ||x||7 = ||z|| for any rank-one projection r = £ ® £, ¢ € H. (Recall
from [GoKr69 Ch. III, Th. 1.1] that any nonzero two-sided ideal of B(#) contains
all finite-rank operators.)
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We now recall some fundamental facts on symmetrically normed ideals. Our
main reference on this subject is Gohberg and Krein’s book [GoKr69]. If « = ulz|
is the polar decomposition of z € 7, then

lelg = llz*llg = llzllls  and |l < =]l

If 0 < a < b then by Douglas’ Lemma [Doug66| there exist a contraction 0 < ¢ <1
such that a = bec, hence

0<a<bd = allg <|blls
Let = u|z| be the polar decomposition of a compact operator, and let |z| =
n

lim z, = lim > sgpr be the Schmidt decomposition of |z|. Here sx(x) > 0 are

the singular values of x (that is, the eigenvalues of |z|), and pr, = e ® € are the

rank-one ortho-projections of |z|. The convergence is in the operator norm since

sk(x) 1 0. If the symmetric norm is given, we can consider the operators z € K(H)

with sup ||, [|7 < 0o, and then define ||z|’; = lim ||z,|7. The norms || -7 and
n>1 n—00

-l agree on the ideal of finite rank operators.

Notation 2.3. The set of all operators z € K(H) with sup,, ||z,|l7 < oo is the
maximal ideal J™ for the given norm ||-|| 7, and it is always a Banach space. We also
consider the minimal ideal J™ which is the closure in the norm || - || 7 of the finite
rank operators, hence it is also complete. We have the inclusions J™ C J C JM,
and an ideal J here will always be non-trivial, hence J is contained in the ideal of
compact operators IC(H) by Calkin’s theorem.

Moreover, the minimal ideal is a separable Banach space, and it is not hard to
check that the ideal J is separable if and only if it coincides with its minimal ideal
J™ [GoKr69, Ch. IIT, Th. 6.2].

n
Since 0 < z, = Y sp(x)pr < |z|, and the norm only depends on the positive
k=1

part of z = ulx|, we have lznlls < llzlly < oo if z € J, then [jz]’; < |z]|s < oo
thus
Jrcgcat.

n
Moreover, for any finite rank operator x we have |z| = > s (x)pg therefore ||z] 7 <
k=1

> sk(z), hence
k=1

&1(H) € JM € K(H) and 2] < [l2]7 < |l
for all z € K(H).
Definition 2.4 (arithmetically mean closed ideals). The ideal J is arithmetically
mean closed if y € J implies x € J whenever z,y € K(H) and kznj sp(x) < kznj sk(y)
=1 =1

for all n € N. We will refer to this property as am-closed for short. The maximal
and minimal ideals for a given symmetric norm || - |7 are always am-closed by
the dominance property and ||z||’; < ||ly[|’; for those ideals. (See the dominance
property in [GoKr69, Chapter ITI, §4].)
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Remark 2.5 (ideals with two norms). It would be nice to characterize the sym-
metrically normed ideals J such that J is complete with the maximal norm || ||’;.
Equivalently, since the maximal ideal is complete, 7 must be closed in the maximal
ideal. By the open mapping theorem, and since || - ||, < || - |7 always holds, the
ideal J is closed in J™ if and only if there exists a constant C' > 0 such that
| -ll7 < CJ - |'7; that is, if the norm of J is equivalent to the maximal norm.
Varga [Vg89, Theorem 2 and Remark 5] supplied (a family of) examples of com-
plete normed ideals that are not am-closed; but his family of examples are closed
in the maximal norm.

Definition 2.6 (conditional expectations). For any subset A C N and any family

of mutually orthogonal projections P = {pg }xca with > pr = 1 (with convergence
keA
in the strong operator topology if A is infinite) let E : B(H) — B(H) denote the

corresponding conditional expectation

E(z) = Zpkfl?pk (2.1)

keA

with convergence in the strong operator topology for any = € B(#H). The range
of Fis

RanF = {py | k € A} (2.2)

where in this case we use the prime to indicate the commutant of the given set.
We have E(x) € K(H) if x € K(H). Moreover, for arbitrary « € B(H),

S sk(B@) < i) (2.3
k=1 k=1

for all n € N by [GoKr69, Ch. II, Th. 5.1]. In particular, for n = 1, we obtain
Bl =1.

In what follows we will examine in more detail what happens when we restrict
and co-restrict ' to operator ideals.

Remark 2.7 (continuity of E|7). In the setting of Definition if J is a sym-
metrically normed ideal and z € J, from (2.3)) we obtain E(x) € J™ and moreover
by the dominance property

IE@)I < [l < ll=ll7, (2.4)

which implies that the operator E|z: (T, ||-|I';) = (™, |||I'y) satisfies | E| 7|| = 1.
Here we may have E(x) € JM\ J for some x € J. In fact, if all the projections py,
are rank one, the condition F(J) C J is equivalent to the fact that J is am-closed
by [KaWelll, Theorem 4.5]. If E(J) C J then, by the closed graph theorem, the
operator E|7: (T, - ll7) = (T, - |l7) is also continuous although its norm need
not be equal to 1. However, if J is separable then it is equal to J™ thus it is
arithmetically closed and both norms agree.

We note also that if the collection of projections is finite, then F(J) C J and
the continuity of E| 7 is obvious.
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Remark 2.8 (conditional expectation of a normal diagonalizable operator). An
operator a € B(H)™°" is called diagonalizable if H is spanned by the eigenvectors
of a. If this is the case, let A C N for which spec(a) can be labeled as {\; |
ke A} C C, with \; # A\g if j # k. For any k € A let p,, € B(H) denote the
orthogonal projection onto the eigenspace Ker (a — A1), hence the hypothesis that
a is a normal operator ensures that p;pr = 0 if j # k. The hypothesis that the

operator a is diagonalizable then implies Y  pp = 1, and we can then write
keA

a = Z )\kpk (25)
keA
with convergence in the strong operator topology. This implies {py | k € A} = {a}’
and, if E: B(H) — B(#H) is the conditional expectation associated to the family of
mutually orthogonal projections {py | kK € A} as in Definition then we have

Ran E = {a}’ (2.6)
by (2.2). Moreover, E(K(H)) = {a} N K(H).

If 7 is any symmetrically normed ideal and a € B(H)"" is diagonalizable as
above, then we obtain the continuous map

Elz: T — {a}y nIM

by Remark If moreover either spec (a) is finite and Z is any symmetrically
normed ideal, or the symmetrically normed Z & B(H) is am-closed, then, by Re-
mark [2.7] again, we have the continuous map

Elz: T — {a) NT.

However, if Z G K(H), we have E(K(H)) € {a} NT since E(K(H) N {a}’) =
K(H) Nn{a} € ZN{a} irrespective of wheather or not a € 7.

Definition 2.9 (congruence unitary groups). For a given operator ideal J C B(H),
we define its corresponding unitary group

Uy = Ug(H) == (1+ ) N U(K).

This is a Banach-Lie group if J is a symmetrically normed ideal, and then its Lie
algebra is

uy=ugs(H):={xe J|z*=—x}=1T"
In fact, Uy is an algebraic subgroup of the group of invertible elements of the
Banach algebra J & C1, therefore it is a Banach-Lie subgroup with the inherited
manifold topology of the group of invertible operators, the later being an open
subset of the Banach algebra. See [HK77] for more details.

Remark 2.10. The group Uy is always connected. To see this, note that for
each u € Uy there exists a Borel logarithm, that is, an operator z* = —z € B(H)
such that e* = w and ||z|]] < w. Consider the holomorphic map F : C — C
given by F(A) = A~!(e* — 1), and note that the zeroes of F are located at 2ki,
k € Z\ {0}. Since spec(z) C [—m, 7], we have 0 ¢ spec (F(z)) = F(spec(z)) thus
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F(z) is invertible in B(#). Since u = 1 + z for some x € J, x + 1 = u = €* thus
e* —1 = z. But then
2=F(2) 'F(2)z=F(z)"Ye* —1) = F(2) 'z € J.
From this, we can now see that ¢t — e!* is a continuous path in Uz joining the
operators 1 and u.
3. UNITARY ORBITS OF NORMAL OPERATORS

In this section we establish that, for any symmetrically normed ideals Z, 7 C
B(H), the conditions 7 in Section [1|are equivalent to the fact that the normal
operator a has finite rank (Theorem [3.17).

We begin by considering the adjoint action of unitary groups in the space of
bounded linear operators:

Definition 3.1 (adjoint action and orbits). The adjoint action of Uz on B(H) is
given by the map

Adys:Ug x B(H) = B(H), (u,a)— Ady(u)a = uau*
and for every a € B(H) its corresponding U s-orbit is
O7(a) :=={uau™ |ue Ug}.
Remark 3.2. Let J,Z C B(H) be any ideals with a € Z. We claim that
Og(a)Ca+INJCT.

In fact z :=wau* € Tif a € T and u € Uy. On the other hand, writingu =1+z €
Uy with z € J, we have

z=14+2)a(l+z")=a+za+azx*+zaz" =a+jc€a+T

where j := za + ax* + rax* € J since J is an ideal. Also j =z —a €I -1 =1,
hence j e 7N J, and then uau* =z =a+j €a+ZNJ, as claimed.

3.1. The action map and the smooth structure of the orbit.

Definition 3.3. For any symmetrically normed ideals 7,Z C B(H) and a € Z, we
define

m=n77:Us = Og(a), uw~— uau™.
Writing u =1+ z,u9g =1+ 29 € 1 + U7, we obtain
[uan™ —upaugllz = [[(u —uo)a+ a(u” —ug)llz < 2|lu—uollllallz < 2[lu —uoll7llallz

therefore 7% 7 is continuous. Moreover a similar argument shows that 7: U7z — 7
is smooth, with its differential

Tow: TuUg = T, Ty v = vau™ —uauvu™ = ufu*v, alu*.
Here we use the identification
T.Uys ={veB(H)|uveus =iJ**}

and then ufu*v,alu* € J%* is self-adjoint if v € T,,U s and a € 7%,
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Keeping a € 7 fixed as above, we now define
0o: B(H) = I, 04(v):=—ad(a)(v) = [v,al.
Then d,;7ss = me1 and by Remark we obtain
a1 = Ogligsa 11 T* >IN J. (3.1)

Note also that 7.1 (or equivalently, ¢) is continuous if we take it as a map from J
into any of the three spaces J,Z, B(H).

In Lemma 34 below we use the above notation and Remark 2.8 Results similar
to the following lemma where first considered in [Ne04, Lemma VII.3]:

Lemma 3.4. Let Z,J be symmetrically normed ideals and a € B(H)™" be diago-
nalizable with its corresponding conditional expectation E|z : T — {a} NI™. Then
the following assertions hold.
(i) Ker ((idp) — E)|z) = Ker (da|z).
(i) If 6,(TJ%*) C I and the operator 8y)igs : iJ%* — T has closed range, then
spec (a) is finite.

Proof. We clearly have Kerd, = {a}’, while {a}’ = RanE by (2.6). Moreover,
since E? = E, we have RanE = {z € B(H) | E(z) = 2} = Ker (idg) — E).
Therefore Ker (idg() — E) = Kerd, and, intersecting both sides of this equality
with Z, we obtain the assertion.

The hypothesis directly implies that d, : J%* — Z has closed range. Moreover,
since both d,: J°* — B(H) and the inclusion map Z — B(#) are continuous, while
3,(J) C T by hypothesis, it follows by the closed graph theorem that the linear
operator d,
exists a constant C' > 0 such that whenever y = §,(2) with z € J%*, there exists
zo € J* such that d,(2) = 04(20) and ||zo|l7 < C||6(2)]|z-

Assuming that spec (a) is infinite, we may take A = {1,2,...} in Remark
Selecting a suitable subsequence of spec(a), we may assume that [A; — \j 11| <
1/(4C) for every j > 1. Select any {; € Ranp; with ||§;|| = 1, and then a; = \;§;,
and consider the rank-two operator z := & ® 11 + &1 ® & € F(H)™ C T
Then

gsat J% — T is continuous. Now, by the open mapping theorem there

2P =2"=§ 8+ G 2§98,
thus [[2]’; > [I&; @ &'y = 1. Note that
za—az = (N = Xj31)& @&+ — (N — X)) ©E,
thus
[z, a]|* = [Aj = AP (e @€ + €11 @€77)
and then

1
19a(2) |z = lla — azliz = [z, alllz < 2| = Xja| < 55
Now note that p;zp; = pjy12pj4+1 = 0 thus E(z) = 0. Using the remark at the

beginning of this proof, we may select zp € J** with d,(z0) = 04(2) and ||zo]| 7 <
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C|6a(z)||lz. Then 84(z — 29) = 0, hence (idy — E)(z — 20) = 0 by Assertion (i).
Therefore

z=2z—FE(z) =20 — E(20)
and, using (2.4), we then obtain [|z]|; < 2[/20]/’; < 2[[20]|7. We have seen above
that ||z||’; > 1, hence

1<zl < 2[lz0lly < 2C00.(2)lIz < 1,
a contradiction that concludes the proof. [l

In connection with Lemma we note that for the case of the maximal ideal
of a given symmetric norm, the equivalence between finite rank and closed range
of ¢ was proved before in [Chlo13] Lemma 3.2].

Now we extend the previous result to the orbit of any normal bounded operator.
We first study the case of self-adjoint operators in Theorem following ideas in
[AnLal0, Theorem 4.3], and then the general normal operators in Theorem
Regarding the differentiable structure of the isotropy group and the orbit of a non-
compact operator, see Subsection

Theorem 3.5. Let J be a symmetrically normed ideal. For a € B(H)™, consider
the map 741 1 1T% — T C B(H) defined as before. If the range of s is closed in
either B(H) or J, then spec (a) is finite.

Proof. For any x € B(H) we use the above notation §, = —[z,-]. As noted before
a1 = Oglig== Or its restriction to (the skew-adjoint part) of J and K(H), respec-
tively. Since a = a*, hence both B(H)** and iB(H)% are invariant under id,, it is
easily seen that the range of §,| 7= is closed in B(#H) or J if and only if the range
of 04| is closed in B(H) or J, respectively.

Since a € B(H)"*, the Hilbert space H can be decomposed in two orthogonal
subspaces H = H. ® H, which reduce a, where H, is the closed linear subspace
spanned by the eigenvectors of a. Then the operator a. := aly, € B(H.) has
continuous spectrum (i.e., no eigenvalues), while the spectrum of a, := als, has
a dense subset of eigenvalues. If the range of ¢, is closed in B(H), we claim that
both d,, and d,, have closed range in B(#H). Suppose z, € B(H) is such that
da, (zn) = y, then y, = x, &0 € B(H) satisfies

5a(yn) - 6ac(1'n) D®0— Yy D0

in B(#H), and thus y ® 0 = d,(x) for some = € B(H). If one writes this equality in
matrix form (in terms of the decomposition H = H. & H,), one has

( y 0 ) _ ( T11Gc — AcT11 T120p — QX112 )

0 0 T210¢c — Gpx21  T220p — ApT22 ’

and therefore y = d,.(x11). Analogously one proves that the range of d,, is closed.
We now show that H. = {0}: note that d,, : K(H) — K(H) has trivial kernel.

Indeed, if x # 0 is a compact operator commuting with a., since also =z + x*

commutes with a., by the spectral decomposition of compact self-adjoint operators,
one can find a non-trivial (finite rank) spectral projection of z+2z*, which commutes
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with a., and thus a. would have an eigenvalue, leading to a contradiction. It follows
that d,, : K(H) — K(H) is bounded from below. Thus, by [Fi79, Theorem 3.2,
one would have that o;(a.) No,(a.) = 0. Since for normal operators, right and left
spectra coincide with the spectrum, this implies that the spectrum of a. is empty,
and therefore H. = {0}.

It follows that the spectrum of a has a dense subset of eigenvalues. Suppose that
there are infinitely many eigenvalues. By adding a multiple of the identity to a (a
change that does not affect d,), we may suppose that 0 is an accumulation point
of the set of eigenvalues of a. From this infinite set one can select a sequence of
(different) eigenvalues {\,, : n > 1} which are summable. For each n > 1 pick a
unit eigenvector e,, consider H, the closed linear span of these eigenvectors, and
denote ag = aly, € B(Ho). Note that ag is a compact, in fact, it is a nuclear
operator. It is apparent that since d, : K(H) — K(H) has closed range, then
dao : K(Ho) = K(Hp) also has closed range and by Lemma it must have finite
spectrum, a contradiction.

The proof for the case of the closure in J is similar and therefore omitted. [

In order to obtain a version of Theorem for non-self-adjoint operators a €
B(H)™" (see Theorem [3.7]below), we now adapt some ideas from [VoT6] to a suitable
setting of operator ideals. A pair of symmetrically normed ideals (Z,Z;) will be
hereafter called a dual pair of ideals if TZ; C &1(H) and the bilinear functional

IxTh —C, (z,y) Tr(zy) (3.2)

gives rise to an isometric isomorphism of the Banach space Z onto the topological
dual Z} of the Banach space Z;. Such a dual pair is an admissible pair in the sense
of [Be06l Def. 9.22] if one additionally assumes that Z; C Z and the Banach space Z
is reflexive. In this setting, we need the following slight variation of [Vo76l, Lemma
2.6].

Lemma 3.6. Let (Z,7;) be a dual pair of symmetrically normed ideals in B(H)
and a € I, Ifad € TN (’)B(r,z_[)(a)wH then, for any symmetrically normed ideal
J C B(H), the operator §,| 721 T** — T has closed range if and only if the operator

Oat| 7502 T — T has closed range.

Proof. The hypothesis on the operators a and o’ is equivalent to the pair of condi-
tions a,a’ € 7" and OB(H)(a)H.” = (’)B(H)(a’)H-H
roles. It therefore suffices to prove that if §,| 7 : J%* — Z has closed range, then
the operator d,/| 7sa: J%* — Z has closed range, too.

By hypothesis, there exists C' > 0 such that for every x € J°* there exists
xg € T with |zo|ls < Cllda(z)|lz and 64(z) = da(xo). Also, there exists a
sequence of unitary operators uy € B(H) with kli_)ngo |lugauj — a’'|| = 0. Then, for
arbitrary € J°* and k > 1, there exists z3 € J* with |z 7 < C|/dq(ujzur)|z
and dq (ufzur) = dq(zk).

On the other hand, for every unitary operator u € B(H) and every z € T we
have

, in which a and a’ play symmetric

Oa(u*zu) = [u*zu, a] = v [z, uau*|u = U dyau- (T)u
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while
[6a(2)llz = llza — az|lz < 2la] - |[z[z
hence
lIm [|0y, qur () — 04 (z)||z = 0 for all x € Z.
k—o0 k
Furthermore,

limsup ||ugzrur ||z = limsup ||zk|| 7 < Climsup ||dq (ufzug)||z

k—»00 k— o0 k—o0
= Climsup [|0u, au; (7)llz = Cl|dar (2)||z-
k—o0

Since the unit ball of 7 ~ Zi is weakly compact, it follows in particular that,
selecting a suitable subsequence, we may assume that there exists y € 75 with

yllz < Clloa ()2 (3-3)

and klim upxpuy, =y in the dual weak topology of Z. Since F(H) C Z;, we have in
— 00

particular klim upTru; =y in the weak operator topology of B(#). This implies
— 00

5a’(y) — dar (.’E) = kg%[“lﬁ”k“z» a/] - [.’E, a’/]

= lim wug[zg, uja ugluy — [z,d']
k— o0

= lim wug[zk, upa' vy — aluy, + lim ugfzg, alu), — [z,d']
k—oo k—oo

= lim wug[zk, upa' vy — alul + lim ug[ufzug, ajul — [z, a’]
k—o0 k—o0

= lim wg[zg, upa'uy — aluy, + lim [z, upauy] — [z, d]
k—o00 k—o0

=0

hence d,/(y) = do(x). Taking into account (3.3) and the fact that = € J°* is
arbitrary, it follows that the operator d,/|zsa: J** — Z has closed range, and we
are done. 0

Theorem 3.7. Let (Z,Z;) be a dual pair of symmetrically normed ideals in B(H)
and a € I°*. Then, for any symmetrically normed ideal J C B(H), if the operator
da| 7sa: T — T has closed range then spec (a) is finite.

Proof. By Lemma the operator d,/
operator a’ in the operator norm closure WH'H of the unitary orbit Oy (a).
Since a € B(H)"", we have WM C B(H)™* and spec (a’) = spec(a) for
every a’ € wll'”. On the other hand, by the Weyl-von Neumann theorem as
obtained in the special case of [Vo76l Prop. 2.1] for normal operators, there exists

a € OB(H)(a)”'H diagonalizable. For such a diagonalizable operator a’ its spectrum
is finite by Lemma [3.4(i), hence spec (a) is finite as well. O

7521 J%* — T has closed range for every

Recall that when a € B(H)™" and spec (a) is finite, its collection of spectral
projections is finite, thus its corresponding conditional expectation E preserves
any symmetrically normed ideal (Remark 2.8). Moreover, if A C B(H) is a C*-
algebra with a € A"°", then the spectral projections of a belong to A hence the
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conditional expectation E: B(H) — {a}’ satisfies E(A) = AN {a}’. If additionally
1 € A, then we denote by U(A) := U(H) N A the unitary group of A, and also
Ou(a) = {uau* |u e U(A)} C Aand 7%: U(A) = Oala), u— uau*.

Lemma 3.8. Ifa € B(H)"" with finite spectrum, with its corresponding conditional
expectation E: B(H) — {a} then the following assertions hold true:
(i) If A C B(H) is a C*-algebra with a € A, then the operator dglias: 1A% — A
has split closed range and 1A% = Ker (dglia=) + Ran ((ida — E)lia).
(ii) If a € F(H)™" and Z,J C B(H) are symmetrically normed ideals, then the
operator 8,y zsa: 1T7%* — T has split closed range and 175 = Ker (04|izs) +
Ran ((idg() — E)ligsa). Moreover, Rand, =Ker E C F(H) CINJ.

Proof. This can be obtained by a straightforward adaptation of the following
proof of Assertion , hence we skip the details.

We use the notation from Remark [2.8|again, so spec (a) \ {0} = {A1,..., A},
Ao =0, and p; is the orthogonal projection onto Ker (a — A;idy) for j =0,...,n.
Since a € F(H), we have p1,...,p, € F(H). For every z € B(H) we have

z = Z DiZDj (3.4)

,J=0

and E(z) = > pjzp;, hence z € Ker E if and only if p;zp; =0 for 5 =0,...,n, in
7=0
particular pozpo = 0, and then z € F(#) by (3.4). Thus Ker E C F(H) CInNJ.
Moreover, since E? = E, in general we have Ker £ = Ran (idp(z) — E). We have
n
a= Y \jp; hence, for any z € B(H),
§=0

n

da(2) = > _ (\i = A\j)pizp; € Ker E.
i,j=0
On the other hand, if z € Ker F and we define
1
T = Z mpizpj EKerECFH)CJT
0<iZj<n

then it is easy to check that §,(z) = > p;zp; = z, thus z € Rand,.

i#]
If we denote z;; := p;zp;, then the equation 2z* = z is equivalent to z;; =
zj;. Also, the equation y = 0,(2) is equivalent to y;; = (A; — Aj)zi;, which is

further equivalent to z;; = (A — Aj) " 'y;;. Hence y € 6,(B(H)**) if and only if
(X = X))ty = (N — M)~ tyja, which is further equivalent to y; = ajiy;i, where
aj; =X — Aj/(A; — A;) € T for all 4 # j, while y;; = 0. We note that a;; = ;.
Selecting any f;; = (;; € T with 5% = «;j, we further obtain that y € §,(B(H)**)
if and only if y,;; = 0 and (8;;yi;)* = Bjiyji- Therefore, if we define

Vi={y €T|(Bijyi;)" = £Bjiy;i if i # j}

then V4 is a closed real linear subspace of Z and we have the direct sum decompo-

sition

T=Vv. iV
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where Vi = §,(B(H)%) = §,(T5) = da(F(H)™?).

Finally, the kernel of the operator d,lizs: 17 — Z is complemented since
Ker (84)i752) = {a} NiJ™ hence E|;gsa: iJ%* — 175 is an idempotent operator
with E(17%) = Ker (0gizss)- O

Definition 3.9. For any symmetrically normed ideals 7,Z C B(H) and a € Z, we
say that m = 7% 7 has local cross-sections if for every b € Oz (a) there exist an
open neighborhood V' in the relative topology of O7(a) C Z and a continuous map
0:V = Uy with 7 oo =idy and o(b) = 1.

Definition 3.10. A submanifold of the Banach space Z is the image of any smooth
injective map f: M — Z, such that the image of the injective tangent map

Tonf: TuM — T

is a closed real subspace of Z. We say that the manifold splits if T, f (T,,, M) admits a
direct complement. We say that the manifold is embedded if f is an homeomorphism
onto its image.

Remark 3.11. In Definition[3.9] if 7 is open and § = .1 : 17 — Z splits in range
and kernel, the orbit O (a) is a smooth (in fact, real analytic) submanifold of Z.
See for instance [Ra77, Prop. 1.5] or [Lal9, Lemma 3.3.6], and also Lemma

Lemma 3.12. Let G be a Banach-Lie group with its Lie algebra g, X a real Banach
space, and w: G — GL(X) a morphism of Banach-Lie groups. For fized x € X we
define 1°: G — X, 7%(g) := w(g)x. Let O(z) := n*(QG), regarded as a topological
subspace of X, and assume that the following conditions are satisfied:
1. There exist an open subset D C X and a continuous map 7: DNO(x) - G
with x € D, 7(z) =1 € G, and 7" o T = idpno(q)-
2. The kernel and the range of the differential 751: g — X are split closed
subspaces of g and X, respectively.

Then the following assertions hold true:

(i) The orbit O(x) is a split embedded submanifold of X and n*: G — O(x) is a
submersion.
(i) For everyy € O(x) there exist an open subset V,, C X and a smooth mapping
o¥:Vy, = G satisfyingy €'V, and 7 o Uy|vym0(x) = idv, no(e) -
(iii) If there exists a norm || - || that defines the topology of X and ||7(g)v| = ||v||
for every v € X, then O(x) C X is a closed subset.

Proof. The first hypothesis implies that the mapping 7%: G — O(x) is open,
and then [Lal9, Lemma 3.3.6] is applicable.

Since 7% : G — O(z) is a submersion and O(z) C X is an embedded subman-
ifold, there exist an open subset V, C X and a smooth mapping o : Va NO(z) - G
with 7% 0 0 = idy; () and olz)=1€dG.

Now let Z C X be a closed linear subspace satisfying X = Z + 77 ;(g). Since
T.(O(z)) = Ran7{; and O(z) C X is a submanifold, there exist open subsets
Ve C ‘N/x, Wy C Z, and W} C Ran mi1, and a diffeomorphism x: V,, — Wy x W}
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with € V,, x(z) = (0,0) € Wy x W{, and x(V, N O(z)) = {0} x W{. (See
[Lal9, §2.9].) We now consider the Cartesian projection pry: Wy x Wi — W,
(w,w’) = w’, hence we have the diagram

X_loprzox pid

V, Ve NO(z)—> V, NO(z) =— G

Wo x Wi —2= {0} x W,

and then we define and 0®: V,, — G by 0% := 5% o (x ! o pry 0 X).

Finally, for arbitrary y € O(z) we select g € G with y = 7(g)x and we define
Vyi=m(g)Ve CX and 0¥: V, = G, 0¥ := 0" om(g) "y, .

We must show that if nhHH;O lyn—y|| = 0in X and y,, € O(z) for every n > 1,
then y € O(x).

To this end, using the above notation, let ¢ > 0 with B(x,e) C V., where
B(z,g0) :={v e X | |lx —v|| <e}. Also let ng > 1 with |lyn, — yml|| < €0 for
all m,n > ng. Since y, € O(x), there exists g, € G with y,, = 7(g,)x, hence
12 = 7(gno) " Ynll = 17(gno)z = yull = l1yno — ynll < o for all n > ng. That is,
7(gny) " yn € B(x,e0) C V, for all n > ng, and this also implies 7(g,,) 'y €
B(x,e9) C V, since y = lim y,, in X.

n— oo

Now, let ¢: V,, — G be the smooth mapping given by , and define g :=
a(m(go)~ty) € G. Since w(go) 'y = Jim. 7(g0) " 'yn in V, and o is continuous, we
obtain g = nh~>nolo o(m(g90) " 'yn) in G. Moreover, using 7 o o = idy, no(s), we have

©*(g) = lim 7"(o(7(go) " yn)) = lim m(g0) 'yn = m(g0) 'y-

n— oo

Therefore 7(go) "'y € O(x), and then y € O(z), which completes the proof. O

Theorem 3.13. If a € B(H)"" has finite spectrum, and A C B(H) is a C*-
algebra with 1,a € A, then O 4(a) C A is a closed embedded split submanifold and
7% : U(A) = Oula) has local cross sections. If moreover a € F(H)"", then for
any symmetrically normed ideals J,T C B(H) the unitary orbit Oz(a) C T is a
closed embedded split submanifold and 7% 7: Uz — Oz (a) has local cross sections.

Proof. We show that the hypotheses of Lemma [3.12] are satisfied. If a € A"
has finite spectrum, then the operator d,: jgsa: 145 — A has split kernel and
split closed range by Lemma [3.8|l). Moreover, the mapping m: U(A) — O.4(a),
u — wau®, has local cross-sections by [Fi78] Prop. 4.6]. Hence O4(a) C A is a
closed embedded split submanifold by Lemma [3:12]

Now assume a € F(H)™" and let J,Z C B(H) be any symmetrically normed
ideals. The operator §,|igsa: iJ%* — Z has split closed range and kernel by
Lemma . We will now construct a local cross-section for m using the split-
ting of the range of 1, following ideas in [BeRa05] and [AnLalQ]. Since the
range of dgligsa = mep: 1% — T is closed and Ker (0g]igs=) = {a} NiT™ =
Ker ((idg() — E)ligs), it easily follows by the closed graph theorem that there
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exists a constant C' > 0 such that
Iz = E(2)|l7 < Cllda(2)llz
for all z € i7%*. Cousider the relative open neighborhood of a € O 7(a)
V.= {b S Og(a) : ||b— (l||1 < 1/0},

and the open neighborhood of 1 € U 7,

W :={ueUys|uawu* €V}
Ifu=1+2¢€W CUy, then

1 —w EQ)]| = [lu - E(u)] <[lu - E(@)]ls = |z - E(z)ll7 < Cllza - azz
= C|lua — au||z = C|luau™ — aljz < 1.
Hence
11 —u*E(u)] < 1.

thus v*E(u) € B(H) is an invertible operator, hence E(u) is invertible. Since
E(u)—1=FE(1+z)—1= E(z) € J therefore E(u) € 14+ J. This implies that
|E(u)| = /E(u)*E(u) € 1+ J also (and it is still invertible). Hence, defining

QB (u)) = E(u)|E(uw)| ™,
it is easy to check that Q(F(u)) is a unitary operator (in fact, this is the unitary
operator in the polar decomposition of E(u)). It is also apparent that Q(E(u)) €
1+ J, therefore Q(E(u)) € Uy. Now from a direct computation it follows that
uQ(E(u*)) = QuE(u*)), and since u* E(u) is close to 1 in uniform norm, it is plain
that the map

W —-Uys, uw~— uQ(Eu"))

is continuous. Now we define 0 : V — Uz
o(b) = uQUE(u")) = QuE(u*)), when b= uau™ with u € W.

Note that if b = vau* = waw* for u,w € W, then v := v*w commutes with a and
by the uniqueness of the polar decomposition for invertible operators, wQ(FE(w)*) =
wQ(v*E(w*)) = uQ(E(u*)) showing that o is well-defined. Using the continuous
action of Uz, it suffices to prove that o is continuous at a € @ 7(a) with respect to
the topology inherited by O (a) from Z. To this end, assume then that u,au) — a
in the topology of Z, with u, € Uy. Then ||upa — auy|lz — 0 and as above,
1 — u,E(un)|l7 = ||lun — E(ul)|l7 — 0. Using the continuity of Q(-) given by
[Ne04, Prop. A.4], we have

o(unauy) = upQUE(ur)) = QupE(uy)) = 1in Uy

Finally, note that F(u)* = 1 + E(z*) commutes with a, therefore Q(E(u*)) also
commutes with a and

w(o(b)) = o(b)ac(b)* = uQE(u"))aQ(E(u"))u" = uau™ =b

which proves that o is a local cross-section for w. Hence O(a) C B(H) is a closed
embedded split submanifold by Lemma [3.12] and this completes the proof. (]
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nor g closed in

It is well-known that the unitary orbit of any operator a € B(H)
the operator norm topology if and only if spec (a) is a finite set. (See [Fi75, Lemma
2.3] or [VoT76, Prop. 2.4].) Thus the following theorem deals with closures in other
norms, and generalizes [GKMSIS, Theorem 5.1] along the same lines. Another

result of this type is obtained in Corollary [£.7 by a completely different approach.

Theorem 3.14. For any symmetrically normed ideals 7 C B(H) and T G B(H)
with a € I, the orbit O 7(a) C I is closed in I if and only if spec (a) is finite.

Proof. The “if” part of this theorem was proved in Theorem Conversely, we
prove that if a € Z"°" and spec (a) is infinite, then

Or0(@) " \ Oy (a) # 0 (3.5)

A~z

This implies in particular Oz (a) & Og(a)

OJ(G)H'HI = Oz(a) C Op(x)(a), which is a contradiction with (3.5).

Since a € Z C K(H) and spec (a) is infinite, it follows that spec(a) \ {0} can
be labeled as a sequence of mutually distinct complex numbers convergent to 0,
and then we may select a sequence of mutually distinct eigenvalues {z, },>1 with

> |zn] < co. Let us denote Y := spec (a) \ {z,, | n > 1} and p, = Ker (a — yidy)
n>1
for any y € Y. For every n > 1 we denote p,, := Ker (a — x,idy) and we select a

, since otherwise Ox () (a)MI C

rank-one projection ¢, < p,. We then define
ag =Y Tngn € K(H)"
n>1
hence
a=ap+ van(pn - qn) + Z YpPy-
n>1 yey

- n+1
Let po :=)_,~1 n, Ho = Ran (ap) = Ran (po), and &,, = Ran () ¢;) for n > 1.
> =
We now modify slightly ag: for each n > 1 let

n
ag = Tnt1q1 + E TiQi+1 + E Tiq;
i=1 i>n+2

Note that af is obtained from ag by a finite permutation of the basis of X,,, thus
ap = upaoul, with u, € U(H) and (1 — u,)X;- = {0}. Then clearly u,, € U(H) N
(1+F(H)) €Uy and
ap = Upat, = aj + (a —ag) € Oz(a) Yn € N.
Now let ag := ;5 igi+1 and a’ := ag + (a — ap), and note that
la’ = anllz = llab — af Iz = |Tnr1q1 + > (@2 — Tes1)qrrallz

k>n

< |zpy1] + Z |Tht2 — Tpg1| < 2 Z ETAB
k>n k>n+1
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Letting n — oo we obtain lim ||a’—ay ||z = 0. Thusa' € Oy(a)H'“I
n—oo

. If Kera = {0},
then o’ € O7(a) since Ran¢; C Kera/, and this proves that the orbit is not closed.
If Kera # {0}, some modifications of the previous argument as in [GKMSIS8, Th.
5.1] also show that the orbit is not closed. ]

For any symmetrically normed ideals J and Z, we define the following subsets
of Zm°r:

LocCls(Z) :=={a € 7" | O7(a) is locally closed in T},
Cly(Z) :={a € I | O7(a) is closed in T},

Cross7(Z) :={a € I"°" | 7% 7 has local cross-sections},

Sbmy(Z) :={a € " | O7(a) is a submanifold of Z}.

Proposition 3.15. In general, one has: Sbm7(Z) C LocCl#(Z) = Cl7(Z).

Proof. For the last equality of sets, we use that the action of Z in O 7(a) is transitive,
for any J and Z. Specifically, if a € Z"°" and O7(a) is locally closed in Z, there
exists € > 0 such that the set N := {b € Oz(a) : ||b —allz < €} is closed in Z. If
by, = unau’, € O7(a) with u, € Uz and ||b, —b||z — 0 as n — oo, pick ng € N such
that |[|b, — bi||z < € for n,m > ng and rename b, := u, bpun, — uy,, buy, =:b" as
n — oo. Since b, = a and b;, € N for all n > ng, we have b’ € C. In particular
b € Og(a), hence b = uau* for some u € Uy, and then b = (up, u)a(un,u)* €
OJ (a) U

Remark 3.16. The above reasoning involves only the norm of Z, hence the oper-
ator ideal J need not carry any norm. A more general conclusion can be obtained
along these lines: Let U be a group and U x X — X, (u,z) — u.x be an action
on a Hausdorff uniform space X (cf. [[s64]) satisfying the condition that for every
entourage £ C X x X in an entourage basis and every u € U we have (u.x,u.y) € £
if (z,y) € €. (For instance, any group action by isometries on a metric space
(X,d) will do, since an entourage basis in this special case consists of the sets
E={(z,y) € X x X | d(z,y) < r} for arbitrary r € (0,00). We also recall from
[[s64, Ch. I, Exerc. 8] that, for a general uniform space X, its uniform structure is
determined by a family of symmetric subsets of X x X called entourages, satisfy-
ing a suitable set of axioms. There is a natural topology of X, called the uniform
topology, defined in terms of the entourages. Specifically, a neighbourhood basis of
any point a € X consists of the sets £(a) :=={x € X | (a,z) € £} where E C X x X
is an arbitrary entourage. We also recall from [Is64, Ch. II, Exerc. 14] that every
entourage in the uniform space is a neighbourhood of the diagonal of X x X, but
not conversely in general.) Then for any a € X its orbit U.a is a locally closed
subset of X if and only if it is a closed subset of X. In fact, if U.a is locally closed,
then there exists an entourage £ for which the set N := U.a N &(a) is closed in X,
where £(a) :={zx € X : (a,z) € £}. If {u;}ier is a net in U for which there exists
b € X with u;.a — b as i € I, then there exists i¢ € I such that if 7,5 > ig then
(uj.a,u;.a) € E. This implies (a,u; 'u;) € €, that is, ui_glui € E(a)NU.a = N for

b e
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al i > ig. On the other hand, since u;.a — b as i € I, we have ui_glui.a — ui_gl.b as
i € I, hence u;gl.b € N C U.a. Therefore b € U.a, and we are done.

Special cases of the following theorem can be found in several places in the
earlier literature: [AnSt89, Th. 4.5], [BeRa05, Th. 3.2], [Be06l Th. 4.37], [AnLal0,
Th. 4.4], [BtVal6l Lemma 1], [GKMSI8 Th. 5.1]. Moreover for the case of the
maximal ideal of a given symmetric norm, the equivalence between finite spectrum
and submanifold structure was settled in [Chlo13].

Theorem 3.17. IfZ,J C B(H) are symmetrically normed ideals, then
LocCl7(Z) = Cly(Z) = Crossz(Z) = Sbmy(Z) = F(H)"" C 1.

Proof. We have Sbmy(Z) C LocCly(Z) = Cly(Z) by Remark Moreover,
Cly(Z) = F(H)™" by Theorem and F(H)"* C Sbmy(Z) N Crossz(Z) by
Theorem and its proof.

It remains to check that Crossz(Z) C Cly(Z), and to this end we adapt the
method of proof of [Fi78, Prop. 2.1]. We must prove that for arbitrary a €
Crossz(Z) and b € (’)\7(@)”.”1 one has b € Og(a). Using a local cross section
c:DN0Og(a) > Uyof m=n77: Us = Oy(a) C Z, for a suitable open subset
D C T with a € D, it is easily shown that for every n > 1 there exists §, > 0
such that if v € Uy and |u*au — a|lz < &, then there exists w € Uy with
lw—1||7 < 1/2" and w*aw = u*au. Now let {uy}r>1 be any sequence in Uy with
kl;n;@ |lujaur—b||z = 0. Then we can inductively select a sequence 1 < kq < ko < ---

such that, for every n > 1, if k > k,, then ||ujauy — b||z < 6,/2. Since kpi1 > ky

aug, ., — bllz +||b — u,’;.nauanI <

we have ||u,’;.n+1aukn+1 — uznauanI < jug it

dn/2 + 6,/2 = 0, hence

n+1

[k, W,y @k, g, — allz < O

n+1
By the way §, was selected, there exists w,, € Uy with ||w, — 1|7 < 1/2™ and
wyaw, = ug,uj . auk, - Defining v, 1= uj wnug,, we have [[v,—1[|7 < 1/2"

and uznﬂauk = vpuf, au, Uy lterating this formula for n,n—1,..., 1, we obtain

n41

* ko *, ok
Up, o QU g = UpUp g " U Upg, QU VT ** * Up—1 V. (3.6)

Here > |lv, —1||7 < oo hence, an application of the criterion [Bu06l, Ch. IX, App.
n>1
II, Th. 2] for convergence of infinite products in the Banach algebra C1 + J shows
that there exists v € C1 4+ J with lim |lv — vy ---v,—10,]l7 = 0. Since v, € Uy
n—oo
for every n > 1, we easily obtain v € Uy and, passing to the limit for n — oo in

(3-6), we obtain b = v*uj au,v, hence b € Oz(a). This completes the proof. [

We now take a look at the differentiable structure of the orbit (as a quotient
manifold, with a topology that is possibly finer than the topology of the orbit as
subspace of Z). This structure can be constructed if 7 is am-closed.

Definition 3.18. For any operator ideal J C B(H) and a € B(#H) we define

Ug(a) ={u e Uy : uau* = a},
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the isotropy subgroup of the action 7. If J is a symmetrically normed ideal, then
clearly Uz (a) is a closed subgroup of U.

One can endow the unitary orbit Os(a) with the structure of a real analytic
Banach manifold via the bijective map

Us/Us(a) = Og(a), uUg(a)— uau® (3.7
as follows (similar orbits where considered in [BeRaTu07]).

Theorem 3.19. If the symmetrically normed ideal J is am-closed and a € IC(H)"",
then the following assertions hold true.

(i) Uz(a) is a Banach-Lie subgroup of Uy (with the inherited manifold topology).
(ii) The Lie algebra of Uz (a) isker(me) C 1T°% = uy, and it is a split sub-algebra:

uy = L(Uz(a)) & ker(Els, ).

(iii) The orbit O = Og(a) is a real analytic manifold, and a homogeneous space
for the smooth action of A: Uz x O — O, A(u,b) = ubu*.

Proof. From the very definitions, it follows that Uy (a) is an algebraic subgroup
of the group of invertible operators in C1 + 7 (see [HKT7] and [Be06, Th. 4.13]),
therefore Uz (a) is a Banach-Lie group with its topology inherited from C1 + 7,
just like Uy does.

We have Ker ((idg) — E)liy) = Ker (d./i7) = L(Uz(a)) by Lemma
applied for Z = J. But since we are now assuming that 7 is am-closed, we have
E(J) C J and since the range and kernel of E are each other’s direct complement
(E is an idempotent) the claim follows. Hence Uz (a) is a Banach-Lie subgroup of
Us with split sub-algebra.

Assertion directly implies that Us/Uz(a) is a smooth homogeneous
space for the action described above (see [BeOG, Th. 4.19]), and then the orbit
O7(a) is turned into a smooth homogeneous space via the bijection . (]

Remark 3.20. In Theorem the orbit @7 (a) has a smooth manifold structure
when J is am-closed, regardless of spec (a). Is that hypothesis on J really neces-
sary? It is only used to find a direct complement to the Lie algebra of the isotropy
group.

3.2. Dual pairs. We now prove a version of the above Theorem [3.19]in which the
normal operator a is not necessarily compact, in the setting provided by dual pairs
of ideals as already used in Lemma [3.6

The following lemma is needed in the proofs of Proposition [3.:22)and Lemmal[5.7}

Lemma 3.21. Let X and X, be real Banach spaces endowed with a bilinear func-
tional (-,-): X x X1 — R that gives rise to a topological isomorphism of the Banach
space X onto the topological dual of the Banach space Xy. Moreover, we assume
that a norm that defines the topology of X1 has been fized, and (S,+) is an abelian
semigroup with a mapping a: S — B(X), s — o, satisfying the following condi-
tions:

e For all s,t € S one has a*t = a®at.
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e One has M := sup ||a®| < oo.
seS
e For every s € S there exists a® € B(X1) with (o®(z),x1) = (z,ai(x1)) for

all z € X and x1 € X.
If we denote X5 := {x € X | (Vs € S) a’(x) = z}, then there exists E € B(X)
with B2 = B, |E| < M, and E(X) = X5,

Proof. We adapt the method of proof of [BePr07, Th. 3.1(a)] to real Banach spaces.
To this end let D: X — X}, x — (x,-), be the topological isomorphism that exists
by hypothesis. Also let £2°(S) be the commutative C*-algebra consisting of all
bounded functions £: S — C, and for every ¢t € S define Ly: €°(S) — £(5),
(Li&)(s) :=&(t + s). Since S is an abelian semigroup, it is well known that it has
an invariant mean. (See [Di50, Th. 2(«)].) That is, the C*-algebra £2°(S) has a
state p: £ (S) — C satisfying po Ly = pfor all t € T

Now let £57(S) be the real Banach space of all bounded functions f: S — X and,
using the hypothesis, note that the bounded linear operator

L: X = LF(9), (v(x)(s) :=a’(x)
is well defined and ||¢|| < M. Moreover, for arbitrary ¢t € S and x; € A; one has
(((2))(-); 1) € £2°(S) and
Li({(e(2) (), 1)) = (@)t + ), 21) = (o (e(2)) (), 71)- (3.8)
We then define
E:X 5 X, (E(z),71) := p({((2))(),21)).

Since D: X — A} is a topological isomorphism, it follows that E:X 5 Xisa
bounded linear operator with || E| < M.

If z € X%, then «(z): S — X is the constant function that is equal to x ev-
erywhere on S, hence, using ((1) = 1 (where 1 € ¢2°(S) is the unit element), we
easily obtain E(m) = z. On the other hand, for arbitrary ¢ € S, using the property
po Ly = p, one obtains

= n({(t(2)) (), (1))
= p((a’ ((1(2)) (1)), 21))
= p(Le((((2))(), 21)))
= p((((2)) (), 21))

= (B(x),21)

where for the fourth and fifth equalities we have used and po Ly = Ly,
respectively. Consequently of o E = E. Thus E(X) C XS and E(z) = z for every
z € X5, and then E(E(z)) = z for every z € X and moreover E(X) = X, which
completes the proof. ([

The following fact is a simultaneous extension of [Be06, Th. 9.29(ii)] from ad-
missible pairs to dual pairs and of [BeRa05, Prop. 4.5] to the non-reflexive case.
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Proposition 3.22. If (J,J1) is a dual pair of ideals and a € B(H)™ ", then the
following assertions hold.

(i) There exists a bounded linear operator E: uy — uy with E? = E and

E(us) =L({Us(a)), thus
uy = L(Us(a)) & Ker E.
(ii) Uz(a) is a Banach-Lie subgroup of Uz.
Proof. () For every (s,t) € R? we define
Ay BH) = B(H),  ap(x) = el0Ta7) peilsatton)
and it is clear that a(s 4|7 = (o (s,¢)|7)* With respect to the duality J ~ J7* given
by . Moreover,
L(Us(a)) ={z € uz | (V(s,t) €R®) a(yy(a) = a}.

It then follows by Lemma applied for the additive (semi-)group S = (R?, +)
that there exists a bounded linear operator E: us — uy with 2 = E and F(uy) =
L(Us(a)), hence Ker E is a direct complement to the Lie algebra of Us(a) in the

Lie algebra of Uy.
This has the same proof as in Theorem O

Regarding examples to which Proposition [3.22] applies, we mention that for every
symmetric norming function ® with its dual symmetric norming function ®*, the
pair of symmetrically normed operator ideals ((‘Sq,*,(‘Sg))), as defined in [BeRa05,
Rem. 4.2(iii)], is a dual pair in the above sense.

With the same proof as in Theorem [3.19] and by means of Proposition [3.22] we
obtain the differentiable structure of the orbit as a corollary:

Corollary 3.23. If (J,J1) is a dual pair of ideals and a € B(H)"°", then the orbit
O := 07(a) is a real analytic Banach manifold, and a homogeneous space for the
smooth action of AUz x O — O, A(u,b) = ubu*.

4. CLOSURES OF UNITARY ORBITS

In this section, we examine the closures of unitary orbits for the different topolo-
gies, namely the ones defined by the operator norm or by various symmetric ideal
norms (Theorem [4.6). We recall that the ideal of finite rank operators F(H) is
dense in any separable symmetrically normed ideal Z C B(H).

Remark 4.1. If a,b € B(H)", then b € Oy (a) | if and only if the following
conditions are satisfied:

(i) One has spec (a) = spec (b).

(ii) Each isolated point of spec (a) has the same multiplicity as an eigenvalue of a

and as an eigenvalue of b.

These conditions are further equivalent to the condition that if E%(-) and E®(-) are
the spectral measures of a and b, respectively, then for every open subset D C C
one has rank E%(D) = rank E®(D). See [GePa74, Th. 1], [Fi77, Rem. on page 219],
[Sh07, Th. 1.1] for proofs of these facts.
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Definition 4.2. For every operator a € B(H)™°", we denote by p, the orthogonal
projection onto the closure of the range of a, that is p, = PRan (a)" Since a €
B(H)™°r, we have

Pa = p|a| = Ea<C) (41)
where E*(-) is the spectral measure of a. It will be useful to consider the set of
partial isometries V(#H) acting in H, and also the subset of partial isometries with
fixed initial space

V,={veV(H):v'v=p.},

a closed subset of B(H).
Lemma 4.3. Let a € K(H)"". Then b € Opy, (a)”.” if and only if there exists

v €V, with b =vav*. In that case, a = v*bv and vv* = py.

Proof. If b € Op(y(a) 1 then rank £¢(C) = rank E*(C) by Remark Hence,
by (4.1)), there exists an isometry v from the (closure of) the range of a to the
(closure of) the range of b; extending it as 0 on (Rana)lt = Kera*, we obtain a
partial isometry such that v*v = p, and b = vav*.

Conversely, if b = vav* for some partial isometry v with v*v = p,, and vv* = p
then for each eigenvalue of a, if py is the corresponding eigen-projection, let g, =
vprv*. Clearly bgr = vav*vprv* = vaprv™ = Agqr. Thus, the operator b has the
same eigenvalues with the same multiplicity as a, and by Remark we obtain
b€ Op) (a)”'”. Finally, since v*bv = v*vav*v = a, the range of vv* is the closure
of the range of b. [

In the notation of Lemma [4.3]
Kerv = Kera, Ranv = Ranb, Kerv* = Kerb, Ranv® = Rana,

and then the uniform norm closure of the full unitary orbit of a is obtained by acting
with partial isometries v with initial space equal to the (closure of) the range of a.

Proposition 4.4. If T g B(H) is an operator ideal, and a € I"°*, then we have
Al
Oppyla) ~ CI.

Proof 1. Use Lemma[4.3] 4

Proof 2. Let u,, € B(H) be a sequence of unitary operators with nh_>rrgo wyaty, = b
in the operator norm topology. Then, by the well-known continuity property of
the functional calculus with respect to sequences of normal operators, for every
continuous function f: C — C one has

li_>m uy fla)u, = li_}rn f(urauy,) = f(b)

in the operator norm topology. In particular, for f(-) = |- |, we obtain |b] €
Op() (|a|)HAH. It then follows by Remark [4.1{that the sequences of singular numbers

of the operators a and b coincide: s,(b) = s, (a) for every n > 1. Since a € Z, it
now follows that b € Z, as explained at the top of [Sch60, page 26]. O
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To study the unitary orbits for the action of the groups U 7, we begin by noting
that two finite dimensional subspaces are conjugated by a special unitary if they
have the same dimension.

Lemma 4.5. For any linear subspaces £1,E5 C H with dim &) = dim & < oo, there
exists u € Ug(y)(H) with u&y = .

Proof. Let £ := & + &. Since dim&; = dim &y, there exists vg € U(E) with

v9(€1) = E. Defining u € U(H) by ulg, = vo and u = idgy on & (C H), one has
u € Uz(y)(H) since dim &; < oo, and on the other hand u&; = &. O

Theorem 4.6. For any symmetrically normed ideal T ; B(H), the following con-
ditions are equivalent:

(i) The ideal T is separable.

(ii) For every a € " one has Og)(a)

(I RE
C Orpyla) .
)H'llz

(iii) For every operator a € T with a > 0 one has Op)(a) € Oxmy)(a

If any of these conditions is satisfied, then for any a € I"°" one has

OFm) @ =0z = Opaola) = OB(H)(G)H.H.

Proof. The last assertion follows since F(H) CZ C B(H) and || - || < || - |lz, and
then it is easily seen that

Or(a) € Op)(a)

where the last inclusion follows by Proposition [4:4]
()= (): We prove that for arbitrary b € Op(s)(a)’  one has b € Oz (a)
Since the ideal Z is separable, it must be proper hence Z C K(H), thus a € K(H).

Since b is a uniform limit of compact operators, it must be compact itself. It follows
by Remark [4.1| that there exists ng € NU {Rg} with

spec (a) \ {0} = spec (b)) \ {0} ={ |1 <n < no}

where \, # A, if n # m. Moreover, if 1 < n < ng, it follows by Remark
along with Lemma that there exists v, € Uz with v, (E“(A\p)H) = E°(Ar)
for k = 1,...,n. It then follows that v,((E*(\)H)L) = (E*(\x))*t (since v, is
unitary) and then

-l

ll-llz Il -l

Il
C Oz(a) C Opap(@) | €T

ll-llz

v B (\p)vi = E°(\) if 1 < k < n.
Denoting p,, := 5. E*(\;) and g, := Y. E’(\1), we have v, (ap,, v} = bg,,, hence
k=1 k=1

vpavy —b = v, (a — app vy + (b, — b) if n > m. (4.2)

Since a,b € 7 and Z is a separable symmetrically normed ideal, it follows by

[GoKr69, Ch. III, Th. 6.3] that for arbitrary € > 0 there exists m. > 1 with

la — appm._llz < € and ||b — bgm_||z < €. Then, by (4.2), for every n > m. one

has |jvpav) —bllz < 2e. Consequently lim |lv,av) — b||z = 0, which shows that
n—oo

be Orm (a)”'”I, as claimed.

:> : Obvious.
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(iil)=(): We prove that if Z is not separable, then there exists a € Z with a > 0
and Op3)(a) £ O.F(H)(a)l"llz

Since 7 is a symmetrically normed ideal, one has &1 (H) C Z, and moreover, since
7 is not separable, we actually have &1 (H) ;Cé Z. (See [GoKr69, Ch. III, §2, pages
69-70].) Hence there exists xg € Z with xg > 0, whose sequence of singular values
(sk(z0))k>1 is bi-normalizing, that is, limy_,o0 Sk (z0) = 0 and ), si(zo) = oo.

Let {ex }r>1 be an orthonormal basis of H, and {e, ®e5 }x>1 be the corresponding
sequence of rank-one orthogonal projections. For x € IC(H) let

> k1 5k(@) .
oz, = sup { AL e )

which induces a symmetric norm in K(H) [GoKr69, Ch. III, Th. 14.1], and

we let Zp = {x € K(H) : ||z||lz, < oo}. Let a = Y si(xo)ear @ €2 and b =
k>1

> sk(xo)ear—1 @ €2p—1. We have b = uau* for unitary operator u € B(H) satisfy-
k=1
ing uesr = ear—1, ueap—1 = ey for k> 1, hence b € Op(yy)(a). Since the sequences
of singular values of a, b, and x( coincide and zy € Z, it is also easy to check that
a,b € Z. (Cf. [Sch60, page 26].) Moreover

. Sk (@)

n—00 Zk:l sk (o)
and likewise with b and b — a. This shows [GoKr69, loc. cit] that neither of
a,b,a — b belongs to Z)", which is the closure of finite rank operators in the norm

of Zy. Assume b € Ory) (a)”'”Z. Then b = lim, upau) with v, = 1 4+ x,, and
Zn € F(H), implying
b—a=1limz,a+ ax) + z a0z

which is impossible since z,a + ax}, + zpax) € F(H) for all n > 1, while we have
iz

seen above that b—a & Zi". Thus b € Og3)(a)\Orz(a) ", and we are done. [
We now obtain the following generalization of [GKMSIS| Th. 5.1].

Corollary 4.7. Let T C B(H) be a separable symmetrically normed ideal. If a €
707, then Oy (a) is a closed subset of T if and only if a € F(H).

Proof. If a € F(H) then Opy)(a) is a closed subset of Z by Theorem

Now assume a € Z\ F(H). Since a is a compact operator, it follows that the
closure of its range is a closed infinite-dimensional subspace H, C H. Since H,
is infinite-dimensional, there exists a closed infinite-dimensional subspace H; for
which the orthogonal complements H;- and #;- have differing dimensions, and in
particular no unitary operator in U(#H) maps H, onto H;. Nevertheless, since H,
and H are closed infinite-dimensional subspaces of the separable Hilbert space
H, there exists a partial isometry v € B(#H) whose initial subspace is H, and
whose final subspace is Hp. If we define b := wvav*, it follows that H; is the
closure of the range of b. If b = uau* for some unitary operator u € U(H), then
u(Ha) = Hp, which is impossible by the above remarks. Thus b & Opy(a).
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lI-llz

However b € Opy) (a)wH by Lemma Moreover Op(3)(a)
lI-llz

= Op@(a) by
Theorem hence b € Op(yy(a) . This shows that Op(y(a) is not a closed

subset of Z, and we are done. O

Remark 4.8. Corollary for T = KC(H) shows that for any a € K(H)", its
unitary orbit Op(y)(a) is closed in B(H) if and only if a has finite spectrum, or,
equivalently, finite rank.

5. ON THE ORBITS OF THE ACTION GROUPOID V() x 9" = goner

In the present section we use some basic terminology related to groupoids. A
quite convenient reference in this connection is [OdSI16, App.], while the general
theory of Banach-Lie groupoids is developed in [BGJP19].

Motivated by the results of Section (e.g., Lemma, we investigate the action
of the groupoid of partial isometries on the set of normal operators in a von Neu-
mann algebra. Specifically, we establish smoothness properties of the corresponding
groupoid orbits (Corollary and we describe the norm closures of the groupoid
orbits (Proposition and Corollary . Finally, we study the natural topolo-
gies carried by the groupoid orbits of normal operators (Theorems and .
We also obtain some results regarding groupoid orbits in von Neumann algebras,
inspired by [BO19, Th. 3.4] on Banach manifold structures of the coadjoint orbits
of the Banach-Lie groupoid of partial isometries. However, the present approach is
completely different and, even in the special case 9t = B(H), the present result can
be recovered from [BOI19, Th. 3.4] only in the special case of self-adjoint trace-class
operators, while here we study arbitrary normal operators.

The following definition is an illustration of the general framework of groupoid
actions; see for instance [OdSI16, App. CJ.

Definition 5.1. Let 9t be any W*-algebra with its lattice of projections
PON) == {peM|p=p*=p}
and its set of partial isometries
VON) :={veM|vvePOM)}
regarded as a Banach-Lie groupoid V() = P(M). (See for instance [BGJIP19]
and the references therein). We recall the notation
M2 = {x e M| z* =z} and M :={y e M| vy = yy™}

for the sets of self-adjoint and of normal operators respectively. For every y € 93t"°"
let p(y) := p,. This is the orthogonal projection onto Ran y for any faithful
representation 9 = M’ C B(H), and it can be abstractly defined e.g., as the
smallest p € P(IM) satisfying py = y.

We then define V(91) « M " = IM"°" as the action groupoid given by the action
of the groupoid of partial isometries V(9) = P (M) on M*** via the moment map
p: M — P(M). More specifically,

VON) MM = {(v,y) € V(M) x M™" [ v*v = p(y)}
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the source/target maps are
M < F P(IM) 5 M = M7 | (0, y) =y, t(v,y) = vyo”
while the multiplication is given by

(v1,91) - (v2,92) = (v1v2,¥2)

if (v1,91), (v2,y2) € V(OM) x M2 satisfy s(vq,y1) = t(va,y2). In particular vivy =
VU3, S0 v1v2 € V(IM). For later use, we note the following:

if (v,y) € V(IM) x M"°" then p(vyv*) = vp(y)v*. (5.1)
The groupoid orbit of any a € 9M"°" is
0, = {vav™ | (v,a) € V(M) = M}
5.1. On the closures of groupoid orbits.

Lemma 5.2. For every W*-algebra the following assertions hold.
(i) If a € M and b € O, then spec (a) U {0} = spec (b) U {0}.
(i) If a € M, b € Oy, and {an}n>1 is a sequence in O, with lim a, = b in
- n—oo

the operator norm topology, then for every function f € C(spec(a)U {0}) we
have lim f(a,) = f(b) in the operator norm topology.
n—oo

Proof. Since b € O, there exists a sequence {an}n>1 in O, with nl;ngo a, = bin
the operator norm topology. For every n > 1 we have a,, € O, and then it is easily
checked that spec (a,) U {0} = spec(a) U {0}. On the other hand, we also have
an, € M°". The assertion then follows by the norm continuity of the spectrum on
the set of normal operators. (See for instance [Ha82, Sol. 105].)

(i) We have already seen that spec (b) U {0} = spec (a) U {0} = spec (a,,) U {0}
for all n > 1, hence the assertion follows by the norm continuity of the functional
calculus with continuous functions. (See for instance [Ha82, Sol. 126].) O

Lemma 5.3. Let a,b € B(H)"" with their spectral measures denoted by E* and E°,
respectively. Then for arbitrary € € (0,00) there exist an integer r > 1, mutually
disjoint open sets Aq,..., A, C C, and a closed subset N C C\ (A U--- U Ay)
satisfying

spec (a) = N U |_| (spec (a) N Ag) (5.2)
k=1

and moreover |z —w| < ¢ if z,w € Ay, fork=1,...,r, and E4(N) = E*(N) = 0.
Proof. This is a by-product of the proof of [GePa74l, Th. 1]. |

In the following statement we use the traditional notation ~ for Murray-von
Neumann equivalence of projections. That is, if 9t is a W*-algebra and p,q €
P(9M), then we write p ~ ¢ if and only if there exists v € M with v*v = p and
vv* = ¢. In terms of groupoid orbits we have O, = {g € P(M) | p ~ ¢} for every
p € P(IM), as noted in [OdSI1E).
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Proposition 5.4. Consider the von Neumann algebra M = B(H). If a,b € IM"*
with their spectral measures denoted by E® and E®, respectively, then the following
conditions are equivalent:
(i) One has b€ O,.
(ii) One has spec (a) U {0} = spec (b) U {0} and E*(A) ~ E*(A) in M for every
open subset A C C\ {0}.

Proof. “() = (ii)” We have spec (a) U {0} = spec (b) U {0} by Lemma [5.2fi). For
an arbitrary open subset A C C\ {0} we now separately discuss two cases that may
oceur:

Case 1: The set A Nspec(a) is infinite, hence A N spec (b) is infinite as well.
Then it is easily checked that both projections E%(A), E?(A) € P(91) have infinite
rank, hence E*(A) ~ E°(A) in 9 = B(H).

Case 2: The set A Nspec (a) is finite, hence A Nspec (b) is finite as well. Then
the characteristic function f := xAnspec (o) satisfies f € C(spec (a) U {0}). For any

sequence {a,}n>1 in O, with lim a, = b in the operator norm topology we then
- n— o0

have nh—>120 f(an) = f(b) in the operator norm topology again, by Lemma .
Here f(b) = E*(A) and f(a,) = E% (A) are orthogonal projections for every n > 1
by the way the function f was chosen, hence there exists ng > 1 for which the rank
of f(ay) is equal to the rank of f(b) for every n > ng. On the other hand, for every
n > 1 we have a,, € O,, and then it is easily checked that the rank of f(a,) is equal
to the rank of f(a) since A C C\ {0}. Consequently the rank of f(a) is equal to
the rank of f(b), that is, E*(A) ~ E*(A) in 9 = B(H).

“{i) = ()” We show that for arbitrary ¢ € (0,00) there exists v € 9 with
v*v = p(a) and |Jjvav* — b|| < 2e.

To this end we first use Lemma to find the partition . Then

k
spec (b) \ {0} = spec (a) \ {0} = (N \ {0}) U | ] ((spec (a) \ {0}) N Ay)
r=1

with E¢(N \ {0}) < E4(N) = 0 and E°(N \ {0}) < E®(N) = 0. Therefore we
obtain the sums of mutually orthogonal projections in 9t

1= E°(0) + 3 E*((spec (a) \ {0}) N &), (5.3)
k=1
1= E'({0}) + 3 E”((spec (5) \ {0}) N Ay). (5.4)
k=1

For k = 1,...,r let us denote py := E%((spec (a)\{0})NAy) and g1, := E°((spec (b)\
{0})NAg). We have pi, ~ gi in 9 by the hypothesis , hence there exists v, € M
with vjv, = pi and vivf = gr. Defining

vi=v1+---Fv. €M

we have v*v = p; + -+ + p, = p(a) by (5.3) and similarly vo* = p(b) by (5.4).
We now check that |Jvav* —b|| < 2e. To this end select z, € Ay arbitrary. Then
lw — z;,| < e for all w € Ay. (See Lemma[5.3]) It is then straightforward to check
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that

16— 21 1)gell < = and (@ — 2 L)pil < e.
On the other hand, giv = qrvr = vivjvr = VP hence v*qr = PV}, = PrViqr, and
then

vav* qx = vapvigr = v(a — 2k 1)prv g + 2pvprvTqr = v(a — 2k )pRv*aE + 2Kqk-
This further implies
(vav* = b)qr, = v(a — z1)PEv™ g + (21 — b)ak
hence
l(wav® = b)gx|l < (@ — 2z 1)pr|| + |[|(0 — 2 1)qr|| < 2e for k=1,...,r.

Moreover, the projection g commutes with both operators vav* and b for k =
1,...,7, hence

[(vav™ =b)(qr + -+ + qr)|| < 2e.
Finally, since p(vav*) = vp(a)v* = vv*vv* = vv* = ¢1 +- - -+¢, = p(b), we actually
have |lvav* — b|| < 2e, and this completes the proof. O

Corollary 5.5. Consider the von Neumann algebra 9 = B(H). If a € M °", then
the following conditions are equivalent:

(i) The groupoid orbit of the operator a is closed in M in the operator norm
topology.
(ii) The compact set spec (a) accumulates at most at the point 0 € C.

Proof. = Assume there exists an accumulation point zg € spec (a) \ {0}
and denote py := E%(z9) € P(IM). Two cases may occur:
Case 1: pg # 0, that is, zg is an eigenvalue of the normal operator a. If we define

b:=(1—pg)a=a— zpy €M

then it is easily seen that spec(b) = spec(a) since zp is an accumulation point
of spec (a). Moreover the projections E*(A) and E°(A) have equal ranks for ev-
ery open set A C C\ {0}. Indeed, if zy € A, then both E(A) and E°(A) have
infinite rank, while if zo ¢ A, when E¢(A) = E®(A). Therefore b € O, by Proposi-
tion ( == ) On the other hand, it is easily seen that zp is not an eigenvalue
of b, hence E®(zy) = 0 # E(zp), which directly implies that b ¢ O,, since zg # 0.

Case 2: pg = 0. We then write H = H; & Hs where both summands are infinite-
dimensional. For any unitary operator v: H — H, if we define

b= vav® @ zpidy, € B(H) =M

then we have spec (b) = spec (a) and the projections E%(A) and E®(A) have equal
ranks for every open set A C C\ {0}. Therefore b € O, by Proposition =
(). On the other hand E®(z) # 0 = E%(z), which again implies that b ¢ O,
since zg # 0.

(i) = (i For arbitrary b € O, we have spec (b) \ {0} = spec(a) \ {0} by
Lemma hence the hypothesis on spec (a) implies that spec (b) \ {0} is a set of
isolated points of spec (b). It then easily follows by Proposition = )
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that for every A € spec(a) \ {0} there exists vy € M with vivy = E%(\) and
vazvy = E°(\). Defining
vi= Z vy €M

Aéespec (a)\{0}
we then obtain v*v = p(a) and vv* = p(b). On the other hand, since a and b are
normal operators, it follows that E%(\) and E®(\) are the orthogonal projections
onto the eigenspaces of a and b corresponding to the eigenvalue A, respectively.
This easily implies vav* = b, hence b € O,. Since this holds for arbitrary b € O,,
it follows that O, is closed in 9 with respect to the operator norm topology. [

Remark 5.6. In Proposition the implication = (ij) actually holds true for
any W*-algebra 9t whose predual is separable, since such an 9t can be realized as a
von Neumann algebra on a separable Hilbert space, hence Lemma [5.3|is applicable
for the normal operators in 9. It would be interesting to clarify the converse
implication (i) = as well. The method of proof of Proposition is inspired
by the proof of [GePar4, Th. 1].

5.2. Smoothness properties of the groupoid orbits.

Lemma 5.7. If M is a W*-algebra, a € M"" and M, := {x € M | za = ax}, then
M, is a W*-subalgebra of 9N, there exists a conditional expectation E: M — M,,
and the unitary group U(IM,) is a Banach-Lie subgroup of U(IMN).

Proof. Since a € M and aa™ = a*a, there exist ai,as € M with a1as = asay
and a = a1 + iaz. Then M, = {& € M | za; = a;z for j = 1,2} by the Fuglede
theorem, and this directly implies that 9, is a W*-subalgebra of 9t. Furthermore,
let us consider the abelian (semi)-group S = (R?, +) and define

Qi S = BEN), alih)(g) i ciltiortian) go-iltiar i),

Then it is easily seen that Lemma is applicable with X = 9t and X% = 9n,,.
We thus obtain E: 9 — 9 with E2 = E, |E| < 1, and RanE = M,. It
follows by Tomiyama’s classical theorem that E is a conditional expectation, in
particular E(z*) = E(x)* for all z € M. This implies E(u(9M)) C u(E), hence
E(u(9)) = w(9M,), w(M) = u(M,) + Ker (E|,on)), and one obtains that U (M) is
a Banach-Lie subgroup of U(91) just as in the proof of Proposition O

Lemma 5.8. Let G = M be a split Banach-Lie groupoid with its source/target
maps s,t: G — M. If mg,m1 € M, then G(mg, my1) := s 1(mg) Nt~1(my) is an
embedded submanifold of G, the isotropy group G(mg) := s~ 1(mg) Nt~(my) is a
Banach-Lie group, and for every hy € G(mo, m1) the mapping G(mg) — G(mog, m1),
g — hog s a split immersion.

Proof. This is a by-product of the proof of [BGJPT9, Th. 3.3]. O

In the proof of the following results we use ideas from the proof of [BGJP19, Th.
3.3(iii)] on smooth orbits of some Banach-Lie groupoids. We emphasize however
that V() « M@ = M5 is not a Banach-Lie groupoid, since for instance its space
of arrows V() x M is not a Banach manifold.
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Definition 5.9. Let 9t be a W*-algebra. Consider the isotropy group of a with
respect to the groupoid action V(9) x M = M=°" ) which is given by

K, :={we VM) | ww=p,, waw" = a}
with identity element p, € K,. If we let
Vo ={veVM) | v'v=np,}
we have K, C V, and one has a natural right action of the group K, on V, by
Vo X K, =V, (v,w)— vw. (5.5)
We emphasize that the group action is mot transitive.

Remark 5.10. In Definition the set V, is a closed embedded Banach submani-
fold of MM, since it is a fiber of the mapping V(M) — P (M), v — v*v, a submersion
of Banach manifolds by [AnCoMb05, Prop. 3.4]. The construction of a specific
smooth atlas of V, can be found in [BO19, Subsect. 2.5], where the set Py coincides
with the present V, if py = p,.

Note that for every w € K, one has ww* = p, by . Thus K, is a subgroup
of the unitary group of the W*-algebra p,9Mp,. Using Lemma we then obtain
that K, is a Banach-Lie subgroup of U, = U(p,MMp,).

Now note that the mapping ¥: V,/K, — O,, Y(vK,) := vav*, is a well-defined
bijection. Therefore to give the orbit a differentiable structure it suffices to obtain
one for the quotient space.

Proposition 5.11. Let MM be a W*-algebra. If a € IM"°", then its groupoid orbit
O, has the structure of a Banach manifold for which the inclusion map Op — M
is smooth and its tangent map at every point of the orbit is injective. Moreover the
action map ag: V., = Oy, v = vav*, is a smooth principal bundle whose structural
group s K.

Proof. To obtain the Banach manifold structure of O, ~ V,/K, for which the
quotient map V, — V, /K, is a submersion, we can use [BGJP19, Lemma 2.5]. To
this end we must check that the following conditions are satisfied:
(a) The group action is smooth, free, and proper.
(b) For every v € V, the mapping L,: K, — V,, w — vw, is a split immersion.
(@ The group action is smooth since it is the restriction of a bilinear
map, which is smooth. To check that the group action is proper, one may
use [BGJP19, Lemma 2.3]. Finally, the group action is free since it is the
restriction of a groupoid multiplication.
(]E[) Recall that U, = U(pMpa.), and note that U, is the isotropy group of
Pa € P(OM) in the Banach-Lie groupoid V(M) = P(M). Then the right group
action extends to the smooth action

Va X Ua = Va, (v,u) = vu,

which leads to the smooth mapping EU Uy = V,, u = vu. It follows by Lemma
that L, is a split immersion. Since we noted in the remark before this proposition
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that K, is a Banach-Lie subgroup of U, and L, = ZU| K, , it then follows that the
mapping L,: K, — V, is a split immersion, as claimed.

It remains to show that the inclusion map ¢: O, < 9 is smooth and its tangent
map at every point is injective. To this end we use the commutative diagram

YV, —2 o

Vo) Ky —— 0,

in which ¢: V, — V,/K, is the quotient map and a,: V, — M, au(v) := vav*.
Here ¢ is a submersion and ¥ is by definition a diffeomorphism. Therefore, in order
to complete the proof, it suffices to show that « is smooth and for every v € V, one
has

Ker (T, (aq)) = Ker (T,q)

which is clear. O

Example 5.12. As mentioned at the beginning of this section, we work in the
setting of Banach-Lie groupoids as developed in [BGJP19]. In particular, the model
spaces of the connected components of the Banach manifolds need not be isomorphic
to each other. To illustrate this point, we specialize Proposition [5.11] to the case
when a € 9"°" is an injective operator, or, equivalently, p, =1 € 9. Then

Vo={veM|v'v=1}

is the set of all isometries in 9.
If 9 is a finite W*-algebra, then V, = U(M), hence

O, = {vav* | v e UMM} ~ UMN)/U(M,)

and K, = U(M,), where M, is defined in Lemma Thus O, is a connected
Banach manifold in this case, since U(901) is a connected Banach-Lie group.

If however 9 = B(H) for a separable infinite-dimensional Hilbert space H, let
us further assume a = 1. Then

O, = {vav* |v eV, } = {vv* |v e B(H), v'v=1}
={p€B(H)|p=p*=p", dim(pH) = oo}.
and this has the structure of a Banach manifold by Proposition This is actually
the union of some of the connected components of the Grassmann manifold P (90)
for 9 = B(H). Specifically, for any n > 1, let us fix a projection p,, € B(H) with
dim(p,H) = n, and let us also fix a projection p,, € B(H) with dim(pH) =
dim((1 — poo)H) = 00. Then we have the disjoint union of connected components
Oa = O(pc) U | | O(1 = pn).
n>1

We note that for any projection p € B(H) its unitary orbit O(p) is diffeomorphic
to the smooth homogeneous space U(H)/U({p}’) and we have an isomorphism of
Banach-Lie groups U({p}) ~ U(pH) x U((1 — p)H).
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Definition 5.13 (two topologies). Let It be a W*-algebra, a € 9"°", and recall
the bijection ¥: V,/K, — O, from Remark The manifold topology of the
groupoid orbit O, is the quotient topology for the open map a, : V, — O,
o, (v) := vav*, hence we will denote the corresponding topological space by (O, 74).
Since V, has the norm topology, a basis of neighborhoods for this topology at the
point ¢(ps) = a € O, is given by

We i={ag(w) 1 w €V, ||lw—pal| < e} ={waw™ : w*w = pg, ||w—p.| < e}

For given v € V, and b = a,(v) = vav* € Oy, a basis of neighborhoods around b is
given by the sets

Ze :={0a(2) 1 2 € Vq, ||z —v|| <e} ={zaz" : 2"z = pg, ||z —v|| < e}

The norm topology of O, will be denoted by (O, 7ox). It is clear that the identity

map i : (O, 7q) = (Oq, Tn) is continuous, for, if w, € V, and lim |w, —p.| =0,
n— oo
then lim ||w,aw} —all =0.
n—r oo

The topology of O, considered in the following corollary is the manifold topology,
i.e., the quotient topology described above:

Corollary 5.14. Let 0t be a W*-algebra. Let a € I, let p, be its range projec-
tion. Let

Vo ={v € VM) | v*v=p,} and K, :={v €V, | vav* = a},

and let O(a) = {uau* | w € UON)} be the unitary orbit of a. Then V, is a
submanifold of M, K, is a Banach-Lie subgroup and a submanifold of V,, and the
sets O(a) C O, have structures of Banach manifolds having the following properties:

(i) The mapping ag: : Vo — Oq, v = vav*, is a principal bundle whose structural
group s K.
(ii) The inclusion map O, — M is smooth and its tangent map at every point is
injective.
(iii) The inclusion map tq: O(a) — O, is smooth and its tangent map at every
point 1s injective.

Proof. 7 These assertions follow by Proposition

The mapping x: U(MN) — V,, k(u) := up, is smooth since V, is a sub-
manifold of 9. Moreover, one has O(a) = ¢, (k(U(M))) C ¢a(Va) = O, and the
diagram

U vy,

(9(a)cL> 0.,

is commutative and its vertical arrows are submersions, where go(u) := uau* for all
u € U(PM). Since k is smooth, it then follows that ¢, is smooth. Moreover, since
the inclusion map 7,: O, — M is smooth and its tangent map is injective by ,
while 7, o ¢, is the inclusion map O(a) < 9t whose tangent map is well known to
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be injective at every point of O(a), it then follows that the tangent map of ¢, is
injective at every point of O(a). O

Recall that V() denotes the set of partial isometries in B(#). Then, combining
Corollary with Lemma [4:3] we obtain the following fact.

Corollary 5.15. Let a € K(H)™" and
V,:={veV(H)|v'v=p.} and K, := {v € V, | vav* = a}.

Then V, is a submanifold of B(H), K, is a Banach-Lie group and a submanifold

of Va, and the set Opy) (a)”.” has the structure of a Banach manifold having the
following properties:

(i) The mapping Va, — (’)B(H)(a)u'u, v = vav®, is a principal bundle whose struc-

tural group is K,.
(ii) The inclusion map W”.H

every point s injective.

— K(H) is smooth and its tangent map at

(iii) The inclusion map Ogy)(a) = Ogm) (a)”lH = O, is smooth and its tangent
map at every point is injective.

Proof. Tt follows by Lemma that the mapping V, — Opx) (a)M, v = vav®,
Il

is surjective, hence Op(yy(a)” ~ = O,. The other assertions then follow by Corol-
lary (|

Remark 5.16 (weak immersions versus immersions). As mentioned in Corol-
lary [(.14] if 9 is a W*-algebra and a € IM™°*, then the inclusion i : O, — M
is smooth, and its differential i,: TO, — 9 is continuous and injective at every
point of O,, but not necessarily has closed range. We then say that the inclusion
map is a weak immersion as e.g., in [BGJP19]. If the range of i, at every point of
O, is closed, we say that i is an immersion. (By Deﬁnition this is a necessary
but not sufficient condition for the inclusion to be an embedding).

Definition 5.17. Let 9t be a W*-algebra and a € 9M"°" with its corresponding
action map oy : Vo = Og, aq(v) = vav*. For fixed vy € V,, we denote

00 = (Qg)wvp : TgVa — M, do(x) = zav] + voax™.

Let ag := voavy € O, C M"°", pg := vovg, and Ep: M — M, = {z € M | zap =
apx} be a conditional expectation given by Lemma (It is noteworthy that the
conditional expectation Fy may be neither weakly continuous nor unique.)

We now show that for operators of finite spectrum, Example [5.12]is generic in a
certain sense:

Theorem 5.18. Let a € M"°". If spec(a) is a finite set, then O, is the disjoint
union of the unitary orbits of a; = v;av} for certain v; € V,; these unitary orbits
O(a;) are the connected components of O, and they are open and closed in O,. In
particular O, C M is a closed embedded split submanifold.
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Proof. If spec (a) is finite, the groupoid orbit O, is closed by Corollary and so
are the unitary orbits of any ag € O, (Theorem [3.13)); these unitary orbits O(ag)
are clearly disjoint and contained in O,.
We claim that there exists € > 0 depending only on spec (a) such that for any
ag € Oa
OuN{z : ||z —ao| <e} =O(ap) N{x: ||z — agl| < e}
This shows that the unitary orbits are open in O,, and since they are embedded
split submanifolds of 9t (Theorem [3.13)), the assertion on the differentiable structure
n
of O, follows. To prove the claim, write a = > \;g;, let ap := vpavg € O, for
Jj=1
fixed vy € V,, and let b = vav* € O, with v € V, and ||b — vpav{|| < 6. Then

n n n n
apg = Z )\j'UO(]j'US = Z )\ij, b= Z )\j’l)qj"l}* = Z )\ij7
j=1 j=1 k=1 j=1

where P; := vpq;v5 and @Q; = vg;v* for j = 1,...,n. For each j = 1,...,n,
let f; : C — R be the polynomial of degree n — 1 with f;(A\;) = 0if i # j, and

n—1 n—1
fi(N) = 1, say fi(z) = Y apz®. If gj(2) := Y k|ag|zF1, then by [Dral6l
k=1 k=2

Corollary 4] we have

1Q; — Pill = 11£5(b) = fi(ao)ll < g;([lal)lIb = aoll < g;(llall)d.

Therefore if § > 0 is sufficiently small, we have |lvg;v* — vog;v§|| < €, and we can
achieve

[ov* = vovg|| = llvpav™ — vopavill = || vg;v* — vogzug | < 1.

Hence, there exists u € U(9MM) such that v = uv§ (in fact, u depends smoothly on v,
see [AnCo04| Section 2] and the references therein). Thus we see that b = uagu* €
O(agp), and we are done. O

Lemma 5.19. Let a € B(H)"". If 6y, Eq are as in Definition[5.17 for M = B(H),
then the following assertions hold true.

) Ty Vo ={x € B(H) | z*vo +vjx =0} ={zvg | 2* = —2 € B(poH)}.
L(K,,) = Kerdg = vg L(K,)v§ = {zv9 | 2* = —z € B(poH) NRan Ey}.
3 Tvova = L(Ka,) @ So, where S := {wvg | w* = —w € B(poH) N Ker Ep}.

(1

(2)

(3)

(4) Randp = Ran (dols,) = {[w, ao] | w* = —w € B(poH) NKer Ep}.
(5)

(6)

5) Ranog = B(poH) N Ker Ey.
6) Randg is closed in B(H) if and only if spec (a) is finite.

Proof. The first and second assertions can be proved with elementary algebraic
manipulations using the definitions, and since id = (id— Ey)+ FEy so is the third one.
In fact, these facts reflect a natural principal connection carried by the principal
K,-bundle a,: V, — O,. See [BO19, Eq. (4.33)] and the end of [BO19l Subsect.
2.5].
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The fourth assertion follows from the previous one. In fact, if x = wvg € Sy with
w* = —w € B(poH) N Ker Ey, then

do(z) = zavy + voax™ = wugavy + voaviw™ = wag — agw.

From there everything happens inside B(poH), and it is apparent that Randy =
{[w, ag] : w* = —w € B(poH) N Ker Ey}.

If the spectrum of a is finite, so is the spectrum of ay and with the same proof
as in Lemma (but in Ho = poH instead of H), we obtain that the range of ¢ is
closed and in fact equal to {[ag, 2] : 2* = —z € B(poH) NKer Ey}, thus we also have
the proof of in this case. Now assume that the range of d is closed; first consider
the case of py of finite dimension, thus a has finite range, and it must have finite
spectrum. If the dimension of pg is infinite, so is the dimension of Hy = poH, and
we are in the situation of Theorem thus the spectrum of ag is finite, therefore
the spectrum of a is finite (and we can also we conclude that holds). g

Corollary 5.20. If O, — B(H) is immersed, then spec (a) is finite and O, is in
fact an embedded closed split submanifold.

Proof. If the groupoid orbit O, — B(#) is immersed, then Ran d; is closed in B(H),
hence Lemma [5.19)[6]) implies that spec (a) is finite. Therefore, by Theorem
0O, is an embedded closed split submanifold of B(H). O

5.3. Comparison of topologies. As mentioned in Definition the manifold
topology 7, of O, is usually finer (has more open sets) than the norm topology 7ox.
In what follows we study the relation among the two topologies in more detail, for
the case of M = B(H).

It is well-known that if u, is the unitary shifting e; +— ey +— -+ = e, — €1
for any orthonormal basis of H, then u,, converges strongly to the shift operator
er +— ept1 (compare the proof of Theorem . With this example in mind, we
can prove the following:

Lemma 5.21. Let a € B(H)"°" such that spec (a) is infinite and accumulates only
at A =0. Then 14 is strictly finer than Ton in O,.

Proof. Since the non-zero spectral values of a are isolated hence eigenvalues, we can

o0 o0

write a = Y A\pQr with @y disjoint orthogonal projections such that Y Qr = pa,
k=1 k=1

and A, € C the eigenvalues of a. We further assume that |\;| \, 0. For each k > 1,

pick a unit vector £, € Ran @y and let pp = & ® & be the orthogonal projection
onto the 1-dimensional subspace C&. Let u be the shift of these vectors, i.e.,

w=Y &1 ®& + Qr — pr € B(H).
k=1
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Then we compute u*u as follows:

u'u = (Zﬁk ®@+Qk—Pk)(Z§j+1 ®& + Q5 —py) :Zpk+Qk—Pk

k=1 j=1 k=1

LS
= Z Qk = Pa;
k=1

since (Qr — pr)(&; ® £j4+1) = 0 for each j,k > 1. Therefore u € V,. On the other
hand,

UG:(Z§k+1 ® & + Q —pk)(ZAij) = Z)\k:(fkﬂ ® &k + Qr — pr),
=

k=1 k=1
therefore
oo oo
uaw” = Me(Qr = k) + O AkPr1- (5.6)
k=1 k=1
By taking Ay = 1, it is also clear that
uu® = upgu’ = Z Qk — Pk + Pry1 = Pa — P1- (5.7)
k=1

Now for each n > 2, let

n—1 n
Un =Y b1 @G+ 086+ (@r—p)+ D Qu+(1—pa)
k=1 k=1 k>n+1
Then w, € B(H) is the unitary operator sending & — & — -+ = &, — &

n

and fixing the orthogonal complement of the range of > pg. It is then clear that
k=1

for K > n + 1, we have u,pr = pi, that u,ppu), = p1, and u,pju;, = pj41 for

1 <j <n-—1. Thus w)pru, = pr for k > n + 1, and moreover
UpDalln = Pa, UnPiUn = Pp, and  uppjpiu, =p;for 1 <j<n-—1. (5.8)

‘We now compute

n

1 n
una =(Y &G @&G+&a @&+ Y (Qu—p)+ Y. Qe+ 1 —pa)) (D NQ;)
1 k=1

k>n+1 j>1

[
=

n n

= (M1 @&) + MG @&+ D> M@k —pe)+ D Qs

k=1 k=1 E>n+1
and
n—1 n
Unat), = Anp1 + > Mprr1 + 3 M@k —pr) + Y ArQs (5.9)
k=1 k=1 k>n+1

Let b, = ufuau*u, € Oygyr = O, since u € V,. We claim that ||b, — al]| — 0 but
that b, does not converge to a in 7,. With this, it is apparent that the identity
map i : (O, mn) = (Og, 74) is not continuous, therefore the conclusion of the lemma
follows.
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To prove the above claim, we first compute, using (5.6)) and (5.9)),

—+oo
lon — all = [luau® = upawi ]| = [Anpr + D Ak = Meg1)Prs1 + Ant1Qna |
k=n
= sup {|>‘n‘7 ‘)‘k-‘rl - >‘k|a |)‘n+1|} < 2|>\n| — 0.

k>n+1

Now let W = {waw* : w*w = pq, |[w— p,|| < 1} be as in Definition[5.13] We claim
that b, € W for any n > 1, and this will finish the proof. If that is not the case,
suppose that there exists w € V, such that ||w — p,|| < 1 and that

* * *
Uy UAU Uy, = by, = waw™.

Then, for each & > 1,

k

waFw* = (waw*)* = uf (uau*)*

k

Up = Uy UG U Up.

Let f be a continuous function such that f = 1 in the first j eigenvalues of a, and
is zero in a neighborhood of 0 and every other eigenvalue of a. Then f can be
uniformly approximated by polynomials with no constant term, therefore, denoting

J
Pj = Z Qk7
k=1
wPjw* = wf(a)w" = uyuf(a)u*u, = u,uPju*u,.

The left-hand side converges in the strong operator topology to wp,w*, and the
right hand side to w) up,u*u, = u}uu*u,. Therefore by (5.8) and (5.7),

ww* = wp,w* = U;;(pa _pl)un = Pa — Pn (510)

and w* = w*ww* = w*(p,—pn). Hence w = pyw—p,w, thus p,w = p,w—prw = 0.
This proves that w = p,w, and since wp, = w follows from w*w = p,, it is clear
that w € B(pe,H). Now the condition ||w — py|| < 1 implies that w is invertible in
B(paH) = paB(H)pa, and since w*w = p,, it must be ww* = p,, a contradiction

with (5.10). 0

Theorem 5.22. Let a € B(H)"". If O, is norm closed and 7, = Ton, then spec (a)
is a finite set, therefore O, C B(H) is a closed embedded split submanifold.

Proof. If the groupoid orbit is closed, by Corollary spec (a) accumulates at
most at A = 0. If spec (a) is infinite, then we are in the situation of Lemma [5.21]
therefore O, is not embedded, a contradiction. Thus spec (a) must be a finite set.
Everything else follows from Theorem O

Combining the previous results we can draw the following conclusion.

Corollary 5.23. The closure of the unitary orbit O(a) of a compact normal op-
erator a € B(H) with infinite spectrum (which is the groupoid orbit O, of a) is
a weakly immersed submanifold of B(H) but never an immersed manifold, and its
manifold topology is always finer than the operator norm topology.

We end this paper with the following problem:
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Problem 5.24. Let a = ;1 %pj + k)z>:l(1 + $)qr where {p;};>1 and {gi}r>1 are
J> >
sequences of mutually orthogonal projections in the W*-algebra 0t = B(H). As-

sume further that the projections P := > p; and Q := ) ¢ satisfy P+ Q = 1.
i>1 E>1
Then the groupoid orbit O, C B(H) is not an immersed manifold, and it is also

not closed. Is it locally closed? Does 7, = 7o hold?
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