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Abstract. We study the unitary orbit of a normal operator a ∈ B(H), re-

garded as a homogeneous space for the action of unitary groups associated with

symmetrically normed ideals of compact operators. We show with an unified

treatment that the orbit is a submanifold of the various ambient spaces if and

only if the spectrum of a is finite, and in that case it is a closed submanifold.

For arithmetically mean closed ideals, we show that nevertheless the orbit al-

ways has a natural manifold structure, modeled by the kernel of a suitable

conditional expectation. When the spectrum of a is not finite, we describe

the closure of the orbits of a for the different norm topologies involved. We

relate these results to the action of the groupoid of partial isometries via the

moment map given by the range projection of normal operators. We show that

all these groupoid orbits also have differentiable structures for which the target

map is a smooth submersion. For any normal operator a we also describe the

norm closure of its groupoid orbit Oa, which leads to necessary and sufficient

spectral conditions on a ensuring that Oa is norm closed and that Oa is a

closed embedded submanifold of B(H).
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1. Introduction

In this paper, norm closures of unitary orbits of normal operators in aW ∗-algebra

are studied via the actions of certain infinite-dimensional Lie groupoids. To explain

the motivation of this study, we recall that the set of all self-adjoint operators that

share some spectral data of a fixed self-adjoint operator occurs in several areas

of operator theory and its applications, and the study of the geometric features

of such sets has lead to advances in infinite-dimensional differential geometry and

particularly in some areas of Poisson geometry. The simplest instance of that

study is the fact that the set of all self-adjoint matrices that share the spectral

data, i.e., the spectrum and the multiplicity, of a fixed self-adjoint matrix is exactly

the unitary orbit of that matrix, and that unitary orbit is a symplectic manifold

which arises as the orbit of a suitable action of a unitary group. Motivated by

the role payed by the Lie groupoids in Poisson geometry, we investigate in this

paper the spectral characterizations of the operators that belong to the same orbit

of a groupoid action on the set of normal operators. (We refer to the historical

discussion in [Ro18] on the use of normal non-self-adjoint operators in the role of

quantum observables.) The groupoid involved in that action is the groupoid of

partial isometries that was introduced in [OdSl16] (cf. also [OdJaSl18]) in order

to formalize certain geometrical structures of the classical mechanics that occur

in the quantum theory, more specifically, certain Poisson brackets that live on the

predual spaces of W ∗-algebras and had been earlier discovered in [OdRa03], going

back to [Bn00]. The foregoing groupoid action is given via a suitable momentum

map from the set of all normal operators to the Grassmann manifold of the Hilbert

space under consideration. Thus, our present study provides motivating examples

for future directions of investigation in the general theory of infinite-dimensional

Lie groupoids that was recently developed in [ScWo15], [ScWo16], and [BGJP19].

The literature concerning topological and geometrical aspects of unitary orbits

O(a) of a normal (in particular: self-adjoint) operator a acting in a separable

Hilbert space H is vast, but disperse, going back to the seminal work of Fialkow

[Fi75], and related results before that; see also [DeFi79], [AnSt91] and the references

therein. In this paper we bring together central aspects of this recurring theme in

operator ideals and operator algebras, in a unified presentation, obtaining also

generalizations of those results. Specifically, we study the differentiable structure

of the norm closure of the unitary orbits. The natural framework for studying

these unitary orbit closures turns out to be provided by the Banach-Lie groupoid

of partial isometries introduced in [OdSl16].

In more detail, let H be a Hilbert space and denote with K(H) the ideal of

compact operators acting on H. Moreover, denote with U(H) the group of unitary

operators acting on H. Assume that we act on a normal operator a ∈ B(H) via

π(u) := u ·a := uau∗, with the Banach-Lie group UJ of unitary operators in 1+J
for a symmetrically normed ideal J ⊆ B(H). The differential of this map at the

identity operator 1 ∈ UJ is π∗1 = −ad a, x 7→ [x, a] = xa − ax, and the stabilizer

subgroup of this action is denoted UJ (a) ⊆ UJ . The orbit itself OJ (a) := π(UJ )

is a subset of the linear space B(H), but when a ∈ I for an operator ideal I,
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then OJ (a) ⊆ I as well. There are several basic problems that are interlaced, and

consist of finding necessary and sufficient conditions on the normal operator a and

the symmetrically normed ideals J and I so that the following assertions hold true:

(1) UJ (a) is a Lie subgroup of the Banach-Lie group UJ with its subspace

topology.

(2) OJ (a) ≃ UJ /UJ (a) is an (abstract) differentiable Banach manifold.

(3) the action map π : UJ → OJ (a) has local continuous cross-sections.

(4) the range of ad a : T1(UJ ) → I is closed.

(5) the subset OJ (a) ⊆ I is closed.

(6) the subset OJ (a) ⊆ I is an immersed submanifold.

(7) the subset OJ (a) ⊆ I is an embedded submanifold (with its inherited

topology).

We will show via an unified approach that, for any normal operator a ∈ B(H), the

first two of the above conditions can be obtained when the ideal J is arithmetically

mean closed (cf. [KaWe11]) or when J admits a dual pairing as in (3.2) below.

Then we will show that the last four conditions are equivalent to each other, and

in fact equivalent to the fact that a has finite spectrum (Theorem 3.17). There are

several topologies involved (the operator norm topology, and the ones given by the

norms of the ideals I and J ), and we deal with all of them systematically. This is

done in Section 3.

This brings out the problem of describing the closure of the orbit, when the

spectrum of the normal operator a is infinite. This is done in Section 4. If F(H) is

the ideal of finite-rank operators and a ∈ I, then it turns out that

OF(H)(a) ⊆ OI(a) ⊆ {vav∗ | v∗v = pa} = OB(H)(a)
∥·∥

⊆ I,

where pa is the range projection of a. We prove that when I is a separable sym-

metrically normed ideal, the closures are equal

OF(H)(a)
∥·∥I

= OI(a)
∥·∥I

= OB(H)(a)
∥·∥

.

Conversely, we show that if OB(H)(a) ⊆ OF(H)(a)
∥·∥I

whenever 0 ≤ a ∈ I, then
the symmetrically normed ideal I is separable (Theorem 4.6).

In Section 5 we find the natural framework for the above occurrence of the set

of partial isometries with fixed initial space Va = {v ∈ B(H) | v∗v = pa}. This set

Va ⊆ B(H) was studied by several authors and in particular Andruchow et. al in

[AnCoMb05] established that Va is a submanifold of B(H).

Denoting by P(H) ⊆ V(H) the sets of orthogonal projections and partial isome-

tries on H, consider the groupoid V(H) ⇒ P(H) (cf. [OdSl16]) and the natural

map on the set of normal operators B(H)nor → P(H), a 7→ pa. These struc-

tures allow one to define a groupoid action, which defines an action groupoid

V(H) ∗ B(H)nor ⇒ B(H)nor. For any a ∈ B(H)nor, its corresponding groupoid

orbit is

Oa = {vav∗ | (v, a) ∈ V(H) ∗ B(H)nor} = {vav∗ | v∗v = pa} ⊆ B(H)nor
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which for compact a is exactly the uniform closure of the unitary orbit of a, as men-

tioned above. We study this orbit with B(H) replaced by a general von Neumann

algebra M ⊆ B(H), establishing fundamental differentiability properties which in

the case of the orbit of a normal operator a ∈ B(H) can be subsumed to the follow-

ing facts: The mapping Va → Oa, v 7→ vav∗, is a principal bundle whose structural

group

Ka := {w ∈ V(H) | w∗w = pa, waw
∗ = a} ⊆ Va ∩U(paH)

is a Banach-Lie group and a submanifold of Va; the inclusion map Oa ⊆ K(H) is

smooth and its tangent map at every point is injective; and finally, the inclusion

map OB(H)(a) ↪→ Oa is smooth, and its tangent map at every point is injective

(Corollary 5.14). Thus, in the special case of a compact operator a, this gives a good

picture of the relation between the unitary orbit of a and its closure, when both are

regarded as smooth manifolds (Corollary 5.15). Moreover, for any normal operator

a ∈ B(H)nor we describe the norm closure of its groupoid orbitOa (Proposition 5.4),

which leads to necessary and sufficient spectral conditions on a ensuring that Oa is

norm closed (Corollary 5.5) and that Oa is a closed embedded submanifold of B(H)

(Theorems 5.18 and 5.22).

2. Basic definitions and background

Notation 2.1. We denote by H a separable infinite-dimensional complex Hilbert

space, by B(H) the set of all bounded linear operators on H. The spectrum of any

operator a ∈ B(H) is denoted by spec (a).

For any subset S ⊆ B(H) we denote

Ssa := {a ∈ S | a = a∗} and Snor := {a ∈ S | aa∗ = a∗a}.

In particular B(H)sa are the self-adjoint operators and iB(H)sa are the skew-adjoint

operators. We also let

U(H) := {u ∈ B(H) | uu∗ = u∗u = 1}

where 1 ∈ B(H) is the identity operator. We denote by F(H) the set of all finite-

rank operators on H and by K(H) the set of all compact operators on H. We denote

by Sp(H) the p-th Schatten ideal if 1 ≤ p ≤ ∞, where S∞(H) := K(H).

Since the Hilbert space H is fixed, we may drop it from the notation sometimes,

for the sake of simplicity.

Definition 2.2. A symmetrically normed ideal is a two-sided ideal J ⊆ B(H)

endowed with a norm ∥ · ∥J satisfying

∥axb∥J ≤ ∥a∥∥x∥J ∥b∥

for all x ∈ J and a, b ∈ B(H), where ∥ · ∥ denotes the usual operator norm of

B(H). We also assume that J with its norm is a Banach space. We choose the

normalization ∥x∥J = ∥x∥ for any rank-one projection x = ξ ⊗ ξ, ξ ∈ H. (Recall

from [GoKr69, Ch. III, Th. 1.1] that any nonzero two-sided ideal of B(H) contains

all finite-rank operators.)
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We now recall some fundamental facts on symmetrically normed ideals. Our

main reference on this subject is Gohberg and Krein’s book [GoKr69]. If x = u|x|
is the polar decomposition of x ∈ J , then

∥x∥J = ∥x∗∥J = ∥|x|∥J and ∥x∥ ≤ ∥x∥J .

If 0 ≤ a ≤ b then by Douglas’ Lemma [Doug66] there exist a contraction 0 ≤ c ≤ 1

such that a = bc, hence

0 ≤ a ≤ b ⇒ ∥a∥J ≤ ∥b∥J .

Let x = u|x| be the polar decomposition of a compact operator, and let |x| =
lim
n→∞

xn = lim
n→∞

n∑
k=1

skpk be the Schmidt decomposition of |x|. Here sk(x) ≥ 0 are

the singular values of x (that is, the eigenvalues of |x|), and pk = ek ⊗ ek are the

rank-one ortho-projections of |x|. The convergence is in the operator norm since

sk(x) ↓ 0. If the symmetric norm is given, we can consider the operators x ∈ K(H)

with sup
n≥1

∥xn∥J < ∞, and then define ∥x∥′J = lim
n→∞

∥xn∥J . The norms ∥ · ∥J and

∥ · ∥′J agree on the ideal of finite rank operators.

Notation 2.3. The set of all operators x ∈ K(H) with supn ∥xn∥J < ∞ is the

maximal ideal JM for the given norm ∥·∥J , and it is always a Banach space. We also

consider the minimal ideal Jm which is the closure in the norm ∥ · ∥J of the finite

rank operators, hence it is also complete. We have the inclusions Jm ⊆ J ⊆ JM ,

and an ideal J here will always be non-trivial, hence J is contained in the ideal of

compact operators K(H) by Calkin’s theorem.

Moreover, the minimal ideal is a separable Banach space, and it is not hard to

check that the ideal J is separable if and only if it coincides with its minimal ideal

Jm [GoKr69, Ch. III, Th. 6.2].

Since 0 ≤ xn =
n∑

k=1

sk(x)pk ≤ |x|, and the norm only depends on the positive

part of x = u|x|, we have ∥xn∥J ≤ ∥x∥J < ∞ if x ∈ J , then ∥x∥′J ≤ ∥x∥J < ∞
thus

Jm ⊆ J ⊆ JM .

Moreover, for any finite rank operator x we have |x| =
n∑

k=1

sk(x)pk therefore ∥x∥J ≤
n∑

k=1

sk(x), hence

S1(H) ⊆ JM ⊆ K(H) and ∥x∥ ≤ ∥x∥′J ≤ ∥x∥1
for all x ∈ K(H).

Definition 2.4 (arithmetically mean closed ideals). The ideal J is arithmetically

mean closed if y ∈ J implies x ∈ J whenever x, y ∈ K(H) and
n∑

k=1

sk(x) ≤
n∑

k=1

sk(y)

for all n ∈ N. We will refer to this property as am-closed for short. The maximal

and minimal ideals for a given symmetric norm ∥ · ∥J are always am-closed by

the dominance property and ∥x∥′J ≤ ∥y∥′J for those ideals. (See the dominance

property in [GoKr69, Chapter III, §4].)
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Remark 2.5 (ideals with two norms). It would be nice to characterize the sym-

metrically normed ideals J such that J is complete with the maximal norm ∥ · ∥′J .

Equivalently, since the maximal ideal is complete, J must be closed in the maximal

ideal. By the open mapping theorem, and since ∥ · ∥′J ≤ ∥ · ∥J always holds, the

ideal J is closed in JM if and only if there exists a constant C > 0 such that

∥ · ∥J ≤ C∥ · ∥′J ; that is, if the norm of J is equivalent to the maximal norm.

Varga [Vg89, Theorem 2 and Remark 5] supplied (a family of) examples of com-

plete normed ideals that are not am-closed; but his family of examples are closed

in the maximal norm.

Definition 2.6 (conditional expectations). For any subset A ⊆ N and any family

of mutually orthogonal projections P = {pk}k∈A with
∑
k∈A

pk = 1 (with convergence

in the strong operator topology if A is infinite) let E : B(H) → B(H) denote the

corresponding conditional expectation

E(x) =
∑
k∈A

pkxpk (2.1)

with convergence in the strong operator topology for any x ∈ B(H). The range

of E is

RanE = {pk | k ∈ A}′ (2.2)

where in this case we use the prime to indicate the commutant of the given set.

We have E(x) ∈ K(H) if x ∈ K(H). Moreover, for arbitrary x ∈ B(H),

n∑
k=1

sk(E(x)) ≤
n∑

k=1

sk(x) (2.3)

for all n ∈ N by [GoKr69, Ch. II, Th. 5.1]. In particular, for n = 1, we obtain

∥E∥ = 1.

In what follows we will examine in more detail what happens when we restrict

and co-restrict E to operator ideals.

Remark 2.7 (continuity of E|J ). In the setting of Definition 2.6, if J is a sym-

metrically normed ideal and x ∈ J , from (2.3) we obtain E(x) ∈ JM and moreover

by the dominance property

∥E(x)∥′J ≤ ∥x∥′J ≤ ∥x∥J , (2.4)

which implies that the operator E|J : (J , ∥·∥′J ) → (JM , ∥·∥′J ) satisfies ∥E|J ∥ = 1.

Here we may have E(x) ∈ JM \J for some x ∈ J . In fact, if all the projections pk
are rank one, the condition E(J ) ⊆ J is equivalent to the fact that J is am-closed

by [KaWe11, Theorem 4.5]. If E(J ) ⊆ J then, by the closed graph theorem, the

operator E|J : (J , ∥ · ∥J ) → (J , ∥ · ∥J ) is also continuous although its norm need

not be equal to 1. However, if J is separable then it is equal to Jm thus it is

arithmetically closed and both norms agree.

We note also that if the collection of projections is finite, then E(J ) ⊆ J and

the continuity of E|J is obvious.
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Remark 2.8 (conditional expectation of a normal diagonalizable operator). An

operator a ∈ B(H)nor is called diagonalizable if H is spanned by the eigenvectors

of a. If this is the case, let A ⊆ N for which spec (a) can be labeled as {λk |
k ∈ A} ⊆ C, with λj ̸= λk if j ̸= k. For any k ∈ A let pk ∈ B(H) denote the

orthogonal projection onto the eigenspace Ker (a−λk1), hence the hypothesis that

a is a normal operator ensures that pjpk = 0 if j ̸= k. The hypothesis that the

operator a is diagonalizable then implies
∑
k∈A

pk = 1, and we can then write

a =
∑
k∈A

λkpk (2.5)

with convergence in the strong operator topology. This implies {pk | k ∈ A}′ = {a}′
and, if E : B(H) → B(H) is the conditional expectation associated to the family of

mutually orthogonal projections {pk | k ∈ A} as in Definition 2.6, then we have

RanE = {a}′ (2.6)

by (2.2). Moreover, E(K(H)) = {a}′ ∩ K(H).

If I is any symmetrically normed ideal and a ∈ B(H)nor is diagonalizable as

above, then we obtain the continuous map

E|I : I → {a}′ ∩ IM

by Remark 2.7. If moreover either spec (a) is finite and I is any symmetrically

normed ideal, or the symmetrically normed I ⫋ B(H) is am-closed, then, by Re-

mark 2.7 again, we have the continuous map

E|I : I → {a}′ ∩ I.

However, if I ⫋ K(H), we have E(K(H)) ̸⊆ {a}′ ∩ I since E(K(H) ∩ {a}′) =

K(H) ∩ {a}′ ̸⊆ I ∩ {a}′ irrespective of wheather or not a ∈ I.

Definition 2.9 (congruence unitary groups). For a given operator ideal J ⊆ B(H),

we define its corresponding unitary group

UJ = UJ (H) := (1+ J ) ∩U(H).

This is a Banach-Lie group if J is a symmetrically normed ideal, and then its Lie

algebra is

uJ = uJ (H) := {x ∈ J | x∗ = −x} = iJ sa.

In fact, UJ is an algebraic subgroup of the group of invertible elements of the

Banach algebra J ⊕ C1, therefore it is a Banach-Lie subgroup with the inherited

manifold topology of the group of invertible operators, the later being an open

subset of the Banach algebra. See [HK77] for more details.

Remark 2.10. The group UJ is always connected. To see this, note that for

each u ∈ UJ there exists a Borel logarithm, that is, an operator z∗ = −z ∈ B(H)

such that ez = u and ∥z∥ ≤ π. Consider the holomorphic map F : C → C
given by F (λ) = λ−1(eλ − 1), and note that the zeroes of F are located at 2kπi,

k ∈ Z \ {0}. Since spec (z) ⊂ [−π, π], we have 0 /∈ spec (F (z)) = F (spec (z)) thus
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F (z) is invertible in B(H). Since u = 1 + x for some x ∈ J , x + 1 = u = ez thus

ez − 1 = x. But then

z = F (z)−1F (z)z = F (z)−1(ez − 1) = F (z)−1x ∈ J .

From this, we can now see that t 7→ etz is a continuous path in UJ joining the

operators 1 and u.

3. Unitary orbits of normal operators

In this section we establish that, for any symmetrically normed ideals I,J ⊆
B(H), the conditions (3)–(7) in Section 1 are equivalent to the fact that the normal

operator a has finite rank (Theorem 3.17).

We begin by considering the adjoint action of unitary groups in the space of

bounded linear operators:

Definition 3.1 (adjoint action and orbits). The adjoint action of UJ on B(H) is

given by the map

AdJ : UJ × B(H) → B(H), (u, a) 7→ AdJ (u)a := uau∗

and for every a ∈ B(H) its corresponding UJ -orbit is

OJ (a) := {uau∗ | u ∈ UJ }.

Remark 3.2. Let J , I ⊆ B(H) be any ideals with a ∈ I. We claim that

OJ (a) ⊆ a+ I ∩ J ⊆ I.

In fact z := uau∗ ∈ I if a ∈ I and u ∈ UJ . On the other hand, writing u = 1+x ∈
UJ with x ∈ J , we have

z = (1+ x)a(1+ x∗) = a+ xa+ ax∗ + xax∗ = a+ j ∈ a+ J

where j := xa+ ax∗ + xax∗ ∈ J since J is an ideal. Also j = z − a ∈ I − I = I,
hence j ∈ I ∩ J , and then uau∗ = z = a+ j ∈ a+ I ∩ J , as claimed.

3.1. The action map and the smooth structure of the orbit.

Definition 3.3. For any symmetrically normed ideals J , I ⊆ B(H) and a ∈ I, we
define

π = πa
J ,I : UJ → OJ (a), u 7→ uau∗.

Writing u = 1+ x, u0 = 1+ x0 ∈ 1+UJ , we obtain

∥uau∗ − u0au
∗
0∥I = ∥(u− u0)a+ a(u∗ − u∗

0)∥I ≤ 2∥u− u0∥∥a∥I ≤ 2∥u− u0∥J ∥a∥I
therefore πa

J ,I is continuous. Moreover a similar argument shows that π : UJ → I
is smooth, with its differential

π∗u : TuUJ → J , π∗u v = vau∗ − uau∗vu∗ = u[u∗v, a]u∗.

Here we use the identification

TuUJ = {v ∈ B(H) | u∗v ∈ uJ = iJ sa}

and then u[u∗v, a]u∗ ∈ J sa is self-adjoint if v ∈ TuUJ and a ∈ Isa.
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Keeping a ∈ I fixed as above, we now define

δa : B(H) → I, δa(v) := −ad(a)(v) = [v, a].

Then δa|iJ sa = π∗1 and by Remark 3.2 we obtain

π∗1 = δa|iJ sa : iJ sa → I ∩ J . (3.1)

Note also that π∗1 (or equivalently, δ) is continuous if we take it as a map from J
into any of the three spaces J , I,B(H).

In Lemma 3.4 below we use the above notation and Remark 2.8. Results similar

to the following lemma where first considered in [Ne04, Lemma VII.3]:

Lemma 3.4. Let I,J be symmetrically normed ideals and a ∈ B(H)nor be diago-

nalizable with its corresponding conditional expectation E|I : I → {a}′ ∩IM . Then

the following assertions hold.

(i) Ker ((idB(H) − E)|I) = Ker (δa|I).
(ii) If δa(J sa) ⊆ I and the operator δa|iJ sa : iJ sa → I has closed range, then

spec (a) is finite.

Proof. (i) We clearly have Ker δa = {a}′, while {a}′ = RanE by (2.6). Moreover,

since E2 = E, we have RanE = {x ∈ B(H) | E(x) = x} = Ker (idB(H) − E).

Therefore Ker (idB(H) − E) = Ker δa and, intersecting both sides of this equality

with I, we obtain the assertion.

(ii) The hypothesis directly implies that δa : J sa → I has closed range. Moreover,

since both δa : J sa → B(H) and the inclusion map I ↪→ B(H) are continuous, while

δa(J ) ⊆ I by hypothesis, it follows by the closed graph theorem that the linear

operator δa|J sa : J sa → I is continuous. Now, by the open mapping theorem there

exists a constant C > 0 such that whenever y = δa(z) with z ∈ J sa, there exists

z0 ∈ J sa such that δa(z) = δa(z0) and ∥z0∥J ≤ C∥δ(z)∥I .
Assuming that spec (a) is infinite, we may take A = {1, 2, . . . } in Remark 2.8.

Selecting a suitable subsequence of spec (a), we may assume that |λj − λj+1| <
1/(4C) for every j ≥ 1. Select any ξj ∈ Ran pj with ∥ξj∥ = 1, and then aξj = λjξj ,

and consider the rank-two operator z := ξj ⊗ ξj+1 + ξj+1 ⊗ ξj ∈ F(H)sa ⊆ J sa.

Then

|z|2 = z2 = ξj ⊗ ξj + ξj+1 ⊗ ξj+1 ≥ ξj ⊗ ξj ,

thus ∥z∥′J ≥ ∥ξj ⊗ ξj∥′J = 1. Note that

za− az = (λj − λj+1)ξj ⊗ ξj+1 − (λj − λj+1)ξj+1 ⊗ ξj ,

thus

|[z, a]|2 = |λj − λj+1|2(ej ⊗ ej + ej+1 ⊗ ej+1)

and then

∥δa(z)∥I = ∥za− az∥I = ∥[z, a]∥I ≤ 2|λj − λj+1| <
1

2C
.

Now note that pjzpj = pj+1zpj+1 = 0 thus E(z) = 0. Using the remark at the

beginning of this proof, we may select z0 ∈ J sa with δa(z0) = δa(z) and ∥z0∥J ≤
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C∥δa(z)∥I . Then δa(z − z0) = 0, hence (idH − E)(z − z0) = 0 by Assertion (i).

Therefore

z = z − E(z) = z0 − E(z0)

and, using (2.4), we then obtain ∥z∥′J ≤ 2∥z0∥′J ≤ 2∥z0∥J . We have seen above

that ∥z∥′J ≥ 1, hence

1 ≤ ∥z∥′J ≤ 2∥z0∥J ≤ 2C∥δa(z)∥I < 1,

a contradiction that concludes the proof. □

In connection with Lemma 3.4, we note that for the case of the maximal ideal

of a given symmetric norm, the equivalence between finite rank and closed range

of δ was proved before in [ChIo13, Lemma 3.2].

Now we extend the previous result to the orbit of any normal bounded operator.

We first study the case of self-adjoint operators in Theorem 3.5 following ideas in

[AnLa10, Theorem 4.3], and then the general normal operators in Theorem 3.7.

Regarding the differentiable structure of the isotropy group and the orbit of a non-

compact operator, see Subsection 3.2.

Theorem 3.5. Let J be a symmetrically normed ideal. For a ∈ B(H)sa, consider

the map π∗1 : iJ sa → J ⊆ B(H) defined as before. If the range of π∗1 is closed in

either B(H) or J , then spec (a) is finite.

Proof. For any x ∈ B(H) we use the above notation δx = −[x, ·]. As noted before

π∗1 = δa|iJ sa or its restriction to (the skew-adjoint part) of J and K(H), respec-

tively. Since a = a∗, hence both B(H)sa and iB(H)sa are invariant under iδa, it is

easily seen that the range of δa|J sa is closed in B(H) or J if and only if the range

of δa|J is closed in B(H) or J , respectively.

Since a ∈ B(H)sa, the Hilbert space H can be decomposed in two orthogonal

subspaces H = Hc ⊕ Hp which reduce a, where Hp is the closed linear subspace

spanned by the eigenvectors of a. Then the operator ac := a|Hc
∈ B(Hc) has

continuous spectrum (i.e., no eigenvalues), while the spectrum of ap := a|Hp
has

a dense subset of eigenvalues. If the range of δa is closed in B(H), we claim that

both δac and δap have closed range in B(H). Suppose xn ∈ B(H) is such that

δac
(xn) → y, then yn = xn ⊕ 0 ∈ B(H) satisfies

δa(yn) = δac
(xn)⊕ 0 → y ⊕ 0

in B(H), and thus y ⊕ 0 = δa(x) for some x ∈ B(H). If one writes this equality in

matrix form (in terms of the decomposition H = Hc ⊕Hp), one has(
y 0

0 0

)
=

(
x11ac − acx11 x12ap − acx12

x21ac − apx21 x22ap − apx22

)
,

and therefore y = δac
(x11). Analogously one proves that the range of δap

is closed.

We now show that Hc = {0}: note that δac
: K(H) → K(H) has trivial kernel.

Indeed, if x ̸= 0 is a compact operator commuting with ac, since also x + x∗

commutes with ac, by the spectral decomposition of compact self-adjoint operators,

one can find a non-trivial (finite rank) spectral projection of x+x∗, which commutes



UNITARY GROUP ORBITS VERSUS GROUPOID ORBITS OF NORMAL OPERATORS 11

with ac, and thus ac would have an eigenvalue, leading to a contradiction. It follows

that δac
: K(H) → K(H) is bounded from below. Thus, by [Fi79, Theorem 3.2],

one would have that σl(ac)∩ σr(ac) = ∅. Since for normal operators, right and left

spectra coincide with the spectrum, this implies that the spectrum of ac is empty,

and therefore Hc = {0}.
It follows that the spectrum of a has a dense subset of eigenvalues. Suppose that

there are infinitely many eigenvalues. By adding a multiple of the identity to a (a

change that does not affect δa), we may suppose that 0 is an accumulation point

of the set of eigenvalues of a. From this infinite set one can select a sequence of

(different) eigenvalues {λn : n ≥ 1} which are summable. For each n ≥ 1 pick a

unit eigenvector en, consider H0 the closed linear span of these eigenvectors, and

denote a0 = a|H0 ∈ B(H0). Note that a0 is a compact, in fact, it is a nuclear

operator. It is apparent that since δa : K(H) → K(H) has closed range, then

δa0
: K(H0) → K(H0) also has closed range and by Lemma 3.4, it must have finite

spectrum, a contradiction.

The proof for the case of the closure in J is similar and therefore omitted. □

In order to obtain a version of Theorem 3.5 for non-self-adjoint operators a ∈
B(H)nor (see Theorem 3.7 below), we now adapt some ideas from [Vo76] to a suitable

setting of operator ideals. A pair of symmetrically normed ideals (I, I1) will be

hereafter called a dual pair of ideals if II1 ⊆ S1(H) and the bilinear functional

I × I1 → C, (x, y) 7→ Tr (xy) (3.2)

gives rise to an isometric isomorphism of the Banach space I onto the topological

dual I∗
1 of the Banach space I1. Such a dual pair is an admissible pair in the sense

of [Be06, Def. 9.22] if one additionally assumes that I1 ⊆ I and the Banach space I
is reflexive. In this setting, we need the following slight variation of [Vo76, Lemma

2.6].

Lemma 3.6. Let (I, I1) be a dual pair of symmetrically normed ideals in B(H)

and a ∈ Inor. If a′ ∈ I ∩ OB(H)(a)
∥·∥

then, for any symmetrically normed ideal

J ⊆ B(H), the operator δa|J sa : J sa → I has closed range if and only if the operator

δa′ |J sa : J sa → I has closed range.

Proof. The hypothesis on the operators a and a′ is equivalent to the pair of condi-

tions a, a′ ∈ Inor and OB(H)(a)
∥·∥

= OB(H)(a′)
∥·∥

, in which a and a′ play symmetric

roles. It therefore suffices to prove that if δa|J sa : J sa → I has closed range, then

the operator δa′ |J sa : J sa → I has closed range, too.

By hypothesis, there exists C > 0 such that for every x ∈ J sa there exists

x0 ∈ J sa with ∥x0∥J ≤ C∥δa(x)∥I and δa(x) = δa(x0). Also, there exists a

sequence of unitary operators uk ∈ B(H) with lim
k→∞

∥ukau
∗
k − a′∥ = 0. Then, for

arbitrary x ∈ J sa and k ≥ 1, there exists xk ∈ J sa with ∥xk∥J ≤ C∥δa(u∗
kxuk)∥I

and δa(u
∗
kxuk) = δa(xk).

On the other hand, for every unitary operator u ∈ B(H) and every x ∈ I we

have

δa(u
∗xu) = [u∗xu, a] = u∗[x, uau∗]u = u∗δuau∗(x)u
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while

∥δa(x)∥I = ∥xa− ax∥I ≤ 2∥a∥ · ∥x∥I
hence

lim
k→∞

∥δukau∗
k
(x)− δa′(x)∥I = 0 for all x ∈ I.

Furthermore,

lim sup
k→∞

∥ukxku
∗
k∥I = lim sup

k→∞
∥xk∥J ≤ C lim sup

k→∞
∥δa(u∗

kxuk)∥I

= C lim sup
k→∞

∥δukau∗
k
(x)∥I = C∥δa′(x)∥I .

Since the unit ball of I ≃ I∗
1 is weakly compact, it follows in particular that,

selecting a suitable subsequence, we may assume that there exists y ∈ Isa with

∥y∥I ≤ C∥δa′(x)∥I (3.3)

and lim
k→∞

ukxku
∗
k = y in the dual weak topology of I. Since F(H) ⊆ I1, we have in

particular lim
k→∞

ukxku
∗
k = y in the weak operator topology of B(H). This implies

δa′(y)− δa′(x) = lim
k→∞

[ukxku
∗
k, a

′]− [x, a′]

= lim
k→∞

uk[xk, u
∗
ka

′uk]u
∗
k − [x, a′]

= lim
k→∞

uk[xk, u
∗
ka

′uk − a]u∗
k + lim

k→∞
uk[xk, a]u

∗
k − [x, a′]

= lim
k→∞

uk[xk, u
∗
ka

′uk − a]u∗
k + lim

k→∞
uk[u

∗
kxuk, a]u

∗
k − [x, a′]

= lim
k→∞

uk[xk, u
∗
ka

′uk − a]u∗
k + lim

k→∞
[x, ukau

∗
k]− [x, a′]

=0

hence δa′(y) = δa′(x). Taking into account (3.3) and the fact that x ∈ J sa is

arbitrary, it follows that the operator δa′ |J sa : J sa → I has closed range, and we

are done. □

Theorem 3.7. Let (I, I1) be a dual pair of symmetrically normed ideals in B(H)

and a ∈ Inor. Then, for any symmetrically normed ideal J ⊆ B(H), if the operator

δa|J sa : J sa → I has closed range then spec (a) is finite.

Proof. By Lemma 3.6, the operator δa′ |J sa : J sa → I has closed range for every

operator a′ in the operator norm closure OB(H)(a)
∥·∥

of the unitary orbit OB(H)(a).

Since a ∈ B(H)nor, we have OB(H)(a)
∥·∥

⊆ B(H)nor and spec (a′) = spec (a) for

every a′ ∈ OB(H)(a)
∥·∥

. On the other hand, by the Weyl-von Neumann theorem as

obtained in the special case of [Vo76, Prop. 2.1] for normal operators, there exists

a′ ∈ OB(H)(a)
∥·∥

diagonalizable. For such a diagonalizable operator a′ its spectrum

is finite by Lemma 3.4(ii), hence spec (a) is finite as well. □

Recall that when a ∈ B(H)nor and spec (a) is finite, its collection of spectral

projections is finite, thus its corresponding conditional expectation E preserves

any symmetrically normed ideal (Remark 2.8). Moreover, if A ⊆ B(H) is a C∗-

algebra with a ∈ Anor, then the spectral projections of a belong to A hence the



UNITARY GROUP ORBITS VERSUS GROUPOID ORBITS OF NORMAL OPERATORS 13

conditional expectation E : B(H) → {a}′ satisfies E(A) = A∩ {a}′. If additionally
1 ∈ A, then we denote by U(A) := U(H) ∩ A the unitary group of A, and also

OA(a) := {uau∗ | u ∈ U(A)} ⊆ A and πa
A : U(A) → OA(a), u 7→ uau∗.

Lemma 3.8. If a ∈ B(H)nor with finite spectrum, with its corresponding conditional

expectation E : B(H) → {a}′ then the following assertions hold true:

(i) If A ⊆ B(H) is a C∗-algebra with a ∈ A, then the operator δa|iAsa : iAsa → A
has split closed range and iAsa = Ker (δa|iAsa)∔ Ran ((idA − E)|iAsa).

(ii) If a ∈ F(H)nor and I,J ⊆ B(H) are symmetrically normed ideals, then the

operator δa|iJ sa : iJ sa → I has split closed range and iJ sa = Ker (δa|iJ sa) ∔
Ran ((idB(H) − E)|iJ sa). Moreover, Ran δa = KerE ⊆ F(H) ⊆ I ∩ J .

Proof. (i) This can be obtained by a straightforward adaptation of the following

proof of Assertion (ii), hence we skip the details.

(ii) We use the notation from Remark 2.8 again, so spec (a)\{0} = {λ1, . . . , λn},
λ0 := 0, and pj is the orthogonal projection onto Ker (a− λj idH) for j = 0, . . . , n.

Since a ∈ F(H), we have p1, . . . , pn ∈ F(H). For every z ∈ B(H) we have

z =

n∑
i,j=0

pizpj (3.4)

and E(z) =
n∑

j=0

pjzpj , hence z ∈ KerE if and only if pjzpj = 0 for j = 0, . . . , n, in

particular p0zp0 = 0, and then z ∈ F(H) by (3.4). Thus KerE ⊆ F(H) ⊆ I ∩ J .

Moreover, since E2 = E, in general we have KerE = Ran (idB(H) − E). We have

a =
n∑

j=0

λjpj hence, for any z ∈ B(H),

δa(z) =

n∑
i,j=0

(λi − λj)pizpj ∈ KerE.

On the other hand, if z ∈ KerE and we define

x :=
∑

0≤i ̸=j≤n

1

λi − λj
pizpj ∈ KerE ⊆ F(H) ⊆ J

then it is easy to check that δa(x) =
∑
i ̸=j

pizpj = z, thus z ∈ Ran δa.

If we denote zij := pizpj , then the equation z∗ = z is equivalent to z∗ij =

zji. Also, the equation y = δa(z) is equivalent to yij = (λi − λj)zij , which is

further equivalent to zij = (λi − λj)
−1yij . Hence y ∈ δa(B(H)sa) if and only if

(λi − λj)
−1y∗ij = (λj − λi)

−1yji, which is further equivalent to y∗ij = αjiyji, where

αji := λi − λj/(λj − λi) ∈ T for all i ̸= j, while yjj = 0. We note that αji = αij .

Selecting any βij = βji ∈ T with β2
ij = αij , we further obtain that y ∈ δa(B(H)sa)

if and only if yjj = 0 and (βijyij)
∗ = βjiyji. Therefore, if we define

V± := {y ∈ I | (βijyij)
∗ = ±βjiyji if i ̸= j}

then V± is a closed real linear subspace of I and we have the direct sum decompo-

sition

I = V+ ∔ V−
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where V+ = δa(B(H)sa) = δa(J sa) = δa(F(H)sa).

Finally, the kernel of the operator δa|iJ sa : iJ sa → I is complemented since

Ker (δa|iJ sa) = {a}′ ∩ iJ sa hence E|iJ sa : iJ sa → iJ sa is an idempotent operator

with E(iJ sa) = Ker (δa|iJ sa). □

Definition 3.9. For any symmetrically normed ideals J , I ⊆ B(H) and a ∈ I, we
say that π = πa

J ,I has local cross-sections if for every b ∈ OJ (a) there exist an

open neighborhood V in the relative topology of OJ (a) ⊆ I and a continuous map

σ : V → UJ with π ◦ σ = idV and σ(b) = 1.

Definition 3.10. A submanifold of the Banach space I is the image of any smooth

injective map f : M → I, such that the image of the injective tangent map

Tmf : TmM → I

is a closed real subspace of I. We say that the manifold splits if Tmf(TmM) admits a

direct complement. We say that the manifold is embedded if f is an homeomorphism

onto its image.

Remark 3.11. In Definition 3.9, if π is open and δ = π∗1 : iJ sa → I splits in range

and kernel, the orbit OJ (a) is a smooth (in fact, real analytic) submanifold of I.
See for instance [Ra77, Prop. 1.5] or [La19, Lemma 3.3.6], and also Lemma 3.12.

Lemma 3.12. Let G be a Banach-Lie group with its Lie algebra g, X a real Banach

space, and π : G → GL(X ) a morphism of Banach-Lie groups. For fixed x ∈ X we

define πx : G → X , πx(g) := π(g)x. Let O(x) := πx(G), regarded as a topological

subspace of X , and assume that the following conditions are satisfied:

1. There exist an open subset D ⊆ X and a continuous map τ : D∩O(x) → G

with x ∈ D, τ(x) = 1 ∈ G, and πx ◦ τ = idD∩O(x).

2. The kernel and the range of the differential πx
∗,1 : g → X are split closed

subspaces of g and X , respectively.

Then the following assertions hold true:

(i) The orbit O(x) is a split embedded submanifold of X and πx : G → O(x) is a

submersion.

(ii) For every y ∈ O(x) there exist an open subset Vy ⊆ X and a smooth mapping

σy : Vy → G satisfying y ∈ Vy and πx ◦ σy|Vy∩O(x) = idVy∩O(x).

(iii) If there exists a norm ∥ · ∥ that defines the topology of X and ∥π(g)v∥ = ∥v∥
for every v ∈ X , then O(x) ⊆ X is a closed subset.

Proof. (i) The first hypothesis implies that the mapping πx : G → O(x) is open,

and then [La19, Lemma 3.3.6] is applicable.

(ii) Since πx : G → O(x) is a submersion and O(x) ⊆ X is an embedded subman-

ifold, there exist an open subset Ṽx ⊆ X and a smooth mapping σ̃x : Ṽx∩O(x) → G

with πx ◦ σ = idṼx∩O(x) and σ(x) = 1 ∈ G.

Now let Z ⊆ X be a closed linear subspace satisfying X = Z ∔ πx
∗,1(g). Since

Tx(O(x)) = Ranπx
∗,1 and O(x) ⊆ X is a submanifold, there exist open subsets

Vx ⊆ Ṽx, W0 ⊆ Z, and W ′
0 ⊆ Ranπx

∗,1, and a diffeomorphism χ : Vx → W0 × W ′
0
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with x ∈ Vx, χ(x) = (0, 0) ∈ W0 × W ′
0, and χ(Vx ∩ O(x)) = {0} × W ′

0. (See

[La19, §2.9].) We now consider the Cartesian projection pr2 : W0 × W ′
0 → W ′

0,

(w,w′) 7→ w′, hence we have the diagram

Vx

χ

��

χ−1◦pr2◦χ// Vx ∩ O(x)

χ

��

� � // Ṽx ∩ O(x)
σ̃x

// G

W0 ×W ′
0

pr2 // {0} ×W ′
0

and then we define and σx : Vx → G by σx := σ̃x ◦ (χ−1 ◦ pr2 ◦ χ).
Finally, for arbitrary y ∈ O(x) we select g ∈ G with y = π(g)x and we define

Vy := π(g)Vx ⊆ X and σy : Vy → G, σy := σx ◦ π(g)−1|Vy
.

(iii) We must show that if lim
n→∞

∥yn−y∥ = 0 in X and yn ∈ O(x) for every n ≥ 1,

then y ∈ O(x).

To this end, using the above notation, let ε > 0 with B(x, ε) ⊆ Vx, where

B(x, ε0) := {v ∈ X | ∥x − v∥ ≤ ε}. Also let n0 ≥ 1 with ∥yn − ym∥ ≤ ε0 for

all m,n ≥ n0. Since yn ∈ O(x), there exists gn ∈ G with yn = π(gn)x, hence

∥x − π(gn0
)−1yn∥ = ∥π(gn0

)x − yn∥ = ∥yn0
− yn∥ ≤ ε0 for all n ≥ n0. That is,

π(gn0)
−1yn ∈ B(x, ε0) ⊆ Vx for all n ≥ n0, and this also implies π(gn0)

−1y ∈
B(x, ε0) ⊆ Vx since y = lim

n→∞
yn in X .

Now, let σ : Vx → G be the smooth mapping given by (ii), and define g :=

σ(π(g0)
−1y) ∈ G. Since π(g0)

−1y = lim
n→∞

π(g0)
−1yn in Vx and σ is continuous, we

obtain g = lim
n→∞

σ(π(g0)
−1yn) in G. Moreover, using πx ◦ σ = idVx∩O(x), we have

πx(g) = lim
n→∞

πx(σ(π(g0)
−1yn)) = lim

n→∞
π(g0)

−1yn = π(g0)
−1y.

Therefore π(g0)
−1y ∈ O(x), and then y ∈ O(x), which completes the proof. □

Theorem 3.13. If a ∈ B(H)nor has finite spectrum, and A ⊆ B(H) is a C∗-

algebra with 1, a ∈ A, then OA(a) ⊆ A is a closed embedded split submanifold and

πa
A : U(A) → OA(a) has local cross sections. If moreover a ∈ F(H)nor, then for

any symmetrically normed ideals J , I ⊆ B(H) the unitary orbit OJ (a) ⊆ I is a

closed embedded split submanifold and πa
J ,I : UJ → OJ (a) has local cross sections.

Proof. We show that the hypotheses of Lemma 3.12 are satisfied. If a ∈ Anor

has finite spectrum, then the operator δa : iAsa : iAsa → A has split kernel and

split closed range by Lemma 3.8(i). Moreover, the mapping π : U(A) → OA(a),

u 7→ uau∗, has local cross-sections by [Fi78, Prop. 4.6]. Hence OA(a) ⊆ A is a

closed embedded split submanifold by Lemma 3.12.

Now assume a ∈ F(H)nor and let J , I ⊆ B(H) be any symmetrically normed

ideals. The operator δa|iJ sa : iJ sa → I has split closed range and kernel by

Lemma 3.8(ii). We will now construct a local cross-section for π using the split-

ting of the range of π∗1, following ideas in [BeRa05] and [AnLa10]. Since the

range of δa|iJ sa = π∗1 : iJ sa → I is closed and Ker (δa|iJ sa) = {a}′ ∩ iJ sa =

Ker ((idB(H) − E)|iJ sa), it easily follows by the closed graph theorem that there
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exists a constant C > 0 such that

∥z − E(z)∥J ≤ C∥δa(z)∥I

for all z ∈ iJ sa. Consider the relative open neighborhood of a ∈ OJ (a)

V := {b ∈ OJ (a) : ∥b− a∥I < 1/C},

and the open neighborhood of 1 ∈ UJ ,

W := {u ∈ UJ | uau∗ ∈ V }.

If u = 1+ x ∈ W ⊆ UJ , then

∥1− u∗E(u)∥ = ∥u− E(u)∥ ≤ ∥u− E(u)∥J = ∥x− E(x)∥J ≤ C∥xa− ax∥I
= C∥ua− au∥I = C∥uau∗ − a∥I < 1.

Hence

∥1− u∗E(u)∥ < 1.

thus u∗E(u) ∈ B(H) is an invertible operator, hence E(u) is invertible. Since

E(u) − 1 = E(1 + x) − 1 = E(x) ∈ J therefore E(u) ∈ 1 + J . This implies that

|E(u)| =
√

E(u)∗E(u) ∈ 1+ J also (and it is still invertible). Hence, defining

Ω(E(u)) := E(u)|E(u)|−1,

it is easy to check that Ω(E(u)) is a unitary operator (in fact, this is the unitary

operator in the polar decomposition of E(u)). It is also apparent that Ω(E(u)) ∈
1 + J , therefore Ω(E(u)) ∈ UJ . Now from a direct computation it follows that

uΩ(E(u∗)) = Ω(uE(u∗)), and since u∗E(u) is close to 1 in uniform norm, it is plain

that the map

W → UJ , u 7→ uΩ(E(u∗))

is continuous. Now we define σ : V → UJ

σ(b) = uΩ(E(u∗)) = Ω(uE(u∗)), when b = uau∗ with u ∈ W.

Note that if b = uau∗ = waw∗ for u,w ∈ W , then v := u∗w commutes with a and

by the uniqueness of the polar decomposition for invertible operators, wΩ(E(w)∗) =

uvΩ(v∗E(w∗)) = uΩ(E(u∗)) showing that σ is well-defined. Using the continuous

action of UJ , it suffices to prove that σ is continuous at a ∈ OJ (a) with respect to

the topology inherited by OJ (a) from I. To this end, assume then that unau
∗
n → a

in the topology of I, with un ∈ UJ . Then ∥una − aun∥I → 0 and as above,

∥1 − unE(un)∥J = ∥un − E(u∗
n)∥J → 0. Using the continuity of Ω(·) given by

[Ne04, Prop. A.4], we have

σ(unau
∗
n) = unΩ(E(u∗

n)) = Ω(unE(u∗
n)) → 1 in UJ .

Finally, note that E(u)∗ = 1 + E(x∗) commutes with a, therefore Ω(E(u∗)) also

commutes with a and

π(σ(b)) = σ(b)aσ(b)∗ = uΩ(E(u∗))aΩ(E(u∗))u∗ = uau∗ = b

which proves that σ is a local cross-section for π. Hence O(a) ⊆ B(H) is a closed

embedded split submanifold by Lemma 3.12, and this completes the proof. □
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It is well-known that the unitary orbit of any operator a ∈ B(H)nor is closed in

the operator norm topology if and only if spec (a) is a finite set. (See [Fi75, Lemma

2.3] or [Vo76, Prop. 2.4].) Thus the following theorem deals with closures in other

norms, and generalizes [GKMS18, Theorem 5.1] along the same lines. Another

result of this type is obtained in Corollary 4.7 by a completely different approach.

Theorem 3.14. For any symmetrically normed ideals J ⊆ B(H) and I ⫋ B(H)

with a ∈ Inor, the orbit OJ (a) ⊆ I is closed in I if and only if spec (a) is finite.

Proof. The “if” part of this theorem was proved in Theorem 3.13. Conversely, we

prove that if a ∈ Inor and spec (a) is infinite, then

OF(H)(a)
∥·∥I \ OB(H)(a) ̸= ∅ (3.5)

This implies in particular OJ (a) ⫋ OJ (a)
∥·∥I

, since otherwise OF(H)(a)
∥·∥I ⊆

OJ (a)
∥·∥I

= OJ (a) ⊆ OB(H)(a), which is a contradiction with (3.5).

Since a ∈ I ⊆ K(H) and spec (a) is infinite, it follows that spec (a) \ {0} can

be labeled as a sequence of mutually distinct complex numbers convergent to 0,

and then we may select a sequence of mutually distinct eigenvalues {xn}n≥1 with∑
n≥1

|xn| < ∞. Let us denote Y := spec (a) \ {xn | n ≥ 1} and py := Ker (a− yidH)

for any y ∈ Y . For every n ≥ 1 we denote pn := Ker (a − xnidH) and we select a

rank-one projection qn ≤ pn. We then define

a0 :=
∑
n≥1

xnqn ∈ K(H)nor

hence

a = a0 +
∑
n≥1

xn(pn − qn) +
∑
y∈Y

ypy.

Let p0 :=
∑

n≥1 qn, H0 = Ran (a0) = Ran (p0), and Xn = Ran (
n+1∑
j=1

qj) for n ≥ 1.

We now modify slightly a0: for each n ≥ 1 let

an0 = xn+1q1 +
n∑

i=1

xiqi+1 +
∑

i≥n+2

xiqi

Note that an0 is obtained from a0 by a finite permutation of the basis of Xn, thus

an0 = una0u
∗
n with un ∈ U(H) and (1 − un)X⊥

n = {0}. Then clearly un ∈ U(H) ∩
(1+ F(H)) ⊆ UJ and

an := unaun = an0 + (a− a0) ∈ OJ (a) ∀n ∈ N.

Now let a′0 :=
∑

i≥1 xiqi+1 and a′ := a′0 + (a− a0), and note that

∥a′ − an∥I = ∥a′0 − an0∥I = ∥xn+1q1 +
∑
k≥n

(xk+2 − xk+1)qk+2∥I

≤ |xn+1|+
∑
k≥n

|xk+2 − xk+1| ≤ 2
∑

k≥n+1

|xk|,
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Letting n → ∞ we obtain lim
n→∞

∥a′−an∥I = 0. Thus a′ ∈ OJ (a)
∥·∥I

. If Ker a = {0},
then a′ ̸∈ OJ (a) since Ran q1 ⊆ Ker a′, and this proves that the orbit is not closed.

If Ker a ̸= {0}, some modifications of the previous argument as in [GKMS18, Th.

5.1] also show that the orbit is not closed. □

For any symmetrically normed ideals J and I, we define the following subsets

of Inor:

LocClJ (I) :={a ∈ Inor | OJ (a) is locally closed in I},
ClJ (I) :={a ∈ Inor | OJ (a) is closed in I},

CrossJ (I) :={a ∈ Inor | πa
J ,I has local cross-sections},

SbmJ (I) :={a ∈ Inor | OJ (a) is a submanifold of I}.

Proposition 3.15. In general, one has: SbmJ (I) ⊆ LocClJ (I) = ClJ (I).

Proof. For the last equality of sets, we use that the action of I inOJ (a) is transitive,

for any J and I. Specifically, if a ∈ Inor and OJ (a) is locally closed in I, there
exists ε > 0 such that the set N := {b ∈ OJ (a) : ∥b − a∥I ≤ ε} is closed in I. If

bn = unau
∗
n ∈ OJ (a) with un ∈ UJ and ∥bn−b∥I → 0 as n → ∞, pick n0 ∈ N such

that ∥bn − bm∥I ≤ ε for n,m ≥ n0 and rename b′n := u∗
n0
bnun0

→ u∗
n0
bun0

=: b′ as

n → ∞. Since b′n0
= a and b′n ∈ N for all n ≥ n0, we have b′ ∈ C. In particular

b′ ∈ OJ (a), hence b′ = uau∗ for some u ∈ UJ , and then b = (un0
u)a(un0

u)∗ ∈
OJ (a). □

Remark 3.16. The above reasoning involves only the norm of I, hence the oper-

ator ideal J need not carry any norm. A more general conclusion can be obtained

along these lines: Let U be a group and U × X → X, (u, x) 7→ u.x be an action

on a Hausdorff uniform space X (cf. [Is64]) satisfying the condition that for every

entourage E ⊆ X×X in an entourage basis and every u ∈ U we have (u.x, u.y) ∈ E
if (x, y) ∈ E . (For instance, any group action by isometries on a metric space

(X, d) will do, since an entourage basis in this special case consists of the sets

Er := {(x, y) ∈ X ×X | d(x, y) < r} for arbitrary r ∈ (0,∞). We also recall from

[Is64, Ch. I, Exerc. 8] that, for a general uniform space X, its uniform structure is

determined by a family of symmetric subsets of X ×X called entourages, satisfy-

ing a suitable set of axioms. There is a natural topology of X, called the uniform

topology, defined in terms of the entourages. Specifically, a neighbourhood basis of

any point a ∈ X consists of the sets E(a) := {x ∈ X | (a, x) ∈ E} where E ⊆ X ×X

is an arbitrary entourage. We also recall from [Is64, Ch. II, Exerc. 14] that every

entourage in the uniform space is a neighbourhood of the diagonal of X ×X, but

not conversely in general.) Then for any a ∈ X its orbit U.a is a locally closed

subset of X if and only if it is a closed subset of X. In fact, if U.a is locally closed,

then there exists an entourage E for which the set N := U.a ∩ E(a) is closed in X,

where E(a) := {x ∈ X : (a, x) ∈ E}. If {ui}i∈I is a net in U for which there exists

b ∈ X with ui.a → b as i ∈ I, then there exists iE ∈ I such that if i, j ≥ iE then

(uj .a, ui.a) ∈ E . This implies (a, u−1
iE

ui) ∈ E , that is, u−1
iE

ui ∈ E(a) ∩ U.a = N for
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al i ≥ iE . On the other hand, since ui.a → b as i ∈ I, we have u−1
iE

ui.a → u−1
iE

.b as

i ∈ I, hence u−1
iE

.b ∈ N ⊆ U.a. Therefore b ∈ U.a, and we are done.

Special cases of the following theorem can be found in several places in the

earlier literature: [AnSt89, Th. 4.5], [BeRa05, Th. 3.2], [Be06, Th. 4.37], [AnLa10,

Th. 4.4], [BtVa16, Lemma 1], [GKMS18, Th. 5.1]. Moreover for the case of the

maximal ideal of a given symmetric norm, the equivalence between finite spectrum

and submanifold structure was settled in [ChIo13].

Theorem 3.17. If I,J ⊆ B(H) are symmetrically normed ideals, then

LocClJ (I) = ClJ (I) = CrossJ (I) = SbmJ (I) = F(H)nor ⊆ Inor.

Proof. We have SbmJ (I) ⊆ LocClJ (I) = ClJ (I) by Remark 3.16. Moreover,

ClJ (I) = F(H)nor by Theorem 3.14 and F(H)nor ⊆ SbmJ (I) ∩ CrossJ (I) by

Theorem 3.13 and its proof.

It remains to check that CrossJ (I) ⊆ ClJ (I), and to this end we adapt the

method of proof of [Fi78, Prop. 2.1]. We must prove that for arbitrary a ∈
CrossJ (I) and b ∈ OJ (a)

∥·∥I
one has b ∈ OJ (a). Using a local cross section

σ : D ∩ OJ (a) → UJ of π = πJ ,I : UJ → OJ (a) ⊆ I, for a suitable open subset

D ⊆ I with a ∈ D, it is easily shown that for every n ≥ 1 there exists δn > 0

such that if u ∈ UJ and ∥u∗au − a∥I < δn then there exists w ∈ UJ with

∥w−1∥J < 1/2n and w∗aw = u∗au. Now let {uk}k≥1 be any sequence in UJ with

lim
k→∞

∥u∗
kauk−b∥I = 0. Then we can inductively select a sequence 1 ≤ k1 < k2 < · · ·

such that, for every n ≥ 1, if k ≥ kn then ∥u∗
kauk − b∥I < δn/2. Since kn+1 > kn

we have ∥u∗
kn+1

aukn+1
− u∗

kn
aukn

∥I ≤ ∥u∗
kn+1

aukn+1
− b∥I + ∥b − u∗

kn
aukn

∥I <

δn/2 + δn/2 = δn, hence

∥uknu
∗
kn+1

aukn+1u
∗
kn

− a∥I < δn.

By the way δn was selected, there exists wn ∈ UJ with ∥wn − 1∥J < 1/2n and

w∗
nawn = ukn

u∗
kn+1

aukn+1
u∗
kn
. Defining vn := u∗

kn
wnukn

, we have ∥vn−1∥J < 1/2n

and u∗
kn+1

aukn+1
= v∗nu

∗
kn
aukn

vn. Iterating this formula for n, n−1, . . . , 1, we obtain

u∗
kn+1

aukn+1 = v∗nv
∗
n−1 · · · v∗1u∗

k1
auk1v1 · · · vn−1vn. (3.6)

Here
∑
n≥1

∥vn−1∥J < ∞ hence, an application of the criterion [Bu06, Ch. IX, App.

II, Th. 2] for convergence of infinite products in the Banach algebra C1+J shows

that there exists v ∈ C1 + J with lim
n→∞

∥v − v1 · · · vn−1vn∥J = 0. Since vn ∈ UJ

for every n ≥ 1, we easily obtain v ∈ UJ and, passing to the limit for n → ∞ in

(3.6), we obtain b = v∗u∗
k1
auk1

v, hence b ∈ OJ (a). This completes the proof. □

We now take a look at the differentiable structure of the orbit (as a quotient

manifold, with a topology that is possibly finer than the topology of the orbit as

subspace of I). This structure can be constructed if J is am-closed.

Definition 3.18. For any operator ideal J ⊆ B(H) and a ∈ B(H) we define

UJ (a) := {u ∈ UJ : uau∗ = a},
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the isotropy subgroup of the action π. If J is a symmetrically normed ideal, then

clearly UJ (a) is a closed subgroup of UJ .

One can endow the unitary orbit OJ (a) with the structure of a real analytic

Banach manifold via the bijective map

UJ /UJ (a) → OJ (a), uUJ (a) 7→ uau∗ (3.7)

as follows (similar orbits where considered in [BeRaTu07]).

Theorem 3.19. If the symmetrically normed ideal J is am-closed and a ∈ K(H)nor,

then the following assertions hold true.

(i) UJ (a) is a Banach-Lie subgroup of UJ (with the inherited manifold topology).

(ii) The Lie algebra of UJ (a) is ker(π∗1) ⊂ iJ sa = uJ , and it is a split sub-algebra:

uJ = L(UJ (a))⊕ ker(E|uJ ).

(iii) The orbit O = OJ (a) is a real analytic manifold, and a homogeneous space

for the smooth action of A : UJ ×O → O, A(u, b) = ubu∗.

Proof. (i) From the very definitions, it follows that UJ (a) is an algebraic subgroup

of the group of invertible operators in C1 + J (see [HK77] and [Be06, Th. 4.13]),

therefore UJ (a) is a Banach-Lie group with its topology inherited from C1 + J ,

just like UJ does.

(ii) We have Ker ((idB(H) − E)|iJ ) = Ker (δa|iJ ) = L(UJ (a)) by Lemma 3.4(i)

applied for I = J . But since we are now assuming that J is am-closed, we have

E(J ) ⊆ J and since the range and kernel of E are each other’s direct complement

(E is an idempotent) the claim follows. Hence UJ (a) is a Banach-Lie subgroup of

UJ with split sub-algebra.

(iii) Assertion (ii) directly implies that UJ /UJ (a) is a smooth homogeneous

space for the action described above (see [Be06, Th. 4.19]), and then the orbit

OJ (a) is turned into a smooth homogeneous space via the bijection (3.7). □

Remark 3.20. In Theorem 3.19, the orbit OJ (a) has a smooth manifold structure

when J is am-closed, regardless of spec (a). Is that hypothesis on J really neces-

sary? It is only used to find a direct complement to the Lie algebra of the isotropy

group.

3.2. Dual pairs. We now prove a version of the above Theorem 3.19 in which the

normal operator a is not necessarily compact, in the setting provided by dual pairs

of ideals as already used in Lemma 3.6.

The following lemma is needed in the proofs of Proposition 3.22 and Lemma 5.7.

Lemma 3.21. Let X and X1 be real Banach spaces endowed with a bilinear func-

tional ⟨·, ·⟩ : X ×X1 → R that gives rise to a topological isomorphism of the Banach

space X onto the topological dual of the Banach space X1. Moreover, we assume

that a norm that defines the topology of X1 has been fixed, and (S,+) is an abelian

semigroup with a mapping α : S → B(X ), s 7→ αs, satisfying the following condi-

tions:

• For all s, t ∈ S one has αs+t = αsαt.
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• One has M := sup
s∈S

∥αs∥ < ∞.

• For every s ∈ S there exists αs
∗ ∈ B(X1) with ⟨αs(x), x1⟩ = ⟨x, αs

∗(x1)⟩ for

all x ∈ X and x1 ∈ X1.

If we denote XS := {x ∈ X | (∀s ∈ S) αs(x) = x}, then there exists Ẽ ∈ B(X )

with Ẽ2 = Ẽ, ∥Ẽ∥ ≤ M , and Ẽ(X ) = XS.

Proof. We adapt the method of proof of [BePr07, Th. 3.1(a)] to real Banach spaces.

To this end let D : X → X ∗
1 , x 7→ ⟨x, ·⟩, be the topological isomorphism that exists

by hypothesis. Also let ℓ∞C (S) be the commutative C∗-algebra consisting of all

bounded functions ξ : S → C, and for every t ∈ S define Lt : ℓ
∞
C (S) → ℓ∞C (S),

(Ltξ)(s) := ξ(t + s). Since S is an abelian semigroup, it is well known that it has

an invariant mean. (See [Di50, Th. 2(α)].) That is, the C∗-algebra ℓ∞C (S) has a

state µ : ℓ∞C (S) → C satisfying µ ◦ Lt = µ for all t ∈ T .

Now let ℓ∞X (S) be the real Banach space of all bounded functions f : S → X and,

using the hypothesis, note that the bounded linear operator

ι : X → ℓ∞X (S), (ι(x))(s) := αs(x)

is well defined and ∥ι∥ ≤ M . Moreover, for arbitrary t ∈ S and x1 ∈ X1 one has

⟨(ι(x))(·), x1⟩ ∈ ℓ∞C (S) and

Lt(⟨(ι(x))(·), x1⟩) = ⟨(ι(x))(t+ ·), x1⟩ = ⟨αt(ι(x))(·), x1⟩. (3.8)

We then define

Ẽ : X → X , ⟨Ẽ(x), x1⟩ := µ(⟨(ι(x))(·), x1⟩).

Since D : X → X ∗
1 is a topological isomorphism, it follows that Ẽ : X → X is a

bounded linear operator with ∥Ẽ∥ ≤ M .

If x ∈ XS , then ι(x) : S → X is the constant function that is equal to x ev-

erywhere on S, hence, using µ(1) = 1 (where 1 ∈ ℓ∞C (S) is the unit element), we

easily obtain Ẽ(x) = x. On the other hand, for arbitrary t ∈ S, using the property

µ ◦ Lt = µ, one obtains

⟨αt(Ẽ(x)), x1⟩ = ⟨Ẽ(x), αt
∗(x1)⟩

= µ(⟨(ι(x))(·), αt
∗(x1)⟩)

= µ(⟨αt((ι(x))(·)), x1⟩)
= µ(Lt(⟨(ι(x))(·), x1⟩))
= µ(⟨(ι(x))(·), x1⟩)

= ⟨Ẽ(x), x1⟩

where for the fourth and fifth equalities we have used (3.8) and µ ◦ Lt = Lt,

respectively. Consequently αt ◦ Ẽ = Ẽ. Thus Ẽ(X ) ⊆ XS and Ẽ(x) = x for every

x ∈ XS , and then Ẽ(Ẽ(x)) = x for every x ∈ X and moreover E(X ) = XS , which

completes the proof. □

The following fact is a simultaneous extension of [Be06, Th. 9.29(ii)] from ad-

missible pairs to dual pairs and of [BeRa05, Prop. 4.5] to the non-reflexive case.
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Proposition 3.22. If (J ,J1) is a dual pair of ideals and a ∈ B(H)nor, then the

following assertions hold.

(i) There exists a bounded linear operator Ẽ : uJ → uJ with Ẽ2 = Ẽ and

Ẽ(uJ ) = L(UJ (a)), thus

uJ = L(UJ (a))⊕Ker Ẽ.

(ii) UJ (a) is a Banach-Lie subgroup of UJ .

Proof. (i) For every (s, t) ∈ R2 we define

α(s,t) : B(H) → B(H), α(s,t)(x) = ei(sa+ta∗)xe−i(sa+ta∗),

and it is clear that α(s,t)|J = (α(s,t)|J1
)∗ with respect to the duality J ≃ J ∗

1 given

by (3.2). Moreover,

L(UJ (a)) = {x ∈ uJ | (∀(s, t) ∈ R2) α(s,t)(a) = a}.

It then follows by Lemma 3.21 applied for the additive (semi-)group S = (R2,+)

that there exists a bounded linear operator Ẽ : uJ → uJ with Ẽ2 = Ẽ and Ẽ(uJ ) =

L(UJ (a)), hence Ker Ẽ is a direct complement to the Lie algebra of UJ (a) in the

Lie algebra of UJ .

(ii) This has the same proof as in Theorem 3.19. □

Regarding examples to which Proposition 3.22 applies, we mention that for every

symmetric norming function Φ with its dual symmetric norming function Φ∗, the

pair of symmetrically normed operator ideals (SΦ∗ ,S
(0)
Φ ), as defined in [BeRa05,

Rem. 4.2(iii)], is a dual pair in the above sense.

With the same proof as in Theorem 3.19, and by means of Proposition 3.22, we

obtain the differentiable structure of the orbit as a corollary:

Corollary 3.23. If (J ,J1) is a dual pair of ideals and a ∈ B(H)nor, then the orbit

O := OJ (a) is a real analytic Banach manifold, and a homogeneous space for the

smooth action of A : UJ ×O → O, A(u, b) = ubu∗.

4. Closures of unitary orbits

In this section, we examine the closures of unitary orbits for the different topolo-

gies, namely the ones defined by the operator norm or by various symmetric ideal

norms (Theorem 4.6). We recall that the ideal of finite rank operators F(H) is

dense in any separable symmetrically normed ideal I ⊆ B(H).

Remark 4.1. If a, b ∈ B(H)nor, then b ∈ OB(H)(a)
∥·∥

if and only if the following

conditions are satisfied:

(i) One has spec (a) = spec (b).

(ii) Each isolated point of spec (a) has the same multiplicity as an eigenvalue of a

and as an eigenvalue of b.

These conditions are further equivalent to the condition that if Ea(·) and Eb(·) are
the spectral measures of a and b, respectively, then for every open subset D ⊆ C
one has rankEa(D) = rankEb(D). See [GePa74, Th. 1], [Fi77, Rem. on page 219],

[Sh07, Th. 1.1] for proofs of these facts.
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Definition 4.2. For every operator a ∈ B(H)nor, we denote by pa the orthogonal

projection onto the closure of the range of a, that is pa = p
Ran (a)

. Since a ∈
B(H)nor, we have

pa = p|a| = Ea(C) (4.1)

where Ea(·) is the spectral measure of a. It will be useful to consider the set of

partial isometries V(H) acting in H, and also the subset of partial isometries with

fixed initial space

Va = {v ∈ V(H) : v∗v = pa},

a closed subset of B(H).

Lemma 4.3. Let a ∈ K(H)nor. Then b ∈ OB(H)(a)
∥·∥

if and only if there exists

v ∈ Va with b = vav∗. In that case, a = v∗bv and vv∗ = pb.

Proof. If b ∈ OB(H)(a)
∥·∥

then rankEa(C) = rankEb(C) by Remark 4.1. Hence,

by (4.1), there exists an isometry v from the (closure of) the range of a to the

(closure of) the range of b; extending it as 0 on (Ran a)⊥ = Ker a∗, we obtain a

partial isometry such that v∗v = pa and b = vav∗.

Conversely, if b = vav∗ for some partial isometry v with v∗v = pa, and vv∗ = pb
then for each eigenvalue of a, if pk is the corresponding eigen-projection, let qk =

vpkv
∗. Clearly bqk = vav∗vpkv

∗ = vapkv
∗ = λkqk. Thus, the operator b has the

same eigenvalues with the same multiplicity as a, and by Remark 4.1, we obtain

b ∈ OB(H)(a)
∥·∥

. Finally, since v∗bv = v∗vav∗v = a, the range of vv∗ is the closure

of the range of b. □

In the notation of Lemma 4.3,

Ker v = Ker a, Ran v = Ran b, Ker v∗ = Ker b, Ran v∗ = Ran a,

and then the uniform norm closure of the full unitary orbit of a is obtained by acting

with partial isometries v with initial space equal to the (closure of) the range of a.

Proposition 4.4. If I ⫋ B(H) is an operator ideal, and a ∈ Inor, then we have

OB(H)(a)
∥·∥

⊆ I.

Proof 1. Use Lemma 4.3. □

Proof 2. Let un ∈ B(H) be a sequence of unitary operators with lim
n→∞

u∗
naun = b

in the operator norm topology. Then, by the well-known continuity property of

the functional calculus with respect to sequences of normal operators, for every

continuous function f : C → C one has

lim
n→∞

u∗
nf(a)un = lim

n→∞
f(u∗

naun) = f(b)

in the operator norm topology. In particular, for f(·) = | · |, we obtain |b| ∈
OB(H)(|a|)

∥·∥
. It then follows by Remark 4.1 that the sequences of singular numbers

of the operators a and b coincide: sn(b) = sn(a) for every n ≥ 1. Since a ∈ I, it
now follows that b ∈ I, as explained at the top of [Sch60, page 26]. □
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To study the unitary orbits for the action of the groups UJ , we begin by noting

that two finite dimensional subspaces are conjugated by a special unitary if they

have the same dimension.

Lemma 4.5. For any linear subspaces E1, E2 ⊆ H with dim E1 = dim E2 < ∞, there

exists u ∈ UF(H)(H) with uE1 = E2.

Proof. Let E := E1 + E2. Since dim E1 = dim E2, there exists v0 ∈ U(E) with

v0(E1) = E2. Defining u ∈ U(H) by u|E1
= v0 and u = idH on E⊥

1 (⊆ H), one has

u ∈ UF(H)(H) since dim E1 < ∞, and on the other hand uE1 = E2. □

Theorem 4.6. For any symmetrically normed ideal I ⫋ B(H), the following con-

ditions are equivalent:

(i) The ideal I is separable.

(ii) For every a ∈ Inor one has OB(H)(a)
∥·∥

⊆ OF(H)(a)
∥·∥I

.

(iii) For every operator a ∈ I with a ≥ 0 one has OB(H)(a) ⊆ OF(H)(a)
∥·∥I

.

If any of these conditions is satisfied, then for any a ∈ Inor one has

OF(H)(a)
∥·∥I

= OI(a)
∥·∥I

= OB(H)(a)
∥·∥I

= OB(H)(a)
∥·∥

.

Proof. The last assertion follows since F(H) ⊆ I ⊆ B(H) and ∥ · ∥ ≤ ∥ · ∥I , and
then it is easily seen that

OF(H)(a)
∥·∥I ⊆ OI(a)

∥·∥I ⊆ OB(H)(a)
∥·∥I ⊆ OB(H)(a)

∥·∥
⊆ I

where the last inclusion follows by Proposition 4.4.

(i)⇒(ii): We prove that for arbitrary b ∈ OB(H)(a)
∥·∥

one has b ∈ OF(H)(a)
∥·∥I

.

Since the ideal I is separable, it must be proper hence I ⊂ K(H), thus a ∈ K(H).

Since b is a uniform limit of compact operators, it must be compact itself. It follows

by Remark 4.1 that there exists n0 ∈ N ∪ {ℵ0} with

spec (a) \ {0} = spec (b) \ {0} = {λn | 1 ≤ n < n0}

where λn ̸= λm if n ̸= m. Moreover, if 1 ≤ n < n0, it follows by Remark 4.1

along with Lemma 4.5 that there exists vn ∈ UF(H) with vn(E
a(λk)H) = Eb(λk)

for k = 1, . . . , n. It then follows that vn((E
a(λk)H)⊥) = (Eb(λk))

⊥ (since vn is

unitary) and then

vnE
a(λk)v

∗
n = Eb(λk) if 1 ≤ k ≤ n.

Denoting pn :=
n∑

k=1

Ea(λk) and qn :=
n∑

k=1

Eb(λk), we have vn(apm)v∗n = bqm, hence

vnav
∗
n − b = vn(a− apm)v∗n + (bqm − b) if n ≥ m. (4.2)

Since a, b ∈ I and I is a separable symmetrically normed ideal, it follows by

[GoKr69, Ch. III, Th. 6.3] that for arbitrary ε > 0 there exists mε ≥ 1 with

∥a − apmε∥I < ε and ∥b − bqmε∥I < ε. Then, by (4.2), for every n ≥ mε one

has ∥vnav∗n − b∥I < 2ε. Consequently lim
n→∞

∥vnav∗n − b∥I = 0, which shows that

b ∈ OF(H)(a)
∥·∥I

, as claimed.

(ii)⇒(iii): Obvious.
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(iii)⇒(i): We prove that if I is not separable, then there exists a ∈ I with a ≥ 0

and OB(H)(a) ̸⊆ OF(H)(a)
∥·∥I

.

Since I is a symmetrically normed ideal, one hasS1(H) ⊆ I, and moreover, since

I is not separable, we actually have S1(H) ⫋ I. (See [GoKr69, Ch. III, §2, pages

69–70].) Hence there exists x0 ∈ I with x0 ≥ 0, whose sequence of singular values

(sk(x0))k≥1 is bi-normalizing, that is, limk→∞ sk(x0) = 0 and
∑

k sk(x0) = ∞.

Let {ek}k≥1 be an orthonormal basis ofH, and {ek⊗ek}k≥1 be the corresponding

sequence of rank-one orthogonal projections. For x ∈ K(H) let

∥x∥I0
= sup

{ ∑n
k=1 sk(x)∑n
k=1 sk(x0)

: n ∈ N
}

which induces a symmetric norm in K(H) [GoKr69, Ch. III, Th. 14.1], and

we let I0 = {x ∈ K(H) : ∥x∥I0 < ∞}. Let a =
∑
k≥1

sk(x0)e2k ⊗ e2k and b =∑
k≥1

sk(x0)e2k−1 ⊗ e2k−1. We have b = uau∗ for unitary operator u ∈ B(H) satisfy-

ing ue2k = e2k−1, ue2k−1 = e2k for k ≥ 1, hence b ∈ OB(H)(a). Since the sequences

of singular values of a, b, and x0 coincide and x0 ∈ I, it is also easy to check that

a, b ∈ I. (Cf. [Sch60, page 26].) Moreover

lim
n→∞

∑n
k=1 sk(a)∑n
k=1 sk(x0)

= 1

and likewise with b and b − a. This shows [GoKr69, loc. cit] that neither of

a, b, a − b belongs to Im
0 , which is the closure of finite rank operators in the norm

of I0. Assume b ∈ OF(H)(a)
∥·∥I

. Then b = limn unau
∗
n with un = 1 + xn and

xn ∈ F(H), implying

b− a = lim
n

xna+ ax∗
n + xnax

∗
n

which is impossible since xna+ ax∗
n + xnax

∗
n ∈ F(H) for all n ≥ 1, while we have

seen above that b−a ̸∈ Im
0 . Thus b ∈ OB(H)(a)\OF(H)(a)

∥·∥I
, and we are done. □

We now obtain the following generalization of [GKMS18, Th. 5.1].

Corollary 4.7. Let I ⊆ B(H) be a separable symmetrically normed ideal. If a ∈
Inor, then OB(H)(a) is a closed subset of I if and only if a ∈ F(H).

Proof. If a ∈ F(H) then OB(H)(a) is a closed subset of I by Theorem 3.13.

Now assume a ∈ I \ F(H). Since a is a compact operator, it follows that the

closure of its range is a closed infinite-dimensional subspace Ha ⊆ H. Since Ha

is infinite-dimensional, there exists a closed infinite-dimensional subspace Hb for

which the orthogonal complements H⊥
a and H⊥

b have differing dimensions, and in

particular no unitary operator in U(H) maps Ha onto Hb. Nevertheless, since Ha

and Hb are closed infinite-dimensional subspaces of the separable Hilbert space

H, there exists a partial isometry v ∈ B(H) whose initial subspace is Ha and

whose final subspace is Hb. If we define b := vav∗, it follows that Hb is the

closure of the range of b. If b = uau∗ for some unitary operator u ∈ U(H), then

u(Ha) = Hb, which is impossible by the above remarks. Thus b ̸∈ OB(H)(a).
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However b ∈ OB(H)(a)
∥·∥

by Lemma 4.3. Moreover OB(H)(a)
∥·∥I

= OB(H)(a)
∥·∥

by

Theorem 4.6, hence b ∈ OB(H)(a)
∥·∥I

. This shows that OB(H)(a) is not a closed

subset of I, and we are done. □

Remark 4.8. Corollary 4.7 for I = K(H) shows that for any a ∈ K(H)nor, its

unitary orbit OB(H)(a) is closed in B(H) if and only if a has finite spectrum, or,

equivalently, finite rank.

5. On the orbits of the action groupoid V(M) ∗Mnor ⇒ Mnor

In the present section we use some basic terminology related to groupoids. A

quite convenient reference in this connection is [OdSl16, App.], while the general

theory of Banach-Lie groupoids is developed in [BGJP19].

Motivated by the results of Section 4 (e.g., Lemma 4.3), we investigate the action

of the groupoid of partial isometries on the set of normal operators in a von Neu-

mann algebra. Specifically, we establish smoothness properties of the corresponding

groupoid orbits (Corollary 5.14) and we describe the norm closures of the groupoid

orbits (Proposition 5.4 and Corollary 5.5). Finally, we study the natural topolo-

gies carried by the groupoid orbits of normal operators (Theorems 5.18 and 5.22).

We also obtain some results regarding groupoid orbits in von Neumann algebras,

inspired by [BO19, Th. 3.4] on Banach manifold structures of the coadjoint orbits

of the Banach-Lie groupoid of partial isometries. However, the present approach is

completely different and, even in the special case M = B(H), the present result can

be recovered from [BO19, Th. 3.4] only in the special case of self-adjoint trace-class

operators, while here we study arbitrary normal operators.

The following definition is an illustration of the general framework of groupoid

actions; see for instance [OdSl16, App. C].

Definition 5.1. Let M be any W ∗-algebra with its lattice of projections

P(M) := {p ∈ M | p = p2 = p∗},

and its set of partial isometries

V(M) := {v ∈ M | v∗v ∈ P(M)}

regarded as a Banach-Lie groupoid V(M) ⇒ P(M). (See for instance [BGJP19]

and the references therein). We recall the notation

Msa := {x ∈ M | x∗ = x} and Mnor := {y ∈ M | y∗y = yy∗}

for the sets of self-adjoint and of normal operators respectively. For every y ∈ Mnor

let p(y) := py. This is the orthogonal projection onto Ran y for any faithful

representation M = M′′ ⊆ B(H), and it can be abstractly defined e.g., as the

smallest p ∈ P(M) satisfying py = y.

We then define V(M) ∗Mnor ⇒ Mnor as the action groupoid given by the action

of the groupoid of partial isometries V(M) ⇒ P(M) on Mnor via the moment map

p : Mnor → P(M). More specifically,

V(M) ∗Mnor := {(v, y) ∈ V(M)×Mnor | v∗v = p(y)}
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the source/target maps are

Mnor V(M) ∗Mnortoo s // Mnor , s(v, y) := y, t(v, y) := vyv∗

while the multiplication is given by

(v1, y1) · (v2, y2) := (v1v2, y2)

if (v1, y1), (v2, y2) ∈ V(M) ∗Mnor satisfy s(v1, y1) = t(v2, y2). In particular v∗1v1 =

v2v
∗
2 , so v1v2 ∈ V(M). For later use, we note the following:

if (v, y) ∈ V(M)×Mnor then p(vyv∗) = vp(y)v∗. (5.1)

The groupoid orbit of any a ∈ Mnor is

Oa := {vav∗ | (v, a) ∈ V(M) ∗Mnor}.

5.1. On the closures of groupoid orbits.

Lemma 5.2. For every W ∗-algebra the following assertions hold.

(i) If a ∈ Mnor and b ∈ Oa then spec (a) ∪ {0} = spec (b) ∪ {0}.
(ii) If a ∈ Mnor, b ∈ Oa, and {an}n≥1 is a sequence in Oa with lim

n→∞
an = b in

the operator norm topology, then for every function f ∈ C(spec (a) ∪ {0}) we

have lim
n→∞

f(an) = f(b) in the operator norm topology.

Proof. (i) Since b ∈ Oa there exists a sequence {an}n≥1 in Oa with lim
n→∞

an = b in

the operator norm topology. For every n ≥ 1 we have an ∈ Oa and then it is easily

checked that spec (an) ∪ {0} = spec (a) ∪ {0}. On the other hand, we also have

an ∈ Mnor. The assertion then follows by the norm continuity of the spectrum on

the set of normal operators. (See for instance [Ha82, Sol. 105].)

(ii) We have already seen that spec (b) ∪ {0} = spec (a) ∪ {0} = spec (an) ∪ {0}
for all n ≥ 1, hence the assertion follows by the norm continuity of the functional

calculus with continuous functions. (See for instance [Ha82, Sol. 126].) □

Lemma 5.3. Let a, b ∈ B(H)nor with their spectral measures denoted by Ea and Eb,

respectively. Then for arbitrary ε ∈ (0,∞) there exist an integer r ≥ 1, mutually

disjoint open sets ∆1, . . . ,∆r ⊆ C, and a closed subset N ⊆ C \ (∆1 ⊔ · · · ⊔ ∆k)

satisfying

spec (a) = N ⊔
r⊔

k=1

(spec (a) ∩∆k) (5.2)

and moreover |z − w| ≤ ε if z, w ∈ ∆k for k = 1, . . . , r, and Ea(N) = Eb(N) = 0.

Proof. This is a by-product of the proof of [GePa74, Th. 1]. □

In the following statement we use the traditional notation ∼ for Murray-von

Neumann equivalence of projections. That is, if M is a W ∗-algebra and p, q ∈
P(M), then we write p ∼ q if and only if there exists v ∈ M with v∗v = p and

vv∗ = q. In terms of groupoid orbits we have Op = {q ∈ P(M) | p ∼ q} for every

p ∈ P(M), as noted in [OdSl16].
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Proposition 5.4. Consider the von Neumann algebra M = B(H). If a, b ∈ Mnor

with their spectral measures denoted by Ea and Eb, respectively, then the following

conditions are equivalent:

(i) One has b ∈ Oa.

(ii) One has spec (a) ∪ {0} = spec (b) ∪ {0} and Ea(∆) ∼ Eb(∆) in M for every

open subset ∆ ⊆ C \ {0}.

Proof. “(i) =⇒ (ii)” We have spec (a) ∪ {0} = spec (b) ∪ {0} by Lemma 5.2(i). For

an arbitrary open subset ∆ ⊆ C\{0} we now separately discuss two cases that may

occur:

Case 1: The set ∆ ∩ spec (a) is infinite, hence ∆ ∩ spec (b) is infinite as well.

Then it is easily checked that both projections Ea(∆), Eb(∆) ∈ P(M) have infinite

rank, hence Ea(∆) ∼ Eb(∆) in M = B(H).

Case 2: The set ∆ ∩ spec (a) is finite, hence ∆ ∩ spec (b) is finite as well. Then

the characteristic function f := χ∆∩spec (a) satisfies f ∈ C(spec (a) ∪ {0}). For any

sequence {an}n≥1 in Oa with lim
n→∞

an = b in the operator norm topology we then

have lim
n→∞

f(an) = f(b) in the operator norm topology again, by Lemma 5.2(ii).

Here f(b) = Eb(∆) and f(an) = Ean(∆) are orthogonal projections for every n ≥ 1

by the way the function f was chosen, hence there exists n0 ≥ 1 for which the rank

of f(an) is equal to the rank of f(b) for every n ≥ n0. On the other hand, for every

n ≥ 1 we have an ∈ Oa, and then it is easily checked that the rank of f(an) is equal

to the rank of f(a) since ∆ ⊆ C \ {0}. Consequently the rank of f(a) is equal to

the rank of f(b), that is, Ea(∆) ∼ Eb(∆) in M = B(H).

“(ii) =⇒ (i)” We show that for arbitrary ε ∈ (0,∞) there exists v ∈ M with

v∗v = p(a) and ∥vav∗ − b∥ ≤ 2ε.

To this end we first use Lemma 5.3 to find the partition (5.2). Then

spec (b) \ {0} = spec (a) \ {0} = (N \ {0}) ⊔
k⊔

r=1

((spec (a) \ {0}) ∩∆k)

with Ea(N \ {0}) ≤ Ea(N) = 0 and Eb(N \ {0}) ≤ Eb(N) = 0. Therefore we

obtain the sums of mutually orthogonal projections in M

1 = Ea(0) +

r∑
k=1

Ea((spec (a) \ {0}) ∩∆k), (5.3)

1 = Eb({0}) +
r∑

k=1

Eb((spec (b) \ {0}) ∩∆k). (5.4)

For k = 1, . . . , r let us denote pk := Ea((spec (a)\{0})∩∆k) and qk := Eb((spec (b)\
{0})∩∆k). We have pk ∼ qk in M by the hypothesis (ii), hence there exists vk ∈ M

with v∗kvk = pk and vkv
∗
k = qk. Defining

v := v1 + · · ·+ vr ∈ M

we have v∗v = p1 + · · ·+ pr = p(a) by (5.3) and similarly vv∗ = p(b) by (5.4).

We now check that ∥vav∗ − b∥ ≤ 2ε. To this end select zk ∈ ∆k arbitrary. Then

|w − zk| ≤ ε for all w ∈ ∆k. (See Lemma 5.3.) It is then straightforward to check
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that

∥(b− zk1)qk∥ ≤ ε and ∥(a− zk1)pk∥ ≤ ε.

On the other hand, qkv = qkvk = vkv
∗
kvk = vkpk hence v∗qk = pkv

∗
k = pkv

∗
kqk, and

then

vav∗qk = vapkv
∗
kqk = v(a− zk1)pkv

∗qk + zkvpkv
∗qk = v(a− zk1)pkv

∗qk + zkqk.

This further implies

(vav∗ − b)qk = v(a− zk1)pkv
∗qk + (zk − b)qk

hence

∥(vav∗ − b)qk∥ ≤ ∥(a− zk1)pk∥+ ∥(b− zk1)qk∥ ≤ 2ε for k = 1, . . . , r.

Moreover, the projection qk commutes with both operators vav∗ and b for k =

1, . . . , r, hence

∥(vav∗ − b)(q1 + · · ·+ qr)∥ ≤ 2ε.

Finally, since p(vav∗) = vp(a)v∗ = vv∗vv∗ = vv∗ = q1+· · ·+qr = p(b), we actually

have ∥vav∗ − b∥ ≤ 2ε, and this completes the proof. □

Corollary 5.5. Consider the von Neumann algebra M = B(H). If a ∈ Mnor, then

the following conditions are equivalent:

(i) The groupoid orbit of the operator a is closed in M in the operator norm

topology.

(ii) The compact set spec (a) accumulates at most at the point 0 ∈ C.

Proof. (i) =⇒ (ii) Assume there exists an accumulation point z0 ∈ spec (a) \ {0}
and denote p0 := Ea(z0) ∈ P(M). Two cases may occur:

Case 1: p0 ̸= 0, that is, z0 is an eigenvalue of the normal operator a. If we define

b := (1− p0)a = a− z0p0 ∈ M

then it is easily seen that spec (b) = spec (a) since z0 is an accumulation point

of spec (a). Moreover the projections Ea(∆) and Eb(∆) have equal ranks for ev-

ery open set ∆ ⊆ C \ {0}. Indeed, if z0 ∈ ∆, then both Ea(∆) and Eb(∆) have

infinite rank, while if z0 ̸∈ ∆, when Ea(∆) = Eb(∆). Therefore b ∈ Oa by Proposi-

tion 5.4((ii) =⇒ (i)). On the other hand, it is easily seen that z0 is not an eigenvalue

of b, hence Eb(z0) = 0 ̸= Ea(z0), which directly implies that b ̸∈ Oa, since z0 ̸= 0.

Case 2: p0 = 0. We then write H = H1⊕H2 where both summands are infinite-

dimensional. For any unitary operator v : H → H1, if we define

b := vav∗ ⊕ z0idH2
∈ B(H) = M

then we have spec (b) = spec (a) and the projections Ea(∆) and Eb(∆) have equal

ranks for every open set ∆ ⊆ C \ {0}. Therefore b ∈ Oa by Proposition 5.4((ii) =⇒
(i)). On the other hand Eb(z0) ̸= 0 = Ea(z0), which again implies that b ̸∈ Oa

since z0 ̸= 0.

(ii) =⇒ (i) For arbitrary b ∈ Oa we have spec (b) \ {0} = spec (a) \ {0} by

Lemma 5.2, hence the hypothesis on spec (a) implies that spec (b) \ {0} is a set of

isolated points of spec (b). It then easily follows by Proposition 5.4((i) =⇒ (ii))
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that for every λ ∈ spec (a) \ {0} there exists vλ ∈ M with v∗λvλ = Ea(λ) and

vλv
∗
λ = Eb(λ). Defining

v :=
∑

λ∈spec (a)\{0}

vλ ∈ M

we then obtain v∗v = p(a) and vv∗ = p(b). On the other hand, since a and b are

normal operators, it follows that Ea(λ) and Eb(λ) are the orthogonal projections

onto the eigenspaces of a and b corresponding to the eigenvalue λ, respectively.

This easily implies vav∗ = b, hence b ∈ Oa. Since this holds for arbitrary b ∈ Oa,

it follows that Oa is closed in M with respect to the operator norm topology. □

Remark 5.6. In Proposition 5.4, the implication (ii) =⇒ (i) actually holds true for

any W ∗-algebra M whose predual is separable, since such an M can be realized as a

von Neumann algebra on a separable Hilbert space, hence Lemma 5.3 is applicable

for the normal operators in M. It would be interesting to clarify the converse

implication (i) =⇒ (ii) as well. The method of proof of Proposition 5.4 is inspired

by the proof of [GePa74, Th. 1].

5.2. Smoothness properties of the groupoid orbits.

Lemma 5.7. If M is a W ∗-algebra, a ∈ Mnor and Ma := {x ∈ M | xa = ax}, then
Ma is a W ∗-subalgebra of M, there exists a conditional expectation Ẽ : M → Ma,

and the unitary group U(Ma) is a Banach-Lie subgroup of U(M).

Proof. Since a ∈ M and aa∗ = a∗a, there exist a1, a2 ∈ Msa with a1a2 = a2a1
and a = a1 + ia2. Then Ma = {x ∈ M | xaj = ajx for j = 1, 2} by the Fuglede

theorem, and this directly implies that Ma is a W ∗-subalgebra of M. Furthermore,

let us consider the abelian (semi)-group S = (R2,+) and define

α : S → B(M), α(t1,t2)(x) := ei(t1a1+t2a2)xe−i(t1a1+t2a2).

Then it is easily seen that Lemma 3.21 is applicable with X = M and XS = Ma.

We thus obtain Ẽ : M → M with Ẽ2 = Ẽ, ∥Ẽ∥ ≤ 1, and Ran Ẽ = Ma. It

follows by Tomiyama’s classical theorem that Ẽ is a conditional expectation, in

particular Ẽ(x∗) = Ẽ(x)∗ for all x ∈ M. This implies Ẽ(u(M)) ⊆ u(Ẽ), hence

Ẽ(u(M)) = u(Ma), u(M) = u(Ma)∔Ker (Ẽ|u(M)), and one obtains that U(Ma) is

a Banach-Lie subgroup of U(M) just as in the proof of Proposition 3.22. □

Lemma 5.8. Let G ⇒ M be a split Banach-Lie groupoid with its source/target

maps s, t : G → M . If m0,m1 ∈ M , then G(m0,m1) := s−1(m0) ∩ t−1(m1) is an

embedded submanifold of G, the isotropy group G(m0) := s−1(m0) ∩ t−1(m0) is a

Banach-Lie group, and for every h0 ∈ G(m0,m1) the mapping G(m0) → G(m0,m1),

g 7→ h0g is a split immersion.

Proof. This is a by-product of the proof of [BGJP19, Th. 3.3]. □

In the proof of the following results we use ideas from the proof of [BGJP19, Th.

3.3(iii)] on smooth orbits of some Banach-Lie groupoids. We emphasize however

that V(M) ∗Msa ⇒ Msa is not a Banach-Lie groupoid, since for instance its space

of arrows V(M) ∗Msa is not a Banach manifold.
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Definition 5.9. Let M be a W ∗-algebra. Consider the isotropy group of a with

respect to the groupoid action V(M) ∗Mnor ⇒ Mnor, which is given by

Ka := {w ∈ V(M) | w∗w = pa, waw∗ = a}

with identity element pa ∈ Ka. If we let

Va = {v ∈ V(M) | v∗v = pa}

we have Ka ⊆ Va and one has a natural right action of the group Ka on Va by

Va ×Ka → Va, (v, w) 7→ vw. (5.5)

We emphasize that the group action (5.5) is not transitive.

Remark 5.10. In Definition 5.9, the set Va is a closed embedded Banach submani-

fold of M, since it is a fiber of the mapping V(M) → P(M), v 7→ v∗v, a submersion

of Banach manifolds by [AnCoMb05, Prop. 3.4]. The construction of a specific

smooth atlas of Va can be found in [BO19, Subsect. 2.5], where the set P0 coincides

with the present Va if p0 = pa.

Note that for every w ∈ Ka one has ww∗ = pa by (5.1). Thus Ka is a subgroup

of the unitary group of the W ∗-algebra paMpa. Using Lemma 5.7 we then obtain

that Ka is a Banach-Lie subgroup of Ua = U(paMpa).

Now note that the mapping Ψ: Va/Ka → Oa, Ψ(vKa) := vav∗, is a well-defined

bijection. Therefore to give the orbit a differentiable structure it suffices to obtain

one for the quotient space.

Proposition 5.11. Let M be a W ∗-algebra. If a ∈ Mnor, then its groupoid orbit

Oa has the structure of a Banach manifold for which the inclusion map Oa ↪→ M

is smooth and its tangent map at every point of the orbit is injective. Moreover the

action map αa : Va → Oa, v 7→ vav∗, is a smooth principal bundle whose structural

group is Ka.

Proof. To obtain the Banach manifold structure of Oa ≃ Va/Ka for which the

quotient map Va → Va/Ka is a submersion, we can use [BGJP19, Lemma 2.5]. To

this end we must check that the following conditions are satisfied:

(a) The group action (5.5) is smooth, free, and proper.

(b) For every v ∈ Va the mapping Lv : Ka → Va, w 7→ vw, is a split immersion.

(a) The group action (5.5) is smooth since it is the restriction of a bilinear

map, which is smooth. To check that the group action (5.5) is proper, one may

use [BGJP19, Lemma 2.3]. Finally, the group action (5.5) is free since it is the

restriction of a groupoid multiplication.

(b) Recall that Ua = U(paMpa), and note that Ua is the isotropy group of

pa ∈ P(M) in the Banach-Lie groupoid V(M) ⇒ P(M). Then the right group

action (5.5) extends to the smooth action

Va × Ua → Va, (v, u) 7→ vu,

which leads to the smooth mapping L̃v : Ua → Va, u 7→ vu. It follows by Lemma 5.8

that L̃v is a split immersion. Since we noted in the remark before this proposition
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that Ka is a Banach-Lie subgroup of Ua and Lv = L̃v|Ka
, it then follows that the

mapping Lv : Ka → Va is a split immersion, as claimed.

It remains to show that the inclusion map ι : Oa ↪→ M is smooth and its tangent

map at every point is injective. To this end we use the commutative diagram

Va

q

��

αa // M

Va/Ka
Ψ // Oa

?�

ι

OO

in which q : Va → Va/Ka is the quotient map and αa : Va → M, αa(v) := vav∗.

Here q is a submersion and Ψ is by definition a diffeomorphism. Therefore, in order

to complete the proof, it suffices to show that α is smooth and for every v ∈ Va one

has

Ker (Tv(αa)) = Ker (Tvq)

which is clear. □

Example 5.12. As mentioned at the beginning of this section, we work in the

setting of Banach-Lie groupoids as developed in [BGJP19]. In particular, the model

spaces of the connected components of the Banach manifolds need not be isomorphic

to each other. To illustrate this point, we specialize Proposition 5.11 to the case

when a ∈ Mnor is an injective operator, or, equivalently, pa = 1 ∈ M. Then

Va = {v ∈ M | v∗v = 1}

is the set of all isometries in M.

If M is a finite W ∗-algebra, then Va = U(M), hence

Oa = {vav∗ | v ∈ U(M)} ≃ U(M)/U(Ma)

and Ka = U(Ma), where Ma is defined in Lemma 5.7. Thus Oa is a connected

Banach manifold in this case, since U(M) is a connected Banach-Lie group.

If however M = B(H) for a separable infinite-dimensional Hilbert space H, let

us further assume a = 1. Then

Oa = {vav∗ | v ∈ Va} = {vv∗ | v ∈ B(H), v∗v = 1}

= {p ∈ B(H) | p = p2 = p∗, dim(pH) = ∞}.

and this has the structure of a Banach manifold by Proposition 5.11. This is actually

the union of some of the connected components of the Grassmann manifold P(M)

for M = B(H). Specifically, for any n ≥ 1, let us fix a projection pn ∈ B(H) with

dim(pnH) = n, and let us also fix a projection p∞ ∈ B(H) with dim(p∞H) =

dim((1− p∞)H) = ∞. Then we have the disjoint union of connected components

Oa = O(p∞) ⊔
⊔
n≥1

O(1− pn).

We note that for any projection p ∈ B(H) its unitary orbit O(p) is diffeomorphic

to the smooth homogeneous space U(H)/U({p}′) and we have an isomorphism of

Banach-Lie groups U({p}′) ≃ U(pH)×U((1− p)H).
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Definition 5.13 (two topologies). Let M be a W ∗-algebra, a ∈ Mnor, and recall

the bijection Ψ: Va/Ka → Oa from Remark 5.10. The manifold topology of the

groupoid orbit Oa is the quotient topology for the open map αa : Va → Oa,

αa(v) := vav∗, hence we will denote the corresponding topological space by (Oa, τq).

Since Va has the norm topology, a basis of neighborhoods for this topology at the

point q(pa) = a ∈ Oa is given by

Wε := {αa(w) : w ∈ Va, ∥w − pa∥ < ε} = {waw∗ : w∗w = pa, ∥w − pa∥ < ε}.

For given v ∈ Va and b = αa(v) = vav∗ ∈ Oa, a basis of neighborhoods around b is

given by the sets

Zε := {αa(z) : z ∈ Va, ∥z − v∥ < ε} = {zaz∗ : z∗z = pa, ∥z − v∥ < ε}.

The norm topology of Oa will be denoted by (Oa, τM). It is clear that the identity

map i : (Oa, τq) → (Oa, τM) is continuous, for, if wn ∈ Va and lim
n→∞

∥wn − pa∥ = 0,

then lim
n→∞

∥wnaw
∗
n − a∥ = 0.

The topology of Oa considered in the following corollary is the manifold topology,

i.e., the quotient topology described above:

Corollary 5.14. Let M be a W ∗-algebra. Let a ∈ Mnor, let pa be its range projec-

tion. Let

Va = {v ∈ V(M) | v∗v = pa} and Ka := {v ∈ Va | vav∗ = a},

and let O(a) = {uau∗ | u ∈ U(M)} be the unitary orbit of a. Then Va is a

submanifold of M, Ka is a Banach-Lie subgroup and a submanifold of Va, and the

sets O(a) ⊆ Oa have structures of Banach manifolds having the following properties:

(i) The mapping αa : : Va → Oa, v 7→ vav∗, is a principal bundle whose structural

group is Ka.

(ii) The inclusion map Oa ↪→ M is smooth and its tangent map at every point is

injective.

(iii) The inclusion map ιa : O(a) ↪→ Oa is smooth and its tangent map at every

point is injective.

Proof. (i)–(ii) These assertions follow by Proposition 5.11.

(iii) The mapping κ : U(M) → Va, κ(u) := up, is smooth since Va is a sub-

manifold of M. Moreover, one has O(a) = qa(κ(U(M))) ⊆ qa(Va) = Oa and the

diagram

U(M)

q0

��

κ // Va

qa

��
O(a)

� � ιa // Oa

is commutative and its vertical arrows are submersions, where q0(u) := uau∗ for all

u ∈ U(M). Since κ is smooth, it then follows that ιa is smooth. Moreover, since

the inclusion map ι̃a : Oa ↪→ M is smooth and its tangent map is injective by (ii),

while ι̃a ◦ ιa is the inclusion map O(a) ↪→ M whose tangent map is well known to
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be injective at every point of O(a), it then follows that the tangent map of ιa is

injective at every point of O(a). □

Recall that V(H) denotes the set of partial isometries in B(H). Then, combining

Corollary 5.14 with Lemma 4.3, we obtain the following fact.

Corollary 5.15. Let a ∈ K(H)nor and

Va := {v ∈ V(H) | v∗v = pa} and Ka := {v ∈ Va | vav∗ = a}.

Then Va is a submanifold of B(H), Ka is a Banach-Lie group and a submanifold

of Va, and the set OB(H)(a)
∥·∥

has the structure of a Banach manifold having the

following properties:

(i) The mapping Va → OB(H)(a)
∥·∥

, v 7→ vav∗, is a principal bundle whose struc-

tural group is Ka.

(ii) The inclusion map OB(H)(a)
∥·∥

↪→ K(H) is smooth and its tangent map at

every point is injective.

(iii) The inclusion map OB(H)(a) ↪→ OB(H)(a)
∥·∥

= Oa is smooth and its tangent

map at every point is injective.

Proof. It follows by Lemma 4.3 that the mapping Va → OB(H)(a)
∥·∥

, v 7→ vav∗,

is surjective, hence OB(H)(a)
∥·∥

= Oa. The other assertions then follow by Corol-

lary 5.14. □

Remark 5.16 (weak immersions versus immersions). As mentioned in Corol-

lary 5.14, if M is a W ∗-algebra and a ∈ Mnor, then the inclusion i : Oa → M

is smooth, and its differential i∗ : TOa → M is continuous and injective at every

point of Oa, but not necessarily has closed range. We then say that the inclusion

map is a weak immersion as e.g., in [BGJP19]. If the range of i∗ at every point of

Oa is closed, we say that i is an immersion. (By Definition 3.10, this is a necessary

but not sufficient condition for the inclusion to be an embedding).

Definition 5.17. Let M be a W ∗-algebra and a ∈ Mnor with its corresponding

action map αa : Va → Oa, αa(v) = vav∗. For fixed v0 ∈ Va, we denote

δ0 = (αa)∗v0 : Tv0Va → M, δ0(x) = xav∗0 + v0ax
∗.

Let a0 := v0av
∗
0 ∈ Oa ⊆ Mnor, p0 := v0v

∗
0 , and E0 : M → Ma0 := {x ∈ M | xa0 =

a0x} be a conditional expectation given by Lemma 5.7. (It is noteworthy that the

conditional expectation E0 may be neither weakly continuous nor unique.)

We now show that for operators of finite spectrum, Example 5.12 is generic in a

certain sense:

Theorem 5.18. Let a ∈ Mnor. If spec (a) is a finite set, then Oa is the disjoint

union of the unitary orbits of ai = νiaν
∗
i for certain νi ∈ Va; these unitary orbits

O(ai) are the connected components of Oa, and they are open and closed in Oa. In

particular Oa ⊆ M is a closed embedded split submanifold.



UNITARY GROUP ORBITS VERSUS GROUPOID ORBITS OF NORMAL OPERATORS 35

Proof. If spec (a) is finite, the groupoid orbit Oa is closed by Corollary 5.5, and so

are the unitary orbits of any a0 ∈ Oa (Theorem 3.13); these unitary orbits O(a0)

are clearly disjoint and contained in Oa.

We claim that there exists ε > 0 depending only on spec (a) such that for any

a0 ∈ Oa

Oa ∩ {x : ∥x− a0∥ < ε} = O(a0) ∩ {x : ∥x− a0∥ < ε}.

This shows that the unitary orbits are open in Oa, and since they are embedded

split submanifolds ofM (Theorem 3.13), the assertion on the differentiable structure

of Oa follows. To prove the claim, write a =
n∑

j=1

λjqj , let a0 := v0av
∗
0 ∈ Oa for

fixed v0 ∈ Va, and let b = vav∗ ∈ Oa with v ∈ Va and ∥b− v0av
∗
0∥ < δ. Then

a0 =

n∑
j=1

λjv0qjv
∗
0 =

n∑
j=1

λjPj , b =

n∑
k=1

λjvqjv
∗ =

n∑
j=1

λjQj ,

where Pj := v0qjv
∗
0 and Qj := vqjv

∗ for j = 1, . . . , n. For each j = 1, . . . , n,

let fj : C → R be the polynomial of degree n − 1 with fj(λi) = 0 if i ̸= j, and

fj(λj) = 1, say fj(z) =
n−1∑
k=1

αkz
k. If gj(z) :=

n−1∑
k=2

k|αk|zk−1, then by [Dra16,

Corollary 4] we have

∥Qj − Pj∥ = ∥fj(b)− fj(a0)∥ ≤ gj(∥a∥)∥b− a0∥ < gj(∥a∥)δ.

Therefore if δ > 0 is sufficiently small, we have ∥vqjv∗ − v0qjv
∗
0∥ < ε, and we can

achieve

∥vv∗ − v0v
∗
0∥ = ∥vpav∗ − v0pav

∗
0∥ = ∥

n∑
j=1

vqjv
∗ − v0qjv

∗
0∥ < 1.

Hence, there exists u ∈ U(M) such that v = uv∗0 (in fact, u depends smoothly on v,

see [AnCo04, Section 2] and the references therein). Thus we see that b = ua0u
∗ ∈

O(a0), and we are done. □

Lemma 5.19. Let a ∈ B(H)nor. If δ0, E0 are as in Definition 5.17 for M = B(H),

then the following assertions hold true.

(1) Tv0Va = {x ∈ B(H) | x∗v0 + v∗0x = 0} = {zv0 | z∗ = −z ∈ B(p0H)}.
(2) L(Ka0) = Ker δ0 = v0 L(Ka)v

∗
0 = {zv0 | z∗ = −z ∈ B(p0H) ∩ RanE0}.

(3) Tv0Va = L(Ka0)⊕ S0, where S0 := {wv0 | w∗ = −w ∈ B(p0H) ∩KerE0}.
(4) Ran δ0 = Ran (δ0|S0

) = {[w, a0] | w∗ = −w ∈ B(p0H) ∩KerE0}.
(5) Ran δ0 = B(p0H) ∩KerE0.

(6) Ran δ0 is closed in B(H) if and only if spec (a) is finite.

Proof. The first and second assertions can be proved with elementary algebraic

manipulations using the definitions, and since id = (id−E0)+E0 so is the third one.

In fact, these facts reflect a natural principal connection carried by the principal

Ka-bundle αa : Va → Oa. See [BO19, Eq. (4.33)] and the end of [BO19, Subsect.

2.5].
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The fourth assertion follows from the previous one. In fact, if x = wv0 ∈ S0 with

w∗ = −w ∈ B(p0H) ∩KerE0, then

δ0(x) = xav∗0 + v0ax
∗ = wv0av

∗
0 + v0av

∗
0w

∗ = wa0 − a0w.

From there everything happens inside B(p0H), and it is apparent that Ran δ0 =

{[w, a0] : w∗ = −w ∈ B(p0H) ∩KerE0}.
If the spectrum of a is finite, so is the spectrum of a0 and with the same proof

as in Lemma 3.8 (but in H0 = p0H instead of H), we obtain that the range of δ0 is

closed and in fact equal to {[a0, z] : z∗ = −z ∈ B(p0H)∩KerE0}, thus we also have

the proof of (5) in this case. Now assume that the range of δ0 is closed; first consider

the case of p0 of finite dimension, thus a has finite range, and it must have finite

spectrum. If the dimension of p0 is infinite, so is the dimension of H0 = p0H, and

we are in the situation of Theorem 3.7, thus the spectrum of a0 is finite, therefore

the spectrum of a is finite (and we can also we conclude that (5) holds). □

Corollary 5.20. If Oa ↪→ B(H) is immersed, then spec (a) is finite and Oa is in

fact an embedded closed split submanifold.

Proof. If the groupoid orbit Oa ↪→ B(H) is immersed, then Ran δ0 is closed in B(H),

hence Lemma 5.19(6) implies that spec (a) is finite. Therefore, by Theorem 5.18,

Oa is an embedded closed split submanifold of B(H). □

5.3. Comparison of topologies. As mentioned in Definition 5.13, the manifold

topology τq of Oa is usually finer (has more open sets) than the norm topology τM.

In what follows we study the relation among the two topologies in more detail, for

the case of M = B(H).

It is well-known that if un is the unitary shifting e1 7→ e2 7→ · · · 7→ en 7→ e1
for any orthonormal basis of H, then un converges strongly to the shift operator

ek 7→ ek+1 (compare the proof of Theorem 3.14). With this example in mind, we

can prove the following:

Lemma 5.21. Let a ∈ B(H)nor such that spec (a) is infinite and accumulates only

at λ = 0. Then τq is strictly finer than τM in Oa.

Proof. Since the non-zero spectral values of a are isolated hence eigenvalues, we can

write a =
∞∑
k=1

λkQk with Qk disjoint orthogonal projections such that
∞∑
k=1

Qk = pa,

and λk ∈ C the eigenvalues of a. We further assume that |λk| ↘ 0. For each k ≥ 1,

pick a unit vector ξk ∈ RanQk and let pk = ξk ⊗ ξk be the orthogonal projection

onto the 1-dimensional subspace Cξk. Let u be the shift of these vectors, i.e.,

u =

∞∑
k=1

ξk+1 ⊗ ξk +Qk − pk ∈ B(H).
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Then we compute u∗u as follows:

u∗u =
( ∞∑
k=1

ξk ⊗ ξk+1 +Qk − pk
)( ∞∑

j=1

ξj+1 ⊗ ξj +Qj − pj
)
=

∞∑
k=1

pk +Qk − pk

=

∞∑
k=1

Qk = pa,

since (Qk − pk)(ξj ⊗ ξj+1) = 0 for each j, k ≥ 1. Therefore u ∈ Va. On the other

hand,

ua =
( ∞∑
k=1

ξk+1 ⊗ ξk +Qk − pk
)( ∞∑

j=1

λjQj

)
=

∞∑
k=1

λk

(
ξk+1 ⊗ ξk +Qk − pk

)
,

therefore

uau∗ =

∞∑
k=1

λk(Qk − pk) +

∞∑
k=1

λkpk+1. (5.6)

By taking λk ≡ 1, it is also clear that

uu∗ = upau
∗ =

∞∑
k=1

Qk − pk + pk+1 = pa − p1. (5.7)

Now for each n ≥ 2, let

un :=

n−1∑
k=1

ξk+1 ⊗ ξk + ξ1 ⊗ ξn +

n∑
k=1

(Qk − pk) +
∑

k≥n+1

Qk + (1− pa).

Then un ∈ B(H) is the unitary operator sending ξ1 7→ ξ2 7→ · · · 7→ ξn 7→ ξ1

and fixing the orthogonal complement of the range of
n∑

k=1

pk. It is then clear that

for k ≥ n + 1, we have unpk = pk, that unpnu
∗
n = p1, and unpju

∗
n = pj+1 for

1 ≤ j ≤ n− 1. Thus u∗
npkun = pk for k ≥ n+ 1, and moreover

u∗
npaun = pa, u∗

np1un = pn, and u∗
npj+1un = pj for 1 ≤ j ≤ n− 1. (5.8)

We now compute

una =
( n−1∑
k=1

ξk+1 ⊗ ξk + ξ1 ⊗ ξn +

n∑
k=1

(Qk − pk) +
∑

k≥n+1

Qk + (1− pa)
)(∑

j≥1

λjQj

)
=

n−1∑
k=1

(
λk ξk+1 ⊗ ξk

)
+ λn ξ1 ⊗ ξn +

n∑
k=1

λk(Qk − pk) +
∑

k≥n+1

λkQk,

and

unau
∗
n = λnp1 +

n−1∑
k=1

λkpk+1 +

n∑
k=1

λk(Qk − pk) +
∑

k≥n+1

λkQk. (5.9)

Let bn = u∗
nuau

∗un ∈ Ouau∗ = Oa, since u ∈ Va. We claim that ∥bn − a∥ → 0 but

that bn does not converge to a in τq. With this, it is apparent that the identity

map i : (O, τM) → (Oa, τq) is not continuous, therefore the conclusion of the lemma

follows.
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To prove the above claim, we first compute, using (5.6) and (5.9),

∥bn − a∥ = ∥uau∗ − unau
∗
n∥ = ∥λnp1 +

+∞∑
k=n

(λk − λk+1)pk+1 + λn+1Qn+1∥

= sup
k≥n+1

{|λn|, |λk+1 − λk|, |λn+1|} ≤ 2|λn| → 0.

Now let W = {waw∗ : w∗w = pa, ∥w− pa∥ < 1} be as in Definition 5.13. We claim

that bn ̸∈ W for any n ≥ 1, and this will finish the proof. If that is not the case,

suppose that there exists w ∈ Va such that ∥w − pa∥ < 1 and that

u∗
nuau

∗un = bn = waw∗.

Then, for each k ≥ 1,

wakw∗ = (waw∗)k = u∗
n(uau

∗)kun = u∗
nua

ku∗un.

Let f be a continuous function such that f ≡ 1 in the first j eigenvalues of a, and

is zero in a neighborhood of 0 and every other eigenvalue of a. Then f can be

uniformly approximated by polynomials with no constant term, therefore, denoting

Pj :=
j∑

k=1

Qk,

wPjw
∗ = wf(a)w∗ = u∗

nuf(a)u
∗un = u∗

nuPju
∗un.

The left-hand side converges in the strong operator topology to wpaw
∗, and the

right hand side to u∗
nupau

∗un = u∗
nuu

∗un. Therefore by (5.8) and (5.7),

ww∗ = wpaw
∗ = u∗

n(pa − p1)un = pa − pn (5.10)

and w∗ = w∗ww∗ = w∗(pa−pn). Hence w = paw−pnw, thus pnw = pnw−pnw = 0.

This proves that w = paw, and since wpa = w follows from w∗w = pa, it is clear

that w ∈ B(paH). Now the condition ∥w − pa∥ < 1 implies that w is invertible in

B(paH) = paB(H)pa, and since w∗w = pa, it must be ww∗ = pa, a contradiction

with (5.10). □

Theorem 5.22. Let a ∈ B(H)nor. If Oa is norm closed and τq = τM, then spec (a)

is a finite set, therefore Oa ⊆ B(H) is a closed embedded split submanifold.

Proof. If the groupoid orbit is closed, by Corollary 5.5, spec (a) accumulates at

most at λ = 0. If spec (a) is infinite, then we are in the situation of Lemma 5.21,

therefore Oa is not embedded, a contradiction. Thus spec (a) must be a finite set.

Everything else follows from Theorem 5.18. □

Combining the previous results we can draw the following conclusion.

Corollary 5.23. The closure of the unitary orbit O(a) of a compact normal op-

erator a ∈ B(H) with infinite spectrum (which is the groupoid orbit Oa of a) is

a weakly immersed submanifold of B(H) but never an immersed manifold, and its

manifold topology is always finer than the operator norm topology.

We end this paper with the following problem:
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Problem 5.24. Let a =
∑
j≥1

1
j pj +

∑
k≥1

(1 + 1
k )qk where {pj}j≥1 and {qk}k≥1 are

sequences of mutually orthogonal projections in the W ∗-algebra M = B(H). As-

sume further that the projections P :=
∑
j≥1

pj and Q :=
∑
k≥1

qk satisfy P + Q = 1.

Then the groupoid orbit Oa ⊆ B(H) is not an immersed manifold, and it is also

not closed. Is it locally closed? Does τq = τM hold?
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[Be06] D. Beltiţă, “Smooth homogeneous structures in operator theory”. Monographs and

Surveys in Pure and Applied Mathematics, 137. Chapman & Hall/CRC, Boca Ra-

ton, FL, 2006.
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