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Abstract

For a given complex �nite dimensional subspace S of Cn and a �xed basis, we study
the compact and convex subset of pRě0q

n that we call the moment of S

mS “convex hull
`

t|s|2 P Rn
ě0 : s P S ^ }s} “ 1u

˘

»tDiagpY q PMh
n pCq : Y ě 0, trpY q “ 1, PSY PS “ Y u

where |s|2 “ p|s1|
2, |s2|

2, . . . , |sn|
2
q. This set is relevant in the determination of

minimal hermitian matrices (M PMh
n such that }M `D} ď D for every diagonal D

and } } the spectral norm). We describe extremal points and curves of mS in terms of
principal vectors that minimize the angle between S and the coordinate axes. We also
relate mS to the joint numerical range W of n rank one nˆ n matrices constructed
with the orthogonal projection PS and the �xed basis used. This connection provides
a new approach to the description of mS and to minimal matrices. As a consequence
the intersection of two of these joint numerical ranges allow the construction or
detection of a minimal matrix, a fact that is easier to corroborate than the equivalent
condition for moments. It is also proved that mS is a semi-algebraic set equal to the
intersection of the mentioned W with a hyperplane and whose generated positive
cone coincides with that of W .
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1. Introduction

Given a subspace S of Cn, our main interest in the study of the set

mS “ conv
`

t|s|2 P Rně0 : s P S ^ }s} “ 1u
˘

where |s|2 “
`

|s1|
2, |s2|

2, . . . , |sn|
2
˘

with sj , j “ 1, . . . , n are the coordinates of s in
a �xed basis E “ te1, e2, . . . , enu (see Proposition 3.2 for other equivalent de�nitions
of mS). Its importance lies on its fundamental relation with what we call minimal

hermitian matrices M P M
p
nCq, that satisfy }M} ď }M ` D}, with D a diagonal

matrix and }M} “ sup}x}“1 }Mx}. Note that the consideration of diagonal matrices D
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requires the choice of a �xed orthonormal basis E of Cn. The relation between minimal
matrices and mS is the following

M is minimal ôM “ }M}
`

PS}M} ´ PS´}M}
˘

`R and mS}M} XmS´}M} ‰ H (1)

where PS denotes de orthogonal projection onto S and }R} ă }M}, ImpRq K
S}M}, S´}M}, with Sλ denoting the eigenspaces of M corresponding to the eigenvalue
λ (see the more detailed Remark 2). These matrices, in turn, allow the concrete de-
scription of some metric geodesics in �ag manifolds as studied in [1,2].

We describe many extremal points of mS (including curves of them) that can be
easily described in terms of some principal vectors of S or the matrix of the orthogonal
projection PS in the E basis. The projections of the mentioned curves of mS in certain
2 dimensional coordinate planes are parts of ellipses centred at the origin that can be
easily obtained.

We also study a very close relationship between the moment mS and a joint numer-
ical range of some chosen hermitian matrices of rank one PSEiPS “ pPSeiq ¨ pPSeiq

˚ “

pPSeiq b pPSeiq, for i “ 1, . . . , n (see Theorem 6.3). This allows a translation of the
condition of being a minimal matrix (1) to a property of intersection of the two cor-
responding joint numerical ranges (see Theorem 6.7). Recent results using algebraic
geometry allow a description of a subset T„ whose convex hull gives these joint nu-
merical ranges (see [3]). This is a generalization of a Theorem of Kippenhahn where it
is proved that the convex hull of certain algebraic curve equals the classic numerical
range of a matrix W pAq.

In what follows we list the main contents of each section of this work. In Section 2
we state most of the notation used. Section 3 includes previous results and di�erent
characterizations related to mS . We also introduce there what could be considered the
centre of mS (see (5)) and some of its properties.

In Section 4 we introduce the principal standard vectors tvjunj“1 of a subspace S
related to a �xed basis E. These are the ones that minimize the angle between S
and the coordinate axis of a �xed basis E “ te1, e2, . . . , enu. We describe some of its
properties, particularly the ones related to the elements |vj |2 P mS , j “ 1, . . . , n.

Section 5 is dedicated to the presentation and description of certain particular curves
of extreme points of mS that join elements |vj |2 P mS of what we call the principal
standard vectors tvjunj“1.

In Section 6 we show the close relation between mS and the joint numerical range

WS,E “W pPSE1PS , . . . , PSEnPSq

“
 

ptrpPSE1PSρ, . . . , trpPSE1PSρq P Rně0 : ρ ě 0, trpρq “ 1
(

,

where Ei “ eib ei is the orthogonal projection onto the subspace generated by ei P E,
i “ 1, . . . n. Here E is the �xed standard basis we are considering. This allows restating
many results of mS and minimal matrices in terms of these joint numerical ranges and
obtain some general properties about mS . Among them it is proved that mS is a semi-
algebraic set (Remark 17 c)), it is a subset of WS,E included in a hyperplane that
generates the same cone than WS,E (Theorem 6.3 and Proposition 6.5) and the known
algorithms used to generate WS,E can be used to approximate mS . It is also shown
that the map PS ÞÑ mS satis�es distHpmS ,mV q ď p2

?
n ` 1q}PS ´ PV } (Proposition

6.5) where distH is the Hausdor� distance. Moreover, for a hermitian matrix M “

}M}pPEig}M} ´ PEig´}M}q ` R (with Eig}M}, Eig´}M} the eigenspaces of ˘}M}, R P
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Mh
n pCq, RpEig˘}M}q “ 0), holds that WEig}M},E XWEig´}M},E ‰ t0u if and only if M is

minimal.

2. Preliminaries and notation

Let Cn be the �nite n-dimensional Hilbert space of vectors of complex numbers
with its usual inner product denoted with x , y and norm } }. We denote with
E “ te1, e2, . . . , enu a �xed orthonormal ordered basis of Cn which we will call the
standard basis. The vectors ei P E, i “ 1, . . . , n will be called the standard vectors.
Our adoption of a �xed basis is required since we are going to work with diagonal
matrices that may not remain as such when a di�erent basis is used.

Given a vector x P Cn we will denote with x1, x2, . . . ,xn its standard coordinates
(in the E basis) with the only exception of te1, e2, . . . , enu where the subscripts denote
the di�erent standard vectors.

We will denote with |x|2 “ p|x1|
2, . . . , |xn|

2q P Rně0 the vector of the squared modulus
of its E coordinates xi “ xx, eiy, for i “ 1, . . . , n. The vector |x|2 has been described in
previous works with x ˝ x̄ using the entry-wise Schur (or Hadamard) product ˝ where
x̄ denotes the vector whose coordinates are those of x conjugated. We state here some
of these notation for further references.

Notation 1. We will use the following notations:

a) E “ te1, e2, . . . , enu will denote a �xed orthonormal ordered basis in Cn, consid-
ered the standard basis,

b) given x P Cn, the xj will be the jth coordinate of x in the standard basis, that
is, xj “ xx, ejy,

c) given a vector x P Cn we denote with |x| the vector of the modules of its coordi-
nates |x| “ p|x1|, . . . , |xn|q and similarly |x|2 “ p|x1|

2, . . . , |xn|
2q.

With MnpCq we denote the set of nˆ n matrices with coe�cients in C, and if A P
MnpCq then A˚ is its adjoint matrix (conjugate transpose of A). We write A PMh

n pCq
if A is a matrix such that A “ A˚, and we will call it hermitian. Given a square matrix
A, then DiagpAq is the diagonal square matrix with the same diagonal than A written
using a �xed basis of Cn. Sometimes we will identify the matrix DiagpAq with the
vector whose entries are obtained from the corresponding diagonal.

The rank one orthogonal projections onto the subspace generated by an x P Cn,
with }x} “ 1 will be denoted with x b x (px b xqpvq “ xv, xyx, for all v P Cn). Its
corresponding matrix in the E basis can be written by x ¨ x˚ where ¨ is the matrix
product and x is identi�ed with the nˆ 1 column matrix of coordinates of x in the E
basis (xi,1 “ xx, eiy).

If T Ă Cn or Rn, we will write convpT q to denote the convex closure or convex hull
of T . Equivalently the set of convex combinations t a ` p1 ´ tqb for t P r0, 1s, for all
a, b P T .

3. Moment of a subspace

The term �moment� in the following de�nition of the set mS of a subspace S of
dimpSq “ r is motivated by its relation to certain moment map de�ned in the sym-
plectic manifold pCnqr (see Section 4 in [4] for details).
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De�nition 3.1. Let S a subspace of Cn, t0u Ĺ S Ĺ Cn with dimpSq “ r. The moment
of S related to a �xed orthonormal ordered basis E “ te1, e2, . . . , enu of Cn or just the
moment set of S is the subset of pRě0qn de�ned by

mS,E “ conv
`

t|v|2 P Rně0 : v P S ^ }v} “ 1u
˘

. (2)

If the basis E is �xed or clear from the context we will use the shorter notation mS

instead of mS,E .

Remark 1. The set mS is a compact and convex set of Rn, but note that if the
convex closure (conv) is not used in (3.1) then mS would not be necessarily convex
(see Remark 4 in [5]).

There are several equivalent statements that we can consider to de�ne the set mS

some of which do not require to take the convex hull. See for example Proposition 3.2.

Remark 2. Our motivation to study the set mS relies on the following property.
Let V and W be two non trivial orthogonal subspaces of Cn, and a hermitian matrix
R PMh

n pCq such that RPV “ RPW “ 0 and }R} ă λ. Then, if mV XmW ‰ H, follows
that the matrix M “ λpPV´PWq `R is a minimal hermitian matrix in the sense that

}M} “ dist pM,DiagnpRqq “ dist pM,DiagnpCqq

for DiagnpXq the diagonal matrices with coe�cients in X. Moreover, every minimal
matrix can be written in this way (see Corollary 3 of [5] and Theorem 3 of [4] to obtain
a detailed study and other equivalent statements).

Remark 3. We denote the positive cone generated by a set X Ă Rn as

cone pXq “ tt x P Rn : t P Rě0 ^ x P Xu. (3)

Note that we can consider the positive cone generated by mS in Rně0 instead of just
mS in order to obtain the su�cient condition mentioned in the previous Remark 2.
Nevertheless, we choose the present De�nition 3.1 ofmS in order to work with bounded
sets.

The following are equivalent characterizations of the moment mS . The statements
(1), (2), (3), can be obtained from characterizations made in [5], (4) is Lemma 6.2 and
(5) is Theorem 6.3 of section 6.

Proposition 3.2. The following are equivalent conditions to de�ne mS, the moment
of S related to a basis E “ te1, . . . , enu, with dimpSq “ r.

(1) Let DiagpXq P MnpCq be the diagonal matrix with the same diagonal than X P

MnpCq when its written using the basis E, then

mS » tDiagpY q PMh
n pCq : Y ě 0, trpY q “ 1, ImpY q Ă Su,

where we denote with » the usual identi�cation of vectors of Cn with diagonal
matrices of Cnˆn.

(2)

mS “ conv
 

|v|2 : v P S ^ }v} “ 1
(
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(see the meaning of |v|2 in Notation 1)
(3)

mS “
ď

tsiuri“1o.n. set in S

conv
`

t|si|2uri“1
˘

.

(4)

mS “ tptrpE1Y q, trpE2Y q, . . . , trpEnY qq P Rně0 : Y P DSu

where Ei “ ei ¨ peiq
t and DS “ tY PM

h
n pCq : Y ě 0, trpY q “ 1, PSY “ Y u.

(5)

mS “W pPSE1PS , . . . , PSEnPSq X

#

x P Rně0 :
n
ÿ

i“1

xi “ 1

+

,

where PS is the orthogonal projection onto S, Ei “ ei ¨ peiq
˚ and W is the joint

numerical range de�ned in 52.

Remark 4. Note that in particular the condition (3) implies that the Carathéodory
number of

 

|v|2 : v P S ^ }v} “ 1
(

is less or equal than r “ dimpSq (see (2)) .

Example 3.3. Let Ud PMnpCq be a unitary such that its matrix with respect to the
E basis is diagonal, S a subspace of Cn and UdpSq “ tUdpsq : s P Su, the subspace that
is the image of S under Ud. Then it is trivial that mS,E “ mUdpSq,E . Nevertheless, if
V,W are subspaces of Cn such that mV “ mW it is not true that there exists a diagonal
unitary Ud (relative to the base E) such that UdpVq “W. For instance, if we consider
the subspaces V “ spantp1, 1, 0q, p0, 1, 1qu and W “ spantp´1, eiπ{4, 0q, p0, eiπ{3, eiπ{6qu
it can be proved that mV “ mW but there is not any diagonal unitary Ud such that
UdpVq “W. Their corresponding orthogonal projections written in the E basis are

PV “

¨

˝

2{3 1{3 ´1{3
1{3 2{3 1{3
´1{3 1{3 2{3

˛

‚ and PW “

¨

˚

˝

2
3 ´1

3e
´ iπ

4
1
3e
´ iπ

12

´1
3e

iπ

4
2
3

1
3e

iπ

6

1
3e

iπ

12
1
3e
´ iπ

6
2
3

˛

‹

‚

.

Remark 5. Let S Ă Cn be a subspace of dimension r and E a �xed basis of Cn. If
ts1, s2, . . . , sru and “ tw1, w2, . . . , wru are two orthonormal basis of S, then

r
ÿ

i“1

|si|2 “
r
ÿ

i“1

|wi|2. (4)

The proof of this fact follows after considering that PS “
řr
i“1 s

i b si “
řr
i“1w

i b

wi and therefore their diagonal matrices coincide diag pPSq “ diag
`
řr
i“1 s

i b si
˘

“
řr
i“1 |s

i|2 “ diag
`
řr
i“1w

i b wi
˘

“
řr
i“1 |w

i|2.

The element

cpmS,Eq “
1

r

r
ÿ

i“1

|si|2 “
1

dimpSq
diagpPSq (5)
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for (any) orthogonal basis ts1, s2, . . . , sru of S ful�ls some interesting symmetric prop-
erties in the moment set mS .

Proposition 3.4. Let S be a non trivial subspace of Cn, E a �xed basis of Cn and
cpmSq “ cpmS,Eq de�ned as in (5). Then cpmSq satis�es the following properties.
(a) cpmSq P mS.
(b) cpmSq coincides with the barycentre or centroid of the simplex generated

by t|w1|2, |w2|2, . . . , |wr|2u Ă Rně0 obtained from any orthonormal basis
tw1, w2, . . . , wru of S.

(c) Let S and V be subspaces of Cn, with one of them not trivial, S K V , with
dimpSq “ r and dimpV q “ k. Then

c pmSkV q “
1

r ` k
pr cpmSq ` k cpmV qq. (6)

This can be generalized to any number of mutually orthogonal subspaces.
(d) cpmCnq “ p

1
n ,

1
n , . . . ,

1
nq.

(e) If dimpSq “ r ă n, then cpmSKq “
1

n´r pp1, 1, . . . , 1q ´ r cpmSqq.

(f) If dimpSq “ r ă n then the ith coordinate of cpmSq satis�es cpmSqi ď
1
r for

every i “ 1, . . . , n.
(g) Given a subspace D Ă S, with dimpDq “ d ă dimpSq “ r, then cpmSaDq “

cpmSXDKq “
1
r´d pr cpmSq ´ d cpmDqq.

(h) Let S and V be two subspaces of Cn with dimensions r and k respectively
and D “ S X V of dimension d such that

`

S XDK
˘

K
`

V XDK
˘

holds.

Then cpmS`V q “
1

r`k´dpr cpmSq ` k cpmV q ´ d cpmDqq.

Proof. (a) This follows after considering the de�nition of cpmSq (5) and the state-
ment (3) in Proposition 3.2.

(b) The centroid or barycentre of the simplex of r vectors twiuri“1 Ă Rn is 1
r

řr
i“1w

i.
Then consider (4) and (5).

(c) This property can be proved using an orthonormal basis of S ‘ V of elements of
S and V and then (5).

(d) and (e) are apparent.
(f) Using the previous (c), (d) and (e) follows that cpmCnqi “ 1{n “

r cpmSqi`pn´rq cpmSK qi
n , which implies that r cpmSqi “ 1´ pn´ rq cpmSKqi ď 1.

(g) Consider a completion of an orthonormal basis of D to one of S and use (5).
(h) This equation can be proved using similar techniques of basis completions and

(f).

Remark 6. Note the similarity of the equation (6) with the one used to calculate
the geometric centroid or barycentre of m disjoint sets Aj with j “ 1, . . . ,m using

cpYmj“1Ajq “
řm
j“1 cpAjqµpAjq
řm
j“1 µpAjq

where µ is the corresponding measure.

Proposition 3.5. Let S and W be two subspaces of Cn such that S K W and such
that there exist two corresponding orthonormal basis tshurh“1 and twjukj“1 that satisfy

r
ÿ

h“1

th|s
h|2 “

k
ÿ

j“1

uj |w
j |2 (7)
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for th, uj ě 0 and
řr
h“1 th “

řk
j“1 uj “ 1. That is, pS,W q form a support (see

De�nition 1 and theorems 2 and 3 in [4]).
Then

˜

r
ÿ

h“1

th|s
h|2

¸

m

“

˜

k
ÿ

j“1

uj |w
j |2

¸

m

ď
1

2
, for every m “ 1, . . . , n. (8)

Proof. Suppose there is m0 such that
`
řr
h“1 th|s

h|2
˘

m0
ą 1

2 . Then de�ne the vectors

x “
řr
h“1

?
th e

´i argpshm0
q sh and y “

řk
j“1

?
uj e

´i argpwjm0
q wj . Observe that x P V

and }x} “ xx, xy1{2 “ p
řr
h“1 thq

1{2
“ 1. Similarly, follows that y P W , }y} “ 1 and

x K y.

Observe that the m0 coordinate of x satis�es |xm0
|2 “

´

řr
h“1

?
th e

´i argpshm0
q sh

¯2

m0

“

`
řr
h“1

?
th |s

h
m0
|
˘2
ě

řr
h“1 th|s

h
m0
|2 ą 1

2 , and in the case of y also |ym0
|2 ą 1

2 .
Now consider the dimension two subspace C “ gentx, yu where tx, yu is an orthonormal
basis of C and cpmCq “

1
2p|x|

2 ` |y|2q (see Proposition 3.4 (c)). Then cpmCqm0
“

|xm0
|2`|ym0

|2

2 ą
1{2`1{2

2 “ 1
2 which contradicts Proposition 3.4 (f).

Remark 7. Note that the condition (7) is equivalent to mS XmW ‰ H (see (3) in
Proposition 3.2). Then (8) implies that mS XmW Ă r0, 1{2sn must always hold. This
information is relevant since the supports pS,W q allow the construction of minimal
matrices (see Theorem 3, [4]).

4. Generic subspaces and its principal standard vectors

De�nition 4.1. We call a subspace S of Cn a generic subspace with respect to the
basis E “ teiu

n
i“1 if for every j “ 1, . . . , n there is x P S such that xj “ xx, eiy ‰ 0.

This condition is equivalent to any of the following statements:

‚ S is not included in a pn´ 1q-dimensional coordinate space Cj “ tz P Cn : zj “
0u “ pspantejuq

K for j “ 1, . . . , n,
‚ or pPSpejqqj ‰ 0 for all j (otherwise 0 “ xPSpejq, ejy “ xPSpejq, PSpejqy “

}PSpejq}
2 which implies ej K S).

Remark 8. Observe that if S is not a generic subspace of Cn we can �nd m ă n such
that a natural immersion of S in Cm becomes a generic subspace of Cm.

De�nition 4.2. Principal standard vectors. If PSpejq “ PSej ‰ 0 we will denote
with

vj “
PSej
}PSej}

P S, j “ 1, . . . , n (9)

the unique principal vectors related to the standard basis E “ teiu
n
i“1 that satisfy

pvjqj “ vjj ą 0 (vjj “ x
PSej
}PSej}

, ejy “ }PSej}) and minimize the angle between the

subspace S and the one dimensional coordinate axes spanptejuq, that is

xvj , ejy “ max
sPS,}s}“1

|xs, ejy|.
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Note that the existence of these principal standard vectors for all j requires that S is
a generic subspace (where PSej ‰ 0 for all j, see De�nition 4.1).

To prove the uniqueness of vj suppose there exists w P S (w ‰ vj) with }w} “ 1
and such that

xw, ejy “ max
sPS,}s}“1

|xs, ejy|.

Then wj “ vjj ą 0 and vj`w ‰ 0. If we suppose that }vj`w} “ 2 then it can be proved

that |xvj , wy| ě 1 and therefore vj “ λw with |λ| “ 1, but since vjj “ wj ą 0 follows

that λ “ 1 and then vj “ w. Now suppose }vj ` w} ă 2, and de�ne x “ vj`w
}vj`w} P S,

then

xj “ xx, ejy “
1{2pvjj ` wjq

1{2}vj ` w}
ą 1{2pvjj ` wjq “ vjj , (10)

a contradiction.

Remark 9. We state here some properties of the principal standard vectors of a
generic subspace S de�ned in (9) that follow after direct computations.

a) For every j “ 1, . . . , n, vjj “ }PSpejq} ą 0.

b) If we also denote with PS the corresponding nˆn matrix in standard coordinates,

then its jth-column satis�es coljpPSq “ PSej “ vjjv
j and its j, k entry pPSqj,k “

vjjv
j
k. In particular pPSqj,j “

´

vjj

¯2
.

c) Since the matrix PS is hermitian then vjjv
j
k “ vkkv

k
j “ vkkv

k
j and then arg pvjkq “

´ arg pvkj q.
d) Directly from the previous item follows that if PSej and PSek are not null, then

vjk
vkk
“
vkj

vjj
and

vjk
vkk
“
vkj

vjj
. (11)

e) Observe that 0 “ vjk “ xvj , eky “ xvj , PSeky “ }PSpekq}xv
j , vky ô vj K vk or

PSpekq “ 0 or PSpejq “ 0. Therefore, if S is a generic subspace

vjk “ 0 ô vj K vk. (12)

Lemma 4.3. Let S be a generic subspace of Cn and w P S, with }w} “ 1. Then the
following properties hold

(1) |vjj | “ vjj ě |wj | for all j “ 1, ¨ ¨ ¨ , n.

(2) Moreover,

vjj “ |wj | ô w “ ei argpwjqvj , (13)

and in particular
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(3)

vjj “ |v
k
j | ô vk “ ei argpv

k
j qvj ô vj “ ei argpv

j
kqvk ô |vji | “ |v

k
i |,@i “ 1, . . . n. (14)

(4) As a consequence

tvj , vku is linearly independent ô vjj ‰ |v
k
j | pv

j
j ą |v

k
j |q ô vkk ‰ |v

j
k| pv

k
k ą |v

j
k|q.

(15)

Proof. The �rst statement is apparent from the de�nition of vj . For the second state-
ment, observe that vjj “ }PSej} ą 0 (see Remark 9). Then w, with }w} “ 1 is a

multiple of vj if and only if w “ ei argpwjqvj . Then

w “ ei argpwjqvj ô |xw, vjy| “ 1 ô

ˇ

ˇ

ˇ

ˇ

xw,
PSej
}PSej}

y

ˇ

ˇ

ˇ

ˇ

“ 1 ô

ˇ

ˇ

ˇ

ˇ

ˇ

xPSw,
ej

vjj
y

ˇ

ˇ

ˇ

ˇ

ˇ

“ 1 ô

ô
|xw, ejy|

vjj
“ 1 ô |wj | “ vjj

(16)

The statement (14) follows after replacing w from (13) with vk and applying some of
the properties listed in Remark 9.

Remark 10. Given S a generic subspace and x P S with }x} “ 1, then its jth-
coordinate can be calculated as

xj “ }PSej}xx , v
jy “ vjjxx , v

jy (17)

This follows since xj “ xx , ejy “ xPSx , ejy “ xx , PSejy “ xx , }PSej}v
jy “

}PSej}xx , v
jy. Therefore, xj “ 0 if and only if xx , vjy “ 0 or }PSej} “ 0, but this

second condition cannot happen in a generic space.

Proposition 4.4. Given a subspace S of Cn and ej a member of the standard basis
E such that PSej is not null (for example if S is a generic subspace), then |vj |2 “

p|vj1|
2, |vj2|

2, . . . , |vjn|2q is an extreme point in mS.
Moreover, if |vj |2 is a convex combination of |y|2 and |z|2 with y, z P S, then y and

z must be multiples of vj.

Proof. Suppose that there are two vectors y, z P S, with }y} “ }z} “ 1 such that

|vj |2 “ t|y|2` p1´ tq|z|2 with 0 ď t ď 1. Then in particular |vjj |
2 “ t|yj |

2` p1´ tq|zj |
2

which implies that |vjj | “ vjj “ |y
j
j | “ |z

j
j |. Then using (13) in Lemma 4.3 we obtain

that both y and z must be multiples (by a complex with modulus one) of vj . This
implies that |vj |2 “ |y|2 “ |z|2.

5. Curves of extreme points in mS

De�nition 5.1. Let S be a generic subspace and vj and vk (de�ned in 9) be linearly

independent. We de�ne a curve
ñ
v
j k

: r0, π{2s Ñ S that starts in vj and passes through

9



ei argpv
j
kqvk:

ñ
v
j k

ptq “ cosptqvj ` sinptq ei argpv
j
kq

`

vk ´ xvk, vjyvj
˘

}vk ´ xvk, vjyvj}
, t P r0, π{2s. (18)

Note that
›

›

ñ
v
j k

ptq
›

› “ 1 and that using basic properties of vj and vk (see Remark

9) the j and k coordinates of
ñ
v
j k

ptq (that we denote with
ñ
vj
j k

ptq and
ñ
vk
j k

ptq) can be
computed

ñ
vj
j k

ptq “ cosptqvjj , and
ñ
vk
j k

ptq “ cosptqvjk ` sinptqei argpv
j
kq
b

pvkkq
2 ´ |vjk|

2. (19)

Remark 11. The curve vectors
ñ
v
j k

ptq can be obtained by projections of particular
linear combinations of the ej and ek standard vectors. Namely,

ñ
v
j k

ptq “ PS

ˆ

ñ

β
j k

ptq

˙

, for
ñ

β
j k

ptq “ cosptq
ej

}PSpejq}
`sinptq ei argpv

j
kq

´

ek
}PSpekq}

´ xvk, vjy ej
}PSpejq}

¯

}vk ´ xvk, vjyvj}
.

(20)

This implies that for each t P r0, π{2s, the vector
ñ
v
j k

ptq attains the minimal angle

between S and the one dimensional subspace spanned by
ñ
e
j k

ptq “
ñ

β
j k

ptq
›

›

ñ

β
j k

ptq
›

›

x
ñ
v
j k

ptq,
ñ
e
j k

ptqy “ max
sPS,}s}“1

|xs,
ñ
e
j k

ptqy|.

Note that
ñ
e
j k

ptq is included in spantej , e
i argpvjkq eku “ spantej , eku for all t P r0, π{2s.

Moreover, it can be computed that x
ñ
v
j k

ptq,
ñ
e
j k

ptqy “
›

›

›
PS

´

ñ
e
j k

ptq
¯›

›

›
“ 1

›

›

ñ

β
j k

ptq
›

›

ą 0

(if zero then vj and vk should be linearly dependent),
ñ
v
j k

ptq “
PS

´

ñ
e
j k

ptq
¯

›

›PS
´

ñ
e
j k

ptq
¯
›

›

, and
ñ
v
j k

ptq

is unique among the unit vectors s P S that attain this maximum with the property

that xs,
ñ
e
j k

ptqy ą 0 (this can be proved as done in (10)).

Following the same procedures as those used in Lemma 4.3 for vj , similar results

can be obtained for
ñ
v
j k

ptq as stated in the next lemma.

Lemma 5.2. Let S be a generic subspace of Cn and w P S, with }w} “ 1. Then the
following properties hold

(1) |x
ñ
v
j k

ptq,
ñ
e
j k

ptqy| “ x
ñ
v
j k

ptq,
ñ
e
j k

ptqy ě |xw,
ñ
e
j k

ptqy| for all t P r0, π{2s.
(2) Moreover,

x
ñ
v
j k

ptq,
ñ
e
j k

ptqy “ |xw,
ñ
e
j k

ptqy| ô w “ ei argpxw,
ñ
e
j k

ptqqy ñ
v
j k

ptq , (21)

10



(3) and in particular

x
ñ
v
j k

ptq,
ñ
e
j k

ptqy “ |x
ñ
v
j k

ps0q,
ñ
e
j k

ptqy| , for s0 P r0, π{2s ô

ô
ñ
v
j k

ps0q “ ei argpx
ñ
v
j k

ps0q,
ñ
e
j k

ptqqy ñ
v
j k

ptq

ô |x
ñ
v
j k

ptq,
ñ
e
j k

puqy| “ |x
ñ
v
j k

ps0q,
ñ
e
j k

puqy| ,@u P r0, π{2s.

(22)

(4) As a consequence

!

ñ
v
j k

ptq,
ñ
v
j k

psq
)

is linearly independent ô x
ñ
v
j k

ptq,
ñ
e
j k

ptqy ‰ |x
ñ
v
j k

psq,
ñ
e
j k

ptqy|.

(23)

Proposition 5.3. Let S be a generic subspace of Cn and vj and vk from (9). Consider
jñk
v : r0, π2 s Ñ Im

`jñk
v
˘

Ă S the curve de�ned in (18), then:

(1) the map
jñk
v is bijective,

(2) for all t P r0, π2 s, holds that

x
jñk
v ptq, vjy P Rě0 and x

jñk
v ptq, ei argpv

j
kqvky P Rě0 (24)

(3)
jñk
v p0q “ vj and

ñ
v
j k

´

arccos
´

|vjk|{v
k
k

¯¯

“ ei argpv
j
kqvk.

Proof. (1) To prove the bijectivity of
jñk
v it is enough to observe that the j-

coordinate of the curve is
jñk
vj ptq “ cosptqvjj (see (19)) which is a strictly de-

creasing real function from r0, π2 s onto r0, v
j
j s.

(2) Fix t P r0, π2 s and recall that
jñk
v ptq has norm 1 (see (18)). Moreover, the fact

that S is a generic subspace implies that vjj , v
k
k P Rą0, ei argpv

j
kqvkj P Rě0 and

argpvjkq “ argpei argpv
j
kqvkkq.

On the other hand

argpxvj , ei argpv
j
kqvkyq “ argpe´i argpvjkqxvj , vkyq “ arg

`

}PSek}xv
j , eky

˘

´argpvjkq “ 0

and consequently

vjj , e
i argpvjkqvkj , e

i argpvjkq

´

vkj ´ xv
k, vjyvjj

¯

}vk ´ xvk, vjyvj}
P Rě0 , hence

jñk
vj ptq P Rě0. (25)

Similarly

argpvjkq “ argpei argpv
j
kqvkkq “ arg

¨

˝ei argpv
j
kq

´

vkk ´ xv
k, vjyvjk

¯

}vk ´ xvk, vjyvj}

˛

‚“ arg

ˆ

jñk
vk ptq

˙

(26)

11



The previous equalities (25) and (26) and Remark 10 imply that

x
jñk
v ptq, vjy “

jñk
vj ptq{v

j
j P Rě0

and

x
jñk
v ptq, ei argpv

j
kqvky “ e´i argpvjkqx

jñk
v ptq, vky

(26)
“ e

´i arg
´

jñk
vk ptq

¯

jñk
vk ptq{v

k
k P Rě0.

(3) It is trivial that
jñk
v p0q “ vj . Now if vj , vk are linearly independent, then 0 ă

}vk ´ xvk, v
jyvj} “

c

1´
|vkj |

2

pvjj q
2
“

?
pvjj q

2´|vkj |
2

vjj
ă 1, and therefore there exists

t0 P p0, π{2q such that

sinpt0q “ }v
k ´ xvk, v

jyvj} “

b

pvjj q
2 ´ |vkj |

2

vjj
.

Using that

ˆ?
pvjj q

2´|vkj |
2

vjj

˙2

`

´

|vkj |{v
j
j

¯2
“ 1, then t0 “ arccosp|vkj |{v

j
j q “

arccosp|vjk|{v
k
kq P p0, π{2q since |v

k
j |{v

j
j “ |v

j
k|{v

k
k ă 1. Otherwise, if |vkj |{v

j
j “ 1,

vj and vk must be linearly dependent (see (15) in Lemma 4.3).
Evaluating the sine and cosine in that t0 we obtain:

ñ
v
j k

pt0q “ cospt0qv
j ` sinpt0q e

i argpvjkq

`

vk ´ xvk, vjyvj
˘

}vk ´ xvk, vjyvj}

“

´

|vjk|{v
k
k

¯

vj ` }vk ´ xvk, vjyvj} ei argpv
j
kq

`

vk ´ xvk, vjyvj
˘

}vk ´ xvk, vjyvj}

“

´

|vjk|{v
k
k

¯

vj ` ei argpv
j
kq
´

vk ´ xvk, vjyvj
¯

(27)

And using that ei argpv
j
kqxvk, vjy “ ei argpv

j
kqvkj {v

j
j “ |v

k
j |{v

j
j we obtain

ñ
v
j k

pt0q “
´

|vjk|{v
k
k

¯

vj ` ei argpv
j
kq
´

vk ´ xvk, vjyvj
¯

“

´

|vjk|{v
k
k

¯

vj ` ei argpv
j
kqvk ´ p|vkj |{v

j
j qv

j

“ ei argpv
j
kqvk.

(28)

Proposition 5.4. Consider the vectors
ñ
v
j k

ptq from De�nition 5.1, x P S with }x} “ 1
and ejek the segment between ej and ek projected to the j and k coordinates (in R2).
Then there exists tx P r0, π{2s such that

|xj | ď
ˇ

ˇ

ñ
vj
j k

ptxq
ˇ

ˇ , |xk| ď
ˇ

ˇ

ñ
vk
j k

ptxq
ˇ

ˇ and (29)

dist
´

`ˇ

ˇ

ñ
vj
j k

ptxq
ˇ

ˇ

2
,
ˇ

ˇ

ñ
vk
j k

ptxq
ˇ

ˇ

2˘
, ejek

¯

ď dist
`

p|xj |
2, |xk|

2q, ejek
˘

. (30)
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Proof. In order to alleviate the notation let us write

rwjk “ ei argpv
j
kq

`

vk ´ xvk, vjyvj
˘

}vk ´ xvk, vjyvj}
. (31)

Recall that
ñ
vj
j k

ptq “ cosptqvj ` sinptq rwjk with vj K rwjk (see (18)). Then we can write

x P S as a linear combination of vj , rwjk and a vector y P S with }y} “ 1, orthogonal
to the subspace spanned by the other two vectors

x “ a vj ` b rwjk ` c y , with a, b, c P C. (32)

We will consider two cases: c “ 0 and c ‰ 0.

‚ Case c “ 0
Recalling the jth and kth standard coordinates of vj and rwjk as in (19) we can

write (suppose j ă k):

x “ a vj ` b rwjk “

ˆ

. . . , avjj , . . . , av
j
k ` be

i argpvjkq
b

pvkkq
2 ´ |vjk|

2, . . .

˙

.

The orthonormality of tvj , rwjku and }x} “ 1 implies that |a|2 ` |b|2 “ 1. Now
de�ne α “ arccosp|a|q P r0, π{2s and consider

ñ
v
j k

pαq “ cospαq vj ` sinpαq rwjk.

Then

|xj | “ |a| |v
j
j | “

ˇ

ˇ

ñ
vj
j k

pαq
ˇ

ˇ (33)

and

|xk| “

ˇ

ˇ

ˇ

ˇ

a vjk ` b e
i argpvjkq

b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

ď |a| |vjk| ` |b|

ˇ

ˇ

ˇ

ˇ

b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

“ cospαq|vjk| ` sinpαq

b

pvkkq
2 ´ |vjk|

2

“
ˇ

ˇ

ñ
vk
j k

pαq
ˇ

ˇ

(34)

where in the last equality we have used that vj and rwjk have the same argument

in its kth coordinate (see (19)). Therefore, |xk| ď
ˇ

ˇ

ñ
vk
j k

pαq
ˇ

ˇ which together with
(33) proves (29) in this case. Then follows that

dist
´

p
ˇ

ˇ

ñ
vj
j k

ptxq
ˇ

ˇ

2
,
ˇ

ˇ

ñ
vk
j k

ptxq
ˇ

ˇ

2
q, ejek

¯

ď dist
`

p|x1|
2, |x2|

2q, ejek
˘

.

‚ Case c ‰ 0 (and y ‰ 0)
Using Remark 10 and the fact that y K spantvj , rwjku “ spantvj , vku it can be

proved that yj “ }PSej}xy , v
jy “ 0 and similarly yk “ 0. Then, xj “ a vjj`b rw

jk
j

and xk “ a vjk ` b rw
jk
k .

13



If xj “ 0 and xk “ 0 it is enough to take tx “ 0 (
ñ
v
j k

ptxq “ vj).
Consider now the case when xj ‰ 0 or xk ‰ 0 and the de�ne the vector px P S

as

px “
Pspantvj , rwjkupxq

}Pspantvj , rwjkupxq}
“

avj ` b rwjk

}avj ` b rwjk}
.

Since }avj ` b rwjk} ă }x} “ 1 (because y K vj , y K rwjk) and the jth and kth

coordinates of avj ` b rwjk and x coincide (yj “ yk “ 0), we have that

|pxj | ě |xj | and |pxk| ě |xk|. (35)

Since px is included in the case already considered when c “ 0, there exists t
px that

satis�es (29), (see (33) and (34)). That is, |pxj | “
ˇ

ˇ

ñ
vj
j k

pt
pxq
ˇ

ˇ and |pxk| ď
ˇ

ˇ

ñ
vk
j k

pt
pxq
ˇ

ˇ.
Then using (35) we obtain

|xj | ď
ˇ

ˇ

ñ
vj
j k

pt
pxq
ˇ

ˇ , |xk| ď
ˇ

ˇ

ñ
vk
j k

pt
pxq
ˇ

ˇ

which in turn proves

d
´

p
ˇ

ˇ

ñ
vj
j k

pt
pxq
ˇ

ˇ

2
,
ˇ

ˇ

ñ
vk
j k

pt
pxq
ˇ

ˇ

2
q, ejek

¯

ď d
`

p|x1|
2, |x2|

2q, ejek
˘

.

Remark 12. There are many di�erent x P S with }x} “ 1 that satisfy (29) for the
same value of tx (see for example Figure 1).

Theorem 5.5. Consider the curve
ñ
v
j k

: r0, π{2s Ñ Rně0 from De�nition 5.1 and
x P S, with }x} “ 1. Then there exists a unique tx P r0,

π
2 s such that

|xj | “ |
ñ
vj
j k

ptxq| and |xk| ď |
ñ
vk
j k

ptxq|. (36)

Moreover, if x “ a vj ` b rwjk ` c y (with rwjk as in (31) and y K vj , rwjk), then tx “
arccosp|a|q.

Proof. Consider �rst the the existence of tx.
We continue using the notation rwjk as in (31). As in 32, we write

x “ a vj ` b rwjk ` c y , with a, b, c P C and y K vj , rwjk.

Now we consider di�erent cases. If c “ 0 we can choose tx “ arccosp|a|q as in (33) and
(34) in the proof of the previous Proposition 5.4 to obtain the equality and inequality
required.

Now consider the case c ‰ 0 and some sub-cases

‚ If a “ 0 then it must be xj “ 0 vjj ` b rwjkj ` c 0 “ 0 where we have used that

rwjkj “ 0 (a direct computation) and yj “ 0 (see Case c ‰ 0 in Proposition 5.4).

Then we can choose tx “
π
2 , and obtain |

ñ
vj
j k

pπ{2q| “ 0 “ |xj |.

14



For the kth-coordinate, yk “ 0 and (19) imply

|xk| “

ˇ

ˇ

ˇ

ˇ

0 vjk ` b e
i argpvjkq

b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

b
b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

ď |1 rwjkk | “

|
ñ
vk
j k

pπ2 q|

‚ Consider now a ‰ 0. If we choose tx “ arccosp|a|q, then using again that rwjkj “ 0
and yj “ 0 we obtain

|xj | “ |a v
j
j | “ cosptxqv

j
j “ |

ñ
vj
j k

ptxq|.

Moreover, since |a|2 ` |b|2 ` |c|2 “ 1,

|xk| “

ˇ

ˇ

ˇ

ˇ

a vjk ` b e
i argpvjkq

b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

a vjk `
a

1´ |a|2 ei argpv
j
kq

b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

“ |
ñ
vk
j k

ptxq|

which ends the proof of the existence of tx.
The uniqueness of tx P r0, π{2s can be proved using (as in the proof of (1) in Proposition

5.3) the bijectivity of the map t ÞÑ
jñk
vj ptq “ cosptqvjj for t P r0, π{2s.

Remark 13. The maximality of vi in its i-coordinate vii (see Lemma 4.3) implies that

if x P S with }x} “ 1 then |xj | P r0, v
j
j s and |xk| P r0, v

k
ks. Then, the projection of mS

to the j and k coordinates is included in the rectangle r0, pvjj q
2s ˆ r0, pvkkq

2s. In the
following results we will show more precise boundaries of mS .

Theorem 5.6. Let S Ă Cn be a generic subspace, tvj , vku two linearly independent
principal standard vectors, mS the moment of S as in De�nitions 4.2 and 3.1 respec-
tively, and γj,k : r0, π{2s :Ñ mS Ă Rně0 the curve de�ned by

γj,kptq “
ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

2
“

´

ˇ

ˇ

ñ
v1
j k

ptq
ˇ

ˇ

2
, . . . ,

ˇ

ˇ

ñ
vn
j k

ptq
ˇ

ˇ

2
¯

(37)

with
ñ
v
j k

ptq as in De�nition 5.1.
Then

(1) the projection of the jth and kth coordinates of
?
γj,k to R2 given by t ÞÑ

´

|
ñ
vj
j k

ptq|, |
ñ
vk
j k

ptq|
¯

is part of an ellipse centred at the origin,

(2) if vj and vk are not orthogonal, the points
´

|
ñ
vj
j k

ptq|2, |
ñ
vk
j k

ptq|2
¯

from the pro-

jected curve γj,k to the plane spanned by ej, ek are all extreme points of the
projection of mS to the same plane,

(3) in case vj K vk then
´

|
ñ
vj
j k

ptq|2, |
ñ
vk
j k

ptq|2
¯

parametrizes a segment that is in the

boundary of the projection of mS to the plane spanned by ej , ek.

Proof. Let Pj,k : Rn Ñ R2 be the projection Pj,kpxq “ pxj , xkq, then the curve

15



Figure 1. For j “ 1 and k “ 2 image of the curve |
ñ
v

j k
| projected on the j and k coordinates for a 3

dimensional subspace S of C9 (in orange). The blue curve is a quarter of the unit circle and the black dots are
projected points of mS (with the square roots of its entries) taken randomly.

obtained in the plane after the projection of
a

γj,kptq is (see (19))

Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯

“

ˆ

ˇ

ˇ cosptqvjj
ˇ

ˇ ,

ˇ

ˇ

ˇ

ˇ

cosptqvjk ` sinptqei argpv
j
kq
b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

˙

“

ˆ

cosptqvjj , cosptq|vjk| ` sinptq

b

pvkkq
2 ´ |vjk|

2

˙

“ cosptq
´

vjj , |v
j
k|

¯

` sinptq

ˆ

0,

b

pvkkq
2 ´ |vjk|

2

˙

(38)

which is clearly part of an ellipse centred at the origin (recall that t P r0, π{2s). It starts
in Pj,kp|v

j |q, passes through Pj,kp|v
k|q (see Proposition 5.3 part (3)) and ends in the

spantp0, 1qu axis. See for example Figure 1.
Now squaring the coordinates of (38) we obtain

Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

“

ˆ

cos2ptqpvjj q
2 , cos2ptq|vjk|

2 ` sin2ptq
´

pvkkq
2 ´ |vjk|

2
¯

`

` 2 cosptq|vjk| sinptq

b

pvkkq
2 ´ |vjk|

2

˙

“ cos2ptq
´

pvjj q
2 , |vjk|

2
¯

` sin2ptq
´

0,
´

pvkkq
2 ´ |vjk|

2
¯¯

`

`

ˆ

0, 2 cosptq|vjk| sinptq

b

pvkkq
2 ´ |vjk|

2

˙

.

(39)

This is the parametrization of a segment that joins
´

pvjj q
2 , |vjk|

2
¯

with
´

0,
´

pvkkq
2 ´ |vjk|

2
¯¯

plus a vertical vector with second coordinate ě 0. Note that this

second coordinate is zero only if t “ 0, t “ π{2, vjk “ 0 or vkk “ |v
j
k|. This last case

is not possible because otherwise using (15) the vectors vj and vk would be linearly
dependent and we are supposing in the hypothesis that they are not (see De�nition
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Figure 2. Curve Pj,k

´

ˇ

ˇ

ñ
v

j k
ptq

ˇ

ˇ

2
¯

for t P r0, π{2s in orange, segment between ppvjj q
2, |vjk|

2q and p0, pvkkq
2 ´

|vjk|
2q dashed in blue, red dots are ppvjj q

2, |vjk|
2q and ppvjj q

2, 0q, and the green dots are p0, pvkkq
2 ´ |vjk|

2q and

p|vkj |
2, pvkkq

2q. The black dots are projected random points of mS .

5.1). Then the curve in (39) is a segment only when vjk “ 0, which is equivalent to

0 “ vjk “ xv
j , eky “ }PSpekq}xv

j , vky ô vj K vk (40)

(1) Case vjMvk (equivalently vjk ‰ 0)

The curve parametrized with Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

is the graph of a map f :

r0, pvjj q
2s Ñ Rą0 (see the proof of (1) in Proposition 5.3). An example of this

situation can be seen in Figure 2. The fact that 2 cosptq|vjk| sinptq
b

pvkkq
2 ´ |vjk|

2

is strictly concave for t P p0, π{2q and that the graph of the map f was ob-
tained adding this coordinate to the second coordinate of the mentioned segment
implies the concavity of f . Then for t P p0, π{2q, if there exists x, y P S, with
}x} “ }y} “ 1, and 0 ď λ ď 1 such that

Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

“ λp|xj |
2, |xk|

2q ` p1´ λqp|yj |
2, |yk|

2q

then there exist tx and ty such that (36) holds for x and y. But if any of the
inequalities in the kth coordinate is strict, then the concavity of the map f is

contradicted. Therefore all must be equalities and then Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

is an

extreme point in Pj,kpmSq. This in turn implies that |
ñ
v
j k

ptq|2 is in the boundary
of mS for t P p0, π{2q.

(2) Case vj K vk

As we have seen in (40) this is equivalent to vjk “ 0.

Then Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

“ cos2ptq
´

pvjj q
2 , |vjk|

2
¯

` sin2ptq
´

0,
´

pvkkq
2 ´ |vjk|

2
¯¯

which is a segment in Pj,kpmSq. If there exists x, y P S, with }x} “ }y} “ 1, and
0 ď λ ď 1 such that

Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

“ λp|xj |
2, |xk|

2q ` p1´ λqp|yj |
2, |yk|

2q.
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Figure 3. For a subspace S Ă C7 with dimpSq “ 3, this is an approximation (using random points above and

its convex hull below) of the projection of mS to R3
ě0 in 3 �xed coordinates and the plot of 6 curves

ñ
v

j k
(see

(18) coinciding with the j, k coordinates being projected. Note the overlapping of
ˇ

ˇ

ˇ

ñ
v

j k
ˇ

ˇ

ˇ

2
and

ˇ

ˇ

ˇ

ñ
v

k j
ˇ

ˇ

ˇ

2
in some

parts (see Theorem 5.8).

we can choose tx, ty as in the previous case such that (36) holds. Now if any of the

two inequalities given by (36) is strict there must be t0 such that Pj,k

´

ˇ

ˇ

ñ
v
j k

pt0q
ˇ

ˇ

¯2

is not in the segment, which is a contradiction. Then, all inequalities of (36) are

equalities and therefore Pj,k

´

ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ

¯2

is a boundary point of Pj,kpmSq. Then
ˇ

ˇ

ñ
v
j k

ptq
ˇ

ˇ is a boundary point of mS for t P p0, π{2q.

Theorem 5.7. Let S be a generic subspace of Cn, vj, vk linearly independent principal

vectors such that vj M vk, mS the moment of S and the curve
ñ
v
j k

: r0, π{2s Ñ S from
De�nition 5.1.

Then the elements |
ñ
v
j k

ptq|2 are extremal points of mS for every t P r0, π{2q.

Moreover, if s|w|2`p1´sq|z|2 “ |
ñ
v
j k

pt0q|
2 with 0 ă s ă 1, }w} “ }z} “ 1, w, z P S,

t0 P r0, π{2q, then w and z must be multiples of
ñ
v
j k

pt0q.

Proof. The case t0 “ 0 has been proved in Proposition 4.4.

18



Suppose there exist w, z P S with }w} “ }z} “ 1 such that

s|w|2 ` p1´ sq|z|2 “
ˇ

ˇ

ˇ

ñ
v
j k

pt0q
ˇ

ˇ

ˇ

2

with 0 ă s ă 1 (41)

Then, since vj M vk using (2) of Theorem 5.6 follows that |zj | “
ˇ

ˇ

ˇ

ñ
vj
j k

pt0q
ˇ

ˇ

ˇ
and |zk| “

ˇ

ˇ

ˇ

ñ
vk
j k

pt0q
ˇ

ˇ

ˇ
.

As it was done in 32 under the notation 31, we can write z from (41) as a linear
combination of vj , rwjk and a vector y P S with }y} “ 1, orthogonal to the subspace
spantvj , rwjku

z “ a vj ` b rwjk ` c y , with a, b, c P C.

Recall that as in the proof of Proposition 5.4 follows that rwjkj “ yj “ 0 and yk “ 0,

and then it must be |a| “ cospt0q. Now observe that

|zk| “
ˇ

ˇ

ˇ
cospt0qe

i argpaq vjk ` b rw
jk
k

ˇ

ˇ

ˇ
ď cospt0q |v

j
k| ` |b|

ˇ

ˇ

ˇ
rwjkk

ˇ

ˇ

ˇ

ď cospt0q |v
j
k| ` sinpt0q

ˇ

ˇ

ˇ
rwjkk

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ñ
vk
j k

pt0q
ˇ

ˇ

ˇ

(42)

where in the last inequality we used that |z|2 “ cos2pt0q ` |b|
2` |c|2 “ 1 which implies

|b| ď sinpt0q.
Since we are supposing (41) the extremes of the inequality obtained in (42) are equal

and then the complex numbers cospt0qe
i argpaq vjk and b rw

jk
k must be collinear. This last

statement can only be true if argpaq “ argpbq. Moreover, since the inequalities in
(42) are equalities, follows that |b| “ sinpt0q, and then c “ 0, which implies that
a “ ei argpaq cospt0q and b “ ei argpaq sinpt0q. Then

z “ a vj ` b rwjk “ ei argpaq

¨

˝cospt0qv
j ` sinpt0q e

i argpvjkq

´

vkk ´ xv
k, vjyvjk

¯

}vk ´ xvk, vjyvj}

˛

‚

“ ei argpaq
ñ
v
j k

pt0q

(43)

This proves in particular that |z|2 “ |
ñ
v
j k

pt0q|
2.

Following the same steps it can be proved that w is a multiple of
ñ
v
j k

pt0q, and that

|w|2 “ |
ñ
v
j k

pt0q|
2, which implies that |

ñ
v
j k

pt0q|
2 is an extremal point in mS .

Theorem 5.8. Let S be a generic subspace, 1 ď j, k ď n with j ‰ k, and
jñk
v the

curve from De�nition 5.1 but with domain in the interval
”

0, arccos
´ˇ

ˇ

ˇ
vkj

ˇ

ˇ

ˇ
{vjj

¯ı

. Then

Domp
jñk
v q “ Domp

kñj
v q and Imp|

jñk
v |2q “ Imp|

kñj
v |2q

(where Dom and Im denote the domain and image of the corresponding curves in Rně0),
and for every t P

”

0, arccosp|vkj |{v
j
j q

ı

there exists a unique s “
´

arccosp|vkj |{v
j
j q ´ t

¯

P

19



”

0, arccosp|vjk|{v
k
kq

ı

such that

jñk
v ptq “ ei argpv

j
kq
kñj
v psq (44)

(see Figure 3).

Proof. The domains of
kñj
v and

jñk
v are equal since using (11) follows that

|vjk|
vkk
“
|vkj |

vjj
.

First observe that
jñk
v p0q “ vj “ ei argpv

j
kq
kñj
v

´

arccos
´

|vjk|{v
k
k

¯¯

and that

jñk
v

´

arccos
´

|vkj |{v
j
j

¯¯

“ ei argpv
j
kq vk “ ei argpv

j
kq
kñj
v p0q.

Moreover, the following statements can be proved directly from the properties of vj ,

vk and
ñ
v
j k

.

‚ argpvjkq “ arg
´

vkj

¯

‚
jñk
vj ptq P R, for all t P

”

0, arccos
´

|vkj |{v
j
j

¯ı

‚ arg

ˆ

jñk
vk ptq

˙

“ argpvjkq, for all t P
”

0, arccos
´

|vkj |{v
j
j

¯ı

‚ ei argpv
j
kq
kñj
vj psq P R, for all s P

”

0, arccos
´

|vjk|{v
k
k

¯ı

‚ arg

ˆ

kñj
vj psq

˙

“ ´ argpvjkq, for all s P
”

0, arccos
´

|vjk|{v
k
k

¯ı

Then for every t and s in the interval
”

0, arccos
´ˇ

ˇ

ˇ
vkj

ˇ

ˇ

ˇ
{vjj

¯ı

“

”

0, arccos
´ˇ

ˇ

ˇ
vjk

ˇ

ˇ

ˇ
{vkk

¯ı

the

following arguments coincide

arg

ˆ

jñk
vj ptq

˙

“ arg

ˆ

ei argpv
j
kq
kñj
vj psq

˙

and arg

ˆ

jñk
vk ptq

˙

“ arg

ˆ

ei argpv
j
kq
kñj
vk psq

˙

.

(45)

The real map
jñk
vj ptq “ cosptqvjj is decreasing for t P

”

0, arccosp|vjk|{v
j
j q

ı

and using (19)

we can write

ˇ

ˇ

ˇ

ˇ

jñk
vk ptq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

cosptqvjk ` sinptqei argpv
j
kq
b

pvkkq
2 ´ |vjk|

2

ˇ

ˇ

ˇ

ˇ

“ cosptq
ˇ

ˇ

ˇ
vjk

ˇ

ˇ

ˇ
`sinptq

b

pvkkq
2 ´ |vjk|

2.

This map has only one critical point (maximum) in r0, π2 s when t “ arccos
´

|vkj |{v
j
j

¯

“

arccos
´

|vjk|{v
k
k

¯

, and therefore is increasing in
”

0, arccosp|vjk|{v
k
kq

ı

.

Similarly
kñj
vk psq is decreasing in

”

0, arccosp|vjk|{v
k
kq

ı

, while

ˇ

ˇ

ˇ

ˇ

kñj
vj psq

ˇ

ˇ

ˇ

ˇ

is increasing in

such interval (see for example Figure 1).

Then if 0 ď s0 ă s1 ď arccos
´

|vjk|{v
k
k

¯

“ arccos
´

|vkj |{v
j
j

¯

ˇ

ˇ

ˇ

ˇ

kñj
vj ps0q

ˇ

ˇ

ˇ

ˇ

ă

ˇ

ˇ

ˇ

ˇ

kñj
vj ps1q

ˇ

ˇ

ˇ

ˇ

and
kñj
vk ps0q ą

kñj
vk ps1q hold. (46)

Now given a �xed s0 P r0, arccosp|vjk|{v
k
kqs if we apply Proposition 5.4 to x “

kñj
v ps0q P
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S we can �nd t0 P r0, arccosp|vkj |{v
j
j qs such that

|
kñj
vj ps0q| ď |

jñk
vj pt0q| and |

kñj
vk ps0q| ď |

jñk
vk pt0q|. (47)

Then applying again Proposition 5.4 for the vector
jñk
v pt0q P S, we can �nd s1 P

r0, arccosp|vjk|{v
k
kqs such that

|
jñk
vj pt0q| ď |

kñj
vj ps1q| and |

jñk
vk pt0q| ď |

kñj
vk ps1q| (48)

Now considering (46), equations 47 and 48 imply that s0 “ s1, and then from 45 we
obtain that

ei argpv
j
kq
kñj
vj ps0q “

jñk
vj pt0q and ei argpv

j
kq
kñj
vk ps0q “

jñk
vk pt0q.

The vectors ei argpv
j
kq
kñj
v ps0q and

jñk
v pt0q are equal in their jth and kth coordinates

in a dimension 2 subspace spanned by the vectors vj and vk P S. Then, for each z P

gentvj , vku, if we consider the linear system αvj`βei argpv
j
kqvk “

´

vj

ei argpv
j
k
qvk

¯t
¨p
α
β q “ z,

we know that it has a unique solution p αβ q P C2 since vj and ei argpv
j
kqvk are linearly

independent. Considering only the jth and kth coordinates of the linear system we

can conclude that if det
´

vjj v
k
j

vjk v
k
k

¯

‰ 0, then ei argpv
j
kq
kñj
v ps0q “

jñk
v pt0q. But the case

det
´

vjj v
k
j

vjk v
k
k

¯

“ 0 is never possible. Otherwise vjjv
k
k ´ vjkv

k
j “ vjjv

k
k ´ |v

j
k| |v

k
j | “ 0

(recall that argpvjkq “ ´ argpvkj q). Then using Lemma 4.3 we obtain that vjj “ |vkj |

and vkk “ |vjk|, and then that vj “ ei argpv
j
kqvk, a contradiction. Therefore for every

s0 P r0, arccosp|vjk|{v
k
kqs there exists a unique t0 P r0, arccosp|vkj |{v

j
j qs such that

ei argpv
j
kq
kñj
v ps0q “

jñk
v pt0q. (49)

To prove the formula (44) recall that the domains of
kñj
v and

jñk
v are equal. Now

take t P r0, arccosp|vkj |{v
j
j qs and de�ne s “ arccos

´

|vkj |{v
j
j

¯

´ t. Then

cosptq “ cosparccosp|vkj |{v
j
j q ´ sq “ cosparccosp|vkj |{v

j
j qq cospsq ` sinparccosp|vkj |{v

j
j qq sinpsq

“

´

|vkj |{v
j
j

¯

cospsq `

c

1´
´

|vkj |{v
j
j

¯2
sinpsq “

|vkj | cospsq `
b

pvjj q
2 ´ |vkj |

2 sinpsq

vjj
(50)

Therefore

jñk
vj ptq “ cosptqvjj “ |v

k
j | cospsq `

b

pvjj q
2 ´ |vkj |

2 sinpsq

“

ˇ

ˇ

ˇ

ˇ

vkj cospsq `
b

pvjj q
2 ´ |vkj |

2 ei argpv
k
j q sinpsq

ˇ

ˇ

ˇ

ˇ

“ ei argpv
j
kq
kñj
vj psq

(51)

The proof for the kth coordinate is similar.
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As was seen previously in the proof of (49) this equality in the j and k coordinates
is enough to prove the formula (44).

6. Relation of mS with the joint algebraic numerical range

We will consider here the relation of the moment mS “ mS,E (see De�nition 3.1) of
a subspace S related to a �xed orthonormal basis E with the joint numerical range[3,
6,7]). The joint numerical range of m hermitian matrices A1, A2, . . . , Am P Mh

n pCq,
sometimes called the joint algebraic numerical range [8], is de�ned by

W pA1, A2, . . . , Amq “ tptrpA1ρq, trpA2ρq, . . . , trpAmρqq P Rn : ρ P Du (52)

with D “ tρ P Mh
n pCq : ρ ě 0, trpρq “ 1u the set of density matrices of MnpCq and tr

the usual trace (sum of diagonal entries). This set is the convex hull of the also called
joint numerical range in the literature (that we will denote classic joint numerical
range)

WclasspA1, A2, . . . , Amq “

“ tpxA1x, xy, xA2x, xy, . . . , xAmx, xyq P Rn : x P Cn, }x} “ 1u
(53)

that is not necessarily convex in general. In the case Wclass is convex then the equality
W “Wclass holds.

More precisely, we will see that mS can be described as a particular subset of a joint
numerical range of some selected hermitian matrices (see Theorem 6.3).

Recall that one of the equivalent de�nitions of mS seen in (1) of Proposition 3.2 is
considering the following identi�cation of the vectors of mS with the diagonal entries
of certain matrices

mS,E » DiagtY PMh
n pCq : Y ě 0, trpY q “ 1, ImpY q Ă Su.

Since these Y are hermitian matrices the condition ImpY q Ă S is equivalent to Y “

PSY “ Y PS “ PSY PS . This allow us to rewrite the moment set mS as

mS » Diag
´

tY PMh
n pCq : Y P DSu

¯

(54)

where DS

DS “

!

Y PMh
n pCq : Y ě 0, trpY q “ 1, PSY “ Y p“ Y PSq

)

“ tY P D : Y “ PSY “ Y PS “ PSY PSu .
(55)

Lemma 6.1. Consider DS as in (55) and 0 Ĺ S Ĺ Cn a subspace of Cn. Then

DS “ tρ P D : trpPSρPSq “ 1u .

Proof. Observe that
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ρ P DS ô ρ ě 0, trpρq “ 1, ρ “ PSρ “ ρPS “ PSρPS

ô ρ ě 0, trpρq “ 1, ρ “
1

trpPSρPSq
PSρPS

ô ρ ě 0, trpPSρPSq ‰ 0, ρ “
1

trpPSρPSq
PSρPS

and then

DS “

"

ρ P D : trpPSρPSq ‰ 0, ρ “
1

trpPSρPSq
PSρPS

*

(56)

which implies that DS Ă tρ P D : trpPSρPSq “ 1u.

Now consider a ρ P D with a spectral decomposition ρ “
řk
i“1 pi xi ¨ pxiq

˚

with
řk
i“1 pi “ 1, pi ą 0 and xi P Cn, }xi} “ 1, xi K xj (if i ‰ j).

Then the property trpPSρPSq “ 1 implies that 1 “
řk
i“1 pi tr pPSxi ¨ pxiq

˚PSq “
řk
i“1 pi tr

`

PSxi ¨ pPSxiq
˚
˘

. Then it must be trpPSxi ¨ pPSxiq
˚
q “ 1 for all i “ 1, . . . , k

which in turn implies that }PSxi} “ 1 and therefore xi P S and PS ρ “ ρ “ ρ˚ “
ρPS “ PS ρPS . We have obtained that

tρ P D : trpPSρPSq “ 1u Ă DS . (57)

which concludes the proof.

Notation 2. Consider a �xed basis E “ te1, e2, . . . , enu of Cn. The rank one orthog-
onal projections onto the subspace generated by a single ei P E are described in the
same E basis by the nˆn matrices Ei “ ei ¨ peiq

˚. Here ¨ denotes the matrix product of
the column vector ei with the row vector peiq

˚(conjugate transpose of ei). In this case,
the coordinates of the vector ei are zeros with the exception of a 1 in its ith coordinate
and Ei is a n ˆ n matrix of zeros and only a 1 in its i, i entry. In this case, the Ei
projections are also denoted with ei b ei.

Lemma 6.2. If t0u Ĺ S Ĺ Cn is a subspace of Cn and DS is as in (55), then

mS “ tptrpE1Y q, trpE2Y q, . . . , trpEnY qq P Rně0 : Y P DSu

where we denote with Ei “ ei b ei (see Notation 2) and tr is the usual trace.

Proof. Let Y P DS and a generic element DiagpY q P mS (see (54) and (55)) under
the identi�cation » between diagonals of positive de�nite matrices and vectors in Rně0.
Then, if Ei “ ei b ei, the proof follows observing that

mS Q DiagpY q » ptrpE1Y E1q, trpE2Y E2q, . . . , trpEnY Enqq

“ ptrpE1Y q, trpE2Y q, . . . , trpEnY qq

The next result shows the relation between mS and a particular joint numerical
range.
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Theorem 6.3. Let E “ teiu
n
i“1 be a �xed orthonormal basis, mS the moment of a

subspace S with t0u Ĺ S Ĺ Cn related to E (see (3.1)), PS the orthogonal projection
onto S, Ei “ ei b ei the rank one orthogonal projections onto the subspace generated
by ei P E (see details in Notation 2) and W pA1, A2, . . . , Anq the joint numerical range
of the hermitian matrices A1, A2, . . . , An PM

h
n pCq (see (52)). Then

mS “W pPSE1PS , PSE2PS , . . . , PSEnPSq
č

#

x P Rn :
ÿ

i

xi “ 1

+

. (58)

Proof. Suppose x P mS . Then using Lemma 6.2 we can �nd Y P DS such that x “
ptrpE1Y q, trpE2Y q, . . . , trpEnY qq. Then if we consider that Y “ Y PS “ PSY “ Y PSY
follows that

x “ ptrpE1PSY PSq, trpE2PSY PSq, . . . , trpE1PSY PSqq

“ ptrpPSE1PSY q, trpPSE2PSY q, . . . , trpPSE1PSY qq .
(59)

Then Y P DS Ă D and (59) imply that x P W pPSE1PS , PSE2PS , . . . , PSE1PSq.
Moreover, if x “ px1, x2, . . . , xnq then

n
ÿ

i“1

xi “
n
ÿ

i“1

trpEiY q “ tr

˜

n
ÿ

i“1

EiY

¸

“ tr

˜

Y
n
ÿ

i“1

Ei

¸

“ tr pY Iq “ trpY q “ 1

which proves that mS is included in W pPSE1PS , PSE2PS , . . . , PSE1PSq and its coor-
dinates add to one.

Let us prove the other inclusion. If x P W pPSE1PS , PSE2PS , . . . , PSE1PSq and its
coordinates add to one, then there exists ρ P D such that

x “ ptrpPSE1PSρq, trpPSE2PSρq, . . . , trpPSEnPSρqq

“ ptrpE1PSρPSq, trpE2PSρPSq, . . . , trpEnPSρPSqq
(60)

and 1 “
řn
i“1 trpEiPSρPSq “ trpPSρPS

řn
i“1Eiq “ trpPSρPSq. Then if we consider

Y “ PSρPS it is apparent that Y P DS and therefore by Lemma 6.2 follows that
x “ ptrpE1Y q, trpE2Y q, . . . , trpEnY qq P mS .

The following result is apparent after considering that Wclass “ W if and only if
Wclass is convex.

Corollary 6.4. Let us suppose that S satis�es the assumptions of the previous Theo-
rem 6.3.

Then if Wclass pPSE1PS , PSE2PS , . . . , PSEnPSq is convex,

mS “Wclass pPSE1PS , PSE2PS , . . . , PSEnPSq
č

#

x P Rn :
ÿ

i

xi “ 1

+

and

cone pmSq “ cone pWclass pPSE1PS , PSE2PS , . . . , PSEnPSqq .
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Moreover, mS and W pPSE1PS , PSE2PS , . . . , PSEnPSq generate the same positive
cone as showed in the following lemma (see (3) for a de�nition of positive cone).

Proposition 6.5. Let t0u Ĺ S Ĺ Cn be a subspace of Cn, then

cone pmSq “ cone pW pPSE1PS , PSE2PS , . . . , PSEnPSqq

where we use the de�nition of positive cone generated by a set given in (3).

Proof. The inclusion

cone pmSq Ă cone pW pPSE1PS , . . . , PSEnPSqq

is obvious since using Theorem 6.3 follows that mS ĂW pPSE1PS , . . . , PSEnPSq.
Note that the null vector belongs to both cones. Suppose that c P

cone pW pPSE1PS , . . . , PSEnPSqq and c ‰ p0, 0, . . . , 0q. Then there exists t ą 0, ρ P D
such that

c “ t ptrpPSE1PSρq, trpPSE2PSρq, . . . , trpPSEnPSρqq

Now since c ‰ p0, 0, . . . , 0q and ci “ trpPSEiPSρq “ trpρ1{2PSEiPSρ
1{2q ě 0 then

řn
i“1 trpPSEiPSρq “ tr pPSρPS

řn
i“1Eiq “ trpPSρPSq ą 0. Let us denote with τ “

trpPSρPSq and observe that

c “ t τ ptr pE1p1{τqPSρPSq , tr pE2p1{τqPSρPSq , . . . , tr pEnp1{τqPSρPSqq (61)

with p1{τqPSρPS ě 0 and tr pp1{τqPSρPSq “ 1. This implies that p1{τqPSρPS P DS

and therefore c is a positive multiple of an element ofmS (see (61) and Lemma 6.2).

The following result gives a bound of how close are two moments sets of subspaces
when their respective projections are close in norm.

Proposition 6.6. Consider a pair of subspaces S and V of Cn and the notations of
DS as in (55), mS, E, Ei for i “ 1, . . . , n and the joint numerical range W as in
Theorem 6.3. Then, if }PS ´ PV } ă

1
2n ,

distHpmS ,mV q “ max

"

sup
xPmS

distpx,mV q, sup
zPmV

distpz,mSq

*

ď p2
?
n` 1q}PS ´ PV }

(62)

where distH denotes the Hausdor� distance of sets.

Proof. We will �rst prove that if x P mS then distpx,mV q ă p2
?
n` 1q}PS ´ PV }.

Using Lemma 6.2 if x P mS then there exists Y P DS (Y ě 0, trpY q “ 1, PSY “ Y )
such that x “ ptrpE1Y q, . . . , trpEnY qq.

Now consider the vector ptrpE1PV Y PV q, . . . , trpEnPV Y PV qq and observe that

n
ÿ

i“1

trpEiPV Y PV q “
n
ÿ

i“1

pPV Y PV qi,i “ trpPV Y PV q ě 0.
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But that sum cannot be zero. Otherwise, note that trpPV Y PV q “ 0 if and only if
PV Y PV “ 0 (recall that Y ě 0). Then using the assumption that }PS ´ PV } ă

1
2n

follows that

}PSY PS ´ PV Y PV } ď }PSY pPS ´ PV q} ` }pPS ´ PV qY PV } ď 2}PS ´ PV } ă
1

n
.

This would imply that }PSY PS ´ 0} “ }Y } ă 1{n which contradicts the assumptions
that Y ě 0 and trpY q “ 1.

Using again that trpY q “ 1

|trpPV Y PV q ´

1
hkkkkkikkkkkj

trpPSY PSq | ď |trpPV Y q ´ trpPSY q| ď |tr ppPV ´ PSqY q |

ď }PS ´ PV }

(63)

which implies that 1´ }PS ´ PV } ď trpPV Y PV q ď 1` }PS ´ PV } and

|trpEiPV Y PV q ´ trpEiPSY PSq| “ |tr pEipPV Y PV ´ PSY PSqq|

ď trpEiq}PV Y PV ´ PSY PS} ď 2}PS ´ PV }.
(64)

It is clear that 1
trpPV Y PV q

PV Y PV P DV and therefore the vector z “
´

trpE1PV Y PV q
trpPV Y PV q

, . . . , trpEnPV Y PV qtrpPV Y PV q

¯

belongs to mV (see Lemma 6.2 and Theorem 6.3).

Then

}x´ z} ď }x´ trpPV Y PV qz} ` }trpPV Y PV qz ´ z}

ď

˜

n
ÿ

i“1

|trpEipPSY PS ´ PV Y PV qq|
2

¸1{2

` |trpPV Y PV q ´ 1| }z}

ď 2
?
n}PS ´ PV } ` }PS ´ PV } “ p2

?
n` 1q}PS ´ PV }

where in the last inequality we used (64), (63) and the fact that }z} ď 1 because its
coordinates are positive and add to one.

Then we have proved that for every x P mS there exists a z P mV such that }x´z} ď
p2
?
n` 1q}PS ´PV }. Therefore distpx,mV q ď p2

?
n` 1q}PS ´PV }. We can argue in a

similar way to prove that for every z P mV holds distpz,mV q ď p2
?
n` 1q}PS ´ PV }.

Then we have proved that

distHpmS ,mV q “ max

"

sup
xPmS

distpx,mV q, sup
zPmV

distpz,mSq

*

ď p2
?
n` 1q}PS ´ PV }

Remark 14. A reciprocal of the previous proposition does not hold. There exist or-
thogonal subspaces S “ genpxq and V “ genpxq generated by a vector x P Cn and an or-
thogonal x obtained after conjugating the coordinates of x such thatmS “ t|x|

2u “ mV

and }PS ´ PV } “
?

2.

The following are basic observations that describe elements of
W pPSE1PS , PSE2PS , . . . , PSEnPSq. These can be obtained directly using prop-
erties of the trace, the projections and the principal standard vectors.
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Remark 15. Let S be a subspace of Cn, ρ P D, Ei “ ei b ei for i “ 1, . . . , n, tviuni“1
the principal standard vectors and denote with

∆pρq “ ptr pPSE1PSρq , tr pPSE2PSρq , . . . , tr pPSEjPSρq , . . . , tr pPSEnPSρqq

the elements of W pPSE1PS , PSE2PS , . . . , PSEnPSq corresponding to ρ P D. Then the
following statements hold.

(1) If ρ P D, then

∆pρq “ ppPSρPSq1,1, pPSρPSq2,2, . . . , pPSρPSqn,nq .

(2) If ρ P DS (see (55)), then

∆pρq “ pρ1,1, ρ2,2, . . . , ρn,nq .

(3) If x P Cn with }x} “ 1, then xb x P D and

∆pxb xq “
`

|pPSxq1|
2, |pPSxq2|

2, . . . , |pPSxqn|
2
˘

(4) If xj P Cn with }xj} “ 1, for j “ 1, . . . , k, such that ρ “
řk
j“1 tjpx

j b xjq P D,
then

∆pρq “
k
ÿ

j“1

tj∆px
j b xjq “

k
ÿ

j“1

tj
`

|pPSx
jq1|

2, |pPSx
jq2|

2, . . . , |pPSx
jqn|

2
˘

(5) If x P Cn with }x} “ 1, xbx P D and if PS “ UIrU
˚ is a spectral decomposition

of PS (r “ dimpSq, Ir a nˆ n matrix with 1 in the �rst r entries of its diagonal
and zero elsewhere, and U a unitary whose columns are orthonormal eigenvectors
of PS , with the �rst r belonging to S), then

tr pIrU
˚EiUIrpxb xqq “

ˇ

ˇxpU1,i, U2,i, . . . , Ur,iq, px1, x2, . . . , xrqy
ˇ

ˇ

2

“ |xrowi pU
˚q , px1, x2, . . . , xr, 0, . . . , 0qy|

2

“ |xcoli pUq , px1, x2, . . . , xr, 0, . . . , 0qy|
2 , for all i “ 1, . . . , n.

Therefore, the vectors

∆pxb xq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

U˚ ¨

¨

˚

˚

˚

˚

˝

x1
x2

...
xr
0
...
0

˛

‹

‹

‹

‹

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

are elements of W pPSE1PS , . . . , PSEnPSq after using the unitary invariance of
the joint numerical range. Moreover, the convex hull of these elements equals this
joint numerical range.
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(6) Consider PS “ UIrU
˚ as in the previous item, andρ “ U˚µU P D for µ P D (any

ρ P D can be written in this format). Then

∆pρq “ pxIrµIr pUe1q Ir, IrpUe1qIry, . . . , . . . , xIrµIr pUenq Ir, IrpUenqIryq

“

˜

p U1,1 ,..., Ur,1 q ¨

˜

µ1,1 ... µ1,r

...
. . .

...
µr,1 ... µr,r

¸

¨

˜

U1,1

...
Ur,1

¸

, . . . ,

. . . p U1,n ,..., Ur,n q ¨

˜

µ1,1 ... µ1,r

...
. . .

...
µr,1 ... µr,r

¸

¨

˜

U1,n

...
Ur,n

¸¸

(7) If ei is a member of the standard basis E and we consider ei b ei P D, then

∆pei b eiq “
´

pv11q
2|v1i |

2, . . . , pvjj q
2|vji |

2, . . . , pvnnq
2|vni |

2
¯

.

(8) If s P S with }s} “ 1, then sb s P DS Ă D and

∆psb sq “
`

|s1|
2, |s2|

2, . . . , |sn|
2
˘

.

(9) If vj P S for j “ 1, . . . , n is a principal standard vector (see De�nition 4.2), then
vj b vj P DS and

∆pvj b vjq “
´

|vj1|
2, |vj2|

2, . . . , |vjn|
2
¯

.

Remark 16. Let us consider now some properties related to the joint numerical
range of these particular matrices. Here S is a dimpSq “ r subspace of Cn.

(1) Using basic properties of joint numerical ranges follows that if S is a generic
subspace

W pPSE1PS , , . . . , PSEnPSq “

¨

˚

˚

˝

pv11q
2 0 ... 0

0 pv22q
2 0

...
... 0

. . .
...

0 ... 0 pvnnq
2

˛

‹

‹

‚̈

´

W
`

v1 b v1, v2 b v2, . . . , vn b vn
˘

¯

which provides a way to write the �rst joint numerical range in terms of another
involving only rank one projections related to the principal standard vectors of
S (see 4.2).

(2) Denote with WV,B “ W pPVB1PV , PVB2PV , . . . , PVBnPV q, for V a subspace of
Cn, B an ordered basis of Cn and Bi the projection onto its ith vector. If we
consider a unitary matrix U P MnpCq, the subspace UpSq and the basis U ¨ E
whose elements are the columns of U , then

WS,E “W pPSE1PS , , . . . , PSEnPSq

“W pUPSU
˚UE1U

˚UPSU
˚, . . . , UPSU

˚UEnU
˚UPSU

˚q

“WUpSq , U ¨E .

This follows using that PUpSq “ UPSU
˚ and the unitary invariance of the joint

numerical range W .
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(3) Consider a unitary matrix U such that UPSU
˚ “ Ir, with Ir the diagonal matrix

with r ones at the beginning and zeroes afterwards The �rst r columns of U˚, that
we denote tsiuri“1, form an orthonormal basis of S, and the n´r other o1, . . . , on´r

columns of U˚ form an orthonormal basis of SK. Then UpSq “ gen teiu
r
i“1 and

U ¨ E “ B “ tU ¨ eiu
n
i“1. Then using the previous item

WS,E “Wgenteiu
r
i“1

, tU ¨eiuni“1
“W pIrUe1bIrUe1 , IrUe2bIrUe2 , . . . , IrUenbIrUenq

which describes WS,E using only the �rst r coordinates of the vectors tUeiu
n
i“1.

The following results describe some relations between these joint numerical ranges
and minimal hermitian matrices.

Theorem 6.7. Under the previous assumptions and notations of Theorem 6.3, given
V,W non trivial subspaces of Cn, the following statements are equivalent

(1) mV XmW ‰ H,
(2) W pPSE1PS , . . . , PSEnPSq XW pPWE1PW, . . . , PWEnPWq ‰ t0u

(there exists a non-zero vector in the intersection), and
(3) The matrix λpPV´PWq `R is a minimal hermitian matrix for R PMh

n pCq such
that RPV “ RPW “ 0 and }R} ă λ.

Proof. (1) ñ (2). This is apparent, since mV ĂW pPVE1PV, . . . , PVEnPVq and mW Ă
W pPWE1PW, . . . , PWEnPWq (see (58)) and these moments are not empty and do not
have the null vector.

(2) ñ (1). If assumption (2) holds then there exist ρ, µ P D such that

ptrpPVE1PVρq, . . . , trpPVEnPVρqq “ ptrpPWE1PWµq, . . . , trpPWEnPWµqq ‰ 0

and then

ptrpE1PVρPVq, . . . , trpEnPVρPVqq “ ptrpE1PWµPWq, . . . , trpEnPWµPWqq . (65)

Then since PVρPV ě 0 and PWµPW ě 0 and non zero

trpPVρPVq “
n
ÿ

i“1

trpEiPVρPVq “
n
ÿ

i“1

trpEiPVµPVq “ trpPWµPWq ‰ 0 (66)

holds.
Now de�ne

Y “
1

trpPVρPVq
PVρPV and X “

1

trpPWµPWq
PWµPW.

It is apparent that Y ě 0, PVY “ Y , trpY q “ 1 and therefore Y P DV. Similarly
X P DW.

Then considering (65) and (66) follows that ΦpY q “ ΦpXq which in turn implies
that mV XmW ‰ H.

(3) ô (1) This has been already proved elsewhere, see Remark 2 for details.

Note that if V and W are orthogonal and satisfy any of the equivalent statements
of the previous theorem then they form a support, the main object of study in [4] (see
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for example Theorem 3 in that work).

Corollary 6.8. Let M be a hermitian matrix with }M} “ λmax “ ´λmin, V “

Eig}M} and W “ Eig´}M} the eigenspaces of the eigenvalues ˘}M}. Then the following
statements are equivalent

(1) pV,Wq is a support
(2) mV XmW ‰ H
(3) M is a minimal matrix
(4) there exists a non-zero vector in the set W pPVE1PV, . . . , PVEnPVq X

W pPWE1PW, . . . , PWEnPWq.

Proof. The equivalence follows after considering the de�nition of a support (see [4]),
Theorem 6.7 and the equivalences between (2) and (4) in Theorem 3 of [4].

Next we will write just W and Wclass to denote the sets de�ned in (52) and (53)
respectively.

The previous results in this section related to the joint numerical ranges
W pPSE1PS , . . . , PSEnPSq Ă pRě0qn show that they can be used to detect minimal
hermitian matrices in a very similar way we used the moment set mS . Nevertheless,
the precise description of joint numerical ranges is not an easy task even in low dimen-
sions.

For example, the classical joint numerical rangeWclass of (53) of any triple of hermi-
tian nˆn matrices is convex if n ą 2. Here we are interested in n matrices of nˆn then
this property leave us only with the case of 3 ˆ 3 matrices. The equivalent situation
for S P C3 where the convex hull in De�nition 3.1 is not required was settled in [1].

In general, the convexity of Wclass is an open problem for n-tuples of matrices when
n ą 3 (see [9,10]). Similarly, in the case of subspaces S with dimpSq ą 3 there exist
non convex sets t|v|2 P Rně0 : v P S ^ }v} “ 1u that even have not empty interior (see
Remark 4 in [5] and [4]).

Since the setWclass may be signi�cantly simpler thanW , any positive result in these
direction gives an easier characterization of mS (using Corollary 6.4).

In [11] a detailed classi�cation of the possible joint numerical ranges of 3 matrices
of 3 ˆ 3 is developed. In this case W is a three-dimensional oval in which every one
dimensional face is a segment and every two dimensional face is a �lled ellipse. A
characterization of only ten con�gurations of these segments and ellipses are possible.

We include here some general and particular properties of joint numerical ranges
found in the bibliography that provide information about mS .

Remark 17. Let t0u Ĺ S Ĺ Cn be a subspace of Cn, PS its orthogonal projection
and Ei “ ei ¨ peiq

t “ ei b ei P M
h
n pCq, with ei for i “ 1, . . . , n the standard vectors of

a �xed basis E as de�ned before.
Then, using the bibliography in joint numerical ranges, the following prop-

erties regarding W (see (52)), its classical version Wclass (see (53)), WS,E “

W pPSE1PS , . . . , PSEnPSq and mS,E (see (3.1)) hold.

a) In [12] the authors presented an example where the analogous of the Kippenhahn
boundary generating curve of the numerical range W pA1` iA2q for A1, A2 PM

h
n

does not hold in the case ofW of three 3ˆ3 hermitian matrices. They consider an
algebraic variety in the projective space CPm and obtain a boundary generating
hypersurface that, under some hypothesis, allow the detection of elements of W
for any m and n (see Theorem 2.6 in that work).
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b) A complete generalization of the so called boundary generating curve of Kippen-
hahn for joint numerical ranges of hermitian matrices of any size was developed
in [3]. In that work it is proved that W is the convex hull of a semi-algebraic set
T„ Ă W that contains the exposed points of W and hence its extreme points.
This subset T„ is the euclidean closure of the union of the dual varieties of the
regular points of the irreducible components of a hypersurface related to the ze-
roes of detpx0I ` x1PSE1PS ` ¨ ¨ ¨ ` xnPSEnPSq P Rrx0, x1, . . . , xns. Moreover,
it is proved that T„ contains the Zariski closure of the set of extreme points
of W (see Remarks 1.3 4) and 4.15 of [3]). Nevertheless, T„ is not necessarily
contained in the boundary of W .

c) WS,E and mS,E are semi-algebraic sets of Rn. This follows using Theorem 1.2
and Remark 1.3 3) of [3] and Theorem 6.3.

d) The study of the problem of �nding all the unitary matrices U such that que
mUpSq “ mS (see Example 3.3) or of the subspaces V,W such that mV “ mW is
closely related to the same problems in terms of the corresponding joint numerical
ranges WV,E and WW,E .

e) The work [13] describes which matrices can produce a given WclasspA1, . . . , Amq
for Ai PM

h
n , i “ 1, . . . ,m. More precisely, under what conditions on m,n and/or

the shape of WclasspA1, . . . , Amq the m-tuple A1, . . . , Am can be restored from it
up to unitary similarity. The cases considered were m “ 2, n ą 2 and n “ m “ 3.

f) WclasspA1, A2q is always convex and so it is WclasspA1, A2, A3q for n ě 3 (see [9,
10]). Nevertheless, the convexity of Wclass seems to be unanswered in the general
theory of joint numerical ranges at least for big m.

g) There exist some standard numerical algorithms to generate or approximate the
boundary of W . See for example the one detailed in page 6 of [15].

As seen in the item (1) of Remark 16, given a generic subspace S, the set WS,E can
be easily described in terms of a joint numerical range of projections of rank one or as
in and (3) of the same remark in terms of the coordinate subspace teiu

r
i“1 and matrices

of rank one that are zero outside the r ˆ r �rst block. The authors did not �nd any
reference to studies of the joint numerical range of these particular n-tuple of n ˆ n
matrices.
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