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Abstract
For a given complex finite dimensional subspace S of C" and a fixed basis, we study
the compact and convex subset of (Rx>o)" that we call the moment of S

ms =convex hull ({|s eRLy:seSAls|=1})

~{Diag(Y) e M}(C):Y > 0,tx(Y) = 1,PsYPs = Y}

where |s|> = (|s1]%, [s2]%, ..., |sn|?). This set is relevant in the determination of
minimal hermitian matrices (M € M such that | M + D| < D for every diagonal D
and | || the spectral norm). We describe extremal points and curves of mg in terms of
principal vectors that minimize the angle between S and the coordinate axes. We also
relate ms to the joint numerical range W of n rank one n x n matrices constructed
with the orthogonal projection Ps and the fixed basis used. This connection provides
a new approach to the description of mg and to minimal matrices. As a consequence
the intersection of two of these joint numerical ranges allow the construction or
detection of a minimal matrix, a fact that is easier to corroborate than the equivalent
condition for moments. It is also proved that mg is a semi-algebraic set equal to the
intersection of the mentioned W with a hyperplane and whose generated positive
cone coincides with that of W.
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1. Introduction
Given a subspace S of C", our main interest in the study of the set
mg = conv ({]8]2 eRLy:seSAals| =1}

where [s]? = (|s1/?, |s2[%, ..., [sn|?) with sj, j = 1,...,n are the coordinates of s in
a fixed basis F = {ej,e9,...,e,} (see Proposition 3.2 for other equivalent definitions
of mg). Its importance lies on its fundamental relation with what we call minimal

hermitian matrices M € M7(L(C), that satisty |M| < [[M + D|, with D a diagonal

matrix and |M|| = sup|,|_; [Mz|. Note that the consideration of diagonal matrices D
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requires the choice of a fixed orthonormal basis F of C". The relation between minimal
matrices and mg is the following

M is minimal < M = | M| (Ps,,,, — Ps_,,) + R and mg,, nms_,, #@ (1)

where Ps denotes de orthogonal projection onto S and |R| < |[M|, Im(R) L
S| S—|am|» with Sy denoting the eigenspaces of M corresponding to the eigenvalue

see the more detailed Remark 2). These matrices, in turn, allow the concrete de-
scription of some metric geodesics in flag manifolds as studied in [1,2].

We describe many extremal points of mg (including curves of them) that can be
easily described in terms of some principal vectors of S or the matrix of the orthogonal
projection Pg in the E basis. The projections of the mentioned curves of mg in certain
2 dimensional coordinate planes are parts of ellipses centred at the origin that can be
easily obtained.

We also study a very close relationship between the moment mg and a joint numer-
ical range of some chosen hermitian matrices of rank one PsE;Pg = (Pse;) - (Pse;)* =
(Pse;) ® (Pse;), for i = 1,...,n (see Theorem 6.3). This allows a translation of the
condition of being a minimal matrix (1) to a property of intersection of the two cor-
responding joint numerical ranges (see Theorem 6.7). Recent results using algebraic
geometry allow a description of a subset T~ whose convex hull gives these joint nu-
merical ranges (see [3]). This is a generalization of a Theorem of Kippenhahn where it
is proved that the convex hull of certain algebraic curve equals the classic numerical
range of a matrix W (A).

In what follows we list the main contents of each section of this work. In Section 2
we state most of the notation used. Section 3 includes previous results and different
characterizations related to mg. We also introduce there what could be considered the
centre of mg (see (5)) and some of its properties.

In Section 4 we introduce the principal standard vectors {v’ -y of a subspace S
related to a fixed basis E. These are the ones that minimize the angle between S
and the coordinate axis of a fixed basis E = {ej,e9,...,e,}. We describe some of its
properties, particularly the ones related to the elements |v/|? € mg, j = 1,...,n.

Section 5 is dedicated to the presentation and description of certain particular curves
of extreme points of mg that join elements |v/|? € mg of what we call the principal
standard vectors {v’ }r1-

In Section 6 we show the close relation between mg and the joint numerical range

Ws g =W (PsErPs,...,PsE,Ps)
= {(tr(PsE1Psp, ..., tr(PsE1Psp) e RL0 : p > 0,tr(p) = 1},

where F; = e; ® e; is the orthogonal projection onto the subspace generated by e; € E,
i =1,...n. Here F is the fixed standard basis we are considering. This allows restating
many results of mg and minimal matrices in terms of these joint numerical ranges and
obtain some general properties about mg. Among them it is proved that mg is a semi-
algebraic set (Remark 17 c)), it is a subset of Wg g included in a hyperplane that
generates the same cone than Wg g (Theorem 6.3 and Proposition 6.5) and the known
algorithms used to generate Wg g can be used to approximate mg. It is also shown
that the map Ps — myg satisfies disty(ms, my) < (24/n + 1)||Ps — Py| (Proposition
6.5) where disty is the Hausdorff distance. Moreover, for a hermitian matrix M =
|M(Peig,,,, — Prig_,,,,) + R (with Eigjas, Eig_j5 the eigenspaces of %[ M|, R €



M} (C), R(Eigy ) = 0), holds that Weig, .5 N WEig_,,,, . # {0} if and only if M is

minimal.

2. Preliminaries and notation

Let C" be the finite n-dimensional Hilbert space of vectors of complex numbers
with its usual inner product denoted with ( , ) and norm | ||. We denote with
E = {ey,ea,...,e,} a fixed orthonormal ordered basis of C™ which we will call the
standard basis. The vectors e¢; € E, ¢ = 1,...,n will be called the standard vectors.
Our adoption of a fixed basis is required since we are going to work with diagonal
matrices that may not remain as such when a different basis is used.

Given a vector x € C" we will denote with =1, za, ... ,x, its standard coordinates
(in the E basis) with the only exception of {e1,eq,...,e,} where the subscripts denote
the different standard vectors.

We will denote with |z|? = (|z1|%,..., |zn|*) € RZ, the vector of the squared modulus
of its F coordinates z; = (x, e;), for i = 1,...,n. The vector |z|? has been described in
previous works with x o Z using the entry-wise Schur (or Hadamard) product o where
Z denotes the vector whose coordinates are those of = conjugated. We state here some
of these notation for further references.

Notation 1. We will use the following notations:

a) E ={e1,e,...,e,} will denote a fixed orthonormal ordered basis in C", consid-
ered the standard basis,

b) given x € C", the z; will be the j™ coordinate of z in the standard basis, that
is, zj = (z, e;),

c) given a vector z € C" we denote with |z| the vector of the modules of its coordi-
nates || = (|z1],...,|zs|) and similarly |22 = (|z1]%,. .., |za]?).

With M,,(C) we denote the set of n x n matrices with coefficients in C, and if A €
M, (C) then A* is its adjoint matrix (conjugate transpose of A). We write A € M(C)
if A is a matrix such that A = A*, and we will call it hermitian. Given a square matrix
A, then Diag(A) is the diagonal square matrix with the same diagonal than A written
using a fixed basis of C". Sometimes we will identify the matrix Diag(A) with the
vector whose entries are obtained from the corresponding diagonal.

The rank one orthogonal projections onto the subspace generated by an z € C",
with |z| = 1 will be denoted with x ® z ((z ® z)(v) = (v, x)z, for all v € C"). Its
corresponding matrix in the F basis can be written by x - * where - is the matrix
product and z is identified with the n x 1 column matrix of coordinates of = in the E
basis (x;1 = (x, €;)).

If T'< C" or R", we will write conv(T) to denote the convex closure or convex hull
of T. Equivalently the set of convex combinations ta + (1 —t)b for ¢ € [0,1], for all
a,beT.

3. Moment of a subspace

The term “moment” in the following definition of the set mg of a subspace S of
dim(S) = r is motivated by its relation to certain moment map defined in the sym-
plectic manifold (C™)" (see Section 4 in [4] for details).



Definition 3.1. Let S a subspace of C", {0} < S < C" with dim(S) = r. The moment
of S related to a fixed orthonormal ordered basis E = {ej1, ea,...,e,} of C" or just the
moment set of S is the subset of (R>g)" defined by

ms,p = conv ({]vlzeRgo cveES A v = 1}) (2)

If the basis F is fixed or clear from the context we will use the shorter notation mg
instead of mg g.

Remark 1. The set mg is a compact and convex set of R", but note that if the
convex closure (conv) is not used in (3.1) then mg would not be necessarily convex
(see Remark 4 in [5]).

There are several equivalent statements that we can consider to define the set mg
some of which do not require to take the convex hull. See for example Proposition 3.2.

Remark 2. Our motivation to study the set mg relies on the following property.
Let V and W be two non trivial orthogonal subspaces of C™, and a hermitian matrix
R e M!(C) such that RPy = RPw = 0 and |R| < A. Then, if my n mw # &, follows
that the matrix M = A(Py — Pw) + R is a minimal hermitian matrix in the sense that

| M| = dist (M, Diag,,(R)) = dist (M, Diag,, (C))

for Diag,(X) the diagonal matrices with coefficients in X. Moreover, every minimal
matrix can be written in this way (see Corollary 3 of [5] and Theorem 3 of [4] to obtain
a detailed study and other equivalent statements).

Remark 3. We denote the positive cone generated by a set X < R" as
cone(X)={tzeR":teRsgrze X} (3)

Note that we can consider the positive cone generated by mg in R, instead of just
mg in order to obtain the sufficient condition mentioned in the previous Remark 2.
Nevertheless, we choose the present Definition 3.1 of mg in order to work with bounded
sets.

The following are equivalent characterizations of the moment mg. The statements
(1), (2), (3), can be obtained from characterizations made in [5], (4) is Lemma 6.2 and
(5) is Theorem 6.3 of section 6.

Proposition 3.2. The following are equivalent conditions to define mg, the moment
of S related to a basis E = {e1,...,en}, with dim(S) = r.

(1) Let Diag(X) € M, (C) be the diagonal matriz with the same diagonal than X €
M, (C) when its written using the basis E, then

mg ~ {Diag(Y) e M"(C):Y > 0,tr(Y) = 1,Im(Y) S},

where we denote with ~ the usual identification of vectors of C"™ with diagonal
matrices of C"*™.

(2)

mg = conv {[v|* :v e S A v =1}



see the meaning of |v|? in Notation 1
g

(3)
mg = U conv ({\si\Q};;l) )

{s*}7_j0.n. setin S

(4)

mg = {(tr(ErY), tr(E2Y),...,tr(E,Y)) e RE) : Y € Dg}

where E; = e; - (e;)! and Dg = {Y e M(C):Y = 0,tr(Y) =1,PsY =Y}.
(5)

n
mg = W(PsElps, .. ~,PSEnPS) N {x S R;O : Z T; = 1} ,
=1

where Pg is the orthogonal projection onto S, E; = e; - (¢;)* and W is the joint
numerical range defined in 52.

Remark 4. Note that in particular the condition (3) implies that the Carathéodory
number of {|v|?: v e S A [v|| = 1} is less or equal than r = dim(S) (see (2)) .

Example 3.3. Let U; € M, (C) be a unitary such that its matrix with respect to the
E basis is diagonal, S a subspace of C"™ and Uy(S) = {Ua(s) : s € S}, the subspace that
is the image of S under Uy. Then it is trivial that mg g = my,(s),g. Nevertheless, if
V, W are subspaces of C" such that my = myy it is not true that there exists a diagonal
unitary Uy (relative to the base E) such that Uy(V) = W. For instance, if we consider
the subspaces V = span{(1,1,0), (0,1,1)} and W = span{(—1, ¢™/4,0), (0, /3, i™/6)}
it can be proved that my = mw but there is not any diagonal unitary Uy such that
Ug(V) = W. Their corresponding orthogonal projections written in the E basis are

2/3 1/3 —1/3 2 leF lew
Py=|1/3 2/3 1/3 | and Py = | -Lle¥ 2 e’
-1/3 1/3  2/3 le  le¥% z

Remark 5. Let S < C” be a subspace of dimension r and E a fixed basis of C". If
{s1,s2,...,8"} and = {w',w?, ..., w"} are two orthonormal basis of S, then

r ) r ‘
DI =D (4)
i=1 i=1

r

The proof of this fact follows after considering that Ps = Do SR s = Zf:l wi ®
w’ and therefore their diagonal matrices coincide diag (Ps) = diag (3;_; s'® ') =

Yoy 8% = diag (Xi_; w' @w') = X [w'*.
The element
1 T

2 _ 1 :
c(ms.) = 7“,-; 5'1° = Gmrsy Gias(Ps) (5)




for (any) orthogonal basis {s!,s?,...,s"} of S fulfils some interesting symmetric prop-
erties in the moment set mg.

Proposition 3.4. Let S be a non trivial subspace of C", E a fixed basis of C" and
c(mg) = c(mg,g) defined as in (5). Then c(mg) satisfies the following properties.
(a) c(ms) € ms.

(b) c(mg) coincides with the barycentre or centroid of the simplex generated
by {|w?, |w??, ..., [w"[*} = RY, obtained from any orthonormal basis
{wl,w?,...,w"} of S.

(c) Let S and V be subspaces of C", with one of them not trivial, S LV, with
dim(S) = r and dim(V') = k. Then

1
r+k

c(msgy) = (re(mg) + kc(my)). (6)

This can be generalized to any number of mutually orthogonal subspaces.
(d) c(mcn) = (%7 %7 ARE) %)
(e) If dim(S) =r < n, then c(mg) = =—((1,1,...,1) — rc(mg)).
(f) If dim(S) = r < n then the i™ coordinate of c(mg) satisfies c(mg); < for

everyi1=1,...,n.
(9) Given a Subspace D c S, with dim(D) = d < dim(S) = r, then ¢c(msop) =
c(mgnpL) = d (rc(ms) de(mp)).

(h) Let S and V be two subspaces of C™ with dimensions r and k respectively
and D = S n'V of dimension d such that (S N DL) 1 (V N DL) holds.

Then c(mgyy) = M%d(r c(mg) + kc(my) —dc(mp)).

Proof. (a) This follows after considering the definition of ¢(mg) (5) and the state-
ment (3) in Proposition 3.2.
(b) The centroid or barycentre of the simplex of r vectors {w'}/_; < R™is + 37| w'.
Then consider (4) and (5).
(c) This property can be proved using an orthonormal basis of S@ V' of elements of
S and V and then (5).
(d) and (e) are apparent.
(f) Using the previous (c), (d) and (e) follows that c(mcn); = 1/n =

re(ms); +(n r)c(mgi);

, which implies that r¢(mg); =1 — (n —r) c¢(mge); < 1.

(g) Consider a completlon of an orthonormal basis of D to one of S and use (5).

(h) This equation can be proved using similar techniques of basis completions and
(f).

O

Remark 6. Note the similarity of the equation (6) with the one used to calculate

the geometric centroid or barycentre of m disjoint sets A; with j = 1,...,m using
2o, c(Ay)p(A4;) . .

c(u}”zlAj) = w where p is the corresponding measure.

Proposition 3.5. Let S and W be two subspaces of C" such that S L W and such

that there exist two corresponding orthonormal basis {s"}7_ and {w’ };?:1 that satisfy

r k
h .
D tals" P =) uylw]? (7)
h=1 j=1



for th,u; = 0 and Y, _,tn, = Z§:1 uj = 1. That is, (S,W) form a support (see
Definition 1 and theorems 2 and 3 in [4]).
Then

r k
; 1
(Z thsh|2> = (Z uj|w]|2> < 2 for everym =1,...,n. (8)
h=1 m -

J=1

Proof. Suppose there is mg such that (3 _, th|sh|2)m(J > 1. Then define the vectors
T =2, 1t e~ ta(sh,) ghoand y = Z§=1 Vg e @8Who) i Observe that z € V.
and |z]| = (z,2)Y2 = (X_ t,)Y* = 1. Similarly, follows that y € W, [ly| = 1 and
xzly.

. 2
Observe that the mg coordinate of z satisfies |2,,,|? = (Z;zl N T Y sh> =

mo
(Xhot \/ﬂ|8,}fno])2 > > i talsh |? > 3, and in the case of y also [ym,|* > 1.
Now consider the dimension two subspace C' = gen{x, y} where {x, y} is an orthonormal
basis of C and c(m¢) = 2(|z|*> + |y|?) (see Proposition 3.4 (c)). Then c(mc)m, =

2 2
[0 ;'y’”“' > 1/2;1/2 = £ which contradicts Proposition 3.4 (f). O

Remark 7. Note that the condition (7) is equivalent to mg N mw # & (see (3) in
Proposition 3.2). Then (8) implies that mg N my < [0,1/2]" must always hold. This
information is relevant since the supports (S, W) allow the construction of minimal
matrices (see Theorem 3, [4]).

4. Generic subspaces and its principal standard vectors

Definition 4.1. We call a subspace S of C" a generic subspace with respect to the
basis E = {e;}I"  if for every j = 1,...,n there is z € S such that z; = {(z,e;) # 0.
This condition is equivalent to any of the following statements:
e S is not included in a (n — 1)-dimensional coordinate space Cj; = {z € C" : z; =
0} = (spanf{e;})* for j =1,...,n,
o or (Ps(e;)); # 0 for all j (otherwise 0 = (Ps(e;),e;) = (Ps(ej), Ps(e;)) =
|Ps(e;)|? which implies e; L S).

Remark 8. Observe that if S is not a generic subspace of C" we can find m < n such
that a natural immersion of S in C™ becomes a generic subspace of C™.

Definition 4.2. Principal standard vectors. If Ps(e;) = Pse; # 0 we will denote
with
| Pse;l

€S, j=1,...,n (9)

the unique principal vectors related to the standard basis E = {e;}!' ; that satisfy
(v); = v >0 (v] = <%,ej> = |Psej|) and minimize the angle between the

subspace S and the one dimensional coordinate axes span({e;}), that is

Je = N}
Whep= max [s.ep)



Note that the existence of these principal standard vectors for all j requires that .S is
a generic subspace (where Pge; # 0 for all j, see Definition 4.1).

To prove the uniqueness of v/ suppose there exists w € S (w # v/) with |w| = 1
and such that

w,e;) = max S,€5)|.
(woep) = _max (o))

Then w; = vg > 0 and v/ +w # 0. If we suppose that |v/ +w| = 2 then it can be proved

that [(v7,w)| = 1 and therefore v/ = \w with || = 1, but since v} = w; > 0 follows

that A = 1 and then v/ = w. Now suppose ||v/ + w| < 2, and define z = ||Zji$u €S,
then

(0] + wy)

o0 S 120 wy) =) 10
1/2HU]+U)H > /(Uj+wj> v, ( )

.’13] = <1’,€j> = 7

a contradiction.

Remark 9. We state here some properties of the principal standard vectors of a
generic subspace S defined in (9) that follow after direct computations.

a) Forevery j=1,...,n, vg = ||Ps(ej)| > 0.
b) If we also denote with Pg the corresponding n x n matrix in standard coordinates,

then its j*®f-column satisfies col;(Ps) = Pge; = vgvj and its j, k entry (Ps);, =

o N 2
v?vi. In particular (Ps);; = (vj) :

c) Since the matrix Pg is hermitian then Ujvi = Ulljvf = v’gﬁ and then arg (vi) =
—arg (vf)

d) Directly from the previous item follows that if Pse; and Psej, are not null, then

J ok J k

v i v [
=2 and % =2 (11)
Uk Q;; Uk U}

e) Observe that 0 = fui = (v, ey = (v, Psey = |Ps(ex)|(v?,vF) < o7 L ¥ or
Pg(er) = 0 or Pg(ej) = 0. Therefore, if S is a generic subspace

vi — 0/ Lo" (12)

Lemma 4.3. Let S be a generic subspace of C" and w € S, with |w| = 1. Then the
following properties hold

(1) W] = v = |wy| forall j =1, ,n.
(2) Moreover,

vj: = |w;| e w= et arg(w;) g , (13)

and in particular



(3)
= |’Uf‘ = Uk — eiarg(vf)vj PN Uj _ eiarg(vi)vk = |U£| = |UZ]€|,V’L = 1, .. n. (14)
(4) As a consequence

k i (0 j
{07, vk} is linearly independent < v |~ \v | (v > |U ) < v # |vl] (vg > |vi)).
(15)
Proof. The first statement is apparent from the definition of v/. For the second state-
ment, observe that vj = |Pse;| > 0 (see Remark 9). Then w, with |w| = 1 is a

multiple of 7 if and only if w = ¢?2&:)yJ . Then

=1<

(Psw, *j>

w — eiarg(wj)vj < |<qu)j>| =1< ‘< Se] >‘ =le

[Pses]
o el

J

(16)

:1©\wj]:v§

The statement (14) follows after replacing w from (13) with v* and applying some of
the properties listed in Remark 9. O

Remark 10. Given S a generic subspace and z € S with |z| = 1, then its j'
coordinate can be calculated as

zj = | Psejl<a , v7) = vidz , o7) (17)

This follows since z; = (x , e;) = (Psz , e;) = (v , Psej) = (&, |Psej|v?) =
| Psej|{x , v’). Therefore, x; = 0 if and only if {(xz , v7) = 0 or |Pse;|| = 0, but this
second condition cannot happen in a generic space.

Proposition 4.4. Given a subspace S of C" and e; a member of the standard basis
E such that Psej is not null (for example if S is a generic subspace), then |v7|* =
(Jv] 2, |[vd)?, .. ,|[vh|2) is an extreme point in mg.

Moreover, zf [v7|2 is a convex combination of |y|? and |z
2 must be multiples of v7.

|2 with y,z € S, then y and

Proof. Suppose that there are two vectors y,z € S, with |y| = |z|| = 1 such that
07?2 = t|y|? + (1 —1)|2]? with 0 <t < 1. Then in particular |v§|2 = tly;)? + (1 —t)|2]?
which implies that |vJ| = v |y]| = |zg| Then using (13) in Lemma 4.3 we obtain
that both y and z must be multiples (by a complex with modulus one) of v7. This

implies that [v/|? = |y|? = |2|2. O
5. Curves of extreme points in mg

Definition 5.1. Let S be a generic subspace and v/ and v* (defined in 9) be linearly
/Nk .
independent. We define a curve ' v [0,7/2] — S that starts in v/ and passes through



et arg(vi)vk:

ok _— , j (vk — (¥, vj>vj)
v (t) = cos(t)v! + sin(t) etars(vi) [oF — (o oisui | t e [0,7/2]. (18)
Note that HJU (t)] = 1 and that using basic properties of v/ and v* (see Remark

~k j~k K
9) the j and k coordinates of v (t) (that we denote with ij (t) and on (t)) can be
computed

jk jk

v; (t) = cos(t)v) , and vy (2) — cos(t)v] + sin(t)e’ &)y /()2 — ol 2. (19)

Remark 11. The curve vectors v (t) can be obtained by projections of particular
linear combinations of the e; and e standard vectors. Namely,

. . ek YW ) €j
kil & ) 5 €j . i J (HPS(ek)H <v v >”Ps(€j)H)
v (t)=Ps| B8 (t)], for B (t) = cos(t)———+sin(t et ars(vi) —— )
=rs(Fw (8) = coslt) ppgiepyy i) ok = CoF, wiyod]

A/ﬂk
This implies that for each ¢ € [0,7/2], the vector v (t) attains the minimal angle

—~k

ik J
between S and the one dimensional subspace spanned by "¢ (t) = }jﬁk(t)|
B ()

Co(t),"e (t))y = max [{s,"e (1))].
seS,||s||=1
Note that j/gk(t) is included in span{e;;, etarg(vi) er} = span{ej, e} for all t € [0, 7/2].
i~k Gk ke
Moreover, it can be computed that <]v t),”e () = HPS (J e (t)) H = H7T1H >0
B (1)

. : . . ik Ps(e" W) ik
(if zero then v? and v" should be linearly dependent), “v ()

- 7”135 (j’e“k(t))H7 and v (t)

is unique among the unit vectors s € S that attain this maximum with the property
that (s, e (t)) > 0 (this can be proved as done in (10)).

Following the same procedures as those used in Lemma 4.3 for v/, similar results

—~k
can be obtained for 'v (t) as stated in the next lemma.

Lemma 5.2. Let S be a generic subspace of C" and w € S, with |w| = 1. Then the
following properties hold

(1) 15 @), e ) = B
(2) Moreover,

0,70 = 1w, 7S )] for all t € [0,7/2].

jk gk jk

7,7 @) = 1w, T )] e w = @ @) 5 (a1

10



(3) and in particular

70, @) = 10 (30). 7 @) for so e [0,7/2]
= j/ﬁk(so) _ iarg( V" (s0), € (1)) j/ﬁk(t) 22)
= 5@, 7wl = 15" (50, " ] Ve 0,772,

(4) As a consequence

Ty £ 10T ), ).
(23)

{j/;k(t), ]?k(s)} is linearly independent < <j’17k(t),

Proposition 5.3. Let S be a generic subspace of C* and v7 and v* from (9). Consider

L [0,5] — [m(jzk) < S the curve defined in (18), then:

(1) the map j/;k 18 bijective,
(2) for allt € [0, %], holds that

COM 0,0 eRsg and o), éE)Ry ¢ Ry (24)

(3) j‘;k(o) v and 7" (arccos (|vi|/v,§)> = ')yt

-
Proof. (1) To prove the bijectivity of T it s enough to observe that the j-
o _

coordinate of the curve is ]vj (t) = cos(t)vg (see (19)) which is a strictly de-
creasing real function from [0, 5] onto [0, vg]
"k
(2) Fix t € [0, 5] and recall that T (t) has norm 1 (see (18)). Moreover, the fact
that S is a generic subspace implies that v?,v,’i € Rog, e“’““g(”{«)v;C e R-0 and
arg(vz) = arg(e*®8(vi)yk).
On the other hand
arg((v?, €' BUR)) = arg(e” 8D 08) = arg (| Pser| (o), ex)) —arg(v]) = 0

and consequently

< k(b vj>v‘7) .
. . i . P i 9 7 ]/ﬂk’
Ug, elarg(vi)v§?7 ezar%(”i) Hvk — <Uk,1}j>1jj ” € R , hence Vj (t) € R>p. (25)

Similarly

arg(vi) = arg(eiarg(vi)vllj) =arg | e

k_ fok o j)
v v v v .
iarg(vi) < k < > K = arg (] K >

— t
[oF —GoF, wisor| v (1)

(26)

11



The previous equalities (25) and (26) and Remark 10 imply that

oM 1),07) =75 (1) /0] € R

and
I3, ersoyby = (iase 5 () oy @ ias(0) Sk ke Ry

(3) It is trivial that v (0) = v/. Now if v/, v* are linearly independent, then 0 <

. . k —|vk
loF — Cog, vI 09| = 41— (‘ijlz = (v-")jj A 1, and therefore there exists
j J
to € (0,7/2) such that
e

sin(tg) = v — (vg, v || = J

v

j

Y2 _ 2 2 - 2 j
Using that <w> + (’Uﬂ/q)g) = 1, then tg = arccos(]vﬂ/vg) =

arﬂccos(|vi!/v’,§) € (0,7/2) since |vf|/vg = |v|/vk < 1. Otherwise, if |vf|/v§ =1,
v/ and v* must be linearly dependent (see (15) in Lemma 4.3).
Evaluating the sine and cosine in that ¢y we obtain:

sk P (o) (UF = (U 07
T 10) = coslio + sinty) el {0 =000
)

, k _ ok 0,3Ngd
(1T Y o ok ok s iars(e) (08 = 08 0D0T) a7
= (loll/ok) 7 + o = ) o) o

= (|vi|/v,l§> v 4 etare(vl) (vk — <vk,vj>vj>

And using that e’ arg(vi)@k, vl) = ¢ arg(“?i)vf/vg = |U§C|/Uj we obtain

"0 (t0) = (Iofl/uk) of 4+ 0D (v — (0w = (o /o) of + et
_ ei arg(vk)vk‘

(28)

O]

./‘-lk
Proposition 5.4. Consider the vectors v (t) from Definition 5.1, x € S with |z| = 1
and €jey, the segment between e; and ey, projected to the j and k coordinates (in R?).
Then there exists t, € [0,7/2] such that

g < 5" (t)|  lael < [0 (12)| and (29)
mk j —~k
dist ((V ) o (tz)lz),eka) < dist (|22, |zx|?), %) - (30)

12
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Proof. In order to alleviate the notation let us write

iarg(vi) (Uk - <Uk’ Uj>vj)

[vf = (v, vl |

k= ¢

(31)

j~k . . : .
Recall that ]Uj (t) = cos(t)v’ + sin(t)@’* with v7 L @/* (see (18)). Then we can write
x € S as a linear combination of v/, @W/* and a vector y € S with ||y| = 1, orthogonal
to the subspace spanned by the other two vectors

z=av+ba* +cy, with a,b,ceC. (32)

We will consider two cases: ¢ = 0 and ¢ # 0.

e Case c=0 ‘ '
Recalling the j*" and k™ standard coordinates of v/ and @’* as in (19) we can
write (suppose j < k):

z=av + b’ = < . ,avg,... avk + belare(vi) (vF)? — \vk\Q ) .

The orthonormality of {v7, @/} and |z| = 1 implies that |a|? + |b]> = 1. Now
define av = arccos(|a|) € [0,7/2] and consider

j—~k . .
" (@) = cos(a) v’ + sin(a) @7*.

Then
2] = lal |od] = 55" (@)] (33)
and
k] = |av] + b @8R [ (uk)2 — vl 2
(vF)2 — o} 2| = cos(a) ]| + sin(a)y/(v])? — w2 (%)
—'5" ()|

where in the last equality we have used that v/ and @7* have the same argument
in its k' coordinate (see (19)). Therefore, |zy| < ‘jvk (ar)| which together with
(33) proves (29) in this case. Then follows that

dist (55" (1), 08 (1)), 5 ) < dlist ((Ja1[2, ), E5e)

e Case c# 0 (and y # 0)
Using Remark 10 and the fact that y | span{v’, @/*} = span{v?, v*} it can be
proved that yj = |\Pge]|\<y v/ = 0 and similarly y, = 0. Then, z; = av; +bw

and zp = avk +bwk

13



- _
If z; =0 and x3, = 0 it is enough to take t, =0 (jv (tz) = v7).
Consider now the case when z; # 0 or x # 0 and the define the vector z € S

as
3= Pspan{vj,ﬁ”}(x) _ avl + bk
| Papangos amy ()| [lavd + bwik|’
Since [av? + bi*| < ||lz| = 1 (because y L v/, y L @/*) and the j* and k"

coordinates of av/ + bw’/* and x coincide (y; = yx = 0), we have that
%] = |z;] and |Zk| > |- (35)

Since 7 is included in the case already considered when ¢ = 0, there exists ¢ that

satisfies (29), (see (33) and (34)). That is, |7;] = |0} (tz)| and 2] < |00 (t2)].
Then using (35) we obtain

jak josk
il < |'vy (t2)| o loel < o (8)]

which in turn proves

a (5" ), o)), 7er) < d (s Joal?), er)

O

Remark 12. There are many different = € S with |z| = 1 that satisfy (29) for the
same value of ¢, (see for example Figure 1).

‘/ﬂk
Theorem 5.5. Consider the curve "o : [0,7/2] — RY, from Definition 5.1 and
xe S, with |x| = 1. Then there exists a unique t, € [0, 5] such that

;| = [0 ()] and x| < ok (t)]. (36)

Moreover, if x = avi + ba’* + cy (with 7% as in (31) and y L v, %), then t, =
arccos(|al).

Proof. Consider first the the existence of ¢,.
We continue using the notation @/* as in (31). As in 32, we write

z=av) + b0 +cy , with a,b,ce C and y L o7, &7F.

Now we consider different cases. If ¢ = 0 we can choose t, = arccos(|al) as in (33) and
(34) in the proof of the previous Proposition 5.4 to obtain the equality and inequality
required.

Now consider the case ¢ # 0 and some sub-cases

e If a = 0 then it must be x; = 0 Ug +b @;k + ¢ 0 = 0 where we have used that
@;k = 0 (a direct computation) and y; = 0 (see Case ¢ # 0 in Proposition 5.4).

sk
Then we can choose t, = 7, and obtain |Jv]- (m/2)] =0 = |x;j].

14



For the k*"-coordinate, y, = 0 and (19) imply

0v) + betars)y [ (vk)2 — |o] |2

2| = = ‘b (vh)2 — [l?| < 1| =
j/ﬂk
ok (5)] ,

e Consider now a # 0. If we choose ¢, = arccos(|a|), then using again that @gk =0
and y; = 0 we obtain

2] = lavd| = cos(ta)v? = 53" (t2)].

Moreover, since |a|? + |b]? + |c|? = 1,

lxg| = avi + betars(vi) (’u’,;)2 — |vi|2
. . j ; j ~k
< |avg + V1= [aP e ™50 \[(0f)2 — of2) = [0k (1)

which ends the proof of the existence of t,.
The uniqueness of ¢, € [0, 7/2] can be proved using (as in the proof of (1) in Proposition
. ,

5.3) the bijectivity of the map t — v, (t) = cos(t)v} for t € [0, 7/2].

O
Remark 13. The maximality of v* in its 4-coordinate v! (see Lemma 4.3) implies that
if x € S with ||z| = 1 then |z;| € [O,vg] and |zx| € [0,vF]. Then, the projection of mg
to the j and k coordinates is included in the rectangle [0, (vj)Q] x [0, (vF)?]. In the
following results we will show more precise boundaries of mg.

Theorem 5.6. Let S = C" be a generic subspace, {v7,v*} two linearly independent
principal standard vectors, mg the moment of S as in Definitions 4.2 and 3.1 respec-
tively, and ;- [0,7/2] :— mg < RL, the curve defined by

O K O (K O RS O (37

o~k
with ’v (t) as in Definition 5.1.
Then
(1) the projection of the j™ and k™ coordinates of Yk to R? given by t —
v, U 15 part of an ellipse centred at the origin
(15" @)1, 1'0% (8)1) s part of an eliipse centred at the origin,
if vJ and V¥ are not orthogonal, the points (| v, ook rom the pro-
2) if vi and vF t orthogonal, the points (|'v; (t)|2,"ox (£)[2 th

jected curve vy to the plane spanned by e;, e are all extreme points of the
projection of mg to the same plane,

) ~k
3) in case vi L vF then (|'v;
f]

boundary of the projection of mg to the plane spanned by e;, es.

'dk
)2, |Jvk (t)|2) parametrizes a segment that is in the

Proof. Let Pjj : R" — R? be the projection Pjy(z) = (x;,7), then the curve

15



j—k
Figure 1. For j = 1 and k£ = 2 image of the curve |Jv | projected on the j and k coordinates for a 3
dimensional subspace S of C? (in orange). The blue curve is a quarter of the unit circle and the black dots are
projected points of mg (with the square roots of its entries) taken randomly.

obtained in the plane after the projection of /~; i (t) is (see (19))

ok

P (7 0) = (Jeostre]. )

= (COS(t)Ug , cos(t)|vi| + sin(t) (v,’:)2 — |vi|2> (38)

cos(t)vl + sin(t)e B (k) /()2 — o] |2

= cos(t) (vg |U£|) + sin(t) (0, (vF)2 — |vi|2>

which is clearly part of an ellipse centred at the origin (recall that ¢ € [0, w/2]). Tt starts
in P;(|v7]), passes through Pj(|v¥|) (see Proposition 5.3 part (3)) and ends in the
span{(0, 1)} axis. See for example Figure 1.

Now squaring the coordinates of (38) we obtain

P (17 0) = (cosO? . co Ol +sin(e) (o) = 1) +
+ 2cos(t)|vi| sin(t)4/ (vf)? — ’”iP)
= cos?(t) ((05)2 ; |Ui|2> + sin®(t) <O7 <(v];§)2 B ’%’2)) *

+ <0,2cos(t)|vi| sin(t)y/ (vf)2 — |vi|2> .

This is the parametrization of a segment that joins ((U§)2, |vi|2> with

(0, ((v’/,j)2 - \vi\2)> plus a vertical vector with second coordinate > 0. Note that this

(39)

second coordinate is zero only if ¢t = 0, t = 7/2, vi =0orvf = |vi| This last case
is not possible because otherwise using (15) the vectors v/ and v* would be linearly
dependent and we are supposing in the hypothesis that they are not (see Definition

16



-t
0.05 0.10 0.15 0.20 0.25 0.30

J—

k . )
Figure 2. Curve P (| v (t)‘Q) for t € [0,7/2] in orange, segment between ((v;)Q, [v1|2) and (0, (vF)2 —
|vi|2) dashed in blue, red dots are ((1)5.')27 |vi|2) and ((UJJ:)Q,O), and the green dots are (0, (vf)? — |vi|2) and

(|v’?|2, (v’]j)Q) The black dots are projected random points of mg.

J

5.1). Then the curve in (39) is a segment only when vi = 0, which is equivalent to

(1)

0 =] =@, er) = |Psler)[(v?, 0%y & vf Lo* (40)

Case v/ 4vF (equivalently vi #0)
j~k 2
The curve parametrized with P; <|Jv (t)|) is the graph of a map f :

[0, (vj)z] — R (see the proof of (1) in Proposition 5.3). An example of this

situation can be seen in Figure 2. The fact that 2 cos(t)|vi]| sin(t)4/(vF)? — |v]|?

is strictly concave for ¢t € (0,7/2) and that the graph of the map f was ob-
tained adding this coordinate to the second coordinate of the mentioned segment
implies the concavity of f. Then for ¢ € (0,7/2), if there exists z,y € S, with
|z = |yl =1, and 0 < A < 1 such that

P (85 01) = Al ) + (1= AUl )

then there exist t, and ¢, such that (36) holds for « and y. But if any of the
inequalities in the k" coordinate is strict, then the concavity of the map f is

.dk 2
contradicted. Therefore all must be equalities and then P <|jv (t)|> is an

extreme point in Pj(mg). This in turn implies that \]v (t)]?

of mg for t € (0,7/2).
Case vJ | v*

As we have seen in (40) this is equivalent to vi = 0.
2

is in the boundary

j ke , , ,
Then P ("5 (0)])" = cos(t) (]2, [ef?) + sin?(t) (0, (v}) = 41[?) )
which is a segment in Pj,(mg). If there exists z,y € S, with |z|| = |ly| = 1, and

0 < X\ <1 such that
P (75501 = AP o) + (= ) 2 o
gk ‘ v ()| = (|$J| ,]:L"k;] )+ ( )(|yj| 7’yk| ).

17



Figure 3. For a subspace S = C” with dim(S) = 3, this is an approximation (using random points above and
j sk

its convex hull below) of the projection of mg to Rio in 3 fixed coordinates and the plot of 6 curves D (see

2 fo~il|2

‘ ‘ vj‘ in some

j~k
18) coinciding with the j, k coordinates being projected. Note the overlapping of |” % and
( g 7, g proj pping

parts (see Theorem 5.8).

we can choose t,,t, as in the previous case such that (36) holds. Now if any of the
j~k 2
two inequalities given by (36) is strict there must be ¢g such that Pj (‘Jv (tg)D

is not in the segment, which is a contradiction. Then, all inequalities of (36) are
equalities and therefore Pjy (‘Jv (t)’) is a boundary point of P;j;(mg). Then

'/ﬂk
|Jv (t)| is a boundary point of mg for ¢ € (0, 7/2).
O

Theorem 5.7. Let S be a generic subspace of C*, v7, vF linearly independent principal
vectors such that vl & vk, mg the moment of S and the curve j/;k :[0,7/2] — S from
Definition 5.1. '
Then the elements \]/;k(t)|2 are extremal points of mg for every t € [0,7/2).
Moreover, if s|lw|? + (1 —s)|z|> = \J;k(to)\Q with0 < s <1, |w|| = |z] =1, w,z€ S,

to € [0,7/2), then w and z must be multiples of J’Jk(to).

Proof. The case tg = 0 has been proved in Proposition 4.4.

18



Suppose there exist w, z € S with ||w| = ||z|| = 1 such that

Gk ’2

slwl? + (1 — 8)|2]? = ‘ )| with 0<s <1 (41)

, sk
Then, since v/ £ v* using (2) of Theorem 5.6 follows that |2;| = ‘ij (to)’ and |z| =
’ U (to)‘-

As it was done in 32 under the notation 31, we can write z from (41) as a linear
combination of v/, @’* and a vector y € S with |y| = 1, orthogonal to the subspace
span{v?, @ik}

z=av) +b@’* +cy, with a,b,ce C.

Recall that as in the proof of Proposition 5.4 follows that @jk =y; = 0and y, = 0,
and then it must be |a| = cos(tg). Now observe that

21| = [cos(to)e’ 2&(@) Ui + b@ik‘ < cos(tp) |vi| + |b| ‘wik‘

. ol ik (42)

< cos(to) [vi | + sin(to) ‘w,i ‘ o (to)’

where in the last inequality we used that |z|? = cos?(tg) + |b]? + |c|?> = 1 which implies
’b’ < Sin(to).

Since we are supposing (41) the extremes of the inequality obtained in (42) are equal
and then the complex numbers cos(tg)e’ 8(®) vi and bwik must be collinear. This last
statement can only be true if arg(a) = arg(b). Moreover, since the inequalities in
(42) are equalities, follows that |b| = sin(tp), and then ¢ = 0, which implies that
a = e#8@ cos(ty) and b = "#8(@ sin(ty). Then

(v,’i — (v, v@vi)
[vf = (v, v | (43)

z=av) + b’k = 28 [ cos(to)v? + sin(to) etor(vi)

= ¢l arg(a)]v (t(])

This proves in particular that |z|? = |jv (to)|?.
j ke
Following the same steps it can be proved that w is a multiple of 7 (to), and that

4/ﬂk 'dk
lw|? = |Jv (to)|?, which implies that |jv (to)|? is an extremal point in mg. O

-
Theorem 5.8. Let S be a generic subspace, 1 < j,k < n with j # k, and 70" the
curve from Definition 5.1 but with domain in the interval [O, arccos (‘vﬂ/vﬁ)] Then

Dom(’%") = Dom("%")  and  In(’T2) = (V7P

(where Dom and Im denote the domain and image of the corresponding curves in RY ),

and for every t € [0, arccos(|vf\/v§)] there ezists a unique s = (arccos(|vf\/v;) — t) €

19



[O,arccos(]vi]/vllj)] such that

5 (1) = cinnsed) 5

(s) (44)

(see Figure 3).

ks i~k i l.c
Proof. The domains of v’ and " are equal since using (11) follows that lzkl = %‘
k f
. J—k j iar (vj) k—j J k
First observe that "v (0) = o/ = &8 g (arccos (|vk|/vk)) and that

j/gk (arccoS <‘U§€|/”j)> = el ar8(v) yk = elarg(vi) kgj(o)'

Moreover, the following statements can be proved directly from the properties of v/,
v¥and v .

. jq’);k(t eR, forallte [O, arccos (|vf]/vj>]

Pk . )
o arg (Jvk (t)) = arg(v}), for all t € [O, arccos (\vﬂ/vﬁ)]
. i\ k—g A
o clars(vy) ’uj](s) eR, for all s€ [0, arccos (]vi]/v’,j)]

e arg <k17;J(s)> =— arg(vi), for all s e [O,arccos (|vi|/vl,j>]

. arg(vi) = arg (E)
)

Then for every ¢t and s in the interval [0, arccos (‘Uﬂ/ﬁd)] = [0, arccos (‘vi‘/v’é)] the

following arguments coincide

arg (J;;k(t)> = arg (ei arg(v;) k@%s)) and  arg (]ﬁk(t)> = arg <ei arg(v}) ki}?(s)) )
(45)

'“k(t) = cos(t)vg is decreasing for ¢ € [O, arccos(|vi|/v§)] and using (19)

The real map ij

we can write
cos(t)vi + sin(t)eiarg(”"i)«/ (vF)2 — |U£|2

This map has only one critical point (maximum) in [0, 5] when ¢ = arccos (]vﬂ/vj) =

() — cos(t) ‘vi‘—i—sin(f) ()2 — vl |2.

sk ’

arccos <|vi|/v,’§>, and therefore is increasing in [0, arccos(]vi]/v,’j)].

Similarly vkj(s) is decreasing in [0, arccos(|vf€|/vl,§)], while Ujj(s) is increasing in

such interval (see for example Figure 1).

Then if 0 < 59 < s1 < arccos (]vil/vllj) = arccos (]vf\/vj)

k—j

kesj
i (0)

k)
vy (1)

< and o (s0) > o’ (s1)  hold. (46)

. ko~
Now given a fixed sg € [0, arccos(|v|/vF)] if we apply Proposition 5.4 to x = v](so) €

20



S we can find ¢y € [0, arccos(|v§?|/v§)] such that

. - . -
10" (s0)] < ["vj (to)] and |vg(so)| < ["og (to)]- (47)

—_—
Then applying again Proposition 5.4 for the vector v (to) € S, we can find s €

[0, arccos(\vi\/v’g)] such that

- - - o
"v; (o)) < 07 (s1)| and  [vg (to)] < "0 (51))] (48)

Now considering (46), equations 47 and 48 imply that sop = s1, and then from 45 we
obtain that

e 2800 "7 (s9) = "o (o) and e B "y (s0) = Ty (to).

The vectors @8 7 (s) and "0 (to) are equal in their " and k' coordinates
in a dimension 2 subspace spanned by the vectors v/ and v* € S. Then, for each z €

) R t
i kY g : : j iarg(vi), k _ vl ay
gen{v, v*}, if we consider the linear system av’ 4 fe?28(vi)yk — (ei argo]) ) (3) = =,

we know that it has a unique solution (3) € C? since v/ and e arg(vi)yk are linearly
independent. Considering only the j® and k™ coordinates of the linear system we

J ok . .
can conclude that if det (Z; ch> # 0, then ¢ arg(vy,)
k k

k—~j —~k
UJ(S()) T (to). But the case

v; vf - - o ik — adk Gk T
R _ _ _ _ _
det (v”;; v}@) = 0 is never possible. Otherwise vjvy — vvf = vjvg — [vg] [vf] = 0

(recall that arg(vi) = —arg(v;‘?)). Then using Lemma 4.3 we obtain that Ug = |vf|

and v’,j = |vi|, and then that v/ = eiarg(vi)vk, a contradiction. Therefore for every
so € [0, arccos(|vy | /vf)] there exists a unique to € [0, arccos(|v}|/v])] such that

el 2D T 50y =I5 (). (49)

k—j ~k
To prove the formula (44) recall that the domains of v’ and "0 are equal. Now
take t € [O,arccos(|vf|/v§)] and define s = arccos (|vf|/v§> —t. Then

cos(t) = cos(arccos(|v;?|/v§) —5) = cos(arccos(|vf\/v§)) cos(s) + sin(arccos(|vf|/v§)) sin(s)

= (|0%]/v%) cos(s _ (1% /2" Qsins _ \vﬂcos(s)—i— (U;)2—|vf|281n(s)
(11727 costs) + /1 = (1of1/7)’ sints :

(50)

Therefore

ik ) -
]v]- (t) = cos(t)vj = |v§“| cos(s) + 4/ (v))? — |v§“|2 sin(s)
= |vj cos(s) +4/(v})? — |U§€’2€1 a18(v}) sin(s)| = el 28" (s)

The proof for the k' coordinate is similar.
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As was seen previously in the proof of (49) this equality in the j and k coordinates
is enough to prove the formula (44). O

6. Relation of mg with the joint algebraic numerical range

We will consider here the relation of the moment mg = mgr (see Definition 3.1) of
a subspace S related to a fixed orthonormal basis E with the joint numerical range|3,
6,7]). The joint numerical range of m hermitian matrices Ay, As,..., A, € M"(C),
sometimes called the joint algebraic numerical range [8], is defined by

W(Ay, Ag, ..., An) = {(tr(A1p), tr(Az2p), ..., tr(Amp)) € R" : p e D} (52)

with D = {pe M(C) : p = 0,tr(p) = 1} the set of density matrices of M,(C) and tr
the usual trace (sum of diagonal entries). This set is the convex hull of the also called
joint numerical range in the literature (that we will denote classic joint numerical
range)

Wclass(Ala A27 R 7Am) =

= {({(A1z,x),(Asx,x), ... ,{Apz,x)) e R" : x € C", |z|| = 1} (53)

that is not necessarily convex in general. In the case Wags is convex then the equality
W = Wilass holds.

More precisely, we will see that mg can be described as a particular subset of a joint
numerical range of some selected hermitian matrices (see Theorem 6.3).

Recall that one of the equivalent definitions of mg seen in (1) of Proposition 3.2 is
considering the following identification of the vectors of mg with the diagonal entries
of certain matrices

ms,g ~ Diag{Y € M!(C): Y = 0,tr(Y) = 1,Im(Y) c S}.

Since these Y are hermitian matrices the condition Im(Y) < S is equivalent to Y =
PsY =Y Pg = PsY Pg. This allow us to rewrite the moment set mg as

ms ~ Diag ({Y e MM(C):Y e DS}> (54)
where Dg

Dg = {Y e MMC):Y > 0,tz(Y) = 1, PsY = V(= YPS)}
Z{YED:YZPSYZYPS:PSYP5}.

Lemma 6.1. Consider Dg as in (55) and 0 < S < C" a subspace of C". Then
Dg ={peD: tr(PspPs) = 1}.

Proof. Observe that
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p€Ds < p=0,tr(p) =1,p= Psp=pPs = PspPs

< p=0,tr(p) =1,p= —————PgpPg
p (p)=1,p tr(PopPy) . 5P
< p=0,tr(PspPs) #0,p = —————PgpPg
p (PspPs) P = aPapPy) 5P
and then
DSI{ € D :tr(PspPg) # 0, :PSPS} 51§
p (PspPs) P = S PapPy) 5P (56)
which implies that Dg < {p € D : tr(PspPs) = 1}.

Now consider a p € D with a spectral decomposition p = Zf;lpi x; - (x)*
with Zlepi =1, p > 0and z; € C", 5] = 1, oy L z; (if i # j).
Then the property tr(PspPs) = 1 implies that 1 = Zlepi tr (Psz; - (x;)*Pg) =
Zf;lpi tr (Ps; - (Psxz;)*). Then it must be tr(Psa; - (Psx;)*) = 1foralli=1,...,k
which in turn implies that ||Psz;| = 1 and therefore x; € S and Psp = p = p* =
p Ps = Ps p Ps. We have obtained that

{peD:tr(PspPs) =1} c Dg. (57)
which concludes the proof. O

Notation 2. Consider a fixed basis F = {e1,ea,...,e,} of C". The rank one orthog-
onal projections onto the subspace generated by a single e; € E are described in the
same E basis by the n x n matrices F; = e;-(e;)*. Here - denotes the matrix product of
the column vector e; with the row vector (e;)*(conjugate transpose of e;). In this case,
the coordinates of the vector e; are zeros with the exception of a 1 in its i*" coordinate
and E; is a n x n matrix of zeros and only a 1 in its ¢,% entry. In this case, the F;
projections are also denoted with e; ® e;.

Lemma 6.2. If {0} < S < C" is a subspace of C" and Dg is as in (55), then
mg = {(tT(E1Y), tr(EQY), ceey tT(EnY)) € Rgo :Ye DS}

where we denote with E; = e; ® e; (see Notation 2) and tr is the usual trace.

Proof. Let Y € Dg and a generic element Diag(Y) € mg (see (54) and (55)) under
the identification ~ between diagonals of positive definite matrices and vectors in RZ.
Then, if E; = e; ® e;, the proof follows observing that

mg 3 Diag(Y) ~ (tr(E1Y E1), tr(E2Y Es), ..., tr(E,YE,))
(tr(ELY), tr(ERY),. .., tr(E,Y))

O

The next result shows the relation between mg and a particular joint numerical
range.
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Theorem 6.3. Let E = {e;}!' | be a fizred orthonormal basis, mg the moment of a
subspace S with {0} < S < C™ related to E (see (3.1)), Ps the orthogonal projection
onto S, E; = e; ® e; the rank one orthogonal projections onto the subspace generated
by e; € E (see details in Notation 2) and W (Ay, Ag, ..., Ay,) the joint numerical range
of the hermitian matrices A1, A, ..., A, € M!(C) (see (52)). Then

mg = W (PsE\Ps, PsEyPs, ..., PsE,Ps) | ) {x eR": ) o = 1} . (58)
7

Proof. Suppose x € mg. Then using Lemma 6.2 we can find Y € Dg such that z =
(tr(E1Y ), tr(E2Y ), ..., tr(E,Y)). Then if we consider that Y = Y Pg = PsY = Y PgY
follows that

T

(tr(ElngPS), tr(EgPSYPS), - ,tr(E1PSYPS))

59
(tr(PsE1PsY),tr(PsEsPsY), ... tr(PsE1PsY)). (59)

Then Y € Dg c D and (59) imply that = € W (PgE;Ps, PsEsPs, ..., PsE1Ps).
Moreover, if x = (21,2, ...,2,) then

izi HEY) (ZEY> (ZE>—trYI> tr(Y) =1

which proves that mg is included in W (PsE) Pg, PsE2Ps, ..., PsE; Pg) and its coor-
dinates add to one.

Let us prove the other inclusion. If x € W (PsE} Ps, PsEsPs, ..., PsE1 Pg) and its
coordinates add to one, then there exists p € D such that

x = (tr(PsE1Psp), tr(PsEaPsp), . .., tr(PsEn Psp))

60
_ (tx(EvPspPs). tr(EaPspPs). ... tr(EnPspPs)) (60)

and 1 = Y | tr(E;PspPg) = tr(PspPs >, E;) = tr(PsgpPs). Then if we consider
Y = PgpPg it is apparent that Y € Dg and therefore by Lemma 6.2 follows that
z = (tr(ErY), tr(ERY), ..., tr(E,Y)) € mg. O

The following result is apparent after considering that Wi = W if and only if
Welass 18 convex.

Corollary 6.4. Let us suppose that S satisfies the assumptions of the previous Theo-
rem 6.5.

Then if Wejass (PsE1Pg, PsEoPs, . .., PsE, Pg) is conver,

ms = Wetass (PsE1Ps, PsExPs, ..., PsE,Ps) () {x eR™: Y u; = 1}

and

cone (mg) = cone (Weyass (PsFE1Ps, PsEsPs, ..., PsE,Pg)).
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Moreover, mg and W (PsE) Ps, PsE2Ps, ..., PsE,Ps) generate the same positive
cone as showed in the following lemma (see (3) for a definition of positive cone).

Proposition 6.5. Let {0} &S < C" be a subspace of C", then
cone (mg) = cone (W (PsE Pg, PsEsPs, . .., PsE,Ps))

where we use the definition of positive cone generated by a set given in (3).

Proof. The inclusion
cone (mg) < cone (W (PsE\Ps, ..., PsE,Ps))

is obvious since using Theorem 6.3 follows that mg ¢ W (PsF1 Ps, ..., PsE, Ps).

Note that the null vector belongs to both cones. Suppose that ¢ €
cone (W (PsE1Ps, ..., PsE,Ps)) and ¢ # (0,0,...,0). Then there exists t > 0, pe D
such that

= t(tI‘(PSElPS/))7tr(PsE2P5p), s ,tI‘(PSEnPSP))

Now since ¢ # (0,0,...,0) and ¢; = tr(PsE;Psp) = tr(pl/ngEiPsplﬂ) > 0 then
S tr(PsE;Psp) = tr (PspPs Y. | E;) = tr(PspPs) > 0. Let us denote with 7 =
tr(PgpPs) and observe that

T (tr (El(l/T)PspP5> ,tr (EQ(l/T)Pspps) s e, bT (En<1/T)PspP3)) (61)

with (1/7)PspPs = 0 and tr ((1/7)PspPs) = 1. This implies that (1/7)PspPs € Dg
and therefore c is a positive multiple of an element of mg (see (61) and Lemma 6.2). [

The following result gives a bound of how close are two moments sets of subspaces
when their respective projections are close in norm.

Proposition 6.6. Consider a pair of subspaces S and V' of C™ and the notations of
Dg as in (55), mg, E, E; fori = 1,...,n and the joint numerical range W as in
Theorem 6.3. Then, if |[Ps — Py| < 5=,

distg(mg, my) = max{ sup dist(x, my ), sup dist(z,mg)}

TEMS zeEMy

< (2vn+1)|Ps — Py|

(62)

where disty denotes the Hausdorff distance of sets.

Proof. We will first prove that if z € mg then dist(z, my) < (24/n + 1)|Ps — Py |.
Using Lemma 6.2 if = € mg then there exists Y € Dg (Y =20, tr(Y) =1, PsY =Y)
such that z = (tr(ELY),...,tr(E,Y)).
Now consider the vector (tr(E1PyY Py),...,tr(E,PyY Py)) and observe that

n

n
Z (EiPyY Py) = Y (PyY Py)i; = tr(PyY Py) > 0.

=1
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But that sum cannot be zero. Otherwise, note that tr(PyY Py) = 0 if and only if
PyY Py = 0 (recall that Y > 0). Then using the assumption that |Ps — Py| < o
follows that

1
|PsY Ps — PyY Py| < |PsY (Ps — Py)| + ||(Ps — Pv)Y Py| < 2|Ps — Py| < -

This would imply that |PsY Ps — 0| = |Y|| < 1/n which contradicts the assumptions
that Y > 0 and tr(Y) = 1.
Using again that tr(Y) =1

1
——
tr(PvY Py) — tr(PsY Ps) | < [tr(PvY) — tr(PsY)| < [tr (Pv — Pg)Y) |  (63)
< |Ps — Py|
which implies that 1 — HPS — PvH < tI‘(PVyP\/) <1+ HPS — PVH and

‘tr(EiPVypv) — tr(EiP,gyps)‘ = ]tr (E;(PyY Py — PsY Pg))|

64
< w(E)|PyY Py — PeYPs| < 2|Ps — Pyl &Y

It is clear that PyYPy € Dy and therefore the vector z =

1
tI‘(PvYP\/)

(trt(flgf‘{);f‘)/),...,trt(flﬁf;);f)v)) belongs to my (see Lemma 6.2 and Theorem 6.3).
Then

[z —z| < |z — tr(PyY Py)z| + |tr(PyY Py)z — 2|

n 1/2

< (Z |tr(E;(PsY Py — PVYPV))|2> + |t (PyY Py) — 1] | 2]
=1

< 2v/n||Ps — Py|| + |Ps — Py || = (2v/n + 1)| Ps — Py|

where in the last inequality we used (64), (63) and the fact that |z|| < 1 because its
coordinates are positive and add to one.

Then we have proved that for every x € mg there exists a z € my such that |z —z| <
(24/n+1)|Ps — Py |. Therefore dist(x, my) < (24/n+ 1)|Ps — Py|. We can argue in a
similar way to prove that for every z € my holds dist(z, my) < (24/n + 1)|Ps — Py|.
Then we have proved that

disty (mg, my) = max{ sup dist(xz, my ), sup dist(z,mg)} < (2v/n +1)|Ps — Py||

TEMS zeEmy

O

Remark 14. A reciprocal of the previous proposition does not hold. There exist or-
thogonal subspaces S = gen(z) and V' = gen(7) generated by a vector x € C™ and an or-
thogonal T obtained after conjugating the coordinates of x such that mg = {|z|?} = my
and |Ps — Py| = v/2.

The following are basic observations that describe elements of
W (PsE1Ps, PsEsPs, ..., PsE,Ps). These can be obtained directly using prop-
erties of the trace, the projections and the principal standard vectors.
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Remark 15. Let S be a subspace of C*, pe D, E; = ¢; ®e¢; fori =1,...,n, {v'}7
the principal standard vectors and denote with

A(p) = (tr (PsE1Psp) ,tr (PsEaPsp) , ..., tr (PsE;jPsp), ..., tr (PsE,Psp))

the elements of W (PgE1 Pg, PsEsPs, . .., PsE, Pg) corresponding to p € D. Then the
following statements hold.

(1) If p e D, then
A(p) = (PspPs)1,1, (PspPs)22, - .-, (PspPs)nn) -
(2) If p e Dg (see (55)), then
A(p) = (p1,1, 02,2, - -+ Pyn) -
(3) If x € C™ with ||z|| = 1, then x ® z € D and
Az ®x) = (|(Ps)il? [(Psz)2f,. .., [(Psz)al?)
(4) If 27 € C" with |27 = 1, for j = 1,...,k, such that p = > , ;(2/ ® 27) € D,
then
k . . k . . .
Alp) = Y ;A @a7) = ot (I(Psa? )%, [(Psa?)ol, ..., [(Psa)ul?)
j=1 j=1
(5) If z € C" with |z| =1, x®z € D and if Pg = UI.U* is a spectral decomposition
of Pg (r = dim(S), I, a n x n matrix with 1 in the first r entries of its diagonal

and zero elsewhere, and U a unitary whose columns are orthonormal eigenvectors
of Pg, with the first r belonging to .S), then

tr (LU EUT(x ® 7)) = K(T0p oo -, Oy (21,2, )
= [(row; (U*), (z1, @2, ..., 2, 0,...,0))
= |{col; (U),(H,TQ,...,TT,O,...,O)N? Jforalli=1,...,n.

Therefore, the vectors
Alz®z) =|U*- :c:r

are elements of W (PsE1 Ps, ..., PsE,Pg) after using the unitary invariance of
the joint numerical range. Moreover, the convex hull of these elements equals this
joint numerical range.
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(6) Consider Ps = UI,U* as in the previous item, andp = U*uU € D for p € D (any
p € D can be written in this format). Then

A(p) = Irpl. (Uer) I, I, (Uey) L)y .oy {Lppd (Uey) I, In(Uep) 1))
Mi,1 .o H1,r Ui
=<(U1‘1 ..... Um)-< Do )( : ),...,
Hr,1 eoo Mo Ui
Hia oo Hir Uin
o (Ui s U ) ( Do ) : ( ; ))
[T R TA [

(7) If e; is a member of the standard basis F and we consider e; ® e; € D, then

Ales@eq) = (0Dl Py )], (oo ?)
(8) If s € S with |s| =1, then s® s € Dg < D and
A(S@S) = (|31|27 |52’27 cees |STL|2) :

9) If vl € Sfor j =1,...,nis a principal standard vector (see Definition 4.2), then
v ® v € Dg and

AW @vl) = ([l 1P, i)
Remark 16. Let us consider now some properties related to the joint numerical

range of these particular matrices. Here S is a dim(S) = r subspace of C".
(1) Using basic properties of joint numerical ranges follows that if S is a generic

subspace
@H2 0 .. 0

W (PsE1Ps, ..., PsE,Ps) = | 0 * 0 -(W(ul®vl,v2®v2,...,vn®v”))
o 0 o (oiy?

which provides a way to write the first joint numerical range in terms of another
involving only rank one projections related to the principal standard vectors of
S (see 4.2).

(2) Denote with Wy g = W (PyB1Py, PyBaPy, ..., PyB,Py), for V a subspace of
C", B an ordered basis of C* and B; the projection onto its i*® vector. If we
consider a unitary matrix U € M, (C), the subspace U(S) and the basis U - E
whose elements are the columns of U, then

Ws g =W (PsEPs,,...,PsE,Ps)
=W (UPsU*UE\U*UPgU*,... UPsU*UE,U*UPsU*)

= Wuys),v.E-

This follows using that Py (g) = UPsU* and the unitary invariance of the joint
numerical range W.
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(3) Consider a unitary matrix U such that UPsU* = I, with [, the diagonal matrix
with r ones at the beginning and zeroes afterwards The first r columns of U*, that
we denote {s'}7_;, form an orthonormal basis of S, and the n—r other o ,o' T
columns of U* form an orthonormal basis of S*. Then U(S) = gen {ez} _, and
U-E =B ={U-e¢}" . Then using the previous item

WSE = Wgen{ei}::l , {U'Ei};;l = W(ITU€1®ITU€1 5 ITU€2®ITU€2 g e e ,ITU6n®ITU6n)

which describes Wg g using only the first » coordinates of the vectors {Ue;}? ;.

The following results describe some relations between these joint numerical ranges
and minimal hermitian matrices.

Theorem 6.7. Under the previous assumptions and notations of Theorem 6.3, given
V, W non trivial subspaces of C", the following statements are equivalent

(1) my N my 7 @z
(2) W(PsE\Ps,...,PsE,Ps) n W(PwE Py, ..., PwE,Py) # {0}
(there exists a non-zero vector in the intersection), and
(3) The matriz \(Py — Pw) + R is a minimal hermitian matriz for R € M(C) such
that RPy = RPw = 0 and ||R|| < A.

Proof. (1) = (2). This is apparent, since my € W (PyE1 Py, ..., PyE,Py) and my C
W (PwE1 Py, ..., PwE,Pyw) (see (58)) and these moments are not empty and do not
have the null vector.
(2) = (1). If assumption (2) holds then there exist p, € D such that
(tr(PyErPyp), ... tr(PyEnPyp)) = (tr(PwE1 Pwp), - . ., tr(PwEnPwp)) # 0
and then
(tr(E1PypPy), ... tr(EnPypPy)) = (tr(E1PwpPyw), . .. tr(En PwpPw)) . (65)

Then since PypPy = 0 and PwuPw = 0 and non zero

tr(PypPy) = . tr(E;PypPy) = Z r(E; PypuPy) = tr(PwpPyw) # 0 (66)

i=1
holds.
Now define
Y 1 PypP d X 1 Pywu P
= an = .
tI‘(Pvppv) vpEy tr(PWuPW) WHEW

It is apparent that Y > 0, PyY =Y, tr(Y) = 1 and therefore Y € Dy. Similarly
Xe Dw.

Then considering (65) and (66) follows that ®(Y) = ®(X) which in turn implies
that my nmw # &.

(3) < (1) This has been already proved elsewhere, see Remark 2 for details. O

Note that if V and W are orthogonal and satisfy any of the equivalent statements
of the previous theorem then they form a support, the main object of study in [4] (see

29



for example Theorem 3 in that work).

Corollary 6.8. Let M be a hermitian matriz with |M| = Apaz = —Amin, V =
Eigjar) and W = Eig_py the eigenspaces of the eigenvalues £||M|. Then the following
statements are equivalent

(1) (V,W) is a support

(2) my N mwy # &

(8) M is a minimal matriz

(4) there ezists a mnon-zero wvector in the set W(PyE\Py,...,PyE,Py) N
W (PwE1 Py, ..., PwE,Py).

Proof. The equivalence follows after considering the definition of a support (see [4]),
Theorem 6.7 and the equivalences between (2) and (4) in Theorem 3 of [4]. O

Next we will write just W and Wejass to denote the sets defined in (52) and (53)
respectively.

The previous results in this section related to the joint numerical ranges
W(PsE1Ps,...,PsE,Ps) ¢ (Rsg)" show that they can be used to detect minimal
hermitian matrices in a very similar way we used the moment set mg. Nevertheless,
the precise description of joint numerical ranges is not an easy task even in low dimen-
sions.

For example, the classical joint numerical range Wass of (53) of any triple of hermi-
tian n X n matrices is convex if n > 2. Here we are interested in n matrices of n x n then
this property leave us only with the case of 3 x 3 matrices. The equivalent situation
for S € C3 where the convex hull in Definition 3.1 is not required was settled in [1].

In general, the convexity of Wei,es is an open problem for n-tuples of matrices when
n > 3 (see [9,10]). Similarly, in the case of subspaces S with dim(S) > 3 there exist
non convex sets {|v|> € RZ; : v € S A |[v]| = 1} that even have not empty interior (see
Remark 4 in [5] and [4]).

Since the set Wejags may be significantly simpler than W, any positive result in these
direction gives an easier characterization of mg (using Corollary 6.4).

In [11] a detailed classification of the possible joint numerical ranges of 3 matrices
of 3 x 3 is developed. In this case W is a three-dimensional oval in which every one
dimensional face is a segment and every two dimensional face is a filled ellipse. A
characterization of only ten configurations of these segments and ellipses are possible.

We include here some general and particular properties of joint numerical ranges
found in the bibliography that provide information about mg.

Remark 17. Let {0} < S < C" be a subspace of C", Pg its orthogonal projection
and E; = ¢; - (¢;)! = e; ® e; € M"(C), with e; for i = 1,...,n the standard vectors of
a fixed basis E as defined before.

Then, using the bibliography in joint numerical ranges, the following prop-
erties regarding W (see (52)), its classical version Weass (see (53)), Wsgp =
W(PsE1Ps,...,PsE,Ps) and mg g (see (3.1)) hold.

a) In [12] the authors presented an example where the analogous of the Kippenhahn
boundary generating curve of the numerical range W (A; +iAs) for Ay, Ay € M
does not hold in the case of W of three 3 x 3 hermitian matrices. They consider an
algebraic variety in the projective space C'P™ and obtain a boundary generating
hypersurface that, under some hypothesis, allow the detection of elements of W
for any m and n (see Theorem 2.6 in that work).
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b) A complete generalization of the so called boundary generating curve of Kippen-
hahn for joint numerical ranges of hermitian matrices of any size was developed
in [3]. In that work it is proved that W is the convex hull of a semi-algebraic set
T~ < W that contains the exposed points of W and hence its extreme points.
This subset T is the euclidean closure of the union of the dual varieties of the
regular points of the irreducible components of a hypersurface related to the ze-
roes of det(zol + 1 PsE1Ps + -+ + x,PsE, Ps) € Rlxg,x1,...,2,]. Moreover,
it is proved that T contains the Zariski closure of the set of extreme points
of W (see Remarks 1.3 4) and 4.15 of [3|). Nevertheless, T is not necessarily
contained in the boundary of W.

c) Wsg and mgp are semi-algebraic sets of R™. This follows using Theorem 1.2
and Remark 1.3 3) of [3] and Theorem 6.3.

d) The study of the problem of finding all the unitary matrices U such that que
my(sy = ms (see Example 3.3) or of the subspaces V, W such that my = myy is
closely related to the same problems in terms of the corresponding joint numerical
ranges Wy g and Wy g.

e) The work [13] describes which matrices can produce a given Wejass(A1, ..., Ap)
for A; € M i =1,...,m. More precisely, under what conditions on m,n and/or
the shape of Wejags(A1, ..., Ap) the m-tuple Ay, ..., Ay, can be restored from it
up to unitary similarity. The cases considered were m = 2, n > 2 and n =m = 3.

f) Weass(A1, A2) is always convex and so it is Wepass (A1, A2, Az) for n = 3 (see |9,
10]). Nevertheless, the convexity of Wejass seems to be unanswered in the general
theory of joint numerical ranges at least for big m.

g) There exist some standard numerical algorithms to generate or approximate the
boundary of W. See for example the one detailed in page 6 of [15].

As seen in the item (1) of Remark 16, given a generic subspace S, the set Wg g can
be easily described in terms of a joint numerical range of projections of rank one or as
in and (3) of the same remark in terms of the coordinate subspace {e;}7_; and matrices
of rank one that are zero outside the r x r first block. The authors did not find any
reference to studies of the joint numerical range of these particular n-tuple of n x n
matrices.
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