ON THE STRUCTURE GROUP OF AN INFINITE DIMENSIONAL
JB-ALGEBRA

GABRIEL LAROTONDA AND JOSE LUNA

ABSTRACT. We extend several results for the structure group of a real Jordan alge-
bra V, to the setting of infinite dimensional JB-algebras. We prove that the structure
group Str(V), the cone preserving group G(£2) and the automorphism group Aut(V)
of the algebra V are embedded Banach-Lie groups of GL(V), and that each of the in-
clusions Aut(V) C G(Q2) C Str(V) are of embedded Banach-Lie subgroups. We give
a full description of the components of Str(V) via cones, isotopes and central pro-
jections. We apply these results to V = B(H),, the special JB-algebra of self-adjoint
operators on an infinite dimensional complex Hilbert space, describing the groups
Str(V), G(92), Aut(V), their Banach-Lie algebras and their connected components.
We show that the action of the unitary group of H on Aut(V) has smooth local cross
sections, thus Aut(V) is a smooth principal bundle over the unitary group, with
structure group S*.

1. INTRODUCTION

The theory of real Jordan algebras V was introduced as a means to deal systematically
with the observables in quantum mechanics by Jordan, Wigner and von Neumann
[13], but from the very begininning there were difficulties in the setting of infinite
dimensional algebras, and several well-known results for finite dimensional algebras
are still lacking in the infinite dimensional setting. Most recently, the celebrated the-
orem of Koecher and Vinberg was extended to the setting of Banach Jordan algebras
(JB-algebras for short) by Chu (see [7] and the references therein), completing the
characterization of the positive cone €2 of V obtained by Kaup and Upmeier in [12].

The purpose of this paper is to extend well-known results of the structure group
Str(V) of a real Jordan algebra V, to the setting of infinite dimensional JB-algebras:
we prove that the structure group, the cone preserving group G(f2) and the automor-
phism group Aut(V) of the algebra V are embedded Banach-Lie groups of GL(V), and
that each of the inclusions Aut(V) C G(Q2) C Str(V) are of embedded Banach-Lie sub-
groups. We give a full description of the components of Str(V) via cones and central
projections, a result which generalizes naturally the presentation of Str(V) for Eu-
clidean (semi-simple, finite dimensional) Jordan algebras. In particular, this describes
the isomorphic isotopes of the algebra V. We apply these results to V = B(H)_, the
special JB-algebra of self-adjoint operators on an infinite dimensional complex Hilbert
space, describing the groups Str(V), G(Q2), Aut(V), their Lie algebras and their con-
nected components. With these results at hand, the Banach-Finsler geometry of these
groups is studied in an accompanying paper [15].
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This paper is organized as follows: in Section 2 we go through the necessary definitions
and properties of JB-algebras, presenting some infinite dimensional examples along
the way, and finishing with a theorem characterizing the elements x € V such that
the spectrum of U, is positive. Section 3 contains the bulk of new results of the
paper. We begin by reviewing the definition of the structure group Str(V) of a JB-
algebra V, and rephrasing it in a way that allows us to present Str(V) as an algebraic
subgroup of GL(V). Thus Str(V) is an embedded Banach-Lie subgroup with the norm
topology of B(V). Then we move on to the group G(2) preserving the cone, and again
we show that it is a Banach-Lie subgroup of Str(V), being its identity component.
Further we show that the group Aut(V) of automorphisms of the cone is an embedded
Banach-Lie subgroup of G(2). Since the former is a strong deformation retract of
the later, they have the same homotopy and in particular Aut(V) and G(Q2) have the
same number of connected components. We finish this section with a theorem that
characterizes the components of Str(V), which are copies of G(2), and each copy is
uniquely determined by a central projection p?> = p € V. As an illustration of these
results, in Section 4 we give a complete description of Str(V), G(2), Aut(V) for the
special JB-algebra V of self-adjoint operators acting on a complex infinite dimensional
Hilbert space H. Further, we show that the smooth action u + Ad, k of the unitary
group U(H) on Aut(V) has smooth local cross sections, inducing a principal S'-fiber
bundle 7 : Aut(V) — U(H).

2. JORDAN ALGEBRAS, CONES AND THE SPECTRUM

In this section we survey the main objects and tools of theory of Jordan Banach
algebras, we present some relevant examples, and we finish the section with a char-
acterization of the positive cone ) of a Jordan Banach algebra V, in terms of the
quadratic representation (this is Theorem 2.33, which is a well-known result for finite
dimensional algebras). Throughout, if V' denotes a real Banach space, we will denote
with V* the topological dual of V, with B(V') the algebra of bounded linear operators
in V., and with GL(V) the group of invertible operators in V.

2.1. Cones in Banach Spaces.

Definition 2.1 (Cones). A nonempty set Q C V is a conver cone if it satisfies that
Q4+ Q C Qand \Q C Q for all positive X\. The cone is proper if QN —Q = {0}. The
cone is reproducing if V.= Q — Q). Every cone is a convex set, and every proper cone
induces a partial order: x <y if y —x € Q. If Q is a cone, then its closure € is also a
cone. If Q is an open cone then Q° = Q (see [0, Lemma 2.2] for the proof). Then it
is plain that Q = {v € V : v > 0}, so we can recover the cone from the partial order.

Definition 2.2 (Order units). Let V be a real Banach space, and 2 C V a cone. An
element e is called an order unit if for every  in V there exists a positive A € R such
that —Xe < x < Ae. An order unit e is called archimedean if all x in V satisfy that if
Ax < e for every positive A, then £ < 0. An archimedean order unit e induces a norm
[| - || on V, by means of ||z||. =inf{\ > 0:—Xe <z < le}.
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The space (V,e) is a complete archimedean order unit space if the order unit norm
||| is complete. If V has a order unit then V it is reproducing: take x in V, then there
exists positive A such that —Ae < x < Ae. From this it follows that both z; = ’\gi

de—x

2

and z9 = are positive, and x = 1 — x».

Definition 2.3 (Positive maps). A linear map 7' : (V,e) — (W, u) is positive if it
maps the cone on V into the cone on W. It is called a positive linear functional
if (W, u) is the real numbers with archimedean order unit 1. The set of positive
functionals will be denoted by €2*.

Definition 2.4 (Normal cone). A cone 2 is normal if there exists § > 0 such that
for every w, v in  with |Ju|| = ||[v|| = 1, ||u + v|| > 6. Every closed normal cone is
proper.

Lemma 2.5. Let V be a real Banach space with a cone 2. The following are equiv-
alent:

(1) © is a normal cone
2

)
(2) ||z|| < M||e]] ||z||e for some constant M independent of z, e

(3) the norm is semi-monotone: 3K > 0 s.t. 0 <z <y implies ||z| < K]|y||
(4)

4) Q* is a reproducing cone.

Proof. See [, Theorems 1.1 and 1.2] for the equivalence or normality with the second
and third assertions, and [22, Chapter 5, Section 3] for the equivalence with the
fourth. O

Definition 2.6 (Symmetric cone). Let V be a real Banach space. We say that a
proper open cone {2 C V is symmetric if it is

(1) (self dual) Q = {z € V: p(z) > 0 for every p € Q*} and
(2) (homogeneous) for every z, y in €2 there exists an isomorphism ¢ : V. — V such
that g(z) = y.

Remark 2.7. Note that a symmetric cone is also symmetric in the following sense:
if ) is a symmetric cone in a Banach space V, then

Q= {zeV:p) >0 for every ¢ € 2*}.

This is because if we take = in V such that ¢(x) > 0 for every ¢ € Q* let e € Q.
Then for every n we have ¢(z + /ne) = o(z) + /np(e) > 0, hence z € Q.

Order units are key in ordered spaces, as they provide a norm. It is possible to
characterize cones with order units, and compare the order unit norm with the original
norm. We state the precise result below, see [0, Lemma 2.5] for a proof:

Lemma 2.8. Let V be a real vector space with norm || - || and let Q C V be an open
proper cone. Give V the order induced by Q. Then every element e in €2 is an order
unit, and if e is archimedean then || - || < ¢|| - || for some positive c.

This tells us that in a symmetric cone we have order units. We will now discuss a
couple of examples, which shows the interplay of these properties and their limitations:
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Example 2.9 (A self-dual reproducing cone with empty interior, which is not con-
tained in any proper subsapce). Let V = (?(N), let C = {z € V : x, > 0}. Then
it is plain that C' is a self-dual cone, in particular convex. We claim that C° = (),
that C is reproducing and that C' is not contained in a proper subspace. For the first
claim, let x € C, let r > 0 and take n such that x,, < r/2 and let y be obtained
from z by replacing the n-th entry of = by vy, = z, —r/2 < 0. Then y € B,(x)
but y ¢ C, thus C' has empty interior. Now let z € V, decompose z = zt — 2z~
where 2t consists of the positive entries of z (zero elsewhere) and 2~ the negative
entries of z. Now, z* and 2~ do not belong in C, as some of their entries can be
null. But consider 27 = 2zt + (£),eny and 27 = 27 + (£)nen; both these elements
belong in C' and it is plain that z = z+ — 27 thus V = C' — C. Finally, assumme
that C' is contained in an affine subspace C' C xo + W; then, C' — ¢ C W. But
V=C-C=(C-—u1xy) —(C—1x9) CW — W, which shows that W = V.

Example 2.10 (A self-dual open cone that is not normal). Let V = C'[0,1] with
the usual norm || f||c1 = [|f|loo + |[f'||cc; let C' = {f € V : f(x) > 0 for all z}. It
is plain that C' is open, as || - ||oc < || - |[|cr. But C' is not normal: it is obvious that
0 < a™ < z for all n, but ||z"|| = n+ 1 and ||z|| = 2. On the other hand, C is
self-dual: if L € (C*[0,1])*, then L(f) = fol fduy + fol f'dusy for py, ps signed borel
measures on [0, 1]. We claim that C* = {L : L(f) = fol fdu for positive measure p}.
One inclusion is obvious. Now, let L € C*. L(f) = fol fduy + fol fdug for py, po
signed borel measures. Let Py, Ni, P, and N, be the positive and negative sets of p
and po respectively. Suppose N; is not empty. Take f positive differentiable function
such that is null in P;, increasing in Ny NNy and decreasing in NN P,. Then L(f) <0,
which is absurd. Then N; is empty and g, is positive. Analogously, P, and Ny are
empty and ps is the null measure. Now, C' is self-dual as if fol fdp > 0 for every

positive measure p, then f is a positive function. Lets compute the order norm of C.
We have

| flle = inf{\ > 0: =X < f(z) < A for all 2} =sup|f(z)] = ||f||c-
With this norm, C*[0, 1] is not a Banach space, but its closure C[0, 1] is.
In many cones, the original norm is actually equivalent to the order unit norm:

Lemma 2.11. Let V be a real Banach space with a symmetric cone 2 C V. Give V
the partial order induced by Q, and let e be an element in 2. Then e is an archimedean
order unit, and the unit norm ||-||. is equivalent to the original norm || || if and only
if the cone €2 is normal.

Proof. Take x in V' such that Ax < e for every positive A\. Then, as e — Ax is positive,
we have that p(e — Ax) > 0 for every positive functional ¢. Then, p(e) > Ap(z). As
@(e) > 0, we have that it is an order unit of the real numbers, which is archimidean.
Then ¢(x) < 0. As this is true for every positive functional, we have that x is negative;
thus e is archimedean. By the Lemma 2.8, || - || < ¢|| - || for some positive ¢. From
Lemma 2.5 we see that we have a reversed inequality if and only if €2 is normal. [
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2.2. Jordan Algebras and the spectrum. Let V be a real vector space with prod-
uct o, possibly infinite dimensional. Then (V, o) is a Jordan algebra if o is commutative
and

(1) v?o(zoy)=xzo(z?o0y).

Every associative algebra can be made into a Jordan algebra with the Jordan product

TY+yx
2

roy = . These algebras are the special Jordan algebras. A fundamental theorem

in the theory follows (see [11, pag. 41]):

Theorem 2.12 (McDonald’s Theorem). Every polynomial Jordan identity in three
variables and 1, which is of degree at most 1 in one of these variables and holds for
all special Jordan algebras, is valid for all Jordan algebras.

Definition 2.13 (Quadratic representation). For fixed z € V, define the operator L, :
V — V by means of L,y = xoy, and consider the linear operator U, = 212 — L,2. This
is a representation of V in B(V) which is quadratic in z, the quadratic representation
of V. If we compute the quadratic representation in an associative algebra with the
Jordan product a o b =1/2(ab + ba), we obtain U, y = zyx.

The quadratic representation gives us a bilinear representation:

1 1
(2) Usy = 5(Uary = Us =U,) = 5D, U(#) = LuLy + Ly Lo — Laoy.

where D, f(x) denotes the differential of the map f at the point y, in the direction of
z. In an associative algebra with the Jordan product a o b = 1/2(ab + ba), we obtain
U,y 2z = 5(z2y + yzz).

It is possible to build the Jordan structure around the quadratic representation, to
get an equivalent formulation. The most important property of this representation is
the fundamental formula:

(3) Uny:UnyUx:UUz(Uy)a

where the last U is the quadratic representation of the associative algebra of operators
B(V) with the Jordan product a o b = 1/2(ab + ba). A proof for JB-algebras can be
derived using that it holds in a special JB algebra, and then using the theorem of
McDonald cited above.

Remark 2.14 (Invertible elements). An element x € V is invertible if there exists
y € V such that U,y = z and U, y? = 1. Note that althoug this definition implies
that z oy = 1, it is not equivalent to it. However: an element x is invertible if and
only if U, is an invertible operator (for a proof see [I7, Part II, Criterion 6.1.2]).
Moreover, z,y are invertible if and only if U, y is also invertible: this is plain from
Uu,y = U, U, U, (the fundamental formula) and the previous result.

Definition 2.15 (Spectrum). For x € V, the spectrum of z is defined as

o(x) = {\ € R such that x — Al is not invertible}.
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Being the same set as the spectrum of a as an element of the C*-algebra generated by
1, a, the spectrum is a nonempty compact set with nice properties, see Remark 2.21
below, see [1, p. 18] and [5, § 10] for further details.

Definition 2.16 (Positive cone of a Jordan algebra). Given V a Jordan algebra an
element x € V is positive if o(z) is contained in the positive numbers. We denote by
Q the set of positive elements in V. The set € is a convex cone and QN (=) = 0,
hence €2 C V is an open proper cone. Thus we have partial order in V as in the
previous section: given z,y € V, then x < y if y — x € Q. It is plain that € is the set
of elements with nonnegative spectrum, by the lower-semicontinuity of the spectrum
map.

2.2.1. JB-algebras. Our general reference for JB-algebras are the books [9] and [5].

Definition 2.17 (JB-algebras). Let V be a Jordan algebra with norm || - || such that
(V,] - ||) is a Banach space. The space V is a JB-algebra if

D lzoyll < ll=(llyl 2) ]l = ll=]® 3)  l2?l| < ll=® + ol

Then every JB-algebra is formally real: if 22 + y?> = 0, then both x = y = 0. The
order norm in V is the norm induced by the partial order and the chosen unit order
e =1 in the cone Q C V (Definition 2.2):

|z]| = inf{A > 0: =\l <z < Al}.

Remark 2.18. Every JB-algebra is archimedean: for every x in V there exists A > 0
such that —A1 < x < A1 (see [9, Proposition 3.3.10] for a proof). Moreover, the order
norm coincides with the original norm of the space V [9, Proposition 3.3.10].

As we said before, if x has inverse y it implies that x oy = 1 but this is not equivalent
to being invertible. In other words, L, invertible implies that x is invertible, but not
the other way around. From this it is apparent that in general o(z) C o(L,) without
equality.

Definition 2.19. A subalgebra A C V is called a strongly associative subalgebra if
[La, Ly) = 0 for all a,b € A. For z € V, we have [Ln, L,;] = 0 for all n,j; thus
if we let C(z) denote the closed subalgebra generated by x, then C(z) is a strongly
associative subalgebra.

Thus there is an alternate characterization of invertibility, we include the proof to
illustrate the methods:

Lemma 2.20. An element x € V is invertible if and only if there exists y € C(z) such
that zoy = 1.

Proof. If x is invertible, then U, is an invertible operator and 2~ = U, ' z. Since the
inverse of U, can be approximated with polynomials in U, = 2(L,)?— L2, and L,, L2
commute and are self-maps of C(z), we see that 2=' = U, 'z € C(z). Conversely, if
there exists y € C(x) such that x oy = 1 then y also satisfies the condition U, y* = 1,
as C(x) is associative. O
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Remark 2.21 (Square roots and logarithms). The order norm on a JB-algebra allows
the continuous functional calculus on V. The associative commutative Banach algebra
C(z) is isometrically isomorphic to C'(o(z)); a proof can be found in [9, Theorem 3.2.4],
and it uses a complexification of C(x) and the known spectral theorem for complex
algebras. Then €) can be characterized as the cone of squares of V: every positive
element has an square root, and as o(x?) = {\*, X\ € o(z)}, every square is positive.
Likewise, we can also characterize ) = eV: every positive element has a real logarithm,
and o(e®) = {e* X € o(x)}, so the exponential of every element is positive. Note that
the quadratic representation is injective in the cone 2. Take x, y positive elements
such that U, = U,. Then z? = U,(1) = U,(1) = y* Since there exists an unique
positive square root, we have x = y.

The following formula relating the product and the quadratic representation is well-
known; it will be useful later and we include a proof to shows that is also works well
in the complexification of V (see the next section):

Lemma 2.22. Let v be an element in V. Then e?* = U,..

Proof. Let F : R — B(V) be F, = Uaw. As both e2” and e belong to C(v), we have
that U :, e = (¥, Then,

t
ez’

Fs+t = U(s+t)v = UU esv — Ue%v Uesv Ue%” = F%QFS

cxp(%v)
Replacing with s = 0, we have that F; = FE/Z Then F, s = FyF, = F}F, thus F is a
one-parameter group. Now F'(0) = D;(U_)e®v = 2U,; = 2L, so it must be that
that F(t) = e*Lv. O

Remark 2.23 (The positive cone of a JB-algebra is symmetric and normal). The
cone € is obviously proper and open, and it is homogeneous, as for every positive x
and y we have that y = U,1/2 U 12 . The cone is self dual: this follows from the
fact that z > 0 if and only ¢(z) > 0 for any ¢ € Q* and the fact that for any z € V
there exists ¢ € Q* such that p(x) = ||z|| (see [9, Lemma 1.2.5] for a proof). Finally,
the cone € is also normal by Lemma 2.11 since in this case the original norm is the
order unit norm.

A Banach space with Jordan structure and symmetric cone of positives €2 cannot be
a JB-algebra if the cone () is not normal, by Lemma 2.11. Let us show an explicit
example of this situation:

Remark 2.24 (A Banach Jordan algebra whose norm is not equivalent to a JB-alge-
bra norm). As we have seen in Example 2.10, the cone Q = {f : f(z) > 0 for all } in
C1[0,1] with the norm || f||ct = ||f]lso + ||f'||s is not normal. Note that (C*[0,1],]] -
||c1) is a Banach space and that € is the cone of positive elements, as o(f) = Im(f).
As the cone is not normal, || - || cannot be equivalent to a JB-algebra norm.

The following nice characterization was recently proved by Chu [7, Theorem 3.2],
and gives a good geometric picture of the correspondence among JB-algebras and
homogeneous normal cones:
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Theorem 2.25. Let 2 be an homogeneous normal cone in a real Banach space V.
Then V is a unital JB-algebra (in an equivalent norm) with Q as its positive cone, if
and only if there exists a symmetric Banach manifold structure in ) in the sense of
Loos.

See [0, Example 1.6] for the axiomatic definition of a structure of symmetric Banach
manifold X, which essentially involves that each point of x € X is the unique fixed
point of an involutive symmetry around .

2.3. Spectrum of the representations and positivity. Functional calculus will
link the positivity of elements with the positivity of their quadratic operators.

Let V a JB-algebra, and consider V& = V @iV the Jordan algebra complexification of
V. We have that V© is a JB*-algebra with a natural involuton (a + ib)* = a — ib, and
V={veV- v =0}

Definition 2.26 (Numerical ranges). Let € V. The numerical range of x is the
set

V(z)={o(z) : o € (V5)",¢(1) = [l¢] = 1} C C.
An element = € V® is Hermitian if V(z) € R. We have that V = Herm(V®) by
Theorem 7 in [26]. The set V() is compact, convex and nonempty. If 2 € V, we have

that V(z) = co(o(x)), where co(X) is the convex hull of the set X C C (see [5, § 10]
for a proof of these facts).

Let X be a complex Banach space, let T' € B(X). The intrisic numerical range of T
is the set

V(T) = {¢(T) : ¥ € BLX)" [[9]l = 9(1) = 1},

and the spatial numerical range of T is the set
W(T) ={(Tz) : € X",z € X,9(2) = L, ||| = [|2]| = 1}.

We have co(W(T)) = V(T) and V(T') is compact nonempty and convex (see [10]).
An operator T' € B(X) is Hermitian if W(T') C R (equivalently, if V/(T') C R).

Lemma 2.27. For z € VE, consider the complexification L, of L, given by L.(v+
iw) = Lyv+ iL,w for v,w € V. Then V(z) = W(L,).

Proof. Suppose there is a value ¢(z) in V(x) with ¢(1) = ||¢|| = 1. Take z =1 €V,
take ¢ = ¢; then ¢(z) = ¢(1) = 1 and [|z[| = [[1]| = 1, [[¢[| = [|ol| = 1, so ¢ (Lq2)
belongs to W(LL,). But ¢(L,z) = ¢(z), so we have V(z) C W(L,). Reciprocally,
suppose there is a value ¥(LL,z) in W(LL,) with ¢(z) = 1, ||| = ||z|| = 1. Define
¢(y) = ¥ (Lyz) which is clearly linear and bounded. We have that ¢(1) = ¢ (2) = 1.
Moreover,

1ol = [l o Lefl < [l ILe]] = [ [=1] = 1,

and as ¢(1) = 1, ||¢|| = 1. Then ¢(z) belongs to V(z). But ¢(z) = ¥(L,z), so we
have W(L,) C V(x). O
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Remark 2.28 (z versus L,). If z € V, we consider the complexification L, € B(V®)
and by the previous lemma and remarks we have

V(L) = co(W(L,) = co(V(z)) = V(z) C R.
Thus L, is Hermitian and V' (IL,) = co(o(LL;)) (see [5, § 10]). Hence for € V we have
co(o(L,)) = V(L) = co(W(L,)) = co(V(z)) = V(x) = co(o(z)) CR
(this is essentially Theorem 6 in [27]).

Definition 2.29. If we say that L, is positive if o(L,) C (0,+00), and that it
is negative if o(LL,) C (—00,0), we see that € V is non-negative if and only if
L, is non-negative; and x is non-positive if and only if L, is non-positive. Now it
is not hard to see that o(L,) NR = o(L,), where the latter is the set {t € R :
L, — t1 is not invertible in B(V)}. Thus we can conclude that L, has non-negative
spectrum (resp. non-positive) if and only if v € Q (resp. x € —Q).

Recall that an element z € V is central if L, commutes with L, for all z € V.

Definition 2.30 (Central symmetries). Let p = p> € V be an idempotent. We say
that p is a central projection if p is a central idempotent of V. The element ¢, = 2p—1
is a central symmetry, that is g, is invertible and ¢, = ¢, 1. The elements 0,1 € V are
central projections with ¢y = 1, ¢g = —1. If € is a central symmetry then U, = 1,

inded:
U.z=20(c0z2)—c’oz=2z0e" -2 =2

Remark 2.31 (U is usually not Hermitian but has real spectrum). Unlike the L
operators, the quadratic operator U, is Hermitian if and only if = is central (see [27,
Theorem 14]). Now, if U, denotes the complexification of U, to VC, with the same

proof than Lemma 2.22 we have that e+ = U, for any z € V. In particular this

shows that for Z = B(V), the inclusion exp(Herm(Z)) C Herm(Z) does not hold,
answering in the negative Problem 6.1(b) in [19]; if x € V is not a central element,
then we have an Hermitian element a = L, € B(Z) such that a® = 1/2(U, + L,2) is
not Hermitian.

Remark 2.32. If z € Q we can write x = ¢ for v € V, and then o(U,) = o(e*™) C
(0, +00), since o(LL,) C R. Then ¢(U,) = o(U,) NR C (0,400) also.

What follows is the main result of this section. For simple Euclidean Jordan algebras
(which are finite dimensional), one can use the Peirce decomposition relative to a
Jordan frame to obtain a very simple proof of this theorem (see [8, Lemma VIII.2.7]).

Theorem 2.33. Let x € V a JB-algebra. Then o(U,) C (0,400) if and only if v = ve
where v 1s positive and € is a central symmetry of V.

Proof. Assume that x = ve with positive v and central symmetry €. We have that
U, = U, = U,U, = U,, as ¢ is central; so we can assume that z is positive.
But then o(U,) C (0,+400) follows from the previous remark. To prove the converse
statement we will use the Peirce decomposition. Given two supplementary orthogonal
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idempotents e and ¢’ = 1 —e one can define three projections U., Uy and 2 U, . They
form a supplementary family of projection operators on V, which breaks into the
direct sum of their ranges. For more details see [17, Part II, Chapter 8]. Let x € V an
invertible element, let x, denote the characteristic function of the positive numbers,
and let y_ denote the characteristic function of the negative numbers (both continuous
functions on o(x), as 0 does not belong to the spectrum of ). Let p; = x4 (z) and
p_ = x_(z). Since x4 +x_ = 1, x4 x_ = 0and x4 = x4, p; and p_ are supplementary
orthogonal idempotents, ie. p2 = pi, py +p_ = 1 and p, o p_ = 0. Note that
is either positive or negative if and only if they are the unit and the null elements.

Consider the operators U, , U, and 2U Since p; and p_ are idempotents

P4+p—*
belonging to the strongly associative subalgebra C(x), by [l 1, Chapter 1, Section 8,
Lemma 8] we have that U;+ = Up = U, and UIQL =U,; =U,. SoU,, and
U,_ are projections; moreover by the same lemma, U,, U, = U, ., = Uy = 0,
thus they are orthogonal and their sum S = U,y +U,_ is also a projection. As
Uy, +U,_+2U, , = U, 4, = Uy = Id, from 2U,, , =1- 5 we conclude that
2U,, ,_ is also a projection. Let Jy be the range of 2U,,_ ,, , J; the range of U,, and
J_ the range of U, . Note that this decomposition is trivial if = is positive: in this
case J, = V and the other two spaces are the null space. Similarly, if z is negative,
J_ =V and the other two spaces are null. In general, Jy is trivial if and only if p,
is central. If p, is central so is p_ and L,, L, y =pio(p_oy)=yo(prop_) =0,
then Uy, ,_ = 0 and Jj is trivial. If Jy is trivial, then U,, , = 0 and in particular
Ly, L, = 0. This implies that L = L,, and that U, = L, = Ly, and by [27,
Theorem 5] p; is central. Now, if Jy is trivial and py central define v = p,x — p_x,
which is positive as it is the sum of two positive elements, and ¢, = 2p, — 1, a central
symmetry as py is a central projection. An easy computation gives us x = ve,. If
Jp is not trivial, we claim that J; is an invariant space by U,. To prove it, let y € V

belong to J, i.e. y = U,, y. Since x and p, belong to the strongly associative Jordan
subalgebra C(z),

ny:UxUp+y:pr+y:Up+acy:Up+Uacya

thus U, y belongs to J, and J, is invariant by U,. An analogous computation tells
us that J_ is also invariant. Now, let y belong to Jo, y =2U,, ,_ v, then

Upy=U,2Up, , y= Ux(Up++p7 —Up, — U, )y = (Up++p7 —Up, — U, ) U,y
=2Up, p Uz,

and it follows that U,y belongs to Jy hence Jy is invariant by U,. Since we have
U,, +U,_ +2U, ,_ = Id, then ®J; =V, and as each J; is invariant for U, we have
that

7(Uz) = 0(Us [7,) Yo (Uz |1-) U (Us [s5)-

We have to study the restriction of U, to each subspace. Let us study first the
restriction of U, to Jy and J_: if y belongs to J, then U,y = U, U,, y = Uy, ¥y
(again, the last equality holds by [I1, Chapter 1, Section 8, Lemma 8|, as = and

p+ belong to C(z)). Define x; = ap;, then U,|;, = U Analogously, define

T4
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x_ = xp_ and we have that U, |;_ = U,_. Note that the spectrum of x is the positive
component of the spectrum of x, and the spectrum of x_ is the negative component
of the spectrum of x. As such, x, is positive and x_ is negative, and as we proved
before, U,, and U,_ are positive operators. Then, o(U, |, ),0(U,|; ) C Rs. Since
T, +x_ =z, and as x, p, and p_ belong to an associative subalgebra of V, we have
that , ox_ = (zpy) o (zp_) = 2% o (py o p_) = 0. Now let us study the restriction
of U, to Jy: if y belongs to Jy, then

Uoy =Ua2Up, py = Ualld = Up, —Up_ )y = (Ue = U Up, = U U )y
— (Ux++z_ - Uz+ - Uac_)y =2 U:p+,:p_ Y.

Moreover, as x, x_ belong to the commutative associative subalgebra C(x), we have
that L,, and L, commute, and since 4 ox_ = 0, then

2U,, 2. =2(Lp, Ly + Ly Ly, — Ly og) = 4Ly, L,_.

Suppose that o(U,) C (0,4+0c0), in particular U, is invertible, thus z is invertible
(Remark 2.14). Assumming that the spectrum of = has a positive and a negative
value, we will arrive to a contradiction. We have to analyze the restriction of U, to
Jo, which is not null. Since L,, commutes with L,, and L,_, it is plain that L,
commutes with U
Then

pyp_ thus Jy is invariant for L, . Likewise, Jy is invariant for L,_.

o(Uz|s) =02 Ut o- |gy) =40(Ly, Ly _|4y) C 40’(Lx+Lm_).

Now if A, B are commuting elements of a Banach algebra, then o(AB) C o(A)o(B),
and since the spectrum of L,  is positive and the spectrum of L, is negative by
Remark 2.28 and the fact they commute we have that

0(Uy | 2) € 40(Ly, Ly ) C 40(Ly, )0 (L, ) C (—00,0].

As U, is invertible and Jy is not null, o(U, | ;,) C (—00,0) and this shows that U, has
a negative number in its spectrum, a contradiction. U

Remark 2.34. For x € V invertible, if y1 denotes the characteristic function of the
positive and negative parts of o(x), we can write © = x, + x_ = pyx + p_x with
p+ = Xx+(z) € C(z). Then the previous proof shows that

U, = U,, + U, +4L, L, _,

the sum of 3 mutually disjoint operators acting on the subspaces J; = Ran(U,, ),
J_ =Ran(U,_ ) and J, = Ran(U,, , ) respectively, with V = J, & J_ @ Jy. Thus

o(Uy) =0(Uy, )Uo(U,_)Udo(Ly, Ly )

and moreover o(L,, L, ) C 0(Ly, )o(Ly_) since these commute.
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3. THE STRUCTURE GROUP AND ITS LIE ALGEBRA

We will consider a group of automorphisms that will act on €2; we want it to be a
Banach-Lie group. To give an appropiate Lie and manifold structure to the group of
transformations that fix the cone, we will study first a larger group and derive the
structure from there. If we look at the fundamental formula (3), all transformations
g € B(V) in the image of the quadratic representation of V have the property that
Uge = g U, g for all z € V. In other words, for each g there exists another transforma-
tion (in this case the same g) such that the equality holds. There are other distinctive
transformations that share the same property:

Definition 3.1 (Structure Group). The structure group of V is the set of g € GL(V)
such that there exists another ¢* € GL(V) with

Uga: =gU,g"

for all z in V. We denote the structure group as Str(V), below we recall how is it
in fact a group, and present it in a fashion that will enable the construction of its
Banach manifold structure.

Remark 3.2 (The adjoint and group operations). Clearly Id belongs to Str(V),
as Upgy, = U, = IdU, Id. If g and h belong to Str(V), then Uy, = gUp, g% =
ghU, h*g*, so gh belongs to Str(V) and (gh)* = h*¢g*. Finally,

Upts =9 g Ug1,9"(9") " = 97 Ugg1a(g") ™ = g7 Unl(g™) ™,
so g~! belongs to Str(V) and (¢71)* = (¢*) L.
If g belongs to the structure group so does ¢*, and (¢*)* = g. To prove it, note that
for z = 1, we have Uy, = g Uy ¢* = gg*, thus

g =9g"Uy Vg € Str(V).

U, also belongs to the structure group, hence g* = g~' U,y belongs to Str(V). More-
over,

(g) = (97" Up)" = U;1(g_1)* = Ugl((g*)_l) = Ugl((g_l Ugl)_l) =Ugn U;11 9g=9
Remark 3.3. Let y be an invertible element in V, then U, belongs to the structure

group and U, = U,. This is a direct consequence of the fundamental formula and
from the fact that y is invertible if and only if U, is invertible.

Remark 3.4. If g € Str(V), then we know that for every x € V we have Uy, = g U, g*.
Then, for every invertible , we see that Uy, is invertible, and so is gz. As we discussed
before, g* = g~' Uy, and then it is clear that g € Str(V) if and only if g(1) is invertible
and

Up=9U,g ' Uy VzeV.
Note also that since for g € Str(V) we have Uy = g U; ¢* = gg*, then by Theorem
2.33 0(gg*) C (0,400) if and only if g(1) = ve, for v € Q and ¢, central symmetry.

Lemma 3.5. Let g € GL(V). Then g € Str(V) if and only if
Uge =g U, g ! Upg and  Uga, = g ! Uz gUg-101) VreV.
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Proof. As we discussed above, when g € Str(V), then ¢(1) is invertible and we have
g* = g1 Uy; moreover g1 € Str(V) thus g obeys both equations of the lemma. Now
assumme that g € GL(V) obeys both equations. In particular replacing z = g~*(1) in
the first equation and x = ¢g(1) in the second we have

1=U;=9gU;10 g ! Upg and 1=U; = gt Ug1gUg—11) -

This tells us g~! Uy is invertible (with inverse g Ug-1(1)), thus U,y is invertible, hence
g(1) is invertible. Now if we define g* = g~' Uy it is clear that ¢* € GL(V), and on
the other hand because of the first equation Uy, = g U, ¢*, thus ¢g € Str(V). Il

Remark 3.6 (Complexification of operators in the Structure Group). Let g € Str(V),

let g€(a +1ib) = ga + igb be its complexification to VE, then g € GL(V) and, denoting

g® = ¢ for short, we have

Ug(arin) = Ugatigh = Uga + Uigp +2 Uga igh = Uga — Ugp +21 Uyq gp
=Uya — Ugp+i(Ugargs — Uga — Ugp)
=9U.g" —9Upg" +i(9Uurs9" —9gUag" — gUsg")
=9Uag" —9Upg" +i(gUag" +9Upg" +29Uspg" —9Uag” — gUpg")
=9Uag" —9Upg" +2igUup g" = 9(Ua — Uy +2i Uayp)g”
=9 Ustin g™
Thus ¢© belongs to Str(V®)

Definition 3.7. An element k € GL(V) is a multiplicative automorphism of V (or an
automorphism of V for short) if k(a o b) = k(a) o k(b) for all a,b € V. We will denote
this set with Aut(V).
Note that k(L,y) = k(x oy) = (kx) o (ky) = Ly.ky, then

kLyk™ =Ly, and  Ug, =kUyk™' VoeV.

In particular Aut(V) preserves the invertibles and k(v)™' = k(v™!). Moreover Aut(V)
preserves the cone €2, since k(v?) = (kv)? and the cone can be characterized as the
set of invertible squares in V (Remark 2.21).

Remark 3.8 (Aut(V) is a subgroup of Str(V) and if k € Aut(V), then k* = k~1).
This can be seen as follows: k is a multiplicative automorphism, then

kU(b) = k(2z o (z 0b) — 2% 0 b) = 2k(x) o (k(z) o k(b)) — k(x)? 0 k(b) = Ug(s)(k(D))

thus kU, = Uy, k, and if we set k* = k~! we clearly have U, = kU, k™! = kU, k*
which proves the assertions.

The following well-known characterization will be used repeatedly. Since we are in-
terested in both the real and complex cases, we include a proof:

Lemma 3.9. Let k& € Str(V), then k € Aut(V) if and only if k1 = 1. Likewise, if
k € str(VC), then k € Aut(VC) if and only if k1 = 1.
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Proof. Suppose k € Aut(V), then k € Str(V) by the previous remark. From Uy, =
kU k= = Id we see that Uy, is invertible thus k(1) is invertible (Remark 2.14). Now
k(1) = k(1%) = k(1)?, thust k(1) = 1.

Now, suppose k € Str(V), k(1) = 1. We have that k* = k1 Uy, = k', Then,
Ui, = kU, k™' Note that as k(1) =1, k~'(1) = 1. Then

k(2)? = Upe(1) = kU, k74(1) = k(2?).

Linearizing, we have that k(z oy) = k(z) o k(y), and k belongs to the automorphism
group. The proof for the complex case is identical. U

The following theorem will be proven later. The “only if” part is nontrivial in infinite
dimension and it follows from the caracterization of positive U, obtained in Theorem
2.33:

Theorem 3.10. Let g € Str(V). Then g* = g~ if and only if g = L.k, where
k € Aut(V) and € is a central symmetry of V.

Definition 3.11 (Inner Structure group). The Inner Structure Group of V is the set
IIll’lStI'(V) - <Um>x€V invertible -

InnStr(V) is obviously a subgroup of Str(V). If g € Str(V) and x € V invertible, we
have that Uy, = g U, g* = gU, g7 Ugr. Then g U, g=* = Uy, Uy, which belongs to
InnStr(V), thus InnStr(V) is a normal subgroup.

3.1. The Banach-Lie group Str(V) and its Banach-Lie algebra. We will now
establish a differentiable structure for Str(V). AsV is a Banach space, we can give the
operator space the supremum norm, wich makes it also a Banach space. This way, the
invertible operators form a Lie group with Lie algebra gl(V) = B(V). Moreover, in this
norm the quadratic representation is continuous, so the condition for the structure
group is a closed one. Then, the structure group is a closed subgroup of GL(V).
We will see that Str(V) is a Lie subgroup (i.e. and embedded closed submanifold
of GL(V) with its Lie group structure). This is non-trivial if the dimension of V is
infinite, since Lie’s closed subgroup theorem does not hold for infinite dimensional
Banach-Lie groups.

Remark 3.12. The following facts will be useful soon:

(1) if g; is a smooth path in GL(V), then from (g;)~'g; = Id, differentiating with
respect to ¢ it is plain that £ (g,)™' = —(g;)""g;(9:) . In particular if go = Id
and g = H € B(V), then (¢7')}_, = —H.

(2) If G is a Banach-Lie group, then the exponential map of G is a local diffeo-
morphism around 0 € Lie(G), the Banach-Lie algebra of G, and moreover
Do(exp) = IdLie(G)'

(3) If H C G is a Banach-Lie subgroup of G, we define Lie(H) = T'H C TG =
Lie(G). Then Lie(H) is a Banach-Lie subalgebra of Lie(G) and

Lie(H) = {v € Lie(G) : exp(tv) C H Vt e R}.
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The inclusion D is clear. On the other hand if v = g with g; C H and gy = 1,
then since the exponential map of GG is a local diffeomorphism around 1 € G,
we can lift it to a smooth path I' C Lie(G) with Ty = 0, hence 7; = e'* (note
that v = 7 = D(exp)ol', = I'y). Then

e = eo = lim ™™ = lim~(t/n)" € H

since y(t/n) € H for each t,n, and H is a closed subgroup.

Definition 3.13. A subgroup H C GL(V) is an algebraic subgroup if there exists a
family of polynomials in two variables P, = P,(A, B) with P; : B(V) x B(V) — B(V)
such that P;(h, h=') = 0 for each of the polynomials P; and every h € H. The algebraic
subgroup Theorem (see [10] or [, Theorem 4.13]) states that any algebraic subgroup
of GL(V) is in fact a Banach-Lie subgroup (closed, embedded and with complemented
Lie algebra).

Theorem 3.14. Str(V) is an algebraic subgroup of GL(V). Then Str(V) is an em-
bedded Lie group, and if U= {X € B(V) : || X|[| < 3}, then

exp(UNLie(Str(V))) = exp(U) N Str(V).
Moreover Lie(Str(V)) = str(V), with
str(V) = {H € B(V) such that 3H € B(V):2U, 4y, =HU,—-U,H Yz €V}.
Proof. Define for each z € V and A, B € B(V) the polynomials
P(A,B)=Uux AU, BUy  Qu(A,B)=Up, —~BU, AUg, .

By Lemma 3.5 we know that g € GL(V) belongs to the structure group if and only if
P.(g9,97") =0=Q.(g,97") for all z € V, so Str(V) is an algebraic sugroup of GL(V).
Then, it is an embedded Lie group and the assertion on the neighbourhoods follows
from the fact that the degree of the polynomials is 3 (see [/, Theorem 4.13]). Let g,
be a smooth path in the structure group Str(V), with gy = Id, g, = H € Lie(Str(V)).
Let’s compute the differential of g*. As g* = ¢! Uy,

(97)0 = (9710 Ugor +95 ' (Ug1)g = —H + Dyy1 (U_) gy 1
- —H + 2U,7g01 Hl == —H + 2UH1,1

by equation (2). As g, is in the structure group for every ¢, we have that Uy, =
9: U, gf. Differentiating this equality, we obtain

d

E(Ugtw)‘fﬁo = Dgow(U*)gé)x =2 UI,HOE

on the left side and g, U, g4 + 90 Ux(¢%)y = H U, +U(—H + 2Upy 1) on the right
side. Then if we take H = H — 2 Up it follows that 2U, g, = HU, — U, H, which
shows the inclusion C. Now, assume that H € B(V) is in the right-hand set, by the
previous remark it suffices to show that e belongs to the structure group for all
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t € R. Consider f; = Uun, and g; = e Uy () = H U, e Un;. We want to

see that both functions are equal. First, notice that fy = U, = go. Moreover, we have
fi = Darnp(U_)e™ Ha = 2 Uy ot yry = 2 Upert presny = H Upony — U, B

=Hf — ftﬁa
and
g =e"HU, e Upny —e™ U, e ™ H Upny +e Uy e Doy (U_) e H1

=eHU, e Uy —e Uy e ™M H Uginry +2e™ U, e Ugirry grevm
=e"HU, e ™ Upny —e™ Uy e ™ H Upiny +e Uy e ™ (H Upny — Ugerny H)
=He" U, e ™ Upnry —e Uy e Uy H
=Hg — gtﬁ-

Then, by the uniqueness of solutions of ordinary differential equations in the Banach
space B(V), f; = g, for all t € R. O

From the previous proof we know that if H € str(V) then H=H-2 Up,1. We will
now recall how str(V) is the direct sum of two distinct subspaces.

Remark 3.15 (L operators). By Lemma 2.22, the exponential of the left-multiplication
operators are U-operators. Moreover, as for every ¢t and every v € V we have that
etlv € str(V), the left-multiplication operators L, belong to str(V). The latter is a
Banach subspace of B(V), which we denote L = {L,,v € V} C str(V).

Remark 3.16 (Derivations). Let Der (V) be the subspace of derivations i.e. D € B(V)
such that D(zoy) = Dxoy+x o Dy for all z,y € V. It is plain that Der (V) C B(V)
is a Banach-Lie subalgebra.

Theorem 3.17. Aut(V) C Str(V) is an algebraic subgroup of GL(V), in particular it
is an embedded Banach-Lie subgroup, and if U ={X € B(V) : || X|| < T}, then

exp(UNLie(4ut(V))) = exp(U) N 4ut(V).

Moreover for its Banach-Lie algebra aut(V) = Lie(Aut(V)) C str(V) we have aut(V) =
Der (V).

Proof. Define for each x,y € V the polynomial P, ,(A) = A(zoy) — A(z) o A(y). The
group of automorphisms is the intersecction of the zeros of every P, ,. Then, it is an
algebraic group and therefore an embedded Lie group: this fact and the assertion of
the neighbourhoods follows from the algebraic subgroup theorem [/, Theorem 4.13]),
noting that the polynomials have degree 2. Since Aut(V) C Str(V) it is plain that
aut(V) = Lie(Aut(V)) is a Banach-Lie subalgebra of str(V). Now let v be a path of
automorphisms, 7o = Id, 7, = D. As v, is an automorphism for every ¢, we have that
Yi(x oy) = v o yy. Differentiating this, we obtain

Yi(z oy) = vz oMy + Y 0 Yy,
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and for t = 0 we have D(zoy) = Dxoy+ z o Dy. So, D is a derivation and we have
aut(V) C Der (V). Now take D a derivation and define f; = (e!Pz) o (e!Py). We have
that fo = x oy. Moreover,

ft/ — etDonetDy+ethoetDDy — (DetD:c) oetDy—l—etD:Uo (DetDy) — th

Then f; = e (x o y) by the uniqueness of solutions of ordinary differential equations,
and e'P is an automorphism for every t. Then by Remark 3.12, D belongs to the Lie
algebra aut(V). This proves that aut(V) = Der (V). d

Remark 3.18. If we let Aut(V), be the component of the identity, we have that
Aut(V), C Aut(V) is open and it is generated by exponentials of derivations, Aut(V), =
<eD ) Deber (v)- With the previous theorem it is possible to give a different charac-
terization of the derivations in str(V): as the group of automorphisms is a Lie

subgroup of the structure group, Der (V) is a Lie subalgebra of str(V). Moreover,
D(1) =D(1o1) =2D(1), so D(1) = 0. Now, if D belongs to str(V) and D1 =0,

t2
etD1:1+tD1+§D21+---:1.

Then, for every t, e'” is a transformation in the structure group that sends 1 to 1, so
it is an automorphism. This, by Remark 3.12, implies that D is a derivation, thus

Der (V) = {D € str(V) : D1 = 0}.

We have seen that Der (V) and LL are contained in str(V), then their sum is as well.
Take X in str(V) and v = X1. Consider Y = X — L, then Y belongs to str(V)
and Y1 = X1 —u =0, so Y is a derivation. Now suppose X belongs to L and is a
derivation. Then, X1 = L,1 = u for some u, but as X is a derivation, X1 = 0. Then
u = 0 and this shows that str(V) = Der (V) @ L.

See also [20] for a characterization of the identity component Aut(V),, in the case of

JBW -algebras (J B-algebras with separable predual).

0

3.2. The group G(2) preserving the cone 2. One can make Str(V) act on the
cone of squares (2. But if z € Q and g belongs to Str(V), although g(x) is invertible,
it is not necessarily true that g(x) belongs to €2, in fact

Lemma 3.19. Let g € Str(V). Then ¢g(©2) and €2 are equal or do not intersect.

Proof. Define the set A, = {z € Q: g(z) € Q}. As 4, = ¢7'(2) N, we have that
A, is an open set in Q. Moreover, it is also closed in €2: let {z,} C A, such that z,
converges to x in 2. Then, g(z,) converges to g(z), and as g(x,) belongs to Q for all
n, we have that g(z) belongs to Q. But as g belongs to the structure group, g(z) is
invertible, so g(z) belongs to Q thus z € A,. As A, is open and closed in the convex
set €1, it is either empty or €2, which proves the lemma. O

We now recall that G(£2) is defined as the subgroup of all invertible transformations
of V preserving the cone; we will see later that it is a subgroup of Str(V).
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Definition 3.20. Let G(£2) be the set of isomorphisms of V that preserve the cone:
G(©2) = {g € GL(V) : g(Q) = Q}.

Remark 3.21 (InnStr(V) and Aut(V) are subgroups of G(2)). If x € V and y €
Q, then U,(y) € Q, a proof can be found in [J, Proposition 3.3.6]. But as z and
y invertible implies U,y invertible (Remark 2.14) we have that U,y € Q. Thus
InnStr(V) C G(Q). Moreover, we have that if g € Aut(V), then g(z?) = g(z)?,
so g belongs to G(Q) because Q = {v? : v € V invertible} (Remark 2.21), thus
Aut(V) C G(92) also.

It follows from the characterization of isometries that every automorphism is an isom-
etry, we recall these well-known facts here:

Proposition 3.22. Let 2 C V be its positive cone. Then

(1) Every linear transformation T that maps ) to itself is continuous and ||T’|| =
IT(D)]-

(2) If g belongs to G(2), then g is an isometry if and only if g(1) = 1.

(3) Every automorphism is an isometry, and every isometry in G(€2) is an auto-
morphism.

Proof. The first two assertions are proved in [0] (Lemma 2.2 and Proposition 2.3
respectively). For every g € Aut(V) we have that g € G(2) and ¢(1) = 1, so g is an
isometry. On the other hand every surjective linear isometry between two JB-algebras
that maps the identity to the identity is an automorphism by [20, Theorem 4], so every
isometry in G(2) is an automorphism. O

Combining these results, there is a useful characterization of G(§2) following from [8,
Theorem I11.5.1], we include a proof for completeness:

Proposition 3.23. Every g in G({2) can be written as g = U, k, where y belongs to
2 and k is an automorphism, and G(Q2) C Str(V).

Proof. As g belongs to G(€) and 1 belongs to Q, g(1) is positive, so g(1) = y?, with
y positive. Let k = U, 1. We want to see that k is an isometry. But

k(1) =U, g(1) = U ' (y*) = 1.

As U, and g belong to G(2), so does k, and as k(1) = 1, k is an isometry. From
the last proposition, k£ is an automorphism. For the assertion on the inclusion, note
that since InnStr(V) and Aut(V) are subgroups of Str(V), the previous results tells
as that G(2) is a subgroup of Str(V). O

Remark 3.24 (G(Q) is a closed subgroup of Str(V)). If x € Q then there exists
(Zn)nen € Q such that z,, converges to z. Then g(z,) converges to g(x), who then
belongs to Q. Conversely, as for every g € Str(V) and invertible 2 we have that g(x)
is invertible, then if g(Q2) = Q then g € G(Q). In summary, if g € Str(V), g € G(Q) if
and only if g(2) = Q. Thus G(Q) is a closed subgroup of Str(V).
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For x € ) we let In(x) € V be the unique logarithm of z, this is a diffeomorphism
In: Q2 — V by Remark 2.21.

Theorem 3.25. Let F': G(2) x[0,1] — G(€2) be F(g,t) = U,—tmeo1)2-g. Then Aut(V)
is a strong deformation retract of G(2) by means of F'. In particular G(2) and Aut(V)
have the same number of connected components.

Proof. 1t is plain that F'is continuous since evaluation, the logarithm, and the map
x — U, are continuous. Clearly F(g,0) = g, and

F(g,1)(1) = (U\/@)_lg(l) =1

thus F(g,1) € Aut(V) for each g € G(2). Finally if £ € Aut(V) then F(k,t) = k since
k(1) =1. O

3.2.1. The inclusion G(Q2) C GL(V) is of embedded Banach-Lie groups. Although G(2)
is a closed subgroup of the structure group, it does not automatically inherit a differen-
tiable structure for infinite dimensional V. To prove that G(£2) is a submanifold, we will
see that it is an open subgroup of Str(V). To this end, we will study Str(V),, the con-
nected component of the identity of Str(V) (which is open since Str(V) is a Lie group)
and we will see that Str(V), is contained in G(Q2). Thus Str(V), C G(2) C Str(V)
and each inclusion is open (moreover each inclusion is closed since open subgroups of
topological groups are closed).

Proposition 3.26. Every element g € Str(V), can be written as g = Uk, where U
belongs to the inner structure group and k € Aut(V),.

Proof. Define ¢ : str(V) = L @ Der (V) — Str(V) by ¢(L, + D) = ef=eP. Tt is
obviously a smooth map. Now, let L(t) + D(¢) be such that L(0) = D(0) = 0,
L/(0) = L,, D'(0) = D. Then,

Dop(L + D) = (p(L(t) + D(1)))(0) = L@ LePO 4 LOLO D — [ 4 D,

Then, Dy = Id, and ¢ is a local difeomorphism around (0,0). This tells us that in
a neighbourhood of the identity in Str(V), every element can be written as ef=el.
We have seen before that the exponential of a left multiplication gives us a quadratic
operator, and the exponencial of a derivation gives us an automorphism. Then, in a
neighbourhood of the identity every element g can be written as g = U, k, with k£ an
automorphism. In a topological group, a neighbourhood of the identity generates the
connected component of the identity. Then, every ¢ in this connected component can
be written as a multiplication of elements U, k. As k is an automorphism, we have
that Uy by Uy ke = U, Uy, k12, which proves the claim. ]

Corollary 3.27. The identity component Str(V), is contained in G(£2).

Proof. As the inner structure group and the automorphisms group are subgroups of
G(9), if g € Str(V), then by the previous theorem g = Uk € InnStr(V)-Aut(V) C
G(Q). O
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Then by Proposition 3.23, and with a similar proof than Theorem 3.25, we have that
in fact

Corollary 3.28. Every element g € Str(V), can be written as g = U, k, where x €
and k = ePrePr .. ePr € Aut(V), with D; € Der (V).

Theorem 3.29. G(Q2) is an embedded Lie subgroup of GL(V) with Lie(G(Q2)) =
str(V). We have G(Q2) = ||, Str(V), ki, where each k; belongs to a different con-
nected component of Aut(V).

Proof. As the connected component of the identity Str(V), is contained in G(£2) and it
is open, we have that G(€2) is the union of translations of this component, so it is also
open. Then, G(2) is an embedded Lie subgroup of Str(V) and therefore of GL(V),
and since G(2) is open in Str(V) we have Lie(G(2)) = str(V). Finally, we have
that G(2) = ||, Str(V), -¢; with disjoint copies and g; € G(£2) in different connected
components of G(§2); by Proposition 3.23, g; = U,, k; so we can assimmilate U, to
the set Str(V), and this finishes the proof. O

Remark 3.30. It seemed unknown (see [0, pag. 363]) that G(2) as a Lie group has
the norm topology of B(V).

3.3. Jordan homotopes and the components of Str(V). We can write Str(V) =
Ll; 95 G(£2) as a disjoint union of copies of G(S2) (here each g; € Str(V) does not belong
to G(€2)). We want to know how many copies of G(£2) there are in Str(V); we know
we have at least two, as —Id is an element of the structure group but does not belong
to G(Q).

Let g be an element of the structure group, then it is easy to see that g(£2) is a convex
cone, as {2 is one.

Lemma 3.31. Let g, h belong to Str(V). Then the convex cones ¢g(€2) and h(f2) are
equal or do not intersect.

Proof. 1t is enough to see that if g belongs to Str(V), then g(£2) is either Q or does
not intersect €2, as if ¢ and h belong to the structure group, so does h™! o g, and
comparing h~! o g with the identity gives us the general result. But this was proved
in Lemma 3.19. O

Remark 3.32 (For g,h € Str(V), we have ¢(Q2) = h(f2) if and only if the coclass
g G(Q) equals the coclass h G(2)). This can be seen as follows: if the coclasses are
equal, we have that h='g belongs to G(Q2) and h~'g(Q) = Q. Then, g(Q2) = h(Q).
Conversely, if the cones ¢g(2) and h(€2) are equal, then h~1g(Q) = Q and h~'g belongs
to G(2). Then, the coclasses are equal.

Then, we have a family of cones {g(f2) : ¢ € Str(V)} which are either equal or do not
intersect, and by the last observation we have as many copies of G(2) in the structure
group as different cones in that family. The two obvious cones are €2 and —€). We
now give a characterization of these copies by means of central projections of V.
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Lemma 3.33 (Central projections). Let p € V be a central projection, then L, =
(L,)*=U,, Ly, = L,L, = L,L, and pz* = (px)* = (px)z for any = € V.

Proof. By [27, Theorem 5|, we have L, = L,» = U, and from it follows that Lf, = UZ =
Up =U, =L, Now U, =Ug,=Uy,,=U,U,U, = U;U;B =U,U, = L,U, by
the fundamental formula and the fact that L, commutes with L,, L,». If we apply this
identity to v = 1, we get (pr) o (pxr) = p o 2%, Polarizing this identity, it follows that
(px)(py) = p(zy) for any x,y € V. Note that this tells us L, is a Jordan morphism.
Hence L,, L,y = L,L,y.

As g = 1—pis also a central projection, last equality also holds for ¢, Ly, L,y = L,L,y.
Adding these two identities, we get

Ly = LypLy+ Ly — LyLy — Ly + Lyo Ly,

which tells us that 2L,,L, = L,L, + Ly,. Hence 2L,L, = 2L, L, = L,L, + L,,, and
cancelling we conclude that L,L, = L,,. Then, p(zy) = (px)y = z(py) = (px)(py).
Now (pz)* = pz? = L,L,x = L,,x = (px)z and this finishes the proof. O

Remark 3.34. The assertions of the previous lemma are essentially in [9, Section
2.5]. Since z(py) = p(zy) for each x,y € V, we have that I, = pV = Uy(V) is a
Jordan Ideal of V for each central projection p € V. It is not hard to see that for any
idempotent p € V, the space pV is an ideal if and only if p is central [9, 2.5.7]. For
JBW -algebras (JB-algebras with predual space), central projections are in one-to-one
correspondence with Jordan ideals of V, which are of the form pV for some central
projection p € V (see [9, Proposition 4.3.6]).

Let p € V be a central projection, let ¢, be the central symmetry 2p — 1. By the
previous lemma L, is an idempotent of B(V). Let S, = L., = 2L, — 1, then S, is a
symmetry of B(V), i.e. 57 = 1.

Lemma 3.35. Let p € V be a central projection, then S, = 2L, —1 = L., € Str(V).

Proof. We first compute (S,2)? = (2pz — 2)(2pz — 2) = 4(pz)* — 4(pz)z + 2* = 2% by
the previous lemma. On the other hand
Lstp = LspLz = 2LpLz — L, = L2pz — L, = L2pzfz = Lspz = Lsz-
Note now that U., = L.z = 1 again from [27, Theorem 5]. Thus
Us,. = 2L2 (L.)* = L» = 2L4(L.)* = L» = U, = 5,5,' U, 1= 5,U, S, U,

since U, commutes with S, (which is its own inverse). O
Remark 3.36 (Each central projection gives a different copy of the cone). For a
central projection p € V, the set S,(€2) will then be a cone; for p = 1 we obtain
S, = Id and the cone ) while for p = 0 we obtain S, = —Id and the cone —2. We

claim that different central projections give different cones: if S, G(Q) = S, G(£2),
then S, 'S, = Sy, Sy, = Le, Le,, € G(Q). Let p = (5,6, +1)/2; from

2_ 2.2 _1.1_
(EpEp) =€p6, =1-1=1



22 GABRIEL LAROTONDA AND JOSE LUNA

(since L,, commutes with L,,), we see that p*> = p is a central projection. Then
Sp = L, = Lc, Lc,, € G(£2), and in particular 2p — 1 = S,(1) > 0. Thus p > 1/2
and in particular p is invertible. Since p?> = p, it must be then that p = 1, thus
Sp = Sp,Sp, = Id. We conclude that S, = S, or equivalently that p; = ps.

Remark 3.37. Let p € V be an idempotent, p> = p, let p’ = 1 — p. Then U, is an
involutive automorphism, and the following identities are elementary:

a) U, =8L2 —8L,+1=1-4U,, b) U,—Uy =2L,—1=1L,,
¢) 2U,y = 4L,(1 — L) d) Le,L,(1 - L,) =0
6) LEpUPJJ’ =0 f) Lgp =1- 2Up,p’ .

The last identity follows from the fact that o(L,) C {0, 3,1}.

Remark 3.38. As we have discussed before in Theorem 2.33, the space V can be
decomposed into three summands Jy, J; and Jy by means of the Peirce decompos-
tion, where each of these spaces is the range of the projections U,, Uy and 2U,
respectively. But these spaces are also the eigenspaces of the operator L,, associated
to the eigenvalues 0, 1/2 and 1. In this section we will rename these J spaces as V7,
V§ and VY /o For more details and proof of the assertions used see [17, Theorems 8.1.4
and 8.2.1]. Let’s regroup the summands of the Peirce decomposition by means of the
involutive automorphism U, as follows:

VE=VioVl ={veV:U,v=u0}, Vi, ={veV:U,v=—v}=ker(L.,).

€p
Then V = VP g V¥ /25 the fact that the sum is direct is reflected in the fact that
L., Upp = 0. We have that V” = ker(U, ) = ker(L> — L,) is a JB-subalgebra of V.
Moreover, since L;% = L, in V?, then p is a central projection in V, and thus Lgp is
the projection onto V¥ and it is the identity there (Remarks 2.28 and 2.31).

On the other hand V¥ /2= ker(2L,—1) is a subspace, and 2 U, » is an idempotent onto
it, but it is not a subalgebra: it contains no squares. However if z € V¥ or z € V/ /o
it is plain that U.(V{,,) C V{,, and VY, is a Jordan triple system. Let 2 € V¥ and

yeV) /2 and it can be checked by hand that
U,z =px, U,y=0, L?px =z, L,y=0.
We now give a full characterization of the elements in Str(V):

Theorem 3.39. Let g € Str(V), then there exist v € €, a central projection p € V
and an automorphism k € Aut(V) such that

9=U,S,k=S5,U,k.

Proof. Let z = g(1), from Remark 3.4 we know that z is invertible, and by Remark
2.34 we can write z = z, — z_ with zx > 0. Let p,p’ be range projections for zy
respectively; since z is invertible it must be p’ =1 —p. Let ¢, = 2p — 1, and consider
2| = 24 + 2. = &,2, then |2] € Q. Let v = /]2] € Q, and let h = U, g € str(V).
Now it only suffices to show that h = S,k, as g = U,h. We note that

h(1)=Utz2=Ute? =¢,
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since v, &, € C(z). Moreover, if we consider h~'(1), then Id = Up-1; = b1 U, h Up-1q
and therefore Up-1; = h7! Ug, h. Hence Ugp-1(1))2 = Ui—l(l) = h! ng h = Id.
Thus, by Theorem 2.33 as (h~'(1))? is positive it must be (h7(1))* = 1, and then
h~1(1) = g, for some idempotent ¢ € V. Let VE = V@iV be the complexification of
V making it a JB*-algebra; since h € Str(V), by Remark 3.6 we know that h€ (the
complexification of h) belongs to Str(VC). We will call this complexification h, for
short. It is plain that p+ip’ € VE, is an element in (the complexification of ) C(p), and
it is a square root of the symmetry ¢,, as (p+ip')> =p—p'+0=¢,. Let k = U,y h,
then k € Str(V°) and

k(1) =Upripep, = (p+ ip’)2€p = 5120 =1,

where this is valid as the operations happen inside C(p). Thus it must be that k €
Aut(VC) (see Lemma 3.9). Since (p + ip/)~! = p —ip/, we have h = U,_;, k. Note
that

k(eq) = Upriphi(eq) = Uprip(1) = (p +10')* = &5,
hence k(q) = p and therefore k(¢') = p’ and h = kU,;y = U,y k as k is an
automorphism. We claim that hL, = L,h in V&: from hU, .y = k = Uiy h and
the fact that U,y = Uy, — Uy +2i U,y = L., 4+ 2i U,y (and likewise for q), we get

hLe, +2ihUyy =k = Le,h+2i Uy b,

and evaluating in x € V it must be that hL. (x) = L. h(x), since h maps V into itself.
Thus hL, = Lyh in V, but passing to the complexification it is plain that hL, = Lsh
holds also in V©. It is obvious that the same applies to k, kL, = Lyk, as k is an
automorphism. Now we write k(v) = a(v) 4 i8(v), with R—linear a, 3 : V& — V, the
real and imaginary parts of k given by
a(v) =12(k(v) + k(v)),  B(v) = Y2i(k(v) — k(v)").
We compute
h=Up_ipk= (L, —2iUppy)(a+iB) = L,a 42U, B+i[L., B —2U,,al.
Since h maps V into V, for x € V it must be
Le,B(x) = 2Upy a(x) = 0.

Applying L.,, we see that L2 f(x) = 0, thus B(z) = 2U,y B(z) = 4Ly(1 — L,)B(x)
by Remark 3.37. Appling L., again, we see that L. 3(x) = 0, or equivalently, that
B(z) € V], when € V. Then it must also be that 2U,,,y a(z) = 0, and this in turn
implies that a(z) € VP when x € V. Hence, for x € V we have

h(x) = Le,a(z) + 2 U,y B(z) = L,a(z) + B(a).

We claim that L,a = aL,. To prove it, first we right-multiply L., in the previous
identity, and by Remarks 3.37 and 3.38 we have

(4) Le,a(L.,x) + f(Le,v) = h(Le,w) = Lo, h(x) = Lgpoz(x) +0 = ax).
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Applying again L., we see that aL., = L. a. On the other hand, from this, the fact
that L2 a(r) = a(x) for x € V and equation (4) we see that
a(r) = Le,a(Le,x) + B(Le,x) = a(x) + B(Le,x),

hence it must be SL., = 0. From L. 3 = 0 it follows that 2L,3 = 3 and analogously
that 26L, = f3, then we have BL, = /2 = L[ also. Let us now show that ker(a|y) =
Vi, and that ker(8|v) = V?. We will call these restrictions o and 3 for short. First
we write

kLe,(y) = Le,k(y) = Le,a(y) +iLe,B(y) = Le,o(y).
Then if a(y) = 0, it must be that L.y = 0 thus y € qu/Q. Reciprocally, if y € qu/z
then L. y = 0, which in turn implies L. a(y) = 0, and applying L., we see that
y € ker(a). Now for the kernel of 3, we write
k(2U, g z) =2U, y k(z) =2U, y a(z) +2i U, B(x) =i2U,, B(x) = if(z).

If © € ker 8, then U, yx = 0 thus € V?. Reciprocally, if + € V! then U, 2 = 0

thus k(2 Uy z) = if(z) = 0, thus = € ker 8. Assumme that there exist y # 0 in VY.

Then 32 > 0 and moreover it is plain that y? € V¢ by Remark 3.38. Thus there exists
0 # x € V? such that 22 = y?. Since k(z) = a(z) +iB(z) = a(z), and « is nonzero in
VI\{0}, we get
k(x?) = k(z)* = a(z)® > 0.

On the other hand, since a(y) = 0 and § is nonzero in Vf/z \{0}, we have

k(z?) = k(y*) = k(y)* = (iB(y))* = —B(y)* <0,
a contradiction. Thus it must be V{, = {0} and V = V% so § is null in V. Then
klv = a|v thus k maps V into V. Moreover, since U,, = 1 in V, it follows that ¢ is a
central projection. Then for all z

LyL.k =kL,Ly() = kLp-1:)Ly = L. Lyk,
and thus p is also central. Then,
h=U,iyk = (U, — Uy + 2iU, )k = L.k
and thus g = U,h = U, L. k. [

Corollary 3.40. There exist one different copy of G(£2) in Str(V) for each central
projection p € V (given by S, G(2)), and all copies are obtained in such fashion.

We can now prove Theorem 3.10:

Theorem 3.41. Let g € Str(V). Then g* = g~ if and only if g = Spk = L. k, where
k is a multiplicative automorphism of V and €, is a central symmetry.

Proof. If g = S,k then by Remark 3.8 we have k* = k™' and S% = S, 'Us,1 =
S;'U., = S, ", s0 g* = g~ Now assumme g* = g~', we know by Theorem 3.39 that
g = U, Spk with positive z; replacing this in the equality we obtain that

k1S U, = kS ULt
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and therefore U2 = U,> = Id. Then 2* = 1, but as both 2? and z are positive and

there is an unique positive square root we have that = 1. This gives us g = S,k. U

There is a better description of g(€2): it is the cone of positive elements for a different
product in V.

Definition 3.42 (Jordan homotopes and isotopes). Let u be an element of V. Define
anew product in V as z-,y = U, ,(u). This new product induces a new Jordan algebra
V., not necessarily isomorphic to the original, called a Jordan homotope. Moreover,
V, will be unital if and only if u is an invertible element, and 1, = v~!. In this case,
V, is called an Jordan isotope.

We will asume that u is invertible, so V,, is an unital algebra. We will denote 22" =
x -, x; o1 the inverse for the u-product; and U and U, , the quadratic and bilinear
operators for the u-product.

Remark 3.43. With this new product we can define the usual elements and opera-
tions of a Jordan algebra. For example,

le'zu = Um u, U;L = Ux Uua Uz,y = Ux,y Uu :

An element x is invertible with the new product if and only if it is invertible with the
original product, and 2= = U, 'z~

One can see that for every g € Str(V), the map ¢ is a Jordan (i.e. multiplicative)
isomorphism between V and V,q)-1. Moreover, this property characterizes the struc-
ture group. To expand on these topics, see the exercises at the end of [17, Part II,

Chapter 7].

Proposition 3.44. Let g € Str(V). Then g(Q) is Q97" the cone of positive ele-
ments of Vg)-1.

Proof. Let z be an element in V. We want to see that z belongs to 2 if and only if
g(z) is positive in Vyq)-1. Let A be a real number, then g(z) — Ag(1) = g(z — A1). As
g belongs to Str(V), g(z — A1) is invertible if and only if z — A1 is invertible. This
tells us that the spectrum of z in V is the same as the spectrum of g(z) in Vy)-1, as
141)-r = g(1). Then, z is positive in V if and only if g(2) is positive in Vq-1. O

As we have seen before, two elements g and h in the same coclass give us the same
cone g(Q2) = h(Q2). Together with the last result, this tells us that the notion of
positivity in different g(1)~!-products for each g in the structure group does not vary
inside the coclass. Then

Corollary 3.45. There exist as many copies of G(Q2) in Str(V), as distinctive cones
of positive elements Q90" = ¢(Q) for different g(1)~'-products.

Moreover, we have that

Corollary 3.46. The isotope V,, is Jordan isomorphic to V if and only if there exist
v € Q and a central symmetry ¢, such that u = U, g, = v%¢,,.
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Proof. Let g : V — V,, be the isomorphism. As we said before, if we consider g : V — V
then g belongs to Str(V), so by Theorem 3.39 there exist v € €2, a central symmetry
g, and an automorphism & such that g = U, Syk, and g(1) = v?¢,. As g is also a
Jordan isomorphism between V and V,)-1, we have that Id : V, — V)-1 must also
be a multiplicative isomorphism, and the unit must be the same. So u=* = ¢g(1), and
u = (v7')%e,. Now, let u = v%, for a positive v and central symmetry ¢,. We know
by Lemma 3.35 that L., belongs to Str(V) and so does g = U,-1 L., with g(1)"" = u.
Then g : V — V,, is a multiplicative isomorphism. 0

We can give another characterization of the isotopes of V by the U operators.

Corollary 3.47. The isotope V, is Jordan isomorphic to V if and only if U, is a
positive operator.

Proof. We have seen in 2.33 that U, is positive if and only if x = ve, with v positive
and €, a central symmetry, this together with the last corollary gives us the result. [J

We have given a characterization of the isomorphic isotopes of V: there is one isomor-
phic isotope for each element inside one of the cones of the family {g(2) : g € Str(V)}.
Then for associative algebras endowed with the Jordan product this gives an indica-
tion of the number of cones in V:

Corollary 3.48. Let V be an associative algebra endowed with the Jordan product.
Then

GL(V) = UgEStr(V)g(Q> ={g(1) : g € Stx(V)}.

Proof. By [17, Theorem 11.7.5.1], we have that for every w invertible V,, is isomorphic
to V. Then every invertible element is in one of the cones ¢g(Q2) for g € Str(V). O

Note that this result is not valid for every special Jordan algebra: if we have a Jordan
subalgebra that is not a subalgebra in the original product, it does not apply.

4. THE SPECIAL JORDAN ALGEBRA OF HILBERT SPACE OPERATORS

Consider V = B(H),,, the self-adjoint operators of a complex separable Hilbert space
H with the Jordan product Ao B = 1/2(AB + BA), and the spectral norm as JB-
algebra norm. Then 2 C V is the set of positive invertible operators, and we use
A > 0 to denote A € Q2.

We will characterize G(£2), Aut(V) and Str(V). In order to achieve this, we need to
introduce a few notions related to antilinear operators. We will reserve the star * for
the adjoint in the structure group, and we will use a dagger { to indicate the usual
Hilbert space adjoint.

Definition 4.1. A map f : H — H is called antilinear if f(x +vy) = f(z) + f(y) and
f(Az) = Mf(z) for every z,y in H and complex number \. Let (-,-) denote the Hilbert
space inner product, which we assumme is conjugate linear in the second variable. We
can define another t operation (called the conjugate adjoint): given f, and by means
of the Riesz representation theorem for H, we let fT be the unique antilinear operator
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such that (fz,y) = (z, fty) for every z,y € H. From the context it will be apparent
if the T denotes the usual adjoint or the conjugate adjoint. It is easy to check that
the composition of two antilinear operators is linear. An antiunitary operator is an
antilinear operator U : H — H such that

(Uz,Uy) = (z,y)
for every x,y € H, or, equivalently, such that U=! = U'. The product of two an-
tiunitary operators is unitary, and U is antiunitary if and only if U is antilinear and
U] = [|€]] for all § € H.

It is also easy to check that, as linear operators, antilinear operators on a Hilbert
space have a (right) polar decomposition: every antilinear map f can be written as
f=If1U, where | fT| = \/ffF, and U is a partial antilinear isometry. |f| is a positive
linear operator and in case that f is invertible, U is antiunitary. A good reference on
the subject of antilinear and antiunitary operators is the paper by Routsalainen [21].

An antiunitary operator J is a conjugation if J> = 1. The typical example is given
by fixing an orthonormal basis {e; };,en of H, and defining J(>_ ae;) = > ae;, we call
this conjugation in a basis. The following characterizations that can be found in [21,
pag. 194] will be useful

Proposition 4.2. Let J : H — H be antilinear and consider the conditions J = JT,
Ji = J71, J? = 1. Then any two conditions imply the third, and .J is a conjugation.
For any conjugation J there exists a basis such that J is conjugation in that basis.

4.1. The group G(f2) and its components. Now we can charaterize the group
preserving the positive cone:

Theorem 4.3. Take V = B(H),,

(1) g € G(Q) if and only if there exists f : H — H invertible linear (or antilinear)
such that g(A) = fAfT, where the dagger T denotes the usual adjoint (resp.
the conjugate adjoint).

(2) 7 g(A) = FASY, then g*(A) = f1AF.

(3) Assumme g = f- fT = h-h'. Then both f,h are linear or both are antilinear,
and there exists X € S* such that f = Ah.

(4) The decomposition g = U,k with x € Q and k € Aut(V) is given by x = |fT|
and k(A) = UAUT for some unitary or antiunitary operaror U in H, i.e. if
f=|f1U is the polar decomposition of f, then g(A) = |fT|UAUT|f1].

(5) g = f- fF € Aut(V) if and only if f is unitary or antiunatary.

(6) The set of linear and the set of antilinear maps induce the two connected

as a JB-algebra. Then

components of G(Q), and the set of unitary and antiunitary maps induce the
two connected components of Aut(V).

Proof. Clearly each such map A — fAfT is bounded and real linear, and preserves :
if A > 0 then fAfT > 0. This is trivial if f is linear but also true if f is antilinear,
since

(FAFTE,€) = (AV2fTE, A2 fTE) = || A2 FiE)? > 0.
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Now assumme that g € G(2), then g = Ux k for some X > 0 and k an automorphism
of V. Then kU, k™! = Uy for any A €V, thus

K(ABA) = k(A)k(B)k(A) VYA BeV.

It is well-known that then there exists a unitary or antiunitary operator U such that
k(A) = UAUT for any A € V (see for instance [2, Theorem 3.2] for a proof), where f
is the usual adjoint or the conjugate adjoint. Thus g(A) = XUAUTX = fAfT if we
let f = XU. This proves the first assertion. Now recall that g* = g~ Uy thus in this
case we have g(1) = ffT = |f7]? and then

g (A) =g N (fFFPAF) = FHFFPAFF (DT = AT
Assumme now that fAfT = hALT for every A € B(H), taking A = 1 we see that
|fT| = |AT|, then by polar decomposition we have |fT|UAUT|fT| = |fT|WAWT| f1] thus
UAUT = WAWT for any A € B(H),,, equivalently W'UA = AW~'U. If f is linear
and h is antilinear (or viceversa) then 7' = W~'U is antiunitary, and TA = AT for
all A € B(H),,. In particular for any £ € H we have

(5) IEIPTE = T(&,6)€ = T(§ ® €)§ = (£ ®E)TE = (TE,€)¢,

and since T" is an isometry, [[[I*[|S] = K7€, §)I[I€]], that is [(T€,£)] = [[€]|* for all
¢ € H. If we apply T on both sides of (5) and then multiply by [|£]|?, we obtain

ISP NPT = (T, OIIENTE = KTE, €)% = lIg]I¢.

Hence T? = 1 and by the previous proposition, T is a conjugation, in particular a
conjugation in a basis {e;};. Let A =ie; ® es —ies ® ey € V, then ATe; = Aey = iey
and on the other hand T'Ae; = T'(—iey) = —e; # ATey, a contradition. Thus it must
be that both f, h are linear or both are antilinear, then U, W are both unitary or both
antiunitary, thus WU is unitary. We see that W ~'U is in the center of B(H), which
is C1, hence W = €U, thus f = e“h.

The fourth and fifth assertions are apparent from the previous discussions. Now note
that if k = U - UT with U a unitary operator in B(H), then there exists skew-adjoint
Z € B(H) such that U = eZ. Let k; = €% - e7'%. Then k; C Aut(V), ky = id and
ki = k, thus k € Aut(V), (all unitaries belong to the same component). Assumme
that k, = U, - U* —, k= U - U*. In particular U, (£ ® §)Ul — U(£ @ £)UT for each
¢ € H, thus (U,8) ® (U,€) — (UE) ® (UE) and this is only possible (since U,,U are
isometries) if there exists 0(n, ) € [0, 2] such that e?™9U, ¢ — UE. In particular, if
all the U,, are linear, then U must be linear, and if all the U,, are antilinear, U must

be antilinear.

Now let k; : [0,1] — Aut(V) be a continuous path joining Id with g = U - UT for an
antiunitary operator U. Take ¢ty = inf{¢ : U, is antilinear}, note that ¢y > 0. Let U, =
Uty—1/n, then from the continuity of k; and the previous discussion, we see that Uy, is
linear, thus unitary. But if we take U,, = Uy, 41/n, We see that Uy, is also antiunitary,
and this is impossible. Thus there is no such path and the antiunitaries belong to a
different component than the unitaries. On the other hand if U is antiunitary and J
is complex conjugation in a fixed orthonormal basis, then JU is unitary thus JU = e?



ON THE STRUCTURE GROUP OF AN INFINITE DIMENSIONAL JB-ALGEBRA 29

for some linear ZT = —Z, and we can join k = U - U with j = J-.J with a continuous
path. In particular all antiunitaries belong to the same component, showing that
the sets of unitaries and antiunitaries induce the two components of Aut(V). The
assertion for G(2) is now apparent from Theorem 3.25, previous remarks and the
polar decomposition. Il

Remark 4.4. The main tool used in the previous characterization is the theorem
stating that a map preserving the triple product, must be of the prescribed form.
However, it is not clear how does U varies as k = U - UT varies, for instance if ¢ — k; is
a continuous (or smooth) map into Aut(V), and we represent k, = U, - U], is the map
t — U, continuous (or smooth)? Since there is some ambiguity (the factor A\ € S1),
can we pick U adequately so that it is well-behaved? Next we show that it is possible,
using a well-known trick that exhibits the unitary.

First we need a quick remark: note that if p> = p = p' € B(H) then e, =2p — 1 is a
symmetry, i.e. £, = ¢, = 5;,; in particular €, is unitary and if ¢ is another projection
with ||¢ — plleo < 1 then

”513511 - 1”00 = ||€p - 5q||oo = 2||p - QH <2

thus e,e, has an analytic logarithm Z in B(H), which is skew-adjoint and depends
smoothly on ¢; moreover it in not hard to see that e,6Z = e Zg, since Z is p-
codiagonal. Recall also that the unitary group U(H) is a Banach-Lie embedded sub-
group of B(H) with the uniform norm.

Theorem 4.5. Let k € Aut(V). Fiz a unit norm & € H, let p = £ ® £ be its one-
dimensional projection.

(1) Assumme that ||k —1|| < 1. Let Z be the linear skew-adjoint operator given by
Z(k) = 1/2In(z492,) = 1/210((2K(p) — 1)(2p — 1))

Then k = eZ®W (k) - W (k)te?®) with unitary W (k), where for each n € H
Wk = 7Ok @ ) = 7 ORE(y @ £)e” Vg

(here k€ is the complezification k(A +iB) = kA +ikB for A,B € V).

(2) Let J be a conjugation and j = J - J such that ||k — j|| < 1, then k =
JeZ®OW (k) - W (k)fe=?®)J for the same maps Z,W as above.

(3) The map s : {k € dut(V) : ||k — 1| < 1} = U(H) given by s : k s ZBW (k)
s smooth, moreover it is real analytic.

Proof. Since k(p?) = k(p)? we see that k(p) is an orthogonal projection. Now ||k(p) —
Plloe < |1k = 1] |Ipllec < 1, thus taking Z as described gives a linear skew-adjoint
operator depending smoothly on k such that e?*)pe=?®*) = k(p) (see for instance [3,

Proposition 3.1]). Let
)\k _ e—a‘dZ(k)k(C7

then \.(p) = p, and since k* = U}, - U, ,I for some unitary operator by the previous
theorem, we see that Ay (AB) = M\(A)A\p(B) for any A, B € B(H). Let W (k) be as in
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the formula above, then it is clear that it is bounded linear. Let’s see that W (k) is
unitary: first note that if we put

V(k)n =X (n@€)¢

it is easy to check that V (k) is the left and right inverse of W (k), so W (k) is invertible.
Now note that (£ @ n)(n @ &) = [[n*6 ® & = ||n||*p, thus

W (k)nl* = (A © ) M(n @ )&, €) = (Ml @ €)(€ @ ))&, €)
= [nl*AE)(p)S, &) = lInll* (€, €) = InlI*(€, €) = lInll*,

showing that W (k) is an isometry, thus it must be unitary. We now claim that A is
implemented by W: to prove it we compute

(6) W(k)Xn = \((Xn) @EE = M(X -7 ®EE = M(X)M(n @ E)E = M( X)W (k)n,

thus W (k)X = M\(X)W (k) and A\, = W (k)-W (k)T as claimed. Then k€ = 242 ), =
e ZBW (k) - W (k)t, and we have proved the first assertion. Now note that if ||k —7j|| <
1 then ||jk — 1] < 1 and jk can be represented as above, an the second claim follows.
For the third claim, consider the map k +— k(e®¢). We claim that it is real analytic as
a map form the Lie group Aut(V) into the Banach space B(H,B(H)). Let k € Aut(V)
with ||k — 1|| < 1; since Aut(V) is a Banach-Lie subgroup of GL(V), with Banach-Lie
algebra Der (V) (Theorem 3.17), we can use H — ke as a chart of Aut(V) around k,
for sufficiently small H € Der (V). We have

N TL
ke ( Zk— ®£)H—‘sup le” (n®€) - va @&l
| o 2]
N N
H’I’L HTL
<l =3 s @l < e = 32
n=0 n: n=0

Now the last term converges to 0 as N — oo, and this computation shows that
Ziv:(] k(e @ &) is the Taylor polynomial of our map, and it converges uniformly to
it, so our map is real analytic. Now k — Z(k) is real analytic so is e?®) and the
product in the Banach-Lie group U (H), we have that k — F(k) = (o®§) —2(k) §

real analytic. It is then apparent that W (k) = eve(F(k)) = F(k)§ is real analytic. D

Remark 4.6. If we modify W above with U(k) = A(k)W (k) with a non-continuous
function A : Aut(V) — S, we see that it is possible that t — k; = U, - U} is a smooth
path while ¢t — U, is not even continuous.

Remark 4.7 (Aut(V) as an homogeneous manifold of the unitary group ¢(H)). Con-
sider the action A : U(H) x Aut(V) — Aut(V) given by U-k = A(U, k) = UkUT =
Ady k. This action is smooth and transitive by Theorem 4.3. Moreover by the same
theorem if we fix an orthonormal basis of H, and let J be the antilinear conjugation
in that basis, we see that Aut(V) is the disjoint union of the two open-closed orbits

O(Id) =UH) - Id = put(V), and  O(j) = UH) - j = Ady Aut(V),,
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where j = Ad; = J - J € Aut(V). That is Aut(V) = O(Id) U O(Ad;). Note that the
isotropy group for both orbits is K = S'1 by Theorem 4.3. It is also apparent from
Theorem 4.5 that if we let s(k) = e?®W (k) for an automorphism close to 1, then

Theorem 4.8. The action U(H) ~ Aut(V) has smooth local cross-sections: for any
k € Aut(V) there exists an open neighbouhood V' of k and a smooth map s : V — U(H)
such that s(k) =1, Adsu) = idy.

Thus in particular the maps mrq : U — Ady and 7; : U — j Ady are smooth open
projections, and

1— S' = UH) — Aut(V) — 1

is a smooth principal bundle with structure group S' = U(1) (see [23, Chapter 3] for
applications to quantization).

4.2. Derivations, the structure group and its Lie algebra. From the fact that
Ua(B) = ABA for all A,B € B, we derive that Uxy(A) = 1/2(XAY + YAX),
therefore the condition for being in the Lie algebra of the structure group is: H €
B(B(H)) is in str(V) if and only if there exists H € B(B(H)) such that

(7) XAH(X) + H(X)AX = H(XAX) — XH(A)X
for all A, X € B(H),,. On the other hand the condition for g € Str(V) in this case

can be written as
9(X)Ag(X) = g(Xg ' (9(1)Ag(1))X),
therefore differentiating g, C Str(V) at t =0, if go = Id and g = H, we have that

H(X)AX + XAH(X) = H(XAX) — XH(A)X + XH(1)AX + XAH(1)X,

thus H(A) = H(A) — H(1)A— AH(1) = H — 2 Uy as we mentioned before.

Remark 4.9 (Derivations). If Z € B(H) is skew-adjoint, let H = H = ad Z, then H
maps V = B(H),, into itself and it is bounded there. From

XA[Z, X|+[Z, X|AX = XAZX - XAXZ+ZXAZ-XZAX = |2, XAX]|-X|Z, A]X

we have that H, H € B(V) obey equation (7), thus H = ad Z € str(V) and H = H.
Since H(1) = [Z,1] = 0, we conclude that H € Der (V). On the other hand, it
was shown in [24] that any complex derivation § in B(H) must be of the form X
XT —TX for some bounded linear T', thus by complexiying a derivation D € Der (V)
we see that

Der (V) ={adZ: Z € B(H), 2" = - Z}.
Here is a different proof of this equality: take k; C Aut(V) such that kg = Id and
ky = D € Der (V). Abusing notation, let k; denote also the complexification of k;,

then k{ is the complexification of D. Now for each n € H, by the previous theorem
we can write

(8)  WiXn = ((Xn)®&)E=M(X-n®@EE=M(X)\(n®E)E = N(X)Win,
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where \; = e~ 242 kC. Since Wyn is smooth, it defines a skew-adjoint operator W by

means of Win = (W;n)'|:=o for each n € H. If we differentiate (8) at ¢t = 0, and we get

WoXn = XNo(X)Won + Mo(X)Win = —ad Z5(X) (1 @ £)E + ko(X)(n ® £)§ + XWen
= —ad Z{(X)n + D°(X)n + XWin.

Thus D(X) = [Z), X] + [W}, X], and if we define Z = Z} + W}, we have that
Z' = —Z, that D¢ = ad Z and then D = ad Z also.

Remark 4.10 (One-parameter groups). If U; = e'¥ C U(H) is a one-parameter
group, it is apparent that k, = U, - UI C Aut(V) is also a one-parameter group. The
converse holds for our local cross-section: if k; = e'P is a one-parameter group of
automorphims of V., then we now know that D = ad Z for some skew-adjoint Z, and
using the formulas we see that Z; = Z(k;) = tZ. From there the lift to U(H) of k; is
simply s; = S(k;) = e¢'?. Rephrasing: if D = ad Z € Der (V) then the cross-section
D) z

gives s(e”) = e”.

A characterization of the Lie algebra of the structure group is also at hand:

Definition 4.11. For T" € B(H) we denote ¢7(X) = TX and rp(X) = XT for
X € B(H), that is ¢ and r are left and right multiplication in the associative algebra
B(H).

Corollary 4.12. If V = B(H),, as a JB-algebra, then str(V) = {{r+rp+ : T € B(H)}.

Proof. Each of the morphisms H = {7 + rp:+ is linear continuous and preserves V,
since TA + AT is self-adjoint for self-adjoint A. It is easy to check that if we take
H = —({p+ + r7) then (7) is verified, thus H € str(V). Now recall that str(V) =
L @ Der (V), thus for g € str(V) we have by the previous remark that g = Lx +ad Z
for some X € V and Z € B(H) with ZT = —Z. But then calling Y = X/2 € V, we see
that

g(A) =1/2( XA+ AX) + ZA—-AZ = (by +ry + Lz —17)(A) = (by 1z + Tyt iz1)(A)
Since T'=Y + Z is a generic element of B(H), the proof is finished. O

Remark 4.13. In particular we obtain —Id € str(V) taking 7' = —1/2; notice that
since £, commute, then

¢
exp(fy +rpi) = e et = Lerr g1,

that is /Tt A = eT AeT" = fAf! with linear f (this is apparent because everything
happens inside Str(V), C G(f2) if we exponentiate str(V)).

From Theorem 3.39 of the previous section, and because p = 0,1 are the only central
projections of B(H), we conclude this paper by noting that

Theorem 4.14. IfV = B(H),, as a JB-algebra, then Str(V) = G(Q)L — G(Q2).

sa



ON THE STRUCTURE GROUP OF AN INFINITE DIMENSIONAL JB-ALGEBRA 33

The characterization of the structure group of a product of copies of B(H),, is also at
hand. Apparently also, the real part of a connected C*-algebras, when viewed as a
JB-algebra, has a two-components structure group, as the same Theorem 3.39 shows.
On the other end of the zoo, a C*-algebra with infinitely many central projections
shows us that Str(V) can have infinitely many components.
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