HOFER’S METRIC IN COMPACT LIE GROUPS
GABRIEL LAROTONDA AND MARTIN MIGLIOLI

ABSTRACT. In this article we study the Hofer geometry of a compact Lie group K which
acts by Hamiltonian diffeomorphisms on a symplectic manifold M. Generalized Hofer
norms on the Lie algebra of K are introduced and analyzed with tools from group invariant
convex geometry, functional and matrix analysis. Several global results on the existence
of geodesics and their characterization in finite dimensional Lie groups K endowed with
bi-invariant Finsler metrics are proved. We relate the conditions for being a geodesic in
the group K and in the group of Hamiltonian diffeomorphisms. These results are applied
to obtain necessary and sufficient conditions on the moment polytope of the momentum
map, for the commutativity of the Hamiltonians of geodesics. Particular cases are studied,
where a generalized non-crossing of eigenvalues property of the Hamiltonians hold.
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1. INTRODUCTION

The Finsler length structure on the group Ham(M, ®) of Hamiltonian diffeomorphisms
of a symplectic manifold M with symplectic form ®, was introduced by Hofer in the
paper [Hof90]. The Lie algebra of this group is the set of Hamiltonian vector fields,
which can be identified (by means of the symplectic gradient) with the set of Hamiltonian
functions in M -modulo constant functions-. The norm of a vector field is then the quo-
tient L= (M )-norm of the generating Hamiltonian function (modulo constant functions).
A natural problem of current interest in the literature is the study of geodesics in this
Finsler manifold. There has been a significant amount of progress, and fairly deep work
on the properties of this metric, mostly from the point of view of symplectic topology, see
[BiaPol94, LaMcD95al [LaMcD95b), [Pol01) [PolShel5]] and also the textbook [McDSal7l]
and the references therein.

In this article we consider (almost) effective Hamiltonian actions of compact semi-
simple Lie groups K on a symplectic manifold (M, ®). This action defines an inclusion
(modulo the discrete kernel of the action) K <— Ham(M, ), which allows us to introduce
a Hofer metric on K by means of

X = max (y,x) — min (y,x).
1] a) yE#(M)@ ) yE#(M)@ )

Here x € £ = 71K and u is the momentum map of the Hamiltonian action. For this norm,
the intersection of its unit ball with a maximal abelian subalgebra f C € is the polar dual
of a certain polytope P, which is derived from the moment polytope of the action u. The
rectifiable distance in K is defined as the infima of the lenghts of paths joining given
endpoints, and we define a geodesic in K as a distance minimising path.

We first show that one-parameter groups in K are always geodesics for this distance,
provided the speed is in the domain of injectivity of the exponential map of K. These paths
are mapped to paths in Ham(M, ®) with autonomous Hamiltonian. Since the norm is not
strictly convex, it is natural to expect other geodesics in K, and this is the case for all these
norms; we show that these geodesics correspond to quasi-autonomous Hamiltonianans.
The extreme points of the polytope P C € encode the privileged directions that the speeds
of geodesics can take. Relevant geometrical properties of the geodesics can be expressed
in terms of these extreme points. Of particular relevance are the polytopes with only
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regular extreme points in £, which are fully characterized both in terms of the Lie algebra
(by polar duality) and in terms of the geometry of geodesics in K. We obtain similar
results for the pull-back of the one-sided Hofer norm, which is usually only positively
homogeneous:

[ max ().

In fact, the general results on geodesics in this article are stated for any Finsler length
structure given by (left or right) translation of an Ad-invariant Finsler norm in ¢, therefore
we include non-symmetric distances in our discussion. It is worthile mentioning here
that the notion of majorization of real vectors V < W (identified with the eigenvalues of
the operators adv,adw, where v,w € £) plays a significant role in the proofs concerning
minimality of geodesics, and it is related to the condition v € conv(0O,,), where the later
set is the convex closure of the coadjoint orbit of w in €.

There are several relevant applications related to this setting of actions of compact Lie
groups: for instance, as shown in [EntovO1], the geometry of the canonical Hamiltonian
action SU(n) — Ham(Gr,,,,®) can be used as a tool to study the eigenvalue inequalities
in the quantum version of Horn’s problem [BelO8]. Here Gr,, is the Grassmannian of
r-dimensional planes in C", and ® is the canonical Kirilov-Kostant-Souriau symplectic
form. We plan to extend some of the results in this article to the case of infinite dimen-
sional groups using ideas connected to the results in [BolLeZh99] and [Larl9]. Some
of the techniques developed in this article might also be relevant to the study of Finsler
length structures derived from mechanics with non-smooth energy.

The article is organized as follows: in Section [2] we define generalized Hofer norms.
We study the faces and norming functionals of the unit balls of these norms, based on two
different theories. We first analyse the structure of these balls with functional analytic
techniques via an embedding in certain function spaces, an approach that will be useful
in the study of the stability under geodesy at the end of Section We also study these
norms using results from convex geometry.

In Section [3] we recall basic results on Hamiltonian actions and Hofer’s metric on
groups of Hamiltonian diffeomorphisms, and we pull-back these metrics to compact
groups using the homomorphism K — Ham(M,®). These are the motivations and main
examples for the norms and length structures on groups studied in this article. Neverthe-
less, this part of symplectic geometry is not necessary for the understanding of several
results in the article which are solely based on convexity and Finsler length structures.

In Section 4] a characterization of the intersection of the unit balls of the Hofer norms
with maximal abelian algebras is given based on group invariant convex analysis and
symplectic convexity theorems.

In Section [5] we first recall several results obtained in [Larl9] for groups endowed
with Finsler length structures obtained from Ad-invariant norms which are valid for the
groups studied in this article. Then we prove several global results on geodesics in the
case of finite dimensional groups endowed with continuous Finsler metrics. We show that
geodesics in groups K with Hofer’s metric are quasi-autonomous, which provides a link
between the conditions for length minimization in K and the corresponding conditions in
Ham(M,®).



4 HOFER’S METRIC IN COMPACT LIE GROUPS

Finally, in Section [6| we study actions of groups with commuting Hamiltonians. We
start with the important special case of actions on regular coadjoint orbits and related
groups: the Hamiltonians of length minimizing curves have the interesting feature of
"non-crossing of eigenvalues". We characterize the Ad-invariant norms such that in
groups with Finsler structures defined from these norms, all geodesics have commuting
speeds. Based on this result we characterize the compact groups of Hamiltonian diffeo-
morphisms such that length minimizing curves have commuting Hamiltonians. We then
show how conditions on Kirwan’s polytope can characterize this property. The paper
ends with a study of how these properties behave when we consider the direct product of
Hamiltonaian actions. It is proved then that it suffices to have geodesics with commuting
Hamiltonians for one of the actions, to obtain the same property for the geometry induced
in K by the direct product of actions.

2. THE GENERALIZED HOFER NORM AND ITS CONVEX GEOMETRY

In this section we define the generalized Hofer norms and we study them with two
approaches. In the first we embed the normed space in a quotient of a space of continuous
functions and use functional analytic techniques. In the second we use the polar duality
from convex geometry.

Definition 2.1. A subset £ C V of a vector space V is called full if it affinely generates the
space. A set B C V is a convex body if B is a compact convex set with non empty interior.
If additionally, B is centrally symmetric (v € B = —v € B), then it is called a symmetric
convex body. Equivalently, a symmetric convex body is a convex balanced absorbing set
inV.

Definition 2.2. Let (V, (-,-)) be a finite dimensional inner product space and let E C V be
a compact full subset. Consider the norm || - ||g on V given by the embedding

1:V—C(E)/R1, x— [@:=0¢,+RI,
where @,(y) = (x,y) fory € E. Then
e I+l = max () ~ mipo() = 2l -
where ||[@x]||« = inf{||@x — Al||w : A € R} is the quotient norm. We call || - || a general-
ized Hofer norm.

This is a norm since E is full. If there is a group acting isometrically on V' and leaving
the set E invariant then the action is also isometric for the norm || - ||g.

Remark 2.3. Another (semi)-norm which is invariant for isometric actions on V that we
will consider is the generalized second Hofer norm given by the supremum norm

!’ s _
22) el = max{max @x(y), —min@«(y)} = [|¢xlle

It is also of interest to consider a third invariant norm which is only a Finsler norm (i.e.
only positively homogeneous), given by

+
7 = max ().
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yt € H(x,E) = {@, = argmax;(y)}

y] € conv(argming(@y))

@y = argming (Qy)

~

FIGURE 1. Norming functionals, faces and supporting hyperplanes

We will call this the one-sided Hofer norm. This defines a Finsler norm for a bounded
set E C V such that its convex hull contains 0 in its interior, or equivalently, such that the
cone generated by E is all of V. It also possible to consider

el = —mingy(y).

but note that this one can be obtained from the previous by replacing E with —E. Clearly
| x[|%; = max{||x||£,|]x||z } is the second Hofer norm and ||x||g = ||x||; + ||x[|5 is the first
Hofer norm.

2.1. Maximal faces and norming functionals. We begin studying the faces of the sphere
and the norming functionals of Hofer’s norm by relating this norm on the space V to the
norm on the much larger space C(E)/R1 (where E is a compact full set) by means of the
embedding 1 : V — C(E)/R1 given by x — @, + R1, where ¢, = (x, ).

Definition 2.4. Let V be a normed space and denote ||@|| = sup{o(v) : ||v|| = 1} for
¢ € V*. The dual space V* with this norm is a Banach space. We say that ¢ € V* is a
norming functional of v € V if @(v) = ||v|| and ||@|| = 1. A functional @ is extremal if @ is
an extreme point of the unit ball By+. If || - || is only positively homogeneous (to remark
it we say that it is a Finsler norm) the same definitions apply, and the norm given to V* is
only positively homogeneous. In any case we refer to it as the dual norm.

§ Note that the difference bewtween the ball of a norm and that of a Finsler norm is
that the last one might not be balanced (i.e. symmetric). In both cases, it is an absorbing,
open convex set containing 0 € V.

Definition 2.5. A face F of the unit ball By of a normed space V is the intersection of the
unit ball By with the hyperplane determined by a unit norm functional ¢ € V*, ||o|| = 1,
1.e.

Fo=Byn{veV:o(v)=1}.
We say that the face is maximal if ¢ is extremal. Every face is contained in a maximal
face: if @ is a unit norm functional then ||@|| = 1 and since By~ is compact and convex
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there exists by the Krein-Milman theorem extremal functionals {(pi}l-:L_“ﬂ C By such
that @ is a convex combination of the @;:

(P:in(Pia 7bi207 Z}\'l: I.
i i
It is then easy to check that if @(v) = ||v|| then @;(v) = ||v|| for all i. Therefore if v € Fy,
v € Fy, for all i and in fact Fo is the intersection of all the maximal faces that contain it.

The cone generated by a face Fy is R Fyy. Note that this cone consists exactly of those
v € V such that ¢(v) = [|v||.

The following elementary characterization will be useful:

Lemma 2.6. In a vector space V, ||vi + -+ vu|| = ||vi|| + - -+ ||val| holds if and only if
Vi,...,V, belong to the cone generated by a face.

Proof. 1If the v; are in the cone of @, then
Vil vall = v+ 4 vall Z @1 4= 4 va) = [[vill £+ [[vall

On the other hand, if ||[vi +--- 4+ v,|| = ||vi|| + -+ |[va]| holds, by means of Hahn-
Banach’s theorem pick a unit norm functional that norms the sum of the v;, thatis @(};v;) =

| X,vi]. Then
IX vl = o(Xv) = Yow) < ¥ vl = | vl

since @(v;) < ||v;|| for all i; this is only possible if equality holds for each i. Therefore ¢
is a norming functional for all the v;. ([l

2.1.1. Norming functionals as Borel measures. Let X be a compact Hausdorff topological
space and let C(X) be the continuous real valued functions on X. Endow C(X)/R1 with
(twice) the quotient L™ norm (the factor 2 is there to be consistent with (2.1))). By Riesz-
Markov’s theorem, its dual space can be identified with the regular finite Borel signed
measures in X such that u(X) = 0 (that is because the identification u — @, is given by
integration @, (f) = [y fdu, and we require that @,(1) = 0). The norm of @, is given by
the total variation of u, therefore unit norm functionals are characterized by having total
variation equal to two. From here it is immediate the following characterization:

Remark 2.7. For f € C(X)/R1 different from zero, its norming functionals are given by
@ =u" —u~, where u™ and u~ are probability measures in X, supported in argmax(f)
and argmin(f) respectively. Since the extreme points of the probability measures are the
Dirac measures, the maximal faces are given by norming functionals @ = 8" — &, with
delta measures 81,8~ supported in x*,x~ € X respectively.

Proposition 2.8. A set {fi}ic; C C(X)/R1 is a subset of a cone generated by a face if and
only if Njeyargmin(f;) # 0 and N;cyargmax(f;) # 0.

Proof. If both intersections are non empty, pick x~,x" respectively in each of them and

consider @ in the dual given by ¢(f) = f(x) — f(x~). Then @ is a unit norm functional
and

YAl = 1L A = o(X A0 =X A0 — i) = LA
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therefore by Lemma [2.6] the f; are in the cone generated by the face given by ¢. Recip-
rocally, if there are, say, f = f; and g = f; such that the maximal argument of f does not
intersect the maximal argument of g, then max(f + g) < max f + max g, therefore

1/ +gll = max(f +g) — min(f +¢) < max f +maxg — min f —ming = || f[| + [|g]|
and the conclusion follows by Lemma 2.6 O

Corollary 2.9. For f,g € C(X)/R1we have || f+g| = ||f|| +||g|| if and only if argmin(f) N
argmin(g) # 0 and argmax(f) Nargmax(g) # 0.

Putting together the previous characterizations (and recalling that the norm we are con-
sidering is twice the quotient norm), it is clear that

Corollary 2.10. The maximal faces of the ball of C(X)/R1 are given by the sets

Fe oo = {[f]: [[fllle =2,x" € argmin(f),x" € argmax(f)}

for a choice of points x~,x € X.

Since a face of the ball of V is contained in a face of C(E)/R1 by means of the map 1
of Definition[2.2] we have the following result (see Figure [2):

Corollary 2.11. Let V be a vector space with the norm defined by the map 1 and the
compact full set E CV. A set S CV is a subset of a cone generated by a face if and only

if
m argming (¢y) #0 and ﬂ argmaxg (@) # 0.

BYSA) BYSA)
Definition 2.12. Given a compact E CV and x ,x" € E we define the cone
C- 1+ (E) :={x €V :x~ € argming(¢x) and x" € argmaxz (¢x)}.
Proposition 2.13. Each cone generated by a maximal face is equal to C,— .+ (E) for some
x ,xT €E.

Proof. Let R F,,, be the cone generated by a maximal face. By Corollary it is
contained in C, .+ (E) for some x~,x* € E. Since C,- +(E) satisfies the condition of
Corollary it is contained in the cone R F' generated by a face F'. By maximality of
Fnax we get F, = F and the conclusion follows. ]

The cones of Definition [2.12/have good properties with respect to sum of sets.

Proposition 2.14. Let E1,. .., E, be compact sets in V and let xi_,x;r cEifori=1,...,n.
Ifwedefine E=Ej+--+Ey, x =x] +---+x, andx" =x| +---+x then

Cx_.,x+ (E) = m C‘xi—7x;r (El)
i=1,...n
Proof. It is easy to verify that that for x € V the functional ¢, has a maximum at x; ,xj' €
E;in E; fori=1,...,nif and only if it has a maximum at x| +---+x, in E; +--- + Ej,.
The same holds for the minimizers and the proof follows. 0
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Remark 2.15. Similar results can be obtained for the one-sided Hofer norm || - ||} (Re-
mark @), for a compact set E such that its connvex hull contains O in its interior. A set
S C V is a subset of a cone generated by a face if and only if

ﬂ argmaxg (@y) # 0.

xes

Given a compact E C V and x™ € E we define the cone
Cy(E) :={x €V :xt € argmaxy(,)}.

Each cone generated by a maximal face is equal to C,+ (E) for some x™ € E. These cones
have also good properties with respect to sum of sets. Let Eq,...,E, be compact sets in
Vandletx € Eifori=1,...,n. If wedefine E=E; +-- -+ E, and x" =x{ +---+x
then

CoB)= () CulE.

i=1,...n

We now characterize norming functionals for the Hofer norm, see Figure T[] and Figure
The convex hull of a set X is denoted by conv(X).

Theorem 2.16. The norming functionals of x € (V,|| - ||) are @y+_y-, with
y' € conv(argmaxz @,) and y~ € conv(argming @y).

Proof. Suppose first that y* € conv(argmax; @,) and y~ € conv(argming @,), then we
have @,(y") = maxg(@,) and likewise with y~. It is immediate from the definitions that
|@y+_y-|| <1, and on the other hand

Oy () = (" =y ) = max(@y) — min(e.) = [,

thus @+_ - has unit norm and it is norming for x. Suppose now ¢ is a norming functional
of x in V ~1(V) C C(E)/R1. We can extend it by the Hahn-Banach theorem to all
C(E)/R1, so that it is given by integration with u™ — u~ for probability measures u",u~
supported in argmax (@, ) and argmin(@y) respectively. Hence

9(z) = /E<w,z>d(ll1 — ) (w)
_ / Wi (w) — / wdi(w),2)
= (cent(u;) — cent(uz),z),

where cent(u) denotes the center of mass of the probability measure u. The result follows
if we take y* = cent(u;) and y~ = cent(u). O

In Theorem we will give another proof of the previous result, based on polar
duality.
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.y~ € argming (¢,) Nargming ()

N

FIGURE 2. ¢ = @,+_,- is a norming functional of x; and x;

2.2. Convex sets, polar duality and Minkowski norms. We present some basic results
on convex geometry and polar duality which will be used in this section to characterize
the Hofer norms. We refer to Chapter I of [Bron83]] for basic results on convex sets and
Chapter II of the same book for basic results on convex polytopes. Another reference is
[BarO2]]. Let V be a finite dimensional inner product space. For a non-zero vector x € V
and a scalar a € R we define the hyperplane

H.,={ye€H: (x,y)=a}.
For a = 1 we set H, := H, 1. We define the negative halfspace as
H,={yeH:(xy) <aj.

The polar duality is given by the following bijection between non-zero points in V and
hyperplanes in V not containing zero: x — H,.

Definition 2.17 (Supporting hyperplanes). The support function of a bounded subset E C
V is the function

hg: V=R, hg(u) =sup(x,u).
xek

Note that hg = heony(g), and that if conv(E) contains 0 in its interior, then hg is a Finsler
norm, our one-sided Hofer norm (Remark [2.3).
If 0 # x € V, the hyperplane given by

H(E,x):={veV:(vx)=heg(x)}
is the supporting hyperplane of E for x (See Figure[I)). For x € E, the set
F.(E):=ENH(E,x) = argmaxg (Qy)

is called the face of E defined by x, or also the support set of E for x. For v € F,(E) we
say that H(E,x) supports E at v.

In the literature the faces defined above are usually called exposed faces.
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Definition 2.18 (Minkowski gauge). The Minkowski gauge or gauge of a bounded convex
set B C V which contains the origin in its interior is the function

gg:V—R, gp(x)=inf{t >0:x€etB}.

The set B is a symmetric convex body (Definition[2.1) if and only if the gauge function
gp is anorm on V whose unit ball is B. Otherwise it is a Finsler norm, i.e. only positively
homogeneous.

Remark 2.19. If x € V is such that gp(x) = 1 then H, = @, ' (1) = {z € V : (z,y) = 1} is
a supporting hyperplane of B at x if and only if @, is a norming functional of x.

Definition 2.20. The polar of a nonempty bounded set £ C V is
E°={xeV:{(x,y)<lforallye E}.

Note that if E is invariant by an isometric action so is its polar E°. A polytope is the
convex hull of a finite set of points.

These are the result of applying the polar operation to some standard sets

- If B), is the unit ball of the ¢¥ space for 1 < p < o then B, = B, where ¢ is
conjugate to p.

- The polar of an ellipsoid E C R" with axes of length ay,...,a, is the ellipsoid
with axes of length 1/ay,...,1/a,.

- The polar of a polytope P C V containing 0 in its interior and which has n faces
and k vertices is a polytope with k faces and n vertices.

Remark 2.21. These are some standard properties that will be used later; let E,FF CV be
compact convex sets containing 0 € V in the interior, then

(1) E°° = E, this is the bipolar property.
(2) (AE)° =A"1E° for A > 0.
(3) If E C F, then F° C E°.
4) (EUF)°=E°NF°.
(5) (ENF)° =conv(E°UF°).
(6) For a polytope E = conv{xy,...,x,} we have
E°={yeV:(x,y)<lfori=1,...,n}.
(7) ForE={y €V : (xyy) <1fori=1,...,n} its polar is the polytope
E° =conv{0,x1,...,x,}.
The next result can be found in Theorem 6.4 and Corollary 6.5 of [Bron83]], and Theo-
rem 14.5 of [Rock70].

Theorem 2.22. Let E CV be a compact convex set containing 0 in its interior. Then

(1) hg = ggo and gg = hge.
(2) The supporting hyperplanes of E are the hyperplanes determined by the points of
the boundary bd E° of E°, i.e. H, with x € bd E°.

The following are equivalent, see Figure[3]
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- the hyperplane H, supports E at x € E.
- the hyperplane H, supports E° aty € E°.
- x€bdE, y € bdE° and (x,y) = 1.

»2
Y1

FIGURE 3. Polar duality and supporting hyperplanes.

The following, which relates the polar operation to orthogonal projections and sections
with subspaces will also be used. Its proof is elementary therefore omitted.

Remark 2.23. If B is a convex body in the inner product space V, W is a subspace of V,
and pw 1is the orthogonal projection onto W, then the following holds:

i) (BNW)° = pw(B°).
ii) B°NW = pw (B)°.

Item 11) actually holds for any subset B of V and item 1) follows from polar duality.

2.3. Convex structure of the unit ball of Hofer norms. In this section, we characterize
the generalized Hofer norms in terms of the supporting and gauge functions hg, gg.

Proposition 2.24. Let E CV be a compact full set. Then we have
IYle =he-£(y) =gE—£) ()
Vlz = heo-£(y) = 8Eu-£) (V)-
If in addition 0O is in the interior of conv(E)
Iyl = he(y) = ge= ().
Proof. For the first Hofer norm observe that
Iylle = max(x, y) —min(x, y) = max(x, y) — (- max(x, —y))

= he(y) = (=he(=y)) = he(y) + he(—y) by Definition
=he(y)+h-e(y) =he_£(y)
= 8(E-E)° ) by Theorem [2.22]
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For the second Hofer norm

! N .
HyHE - max{r&ag(x,y% argg<xay>}

= max{max(x,y), max —(x,y)}

xek xcE
p— prm— = h .
max{max(x,y), max (x,y)} = max (x,y)=heu-£(y)
= 8(Eu—E£) () by Theorem [2.22]

For the one-sided Hofer norm

[yllF = max(x,y) = he(y) = ge- ().
xeE

Remark 2.25. Note that the unit ball of Hofer’s norm is exactly
(E—E)° = (conv(E —E))° = (conv(E) —conv(E))°.

Therefore all Ad-invariant norms are Hofer norms if we take E = %BO where B is the unit
ball of the norm.

With these tools, we give a second proof of the characterization of the norming func-
tionals of vectors in the unit sphere (Theorem [2.16), or equivalently, the supporting hy-
perplanes of the unit ball for points in its sphere.

Theorem 2.26. The norming functionals of x €V are given by @+ _-, with
y' € conv(argmaxz ¢,) and y~ € conv(argming @,).

Proof. Rescaling, we can assume that 1 = [|x||g = gcony(£—E)° (%), s0 that that x € bd(E —
E)°. By Remark a functional @, is a norming functional of x if and only if the
hyperplane H, supports (E — E)° at x. Theorem implies that H, supports (E — E)°
at x if and only if H, supports (E — E)°° = conv(E —E) = conv(E) —conv(E) at y €
conv(E — E). Moreover, H, supports conv(E — E) at y € conv(E — E) if and only if
Y € argmax oy (£)—conv(E) (¢x), and this happens if and only if

Y € argmaXx gy (g) (QPx) — argmingny ) (Qx).-
That is, y = y* —y~ with
yhe argmaxqny (g) (@x) = conv(argmaxz @x)
and likewise with y~. This finishes the proof. ([l

Remark 2.27. For the one-sided Hofer norm the norming functionals of x € V are given
by Q)+, with

y" € conv(argmaxy Qy).
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3. HOFER’S METRIC ON COMPACT LIE GROUPS

In this section, we present actions of compact semi-simple Lie groups K on compact
connected manifolds M with symplectic form , as a nice setting for the convex geometry
that was discussed in the previous sections. It should serve as motivation and also as a
source of examples. We refer to [PolShelS] for general background on the geometry of
Hamiltonian actions.

3.1. Hamiltonian diffeomorphisms. Let (M,®) be a connected closed symplectic man-
ifold and let H : [0,1] x M — R be a smooth function. We denote H,(m) := H(t,m).
This function H induces a time dependent Hamiltonian vector field Xy, by Hamilton’s
equations

(3.1) dH; = (-, Xy,) = —1x,, O,

and hence an isotopy ¢ : M — M, t € [0, 1] by the prescription that

0ff = 0 and 0% (m) = X, (0! (m)).

For a symplectic map ¢. The Hamiltonian diffeomorphism group Ham(M, ®) is by defi-
nition the set of diffeomorphisms ¢ : M — M which can be written as ¢ = qﬁ for some H
and (1)61 =1d as above.

The set Ham(M, ®) is an infinite dimensional group under composition, all elements
of which are symplectomorphisms of (M, ®). Its Lie algebra are the Hamiltonian vector
fields in X (M), which can be identified with the smooth functions in M modulo constant
functions, via (3.1)), hence

TiaHam(M, ®) ~ Xygam (M) ~ C” (M) /R1.

Since y* Xy = Xpoy the adjoint action in this group is given by Ady[H| = [H o], where
[H] will denote the class of H modulo constant functions. If the Hamiltonian is time
independent, i.e. H; = H for t € [0, 1], it is called autonomous. Note that the flow of such
H is ruled by the equation

0 (m) =X (04m)) = D(Ro,)1 (X

when we interpret the differential of the right translation R, in the group of diffeomor-
phisms, as composition from the right. Therefore ¢; is the flow of the right invariant
field X; = D(R;)1(Xy) and with the initial condition ¢¢ = id = 1pam(a,e) it is clear that
¢; = exp(Xy ), where exp is the exponential map of the group of Hamiltonian diffeomor-
phism. However, this exponential map is not well-suited as a chart for the group, since it
is not a local diffeomorphism in any reasonable neighbourhood of the 0 vector field, see
[PolShel3].

3.1.1. Hofer’s norm. The Ad-invariant L™ norm

(3.2) II[H]|| :mﬁa}xH—leInH
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on the Lie algebra T, Ham(M, ®) ~ C* (M) /R1 of the group Ham(M, ®) is Hofer’s norm.
It induces a Finsler length structure on curves (¢r)¢[o,] in Ham(M, ®) by means of

1 4 1
tength(of") = [0l s = [ |10 0fas

1
:/ (maXHt—minH,> dt,
0 M M

and hence a bi-invariant distance

dist((o, 01) = inf {length(0}) : 0 =0, O =01}
As was shown for R?" in [Hof90] and for general symplectic manifolds in [LaMcD95b],
dist is a non degenerate, bi-invariant metric on Ham(M, o).

Hofer proved that the path of any autonomous Hamiltonian on C" is length minimizing
(among homotopic paths with fixed endpoints) as long as the corresponding Hamilton’s
equation has no non-constant time-one periodic orbit. This result was generalized in
[LaMcDO95b] to general symplectic manifolds.

Remark 3.1. The symplectic energy on Ham(M, ®) is E(y) = dist(id, y). It is invariant
under conjugation by symplectomorphisms. This function is also referred to as the Hofer
energy.

Definition 3.2. A path (¢;);c[o,1] € Ham(M,®) is a geodesic of the Hofer metric if each
t € [0, 1] has a neighbourhood 7 such that ¢|; is minimal, i.e. shorter than any other path
joining its endpoints.
A Hamiltonian H, is called quasi-autonomous if there exists two points x~,x* € M
such that
Hi(x") = rrl{/iInH,, H,(x) = mﬁa}xH,

for all 7 € [0, 1]. The Hamiltonian is called slow if it has no contractible periodic orbits of
period less than or equal to one.

It is worth mentioning here the following results concerning quasi-autonomous Hamil-
tonians and the Hofer metric (but we won’t be making use of them). See [McDSal7,
Section 12.3] and the references therein for the proofs:

Theorem 3.3. Let (¢1),c[0,)) € Ham(M,®) be a regular path (C U and with non-vanishing
derivative). If ¢ is short for the Hofer metric, then the corresponding Hamiltonian H; is
quasi-autonomous. If the Hamiltonian is quasi-autonomous, then ¢ is locally short (lo-
cally here refers to the time-variable). There exists a C* neighbourhood V of the identity
of Ham(M,®) such that every point of V can be joined to the identity by a minimizing
geodesic.

A very similar norm used in the literature is defined without taking the quotient of
the Hamiltonian functions by the constant functions. It is defined via the normalization
f ywH®" =0, where " is the Liouville measure on M. The norm is the Ad-invariant L™
norm

|H|" = max{max H,—minH} = ||H ||«

which we are going to relate to the second Hofer norm in Remark [3.9]
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3.2. Hamiltonian actions. Let K be compact semi-simple Lie group with Lie algebra
t = 71K and dual space ¢*, which we identify with ¢ through the duality pairing given by
the (opposite of) the Ad-invariant Killing form (-, -). This is an inner product in € because
£ is compact; since it is also Ad-invariant, we can identify the coadjoint action with the
adjoint action. The Lie algebra £ acts by skew-symmetric transformations, that is adx is
skew-adjoint for this inner product, for any x € €.

Definition 3.4. Assume that the action of K on M is a symplectic action, that is, there
exists a smooth map ® : K x M — M that we denote ®(g,m) = g-m such that for each
fixed g € K, the automorphism &, = ®(g,-) is a symplectomorphism of M. We also
assume that the action is almost effective (g — @, has discrete kernel). For fixed m € M
we denote by T, : K — M the map w,,(g) = ®(g,m).

For x € &, let xp;(m) = % |1=0 exp(tx) - m € T,,M denote the infinitesimal action on M,
the assumption that the action is almost effective implies that £ 5 x — x; € X (M) is injec-
tive; the assumption that the action is symplectic implies that the field x;; is symplectic,
re. Ly, ®=0.

A moment map for a symplectic K action on (M, ®) is a map u : M — £* defined by

(m) = (u(m),x), MR
such that y intertwines the K-action on M and the coadjoint action on ¢*, i.e. u(g-m) =
Adgu(m) for all g € K,m € M, and such that u satisfies Hamilton’s equation

(3.3) du* = —1(xp)® = —o(xyy, -) for all x € €.
A symplectic K action is called Hamiltonian if it admits a moment map.

Remark 3.5. A symplectic K action on a symplectic manifold (M, ®) is the same thing as
a homomorphism K — Symp(M, ®) to the group of symplectomorphisms of (M, ®) such
that the map K x M — M, (g,m) — g-m is smooth. The action has a moment map if and
only if the image of the identity component of K is contained in Ham(M, ®), i.e. there
is a map p : M — ¢* which satisfies Hamilton’s equations (3.3]). Averaging with the Haar
probability measure dk on K yields an equivariant moment map
h(x) = Adgu(k™t-x)dk.
kek

Note that if x € € then xj; is a Hamiltonian vector field and H = p* is a Hamilton-
ian; from (3.3) it is apparent that X;x = xp;. Also note that the Poisson bracket of the
Hamiltonian functions 4 and ¢ is given by {u*, 1’} = ub! for x,y € .

The action defines a homomorphism with discrete kernel

K — Ham(M, ®).
At the level of Lie algebras this morphism is injective
(3.4) T\(K)=t— C”(M)/R1 ~ T;3Ham(M, ®)
x—= ] =y +R1— xpy.

Given u € K and a path x : [0, 1] — &, t — x;, we calculate the isotopy ¢, € Ham(M, ®)
given by the initial condition ¢9 = P, and the time dependent Hamiltonian H; = p/* (as
noted, the Hamiltonian vector fields are (x;)u).
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Proposition 3.6. Ify: [0,1] — K is the smooth solution to yy; ' = x; and Yo = u, then the
isotopy is given by ¢; = Py,

Proof. We have to check that ¢,¢, ' = (x,): for each m € M,

61(m) = () = D)y (1) = Doy (x0) = Dy (| explrnm)

d rXy _ d FXy _ rXy
~dr rzonm(e %)= dr r:O(e W) m= E)r:Oe (%m)
= (x)m (Ye-m) = (xe ) (@ (m)) = ((xe)ar 0 §r) (m),
and therefore ¢; = (x;)p 0 0, as claimed. O

Remark 3.7. The image of the moment map u(M) is a union of (co)adjoint orbits in ¢
which we denote by O, = Adg (L) for A € &. Let T be a maximal torus of K and b its Lie al-
gebra, a Cartan subalgebra. The image of the moment map can therefore be parametrized
by a subset A = u(M)Nh of a closed positive Weyl chamber b, corresponding to a
choice positive simple roots. Hence we have

u() = || Adg () = || 0.
AeA heA
3.2.1. Hofer’s metric given by Hamitonian actions. We use the inclusion of Lie algebras
(3.4) to pull-back the Finsler length structure given by Hofer’s norm. The L* norm on
C=(M)/R1 restricted to the image 77 (K) = ¢ is therefore by definition of the Hofer norm

(3.2) given by

(5) [ = maxs(m) — ming(m) = max(u(n) x) — min (u(m), )

= max (y,x) — min (y,x) = ||x ,
max (3.5) = min {1.2) = lean

where the last equality is by definition of the generalized Hofer norm (Definition [2.1)) for
the Ad-invariant set £ = u(M) C ¢.

Remark 3.8 (|| - ||, is a norm). Since M is compact the image of the moment map is
bounded. Also, because the image of the moment map is full in £ if and only if the action
is almost effective: The image of the moment map is not full if and only if its image is
contained in a hyperplane, which in turn happens if and only if there exists x € £ such
that @, is constant on u(M). This is equivalent to the map ¢* : M — R being a constant
Hamiltonian which generates the zero vector field. Finally, this is also equivalent to the
one-parameter group exp(¢x) acting trivially, i.e. the action not being almost effective.

Therefore, the Hofer norm just described is the norm || - ||, for a moment map  :
M — ¢* ~ ¢, given by equation above. For a general Ad-invariant set E in € we obtain
an Ad-invariant norm || - ||g in €. This norm is Ad-invariant and induces a bi-invariant
Finsler metric on K by left (or right) translation given by

1 1 1
tength(y) = [ lllr = [ 1% landt = [ 19 an

(3.6) dist(u,v) := inf{length(y;) : Yo =u, Y1 =v}.
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Remark 3.9 (Barycenter). In the case of actions by semi-simple Lie groups, all Hamilto-
nians are normalized in the following sense:

/M,Lf‘(o” =0.

/M (u,x)" = /y (M)<y,X>dV(y),

where v = u,(®") is the pushforward of the normalized Liouville measure " by the
moment map. The measure v is Ad invariant hence its center of mass is also invariant.
The center of mass is zero since the group is semi-simple, therefore [, (v, x)dv(y) = 0.
The resulting L™ norm is

3.7) 4" ] oo = max{ sup w*(m), — inf pr*(m)} = [|x[|yar),
memM meM

by the definition of the second generalized Hofer norm in for the Ad-invariant set
E = u(M) C ¢. Therefore, this second Hofer norm just described is the norm defined in
equation 1| as || - [y for a momentum map p: M — £ ~ .

This is because

Remark 3.10. We can define also an L”-norm for 1 < p < oo via the embedding
1:V < LP(E,Vv)/R1, x> [@x] =¢,+RI1,

where Vv is an Ad-invariant measure. Consider the case of an L”-norm defined by the
inclusion

1:¢— LP(M,v)/R1.
Since L”(M,v) is uniformly convex when 1 < p < o, the quotient L”(M,v)/R1 is uni-
formly convex. Therefore the L”-norm is uniformly convex and this implies by [Lar19,
Theorem 4.15] that K with the induced metric is uniquely geodesic. We won’t be pursuing
the geometry of these norms in this paper.

Remark 3.11. Recall that for a compact semisimple group K, each element A € K is
semi-simple. A regular element A is such that its commutant § = 3(A) is a maximal
abelian subalgebra; equivalently in this setting, b is a Cartan subalgebra of €.

In the case of K = SU(n), an element of ¢ = su(n) is regular if and only if all its
eigenvalues are distinct.

Example 3.12 (Coadjoint orbits). An important special case is that of a compact con-
nected semi-simple Lie group K acting via Ad in a Hamiltonian way on a (co)adjoint
orbit Oy containing A € £* ~ ¢.

For the action to be almost effective, it is necessary and sufficient that A is non-zero in
each simple summand of £ (because in that case each simple factor of K acts nontrivially
on the orbit, and this is equivalent to the fact that the (co)adjoint orbit is full in € (see
[BiGhiHe14, Lemma 17] and Remark [3.8). In particular this occurs if A is regular.

The adjoint orbit is endowed with the Kostant-Kirillov-Souriau symplectic form ®. The
kernel of this homomorphism is the center Z(K) of K which is a discrete subgroup. We
have therefore an inclusion

K/Z(K) — Ham(O), ).
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At the level of Lie algebras this inclusion is x — [*] where ¢* : O), — R is the Hamiltonian
map given by the ¢*(y) = (x,y). The Hamiltonian is the component of the moment map

1: 0y — £ ~ ¢ along x, that is g = @, o1. Moreover, since the action of K is given by
1

g — gxg ', it is apparent that if x € £ then the induced Hamiltonian vector field is given
by
d d
xo, (m) = A exp(tx) -m = A Adgx(m) = (adx)(m) = [x,m].

The symplectic form is

0:(y0, (x),20, (%)) = (% [y, 2])
where the pairing is given by the opposite Killing form of € as before. The induced Hofer
norm on 71 (K) = ¢ is therefore

(3.8) Ix[lo, = ;rgg;ﬁf‘ ) — yne“éiw (v) = maxu*(Adi A) — minu* (Aded)
= max (x, Ad; A) — min(x, Ad; A).
kekK kekK

Since the action is almost effective || - || o, is a norm. Since it is also Ad-invariant it induces
a bi-invariant Finsler metric on K.

Example 3.13. In the case of the special unitary group SU(n) we have the inclusion
SU(n)/Z, ~ PU,, — Ham(0O,, ®)

where O, is a (co)adjoint orbit of SU(n) passing through the given diagonal matrix A =
idiag(Ai,...,Ay) € su(n) with A; <Ay <...<A,. At the Lie algebra level this inclusion
is

T1(SU(n)) = su(n) — C~(0y)/R1 ~ T,4Ham(0), )
and u* : 05, — R is the linear Hamiltonian given by the opposite Killing form
u(y) = —2ntr(xy*) = 2ntr(xy).
The Hofer norm (3.8) is given by
Iv]lo, = 2nmax{tr(huvu ') : u € SU(n)} — 2nmin{tr(Awvw ™) : w € SU(n)},
which is exactly (2n-times) the A-numerical diameter of v, see the next remark.

Example 3.14. The group SU(2)/{id, —id} ~ SO(3) acts on a nontrivial (co)adjoint orbit
0y, ~ §? which is the two dimensional sphere endowed with the area form ®. The action
is given by rotations, see Example 1.4.H in [PolO1].

Remark 3.15. Another bi-invariant norm related to the Hofer norm for skew-symmetric
matrices v € su(n), is the c-numerical radius

o(v)e = max{|tr(cuvu™ V)| 1 u € Uy},

given by a fixed matrix ¢ such that tr(c) # 0 and c is not a scalar multiple of the identity
(see [LiT's189]]). This is our second Hofer norm applied to non semi-simple groups. The
usual numerical radius of v can be recovered by picking the one-dimensional projection
c=e1Rej.



HOFER’S METRIC IN COMPACT LIE GROUPS 19

Remark 3.16 (One-sided norms). For fixed 0 # A € €, and v € €, consider the function
T = AdiA).
V115, = max(v, Adi )

Note that by the Ad-invariance of the norm, this can be also computed as

vt = rl?ealqudkv, A) = max{(y,A) :y € conv(O,)}.

When A is non-zero on each simple-summand of € (in particular if A is regular), then 0
is in the interior of its closed convex hull (see Remark [5.10] below). Therefore this is
a Finlser norm, in fact it is our one-sided Hofer norm of Remark [2.3] In the context
of the group of Hamiltonian symplectomorphisms, these norms were studied in several
papers; in particular see [McDO2] where the name one-sided was used. This norm is
positively homogeneous, but if there is a Weyl group element w such that wA = —A
then it is homogeneous. Note by replacing A with minus A, we can also obtain ||v||(_}A =
— mingeg (Adg v, A).

4. CONVEX GEOMETRY OF HOFER’S NORM ON CARTAN ALGEBRAS

In this section we study generalized Hofer norms on the Lie algebra of a compact
semisimple Lie group. We use several convexity theorems and the convex analysis of
Ad-invariant convex functions. This convex analysis expresses properties of Ad-invariant
functions in terms of properties of its restrictions to Cartan algebras and positive Weyl
chambers, which are fundamental domains for the adjoint action.

We first recall Kirwan’s nonabelian convexity theorem (see [[GuSja05]), which will be
useful for our purposes of characterizing the Hofer norm restricted to a Cartan subalgebra
h C £. As before h C b is a choice of closed positive Weyl chamber.

Theorem 4.1 (Kirwan). If K ~ M is a Hamiltonian action with K a compact connected
Lie group and (M,®) compact and connected, then u(M) N b is a convex polytope, i.e.
the convex hull of a finite set of points x1,...,x, in h, that is

u(M)Nby =conv{xy,...,x,}.

This theorem is a generalization of the Atiyah-Guillemin-Sternberg theorem, which
states that for a Hamiltonian action of a torus on a compact connected manifold the image
of the moment map is the convex hull of the image of the fixed point set of the action. The
Atiyah-Guillemin-Sternberg theorem is a generalization of Kostant’s convexity theorem
which will be useful here:

Theorem 4.2 (Kostant). If K is a compact Lie group and T is a maximal torus in K and
p : € — b is the projection of the Lie algebra of K onto the Lie algebra of T, then

p(0y) = conv(W 1),
where W .\ is the Weyl group orbit of A € L.

The projection p is taken along the orthogonal direction given by (minus) the Killing
form of ¢.
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4.1. The Hofer polytope. With these tools we characterize the intersection with Cartan
algebras of unit balls (of Hofer norms given by compact, full and Ad-invariant sets E C ).

Lemma 4.3. If E is Ad-invariant, and p : € — b is the orthogonal projection, then
p(conv(E)) =conv{w.x:x € ENhy,we W},

and if ENby = conv{xy,...,x,}, then
p(conv(E)) =conv{w.x;:i=1,...,n,w € W}.

Proof. This follows from the identities

p(conv(E)) = p(conv(Upegnp. Or))

= conv(p(Upegrp, Or)) since p is affine
= conv(Upegnp, P(Or))
= conv(Upegrp, {w-A:w e W}) by Theorem [4.2]

=conv{wA:A€EENh, we W}
Now observe that if ENh, = conv{xy,...,x,}
p(conv(E)) = conv(Uycpnp, {w-A:w € W})
= conv(U,,cqyw.(ENbh4)) = conv(U,,cqpconv(w.(ENhy)))
= conv(U,cqpconv{w.x;:i=1,...,n})
=conv{w.x;:i=1,....n,we W}

where the third and last equalities follow from basic properties of the convex hull opera-
tion. U

Remark 4.4. Let B C £ be an Ad-invariant convex body, and p : £ — b the orthogonal
projection to a Cartan sub-algebra, then Kostant’s Theoremimplies that BNh = p(B).
This follows from p(b) € p(Op) = conv(O,Nh) C conv(BNh) = BN for b € B.

Proposition 4.5. Set A = ENb, then
(conv(E) —conv(E)) Nh = conv{wj.x; —wr.xp : x1,x2 € A, wi,wp € W}.
(conv(EU—E))Nh=conv{wx:x € AU—-A,we W}.
conv(E)Nh =conv{w.x:x €A,we W}.
If furthermore A = conv{xy,...,x,} is a polytope, then
(conv(E) —conv(E))Nb = conv{wx —w' X : x,x' € {x1,...,x,}, w,w' € W}.
(conv(E)Uconv(E))Nbh =conv{w.x:x € {x1,..., %, —X1,...,—Xn},wE W}.
conv(E)Nh =conv{w.x:x € {x1,...,x,},w € W}.
Proof. For the first equality note that by the previous remark,
(conv(E) —conv(E))Nh = p(conv(E) — conv(E))
— pleonv(E)) — plconv(E))
= conv{w.x] —wp.x2 : x|,Xx2 EA, wi,wy € W}
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where the last equality is due to Lemma.3] For the fourth assertion note that
(conv(E) —conv(E))Nbh = p(conv(E) —conv(E)) = p(conv(E)) — p(conv(E))
=conv{wx—w X :x,x € {x1,...,x,}, ww € W}

holds, where we used the second assertion of Lemma4.3]in the last equality.
For the second equality note that by Remark [4.4]

(conv(EU—E)Nh = p(conv(EU—E))

= p(conv(conv(E)Uconv(—E)))

:conv( (conv(E)Uconv(—E)))
av(plconv(E)) U p(conv(~E)))
nv(p(conv(E)) U—p(conv(E)))
v({wx xeA,we WU—{wx:xeA,we W})
nv({wx:x€ AU—-A,we W})

where the penultimate equality is due to Lemma For the fifth assertion note that
(conv(EU—E)Nh = p(conv(EU—E))
= conv{tw.x: x € conv{xy,...,x,}, w € W}

=conv{w.x:x € {x1,..., Xy, —X1,---,—Xn}, w E W}
holds, where we used the previous identity and properties of the convex hull operation.
The proof of the third and fourth equalities is simpler and we omit it. U
oMb —OuNb ext(P)U{0}

FIGURE 4. Extremal points of the Hofer norm polytope.

In Figure 4] we illustrate the first couple of equalities of Proposition [4.5] in the case
E = Oy where A € su(3) is singular and non zero.

Definition 4.6. For ENh = conv{xy,...,x,}, we call the polytope
P=conv{wx—w' X :xx" € {x1,....x,}, ww € W}
of Proposition .5the Hofer norm polytope. We call
P =conv{w.x:x € {x1,..., X0, —X1,...,—Xn}, w € W}
the second Hofer norm polytope. Finally, we call
Pt =conv{w.x:x € {x1,...,x,},we€ W}

the one-sided Hofer norm polytope.
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Remark 4.7 (Polytopes, norms, unit balls). 1 If ext(P) = {y1,...,ym} are the extreme
points of the Hofer norm polytope P then this set is Weyl group invariant. If

B = (conv(E) —conv(E))°
is the unit ball of the Hofer norm (Remark [2.25)), from Remarks [2.23] and 4.4 we obtain
4.1) BNh = (conv(E)—conv(E))°Nh=P°.

The same holds for the other Hofer norms with B' = (conv(E) N —conv(E))° and B™ =
conv(E)° and the polytopes P’ and P respectively (for the second Hofer norm and the
one-sided Hofer norm, see Remark . The polytopes P and P’ are centrally symmetric,
and in general P is not.

From (&.1I)) and Proposition [2.24] we obtain the following

Corollary 4.8. Let || - ||, ) be the Hofer norm derived from the Ad-invariant set E =
u(M), and let P be the corresponding Hofer norm polytope. Then Hofer norm restricted
to the Cartan subalgebra Yy is given by the Minkowski gauge gp-, that is

[ x[| i3y = gpo(x) = inf{t > 0:x €tP°} Vx e b.
Remark 4.9. From Remark 2.21]it follows that
PP={xeV:(y,x)<lfori=1,...,m}.

4.1.1. Direct sums of manifolds and polytopes. If My,...,M, are symplectic manifolds
equipped with Hamiltonian actions of K, with moment maps uy, ..., u,, then the induced
action on My X --- X My, is also Hamiltonian with moment map u: M| X --- x M,, — ¢
given by
,u(ml,... 7mn) =M1 (ml) + e +;un(mn)'

Therefore the image of u is given by
4.2) .U(MlX"'XMn):,Ul(M1)+"'+,Un(Mn>-
To find the Hofer norm polytope of this action we need the following
Lemma 4.10. If Ey,... ,E, are Ad-invariant and compact subsets of €, and p : € — b is
the orthogonal projection, then

(conv(E|+---+E,;)—conv(E; +---+E,))NH

= (conv(Ej) —conv(E;))Nh+---+ (conv(E,) — conv(E,)) Nh.

Proof. Again, by Remark [4.4]

(conv(Ey+---+E,)—conv(E; +---+E,))NH
p((conv(E| +---+E,) —conv(E; +---+E,)))
p((conv(Ej) —conv(E)) +---+ (conv(E,) —conv(Ey,)))
p(conv(E;) —conv(Ey)) +---+ p(conv(E,) —conv(E,))
= (conv(Ej) —conv(E;))Nh+---+ (conv(E,) —conv(E,))Nb.
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The next proposition is now a straightforward consequence of Lemma@4.10}

Proposition 4.11. If My,...,M, are symplectic manifolds equipped with Hamiltonian
almost effective actions of a compact semi-simple group K such that the Hofer norm poly-
topes are Py, ..., P,. Then the induced action on M X --- X M,, has Hofer norm polytope
P+ + P,

Remark 4.12. Proposition is also valid in the case of the one-sided Hofer Finsler
norm (Remark , with polytopes Pl+ .-, PF and P1+ +---+ P

4.1.2. Faces of balls of Ad-invariant norms. In this section we will use Lewis’ results
on convex analysis of Ad-invariant functions and their restriction to Cartan subalgebras
[LewO0]] to describe the faces of the ball of Ad-invariant norms.

Since Lewis’ results are stated in terms of subgradients of gauge function we provide
next the correspondence between the faces of the balls and the gradients of the gauge
functions: the subdifferential of a gauge gg at a unit norm x corresponds via 'y — @y to
the supporting functionals of the polar of the ball at x.

Recall that the subdifferential of a convex function f: V — R at xo € V is defined as

df(x0) ={y e V:f(x) = f(x0) = (x=x0,y) ~ VxeV}

Each such y which satisfies the condition stated above is called a subgradient. It defines
a supporting hyperplane to the graph of f at (xo, f(xo)).

Proposition 4.13. Let B C 'V be a convex body containing O € V and let gp be the gauge
Jfunction associated to B. For a non-zerox €'V

den(x) = F(B) and  dgi(x) = Fi(B)
i.e. dgp(x) is the exposed face of B° defined by x.

Proof. If x # 0, we first claim that

dga(x) ={y €V : {y,x) = gp(x),8p°(y) = 1}.

This is Corollary 23.5.3 in [Rock70], we give a direct proof for the convenience of the
reader. Note that since gg = hge (Proposition[2.24), (y,x) = gg(x) and gg-(y) = 1 imply
(x,y) = sup,,cpo(x,w) = gp(x) and (y,z) < gg(z) Vz €V respectively. Thus for such
y €V andanyz €V, wehave (z,y) — (x,y) < gp(z) — gp(x) which shows that y € dgp(x).
Reciprocally, if y € dgp(x), then replacing with z =0 and z = 2x in

sup (w,z) — sup (w,x) = gp(z) — gn(x) > (z,y) — (x,¥),
weB° weB°

we obtain gg(x) = (x,y); in particular gg-(y) > 1. But then from gg(z) > (z,y) for all z it
also follow that gg-(y) < 1, thus proving the claim.
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Therefore, noting that x/gp(x) € bdB

dga(x) ={y €V : (y,x) = gn(x),gp(y) = 1}
={yeV:(yx) =gp(x),y €bdB"}
={yeV:(yx/gp(x)) =1,y €bdB’}

={yeVv: H, /gp(x) sUpports B° aty} by Theorem [2.22
= Fy/g,(x)(B°) = Fx(B°). by Definition [2.17
The other identity is immediate from the polar duality. U

The next theorem relates the subdifferential of the gauges to the subdifferentials of the
gauges restricted to Cartan subalgebras . It’s proof can be found in [Lew00, Theorem
3.5]. We define the map & : € — ™ by O,Nh™ = {8(x)}, that is, §(x) is the unique element
in the positive Weyl chamber h™ that is Ad-conjugated to x.

Theorem 4.14 (Lewis). Let K be a semi-simple compact group and let g¢ : € — R, be an
Ad-invariant gauge function. Then'y € dge(x) if and only if 8(y) € dgy(8(x)) and there is
u € K such that Ad,(x),Ad,(y) € .

If g = tdp is the Cartan decomposition of a semi-simple Lie algebra g, then Lewis’
theorem was stated for an Ad invariant gauge on p. We can take the complexified Lie
algebra g = £ @ it and apply the theorem to p = it. In the case K = SU(n), the matrices
x and y such that there is u € K with Ad,(x),Ad,(y) € b are said to be simultaneously
ordered diagonalizable.

We now restate Lewis’ theorem in a form convenient to its application in Section [6]
there is a related formulation due to Lewis in [Lew98]] for the orthogonal group of matri-
ces.

Theorem 4.15. Let K be a semi-simple compact group, let B be an Ad-invariant convex
body in € containing 0, and let by be a Cartan algebra in € and by a positive Weyl chamber.
Then for non-zero x € b

Fy(B) = Adz( (F(BNh)Nb),
and for general X' € ¢, if v € K is such that Ad,(x') € b, then

Fu(B) = Ad,-1 Adz(ag, (v)) (Fad,) (BNH) N D).

Proof. We restate Theorem[4.14]in the case that x € ;.. Let g = gp be the gauge function,
see Definition The theorem states that y € dg(x) if and only if y(y) € dg(x) and for
some u € K we have Ad,(x),Ad,(y) € 4. Observe that Ad,(x) € by for u € K if and
only if u € Z(x), so the condition Ad,(y) € b+ reduces to y € Ady,) h. The conditions
Y(y) € dgp(x) and y € Ady(y) b are equivalent to y € Ady()(dgy(x) Nby). Hence

dg(x) = Adz(y)(dgn(x) Nh4).

For a general X’ € ¢ take v € K such that Ad,(x’) € h. Then, since the adjoint action is
isometric for the norm g we get

ag(xl) = Adv—] AdZ(Adv(x’)) (agh (Adv(x')) N f)+)
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In the case that g = gp and gy = gpny we have

Fy(B°) = dp(x) = Adz(y)(dgpnn(x) N b+) = Adz( (F(B°NH)Nb),

where we used F(B°) = dp(x) and F(B° Nh) = dgpny (this follows from Proposition
M.T3)). If we take polars, by Remark [2.23]and the bipolar property, we obtain the required
statement. U

If B=conv(E —E)°, then BNh =conv(E —E)°Nh = (conv(E —E)Nh)° = P°, so we
get the following:

Corollary 4.16. If B = conv(E — E)° is the unit ball of Hofer’s norm and P = conv(E —
E)Nb is Hofer’s norm polytope then for non-zero x € b+

Fx(B) = Adz (Fx(P*) N4 ).

The same characterization holds for the one-sided Hofer norm and its polytope P*.

5. THE GEOMETRY OF GROUPS WITH BI-INVARIANT FINSLER METRICS

In this section we focus our study of geodesics of Lie groups with Finsler metrics
obtained by (left or right) translation of Ad-invariant Finsler norms. We want to em-
phasize that in this section, we only require that norms are positively homogeneous, i.e.
||Ax|| = A||x|| for A > 0, thus including our one-sided Hofer norms. Therefore the distance
obtained is not necessarily symmetric.

We need to begin this section with some remarks concerning compact semi-simple Lie
algebras and their root decomposition.

Remark 5.1. A connected finite dimensional Lie group K admits a bi-invariant Riemann-
ian metric if and only if it is isomorphic to the cartesian product of a compact group and
an additive vector group (see [Mil76, Lemma 7.5]). Therefore in that case € >~ ¢x P a
where a is an abelian sub-algebra and € is semi-simple. To simplify the discussion, we
will only consider here compact groups K with semisimple Lie algebra . Thus K is al-
ways unimodular, in particular tradv = 0O for any v € €. The Ad-invariant inner product is
given by (minus) the Killing form of £, as before, and for this Ad-invariant inner product,
the operator adv is skew-adjoint for any v € £ ([M1l76, Lemmas 6.3 & 7.2]).

What follows, in the form of a Remark, is in fact a recollection of useful facts that we
will use about the real root decomposition of a real semi-simple Lie algebra. It will also
help to fix and clarify the notation.

Remark 5.2 (Real root decomposition). Let A be the set of (real) roots of € with respect
to a fixed Cartan subalgebra b, and denote A, the positive roots. There is an orthonormal
set (the real root vectors)

{ua,va NS A+} ct¢t
with respect to this inner product, such that for each 4 € h

(5.1) [hyug] = —0u(h)vg, [h,va] = a(h)ug, [Uo, Va] = ho,
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where g € b is the unique element such that (hq,-) = —a(-) (see for instance [Kna02,
Chapter 6]). Set
Za - Rl/l(x EB RVOC'
Then € = b ® Pyep, Za, and moreover for each i € b, we have
(5.2) adh=1i Y o(h)(ug®ve—ve®ue) =i Y o(h)Ty
aEAL acA L

were we write To = (1o, ® Vo — Va @ tg,) for short. Note that To 73 = 0 when o # .

Remark 5.3. The Weyl group of K acts transitively on the roots (see the remark in
[SerreOl1, p. 47]). Thus, if ¢ is a permutation of the roots, there exists ks € K such
that Ady, uq = uco, and likewise with vy. Let w € b, and assumme that 75 is the linear
transform in £ obtained by permuting the eigenvalues of adw, then

Ts=i Y. oo(w)(uo@ve—va@ua) =i Y, (w)(ton® Voo — Voo ® lsa)
aEA; aEA;

= Ady, i Z a(w)(ua®va—va®ua)Adk_;

aEAL
= Ady,adwAd; ' = ad(Adg, w).

Then T = ad(Adg, w). It is clear that 75 commutes with adw, and since € is semi-simple,
Ady, w commutes with w and in particular we = Ad,w € b.

5.1. Geodesics of groups with bi-invariant Finsler metrics. First we recall here some
useful facts regarding norming functionals in £, their proofs are quite elementary and can
be found in [Larl9, Section 4].

Remark 5.4 (Gauss’ Lemma). Let £ be the Lie algebra of K equipped with an Ad-
invariant norm (or Finsler norm). As mentioned in the introduction, it is relevant to
remark here that the norm does not need to be homogeneous, it is only necessary that
it is positively homogeneous. For v € £ let ¢ be a norming functional of v or —v. Then

(1) We have ¢@([w,v]) = 0 for all w € £. Equivalently, @oadv =0 on ¢.

(2) @(**w) = @(w) forall w € tand A € R.

(3) ¢(e"Dexp,w) = @(w) for all w € .

When the norm || - || is a norm derived from an inner product, the third item above is
in fact Gauss’ Lemma of Riemannian geometry (it is well-known that the Riemannian
exponential map, for a bi-invariant Riemannian metric in a Lie group, coincides with the
group exponential). We next show how to describe the boundary of a ball in K. We first
recall a definition.

Definition 5.5. Let B be a convex body in a vector space V and let v € bdB. The solid
tangent cone at v is

TC, := ﬂ{H; : H, is a supporting hyperplane of B at v}.
If ve (V,]|-||) and ||v|| = r > 0, then taking B = B,(0) it is apparent that
TC, = ﬂ{(p_1 (—eo, 7] : @ is a norming functional of v}.
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Therefore, by Gauss’ Lemma above, for each 0 #v € ¢, if w € TC,, then e "Dexp,w €
TC,. Moreover, if v is such that the differential of the exponential map is invertible (for
instance, if v is smaller that the injectivity radius of K, see Definition below), then it
is clear that

Dexp,(TC,) = €'TC,.

Geometrically, the differential of the exponential map at v acts on the tangent cone at v as
the left translation.

Remark 5.6. Any functional ¢ can be described as @(v) = (v,a) for some a € ¢, via the
inner product in ¢ (Remark [5.1). That is ¢ = —tr(ada - ). If ¢(z) = ||| for some z € &,
then @([v,z]) = 0 for all v € £ (Remark[5.4). Thus for any v € ¢,

0=¢(n2]) = (m,a) = (v [z,d])

and then [z,a] = 0. Therefore ada and ad z commute, and they are simultaneously diago-
nalizable. Let {e;};—1 ..y be an orthonormal basis of £C that diagonalizes both simultane-
ously, let g; j = e; ® e; and g; = g, ; the corresponding rank-one orthogonal projections. If
adz =1} je;z;q; 18 the spectral decomposition of the skew-adjoint operator adz, we can
write
A=ada= iZa_,-q_,' +iB
JjeJ
for certain ajc Rand B* =B = Zk,lgéJBkZle’ with BqJ‘ =0 forall jeJ.

Lemma 5.7 (Supporting norming functionals). If ¢ norms z € € as in the previous remark,

and ||@|| = 1, drop the term B and all the aj = 0, and consider y = —tr(A ), where
A =i} ;ajqj. Then y is still norming for z and has unit norm. If we drop some of the
non-zero aj, its norm shrinks, and moreover a;z; > 0 for each non-zero z.

Proof. Note first that y is still norming for z:
y(2) = ) ajz;tr(q;) = tr(Aoadz) = @(2) = ||l
J

Now for any x € ¢, write adx as a block matrix in terms of the g; and its orthogonal
complement,

. . iaj 0 o iaj 0 o Xij X
A—ada—( 0 B) A—( 0 O) adx—( £ X
where xpq; = 0 for all j. Then

1 =||¢|| = sup @(x) = sup —tr(adaoadx) = sup Zanjj+tr(BXQ)
[lxll=1 [lxll=1 Ixl=1"j

> sup Zajxjj—l—tr(on): sup Zajxjj
[¥l=1,%0=0"j [x]=1,x0=0"j

= sup Y ajx;;= sup —tr(Aoadx) = sup y(x) = yl.
[[xll=1"; [[x]|=1 Ix]|=1

This proves that |[y|| < 1, but since W¥(z) = ||z||, it must be |[y| = 1. Now consider ¢
which is exactly as W but omitting a; with d € J. Then if x € € and adx = } 4 ; X g With
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the gy; as in the previous Remark, we have

W] = sup Y(x)= sup Y ajxjj= sup Y ajxj

[lx[|=1 lx[I=1 jeJ, j£d Ix||=1,x44=0 jeJ
< sup Y ajxjj= sup y(x)=|y||=1.
xI=1 jes flx[|=1

Finally, we claimed that since y(z) = ||z|| it must be a;z; > 0 for each non-zero z;. Oth-
erwise, suppose that a;z; < 0 then

Izl =w(z) =Y ajz; < Y ajzj= Y ajz;=¥(z) < [Wllllz]| <[zl
=) j#d J#d
a contradiction. O

We now charachterize the linear order given by Finsler Ad-invariant norms; results
in the same vein can be found in [AtBo83, Section 12], [BhaHo89, Proposition 6] and
[HoTa99, Proposition 2.8]. For z,w € £ we denote W = (wy,wa,...,wy) the string of real
numbers such that iw; are the eigenvalues of adw in the complexification £C of ¢, and
likewise with 7.

Proposition 5.8 (Majorization and norms). Let z,w € &, let N = dim(t). The following
are equivalent:

(1) z € conv O,,, more precisely there exist (at most) N + 1 points ki € K and N + 1
real numbers A; > 0 with ¥ ; A; = 1 such that
N+1
= 7\4 Adki w.

i=1
) Z<W (strong majorization).
) ||zl < ||wl| for all Ad-invariant Finsler norms in ¢.
(4) maxgeg (z,Adgx) < maxgeg (w, Adyx) for all x € t.

If moreover equality holds for some Finsler norm, then z and all the Ady, w lie in the same
face of the ball for that norm (and in fact lie in the intersection of all the faces that 7 lies
in). If that norm is strictly convex then z = Adyw for some k € K.

Proof. The fact that any element in the orbit can be written with a prescribed number of
combinations (N + 1) is a consequence of Caratheodory’s theorem. Let us establish first
the equivalence (1) < (2). Assume (1), passing to the adjoint representation we have

N
adz=Y AiAdgadwAd, .

i=1
Each Ady, is a unitary operator acting in £C therefore adz belongs to the convex hull of
the coadjoint orbit of adw, and this in turn (and by Schur-Horn’s theorem) implies that
strong majorization Z < W holds. Now assume (2) holds, let h be a Cartan subalgebra
containing w, let A™ be the positive simple roots and let k € K such that Adyz € h. The
spectrum of

ad(Adyz) = AdradzAd, !
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is also the string 7, and the assumption implies Z is in the convex hull of the permu-
tations of the eigenvalues of adw (see [Bhatia97, Theorem II.1.10]). Equivalently (and
again invoking Caratheodory’s theorem), there are N + 1 such elements with

N+1
ad(Adgz) = Y ATy,
i=1

for a certain string of non-negative numbers (2;) i=1,.. N+1 such that };A; = 1. Now each
T5,; 1s obtained permuting the eigenvalues of adw or equivalently, permuting the roots
o € A;. By Remark [5.3] any such permutation is obtained by an inner automorphism,

therefore
N+1 N+1

ad(Adgz) = ) Mad(Adyw) =ad( ) AiAdyw),
i=1 i=1

and by the semi-simplicity of €, we obtain z = Zf/: ﬁl Ai Adg, w € conv O,,, where k; = k.

Clearly (1) = (3), and (3) = (4) when x € £ is a regular element (so we obtain a
non-degenerate Finsler norm, see Remarks and [5.10). Since regular elements are
dense in ¢, it is straightforward to see that (4) must then hold for any x € ¢, if (3) holds.
Now assume that (1) does not hold, then by Hahn-Banach’s theorem there exists a linear
functional @ separating z and the convex capsule of the orbit, i.e.

oy) <r<o(z) Yy € conv(O,).
Let x € £ such that @ = (x, -), then by Remark

max(w, Adgx) = max(Ad; w,x) = max{(y,x) : y € conv(O,)} < r < (z,x).
kekK kekK

This shows that (4) cannot hold, finishing the proof of the equivalences. Now assumme
that any of the conditions hold, and we have equality of norms ||z|| = ||w]|| holds for some
norm, then

Iwll = llzll = I oA Adg wll < YoMl Adg wll = Y Aillwll < [|wl].

We note that there is a common norming functional @ for all the A; Ady, w by Lemma
since A; > 0 this amounts for the Ady, w in the same face of a sphere of the norm. Then
also

0(z) = 9(Y_hiAdiw) = Y Lig(Adg w) = Y Mil|w] = [[w] = [|z]].
If ¢ is any functional norming z, then

Il = 0(2) = Y hip(Ady, w) < Y Ail| Ady wil = [[wl| = ]|
shows that it must be @(Ady, w) = || Ady, w|| for all i, thus these vectors are in fact in the
intersection of all the faces where z lives. If the norm is strictly convex all the Ad, w are
aligned, but being normed by the same functional they must be equal therefore z = Ad; w
as claimed. U

Remark 5.9. It suffices to check condition (3) above only for strictly convex norms to
obtain the equivalences. This is because any Ad-invariant Finsler norm || - || can be ap-
proximated explicitly with a strictly convex (Ad-invariant, Finsler) norm by means of

[1xlle = llx[l +&[lx]]2-
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Here ||x||3 = —tr(adx o adx) is the norm derived from the Killing form of €. Likewise, it
suffices to check (4) for regular x € &.

Remark 5.10 (One-sided norms). Since K is compact it is unimodular and then 0 =
Yjw; = itr(adw) (Remark . This easily implies that all the partial sums Y /" | wy,
with the wy rearranged in decreasing order, must be non-negative. Thus the vector W
strongly majorizes the zero vector in RV, i.e. 0 < W, and by the previous proposition,
0 € conv(O,) for any w € . In particular the one-sided Hofer norms (Remark are
in fact-nonnegative, regardless their degeneracy or non-degeneracy. Assumming that the
orbit O,, is full, then 0 must be an interior point of conv(0, ), and then we obtain a true
Finlser norm. This can be seen using the argument in [BiGhiHel4, Lemma 6]: if O is in
the boundary of conv(0O,,), by Hahn-Banach’s separation theorem, there exists 0 # x € ¢
such that @,(0) = 0 and @y(conv(O,)) > 0. But then it must be @,(0,) = 0 because
otherwise

[ ouAdw)dk=gu( | Adi(w)ak) >0
keK keK

contradicting that [, . Ady(w)dk is a fixed point of the adjoint action, therefore it is O
because ¢ is semi-simple. Since @,(O,,) = 0, the orbit is not full.

5.1.1. Domain of injectivity of the exponential. Since K is a finite-dimensional Lie group,
the exponential map of K is a local diffeomorphism for some open ball of the norm || - ||.
More precisely, let D C £ be a maximal open convex Ad-invariant set, such that V =
exp(D) is open in ¢ and exp : D — V is a diffeomorphism. It will be convenient to denote
|| - || to the Minkowski gauge of the set D; it is an Ad-invariant Finsler norm in £ and we
will refer to it as the uniform norm. Then we also define

Definition 5.11. Let K be a Lie group, || - || an Ad-invariant Finsler norm on ¢, and for
R>0let Bg ={vet:|v|]| <R}, Vg =exp(Bg). If exp : Bx — Vg is a diffeomorphism
between open sets and R is maximal, we call R the radius of injectivity for the given norm.

Note that if Bg C D then exp : Bg — Vr is a diffeomorphism between open sets, thus one
looks for balls of the given norm that fit inside the domain of injectivity of the exponential
map.

Remark 5.12. The condition Bg C D is equivalent to Bg N C DNb. In the case of Hofer
norms BrNh = R{y1,...,ym}°, where {y1,...,yn} are the extreme points of the Hofer
norm polytope. Note also that DN § can be taken as the interior of U,,cqyw.C, where C is
a Weyl alcove.

Example 5.13. For the group SU(n) we take D = {z € su, : ||z]| < T} where || - ||. now
is exactly the usual spectral norm. Equivalently, DN is

{diag(x1,...,x,) € b |x;| <m, fori=1,...,n}.
For the group SU(n)/Z, we take
DNh = {diag(xy,...,xn) €b:|x;| <m/n, fori=1,...,n}.

We now show that the convex body D (which depends only on K) is optimal in terms
of lengths of segments (one-parameter subgroups), for any bi-invariant distance:
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Theorem 5.14 (Exponential map and Finsler norms). Let z,w € € such that e* = e". As-
summe that z € D/2, Then w commutes with z and ||z|| < ||w|| for any Ad-invariant Finsler
norm || - || in €. If equality of norms holds for a strictly convex norm, then w = z.

Proof. Assumme first that w is regular, let 3(w) = h denote the Cartan subalgebra. Note
that

tw __ twow_—tw __ W

(¢'8%7) = exp(Adyw z) = €"efe ™™ = eMeVe T = ¢V,

exp(e

Therefore, differentiating at r = 0 we obtain Dexp,([w,z]) = 0, and since z € D, we con-
clude that [w,z] = 0, and z € h. Since ¢! = ¢%9%, then exp(ad(w — 7)) = exp(adw —
adz) = 1, implying that 6(ad(w — z)) C 2miZ. This implies, using equation (5.2), that we
can write
i Y welu=adw=1i ) (zo+2mn¢)Ty
aEAL aEA,

wiht wg,z¢ € R and ngy € Z. It will be convenient to number the roots, so we let J =
card(A+) and we have w; = zj +27n; for all j € J, where some of the z; might be zero.
Note that since z € D/2, then 2z € D therefore the exponential map is injective and a
diffeomorphism in 2z for t € [—1, 1], and in particular it must be 6(ad2z) C (—2mi,2mi)
(by inspection of the formula of the differential of the exponential map, see Remark [5.4]
below). Thus we have |2z;| < 27 for all j € J or equivalently — < z; < . We can
asumme that the z; are given in order z; >z > --+ > zy (recall also } z; = 0). Let us
reorder the w; in decreasing order also, so there is a permutation ¢ of {1,...,J} such that
if vi =wgj then vy > vy > --- > v; (and we also have } v; = 0). From here it is also clear
that } n; = 0. Let’s spare for a moment those j such that n; = 0, and for the others, note
thatif n; > 0 and n, < 0 then

Zj+2mn; > —nN+2n=0T> —N= —2N+T > 27n, + 7.

This shows that the v; = z5; +27ngj, with positive ng, are always bigger than those with
negative ng;. We split the indices in two sets: let jo be such that if j € 1,..., jo then
ngj > 0 and otherwise ns; < 0 when jo+1 < j <J. We compute the sum of the z; up to
any such 1 < j < jo, we have

J

Luskrs

On the other hand, it is clear that the sum of the first j bigger v, for k < j, must be of
those v, with ng; > 0, therefore

J J
Y vi=Y zok+2mng > —jn+2mj = jm.
=1 k=1
Thus if j < jo,

Now assumme that j > jo+ 1, and note that

J
Y a=- Z % <m(N—(j+1)).
k=1

k=j+1



32 HOFER’S METRIC IN COMPACT LIE GROUPS

Likewise

J N N
Yvi=—Y wi=— ) (zor+2mnc)
k=1

k=j+1 k=j+1
and note that now all the ng < —1,sincek > j+1> jo+ 1 > jo. Therefore

J

Y vz —n(N=(+1))+20(N = (j+1)) = 2N = (j+1)),

k=1
and equation (5.3) is also valid for j > jj. Let V= (vi,v2,...,vN) and likewise 7 =
(z1,22,...,2n). Then equation (5.3) together with }'z; = Y v; = 0 tells us that Z <7,
that is Vv majorizes Z. Then by [Bhatia9/, Theorem II.1.10], Z is in the convex hull
of all vectors obtained by permutating the coordinates of V. Clearly, we can add those
w; such that w; = z; (n; = 0) and this still holds true. Since the v; are just a permutation
of the w;, then Z is in fact in the convex hull of all vectors obtained permutating the
coordinates of W = (wi,wa2,...,wy). By Remark (5.3} we have

adz =Y Asad(Adi,w) = ad(} A Adi, w),
(&) (¢

and since £ is semi-simple, it must be z = ). As Adg, w. Then

Iz < Y Aol Adgg wll = Y Asllwl| = [|wl]
proving the claim for regular w. If w is not regular, fix the bi-invariant distance in K
given by the uniform norm (the Minkowski Finsler norm of the convex set D). For each
€ > 0 pick we € € such that ||we||« < € and w + we is regular (regular elements are dense).
Observe that
dist(e"”,e" ™) < ||welle < €
by Theorem Therefore there exists ye € € such that e”e”s = """, Again, note that
Vel = dist(1,e”) = dist(1,e"e" ") = dist(e", " ™) < ||w]|w < €.

Now consider the map f : v — ™. Since f(0) = e* and Dfy = Dexp,, the hypotesis
z € D/2 guarantees that f is a local diffeomorphism from a 0-neighbourhood to a neigh-
bourhood of ¢*. Therefore there exists a unique z¢ € € in that neighbourhood, such that
e“T% = ¢%e¥s, Note also that when ye — 0, then also ze — 0. In particular, for small € > 0,
z+2z¢ € D/2 just like z. Then from

5T — plp¥e — pWele — Wt We.

and the previous proof, we can conclude that ||z + z¢|| < ||w+ we]| for any Ad-invariant
Finsler norm in €. Letting € — 0 gives us the desired inequality ||z|| < ||w]|.

Now assumme that there is an equality of norms for a strictly convex norm, then by
Proposition z = Adpw for some k € K, and in particular w € D/2 also. But ¢" = ¢*
and the injectivity of the exponential map implies z = w. 0

Remark 5.15. If z, w are as in the previous theorem, then by Proposition 5.8, we have

N+1
= Z 7\4 Adki w,
i=1
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for some k; € K, A; > 0 with }; A; = 1. We also mention here that the proof of the previous
theorem shows that when w is regular, the k; are in the Weyl group of K.

For linear Lie groups such as K = SU(n), the passage to the adjoint representation is
unnecessary. Thus from e* = ¢ with z € D we can conclude that [w, z] = 0 and therefore
w= z—|—2ni2njqj.

J
With the same proof as the previous theorem, we now obtain the same result for z € D,
i.e. ||z]le < ™ (and not just z € D/2):

Corollary 5.16 (Linear groups). Let K C M, (C) be compact semi-simple linear Lie
group. Let z,w € ¢ such that & = €", and assumme that z € D. Then ||z|| < ||w]|| for
any Ad-invariant Finsler norm || -|| in €, and if equality of norms holds for a strictly
convex norm, then w = z.

5.1.2. Local Hopf-Rinow theorem and the characterization of geodesics. Let us take a
look at geodesics of a Lie group with a bi-invariant Finsler metric. We recall here the fun-
damental results about geodesics, for proofs see [Lar19, Section 4]. For a given Finsler
norm, let R > 0 be an injectivity radius. The results are stated in terms of the left logarith-
mic derivatives Y, 'y, and hold also if stated in terms of the right logarithmic derivative
since the norm is Ad-invariant.

Definition 5.17 (Short paths). We call a curve y: [0,1] — K short or we say that y is a
geodesic if it minimizes the length functional

b b b
Ly = tength() = [ Iellyde = [ 10 e = [ 1l
a a a
among all curves in K with the same endpoints.

Theorem 5.18 (Geodesics). Let ug,u; = upe® € K with ||z|]| < R.

(1) If 8(t) = upe'®, t € [0,1], then § is shorter than any other piecewise C' pathyin K
joining ug,u; and dist(ug,u;) = |z]|-

2) If vyw € t then

dist(e”,e"”) < ||lw—v||

and if w,v commute and ||w — v|| < R, then equality holds (this is known as the
exponential metric decreasing property).

(3) Let T : [a,b] — € be a piecewise C' short path joining 0,z, let Y= e'. Then
v || = |IT || for all t, and y is short in K with the same length than T. Moreover
if ¢ is norming functional for z, then

o ') = Iy 'l =I5 = o(Ty) vt € [a,b],

thus Y~ 'y (normalized) sits inside a face of the unit sphere of the norm.
4) v: [a,b] — K is a piecewise C! short path joining 1,¢* in K if and only if y = e
for a piecewise C' path T : [a,b] — € joining 0,z (with ||| < R) and

o) = v %l = (v, ')
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for some unit norm functional ¢ and all t € [a,D] (and then this holds for any
norming functional of z).

(5) If z/||z|| is an extremal point of the unit sphere of ¢, then the only short piecewise
C! path joining 1,€* in K is (a reparametrization of) the segment o(r) = €'~

These results were established in [Lar19] with some generality; for finite dimensional
groups we can improve the existence of short paths invoking the metric version of Hopf-
Rinow’s theorem. As usual, here K denotes a connected compact Lie group with semi-
simple Lie algebra £. The last item of this theorem extends significanly (to this family of
Lie groups) the results obtained in [AnLVal4] for the group U (n).

Theorem 5.19. Let dist be a bi-invariant metric in K (i.e. from an Ad-invariant Finsler
norm || - || in €). Then

(1) For each uy,up € K there exists a short polygonal path J joining them, i.e. a
concatenation of segments t — u;e'* such that ||z;|| < R and

L(d) = Z ||zil| = dist(uy,uz).

(2) If the norm is strictly convex, there exists w € € such that ||w/|| = dist(uy,uy) and the
segment t — u1e"” is a short path joining them. Any short path is a reparametriza-
tion of a segment, and if dist(uy,us) < R, there is exactly one short segment joining
them.

(3) If z € D/2 (z € D for linear Lie groups), then dist(1,e%) = ||z||. If the norm is
strictly convex, t — €'* is the unique short path joining them.

Proof. Let dist, denote the bi-invariant distance induced by the Ad-invariant metric given
by the Killing form in €. It is well-known that such dist, metric has one-parameter groups
as Riemannian geodesics, therefore it is geodesically complete. By Hopf-Rinow’s theo-
rem (K, dist,) is metrically complete, and therefore (K, dist) is metrically complete since
both metrics are uniformly equivalent (since both are bi-invariant and the tangent norms
are uniformly equivalent, € being finite dimensional). Since any of these metrics induce
the original topology of K, and since K is a finite dimensional manifold, it is locally com-
pact and we can apply Cohn-Vossen’s theorem [BuBulvO1, Theorem 2.5.28] to the metric
space (K, dist). This theorem tells us that any approximating sequence of paths in K has
a limit point y: [0,1] — K such that vy is rectifiable and L(y) = dist(uj,uz). Partition 7y
into finite pieces, in points denoted y; = 7., such that dist(y;,Yi+1) < R. Write ;41 = Yie®
using Theorem [5.18(1), hence if 8 is the concatenation of these paths,

L(8) =Y |lzil| = ) dist(vi,Yi+1) = dist(u1,u2)
which shows that § is minimizing. If the norm is strictly convex, it can be shown that
the z; commute, hence we can replace the concatenation of segments with a segment;
the proof of this and the local uniqueness can be found in [Larl9, Theorem 4.15]. Now
assumme that z is in (half of) the domain of injectivity of the exponential map. Assumme
first that the norm is strictly convex. By the previous item of this theorem, there exists
w € ¢ such that 7 — " joins 1,e* and such that ||w|| = dist(1,¢%) < ||z||. But Theorem
[5.14] also tells us that ||z|| < ||w]|, therefore ||z = ||w]|| = dist(1,e%). Now let || - || be any
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Ad-invariant norm, let € > 0 and let ||v||, = y/(v,v) be an Ad-invariant Riemannian metric
in £. Consider

Vle = V]| +ellvile,

and note that | - |¢ is Ad-invariant and strictly convex. Therefore by what we just proved,
if z€ D/2 then

Izl < Jzle = diste(1, %) < Le(Y) = L(v) +&Lg(Y)

for any piecewise smooth path ¥ joining 1,e* in K. Letting € — 0" first, and taking the
infimum over the paths v, shows that ||z|| < dist(1,e%) as claimed. If the norm is strictly
convex, any other short path is also a segment 7 — ¢'" by the second item of this theorem.
Thus € = ¢* and ||w|| = ||z||, and by Theorem we conclude that w = z. For linear
Lie groups we can replace half of D with the full set D by Corollary U

From the last assertion of the theorem we can give a nice characterization of the product
of exponentials. This is connected with the noncommutative Horn inequalities as studied
by Belkale et al, see [BelO8, [EntovO1]] and the references therein.

Corollary 5.20 (Product of exponentials). Let x,y,z € € with z € D/2 such that e‘e” = ¢-.
Then

(D) |zl < l|x+yl| for any Ad-invariant Finsler norm in €.
(2) Let N = dim(¢), then there exist (at most) N + 1 points k; € K and N + 1 real
numbers \; > 0 with ¥ ; A; = 1 such that
N+1
z= ) A Ad(x+y).
i=1
(3) If equality holds for some Finsler norm, then z and all the Ady,(x+y) lie in the
same face of the ball for that norm (in fact, in the intersection of all the faces
where z sits).
(4) If equality holds for a strictly convex norm then x,y commute, 7 = Adg(x+y) for
some k € K (thus x+y € D/2) and k commutes with é*. If moreover z € D/2 then
X,y commute and 7 = x +y.

Proof. Let B(r) = e'*¢, which joins 1,¢? in K. Note that B, !B, = e ~"24Y(x+y) therefore
L(B) = |[x+y|| for any Ad-invariant Finsler norm in ¢. By the previous theorem, the third
assertion also holds for the closure of D/2 therefore we must have

2]l < L(B) = [+l

for any such Finsler norm. Assertions 2 and 3 follow from Proposition [5.8] If the
norm is strictly convex then z = Adi(x+y) by Proposition but also x,y commute
by [Larl9, Theorem 4.17]. This implies €% = A% ) = ke k1 = ke*eVk ! = ketk ™!
thus k commutes with 2. When z € D/2, the condition ¢2%% = ¢? is only possible if
Adyz = 7= Adg(x+y) therefore z =x+y. O

Remark 5.21. For linear Lie groups such as K = SU(n), and by Corollary |5.16| the same
results stated in the previous corollary hold for z € D, i.e. ||z]| < 7 (and not just z € D/2).
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5.2. Characterization of all short paths. Before we proceed with the characterization
of other short paths (for the case of non-strictly convex norms), we recall two results
concerning the exponential map and the adjoint representation of the group K and its
differentials:

Remark 5.22. If g; is a smooth path in X,

d
(5.4) 1 Adg v = Ady, g7 '8,v] Wvet

. . o ~1
This follows by noting that to compute the derivative we can take g; = goe'8o 8°, and
differentiate at ¢+ = 0O, thus

Adgv=Adg Ad

8

V= Ady, 490 0y = Ady, v+t Adg, ad(gy o)V +o(12).
On the other hand if v,w € € then it is well-known that

1
(5.5) e "Dexp,w = / e vy g\ = F(adv)w
0

where F(A) = 1_{4 is extended by F(0) = 1 to be an holomorphic function in C. In
particular, note that if v € D (the domain of injectivity of exp), then F(adv) must be
nonsingular and in particular +27i ¢ 6(adv); otherwise we would have 0 € 6(F(adv)).
Moreover, it must be 6(adv) C i(—2m,2mw), otherwise replacing v with ¢v for some ¢ €
(0,1) we would obtain a contradiction (recall that D is convex).

With these tools at hand we now characterize short paths y without the restriction of
having length less that the radius of inyectivity of the group. In the next theorem K is
a connected compact semi-simple Lie group with the metric induced by an Ad-invariant
Finsler norm in £.

Theorem 5.23 (Characterization of geodesics). Let Y: [a,b] — K be a piecewise C' path
in K. If Yy is short for the bi-invariant metric, then for (almost) all t

(5.6) o %) = I "l
for some unit norm functional @. Reciprocally, if the equality holds for some ¢ and (al-
most) all t € [to,11], and L(Y);) <R, then yis short in [to,11] C [a,b).

Proof. By the invariance of the metric, it suffices in all cases to consider paths starting at
u = 1. If yis short, assume first that its length is smaller than R, then for any 7 € |a,b]
we have dist(y(a),Y(t)) = L(y)!, < R. Therefore we can lift ¥, = e'* for a rectifiable path
I'": [a,b] — ¢, which does not leave the ball Bg. Then by Theorem for any norming
functional of z and any ¢ we have

t t
oT) = [ o(f) = [ Il = L0}, = dist(ru,vae™) = T4
Therefore again by the previous theorem and by Gauss” Lemma

b b , b _
I =0) = [ ods= [ gl TDexpr, I)ds = [ o 0)ds

b
< [ s = Lk = dist(1,€) = 2]
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and this is only possible if (Y, '¥,) = ||V, '%:|| for (almost) all ¢. If y is short but its longer
than R, we can still partition 7y in pieces of length smaller than R and its still short on each
piece, in any of these intervals [a;,a;y1] (i =1,...,k). There we have dist(y(a;),Y(t)) <
L(Y),, <R. Write Y,,,, = Ys;€”, thus we can lift y, = yaien for a rectifiable I" : [a;,a;1 1] —
€, which does not leave the ball Bg. Using the translation invariance of the metric (from
Ya; to 1), and repeating the argument above, we have for each i

(5.7) @iy ) = 17 if @; norms z; and ||@;]| =1,

for (almost) all ¢ € [a;,a;+1]. Now let B(s) = e*1e%2... "%, then (0) = 1 =7(0), B(1) =
v(1) and

dist(1,y1) < L(p <lezlll—Zdlstvu%+1 Z(vla,,b]) L(y)5 = dist(1,71),

therefore B is short also. Since B is smooth, there exists ¢ € (0, 1) such that

Xl = i) = LG8) = 185 Buls = BB
Now let wo =z, wi = e 8%z, wy = e %=1z, and in general
W] — e—cadzke—cadzk,l . e—Cadzk,jJr]Zk_j

for j=0,...,k— 1. Note that |w;|| = ||zx— || for each j. A straitghtforward computation
shows that

B Bc ijv

therefore
Y il = Y llell = LB) = 182 Bell = 1wl
J i J

and by Lemmma [2.6| there exists a unit norm functional such that ¢(w;) = ||w;|| for all
j=0,...,k—1. In particular ¢(zx) = @(wp) = ||wo|| = Gauss’ Lemma

(Remark [5.4) we have
O(ze-1) = @le“zy) = @(w1) = [wil| = lzx—1]l-
Proceedings backwards in this fashion, we can conclude that @(z;) = ||z;|| for all i =

1,...,k. Thus by we have that holds for this @, for (almost) all ¢ € [a, b].

Now assume that holds for some @, described as @(v) = (v,a) = —tr(advoada)
for some a € £ (Remark , and let o <t <1 then dist(,,Y) < L(Y)j, < L(y)i =R.
Using the invariance of the metric, we can assumme that ;) = 1. Then there exists a
rectifiable lift I" of y such that ' C Bg, T';, = 0, !t =1,,. Note that || T, || = R = dist(1,y;, ).

By Remark since @ norms Y, 11(,, we have that Y, l\'(, and a commute for all 7. By
formula (5.4) of Remark [5.22]
d

EAdYr a=Ady [y, 'Y,a] =0,
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which shows that Ady,a = a for all ¢ (since Y, = 1). Then by the formula (5.5) for the
differential of the exponential map of K,

1
(a)

1
e T'Dexpr, [[,a] = ( / e "ltadlyd)) (a) = —e M|

0
Y ~Ad, 1a+a=0.

Since I is inside the injectivity radius of the exponential map, it follows that [I';,a] =0
for all ¢ € [to,#1]. Then for fixed 7, the operators adI’; and ada commute, and since they
are both skew-adjoint operators acting on £, they can be simultaneously diagonalized in an
orthonormal basis, say {ej,...,e;} of &. Let p; = ¢; ® ¢; denote the rank-one orthogonal
projection with range e;, then ada = Zf-‘zla,-p,- and adI; = Y;A;p;. Note that Ady, =
el =y e p;. Now we apply the formula for the differential of the exponential
map to the path 7 — €417, and noting that adI"; = (adT’;)" we obtain

1 1
=T Dexpyyr, adl = / ¢—529@dT) o I g — / =590 4q 1,024 T g,
0 0
Due to (5.4) we also have

d
(5.8) ady 'y, = Ad g Ady =" “Dexpygr, (adIy).

Then since ada and €17 are diagonal in the orthonormal basis {ei},-:17...7k (for this par-
ticular ¢), we have

pi(e % ad e oada) p; = e prad Ty e a; p; = piad Ty a; p;
= ai(adf,)iipi = p,-(ada Oadr‘,)pi.

Integrating s in [0, 1] it follows that
(adaoe "D expyqr, adl})ii = (adaoadly);
and using (5.8) shows that
(adao (ady, 'Y,))i = (adaoadly);
for all i. Thus

o ') = (a,v; ") = —tr(ady, 'y 0ada) = — ¥ (ady, 'Y 0ada);

i

=—) (adaocadl}); = —tr(adacadl}) = (I,a) = o(I7).

Since this holds for any 7 € [tg,#;], we have @(I";) = ||y 'Y;|| there, and then

1
dis (g t) = T > 0(T) = o Trar) = [ (e = [ o e = Ly
fo

which proves that v is short in that interval. U

Remark 5.24. It is clear from the proof of the previous theorem, that
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) Ify= el is short, then there exists a € € such that adT’; (and then also ad I}, Ady,,
ady, 1'y,) commute with ada for all . From the faithfulness of the adjoint repre-
sentation, this is equivalent to I';, Iy, v, v ]'yt commuting with a for each ¢. For
linear Lie groups it then follows that a and I'; can be simultaneously diagonalized
for each ¢, and this basis also diagonalizes Y, = e!’. However, a word of caution:
the orthonormal basis depends on ¢.

ii) Once 7y is short in a certain interval [a,b|, and assuming that we first write Y, =
Ya€1e® ... €%, with y(t;i11) = y(t;)e%, and the z; giving the distance among the
endpoints and ||z;|| < R, then the equality if full-filled for any norming func-
tional of z; + - - - 4+ z,,. If Y, = y,€* with z € D, when can we ensure that z and the z;
are in the same face of the sphere? Equivalently, z and Y'Y are in the same face of
the sphere? If ||z|| < R this follows from Theorem see also the next remark.

iii) If yo = 1,v; = €* with z € D, and v is short for a given norm, does it follow that
Y= e" with ' C D? The argument used in repeated occasions is that if ||z|| < R
and 7y is short for that norm, then there is a lift I' C Bg; but this radius depends on
the norm.

Remark 5.25 (Non-optimal lifts). By Theorem we know that if " is short in € for
a given norm, then its exponential ¥ = ¢! is short in K for the bi-invariant metric of that
norm. Is there any concrete example of Lie group K with Ad-invariant Finsler norm such
that: there exists a path Y= ' : [@,b] — K, with y short in K joining 1,e® but I" (which
joins 0,z in €) not short in £? For strictly convex norms this is not possible since the only
short paths are segments; as we will see in the next section it is also impossible if all the
faces of the unit sphere are abelian (Corollary [5.27). Another relevant example, studied
by Antezana, Ghighlioni and Stojanoff in [AnGhiSt19] is the full unitary group (or in
our setting, K = SU,;) with the spectral norm: examining [AnGhiSt19, Theorem 2.1] it is
apparent that lifted short paths are also short there.

5.3. Norms with abelian faces. In Theorem we showed that when the faces of the
unit ball are singletons, the short paths are one-parameter groups. We will show here that
the situation is somewhat similar if we allow the faces of the unit ball to be inside abelian
subalgebras of £. In Section [6] we will give a full characterization of those norms with this
important structural property.

Proposition 5.26. Let B the unit ball of the bi-invariant norm in €. Then all the faces
of B are abelian if and only if for all piecewise C' short curves Y C K, the logarithmic
derivatives x; =Y, 17, of Y commute for all t.

Proof. Assume first that each face of the unit ball is abelian. By Theorem [5.23] if 7 is
short, it has logarithmic derivative (after normalizing) inside a face of the ball, and these
commute for all 7.

Now assume that for some w € £ the face F,,(B) is non-abelian. Let x,y € F,,(B) with
[x,y] # 0. Let R > 0 be the radius of injectivity and for 0 < b < R lety: [0,b] — K be the
path which solves

Y =tx+ (b—1)y
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fort € [0,b]. Then by Theorem Y is a geodesics, furthermore the logarithmic deriva-
tives Y, 1\'(0 =xand y;l"yb =y do not commute. U

Corollary 5.27. Let B be the unit ball of the bi-invariant norm in £ and assume that the
faces of B are all abelian. Let Y : |a,b] — K be a short piecewise C U path. Then
i) There exists z € € such that &, = y,€'* is also short with the same endpoints.
ii) If L(y) < R (thus 7, = Y.€* for some ||z|| < R), then Y= Y,e' where T : [a,b] — ¢
and [[;,T] = 0 for all s,t € [a,b], thus Y, 'y; = Iy. In particular the logarithmic
derivatives of Y commute and I is short in €, with the same length than Y.

Proof. As always we can assume that Y, = 1, partition y in small pieces such that y(z; 1) =
Y(#;)e% with ||z;|| < R as in the proof of Theorem Let B(s) = e*1e%2, then B joins
1,e1e¢2 =v(p) and L(B) = ||z1 + z2]|, thus

dist(1,7,,) < L(B) < [lz1l[ + [[z2f| = dist(1, v, ) +dist(v,,%,) = dist(1,7,),

which shows that B is short among its endpoints. For small s, let B; = €5 with By = s(z1 +
2)+ %[thz] +o0(s®), then by Theorem|5.18(1), ||Bs|| = dist(1,Bs) = L3 (B) = s/|z1 +z2!-
On the other hand, by Theorem [S.18(4), we also have @(By) = ||B; ' Bs|| = ||z1 + 22|, then
integrating we have @(B;) = s||z1 + z2|| = ||Bs/|, and this shows that By (normalized) is
inside a face of the ball, which implies that the B; commute for all (small) s (therefore
they also commute with By). Then using the formula we have

e (g1 +29) = By ' Bs = e P Dexpy By = By =21 + 22 + s[z1,22] + 0o(s7).

Differentiating at s = 0 shows that [z1,z2] = 0. Thus y(r;) = €1 = €172 and y(r3) =
€125 = 911273, We repeat the argument now using Py = ¢*(¢17%2)¢5%3 | this shows
that [z3,21 +22] = 0. Thus Y, = e%1e@2e% ... e% = eL%, and if we let z = ¥ z;, then ||z =
Y ||zi|| = dist(Y4,7Ys) and the first claim follows.

For the second assertion let I" be the smooth lift of , I', = 0, then by Theorem [5.18|(4)
we have @(I";) = ||v; '9,|| for some unit norm @, and again integrating (I';) = Ly(y) =
dist(1,e') = ||T;|| shows that T'; (normalized) is inside a face of the sphere, which by
hypothesis is abelian. But then I'; and I'; also commute for all ¢ and it is apparent that

b . b ' b
L(T) = [ 1Eld = [ lle Dexpe e = [l e = Liy)
a a a
thus if ', = z then ||z|| < L(T') = L(y) = dist(1,e%) = ||z|| and I is short. =

5.4. Geodesic are quasi-autonomous. Throughout, the action of the semi-simple com-
pact group K on the symplectic manifold M complies the hypothesis of Section [3.2]
Recall (Definition [3.2)) that a Hamiltonian H, is called quasi-autonomous if there exists
x~,x" € M such that H,(x~) = miny H;, H;(x") = maxy H; for all t € [a,b]. As before,
we use R to indicate the injectivity radius of the exponential map of K, for the given norm.
In the next theorem, the geometry of the group K is the one given by the generalized Hofer
norm (3.5) obtained by the almost effective action.

Theorem 5.28. Let K ~ (M, ®) be a Hamiltonian almost effective action. Let Y [a,b] —
K be piecewise C', and denote its right logarithmic derivative by x; = VY, 1. Then ifyis
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short, (u“ ),6[071} is a quasi-autonomous Hamiltonian, and if u is quasi-autonomous, v is
locally short (in each interval of length < R).

Proof. By Theorem [5.23] 7 is locally short if and only if there is a common norming
functional for x; = ¥y, ', for all 7. By Corollary the set of logarithmic derivatives
{x,},do’l} C tis contained in a cone generated by a face if and only if there exist x~ and x™*
such that x™ € Ny¢[o ) argmin(@y,) and x* € My 1] argmax(@y, ), where @y, : u(M) — R.
We can choose m™~,m" € M such that x~ = u(m~) and x™ = u(m™). The result follows
since u** = @y, ou forall t € [0, 1]. O

Remark 5.29. A similar characterization of geodesics (in fact, of their logarithmic deriv-
ative vy, l’y, = x;) can be obtained for the one-sided norm induced by the action of K in M,
if one replaces the condition of quasi-autonomous for the Hamiltonian H; = p, with the
condition that there exists a point x™ € M such that H,(x") = maxy H; for all 7 € [a,b].

6. SPHERES WITH ABELIAN FACES

In this section we characterize those Ad-invariant norms which have unit balls with
abelian faces in terms of conditions on its intersection with a Cartan subalgebra. When
this intersection is a polytope the condition reduces to the regularity of the extreme points
of its polar dual. Based on this result and Kirwan’s Theorem [.1] we characterize the
compact semi-simple groups of Hamiltonian diffeomorphims such that geodesics have
commuting Hamiltonians. We start with the important special case of Hofer norms de-
rived from coadjoint actions on regular coadjoint orbits. Groups with length structures
derived from these norms have the property that the logarithmic speed of its geodesics lie
in a Weyl chamber.

6.1. Regular coadjoint actions and non-crossing of eigenvalues. In this section we
follow the setting of Example on (co)adjoint orbits in O C ¢ ~ ¢*.

Definition 6.1. The (co)adjoint orbit O = Oy C ¢ of the action is regular if L € ¢ is a
regular element (Remark 3.11]).

In order to characterize the faces of the unit ball in £ via Corollary we need to
study, for a nonzero x in ¢, the sets argmax,(@,) and argming,(@y) of @y =u*: O —
R. Let m; = Ad,»m be a path through m € O with gy = [v,m] € T,,0, differentiating
¢x(my) = (x,m;) att = 0 we obtain

D(@x)m(1irg) = (x,[v,m]) = = (x, [m,v]) = ([m,x],v),

since adm is skew-adjoint for the Killing form. Since v € ¢ is arbitrary, this implies that
m € O is a critical point of @y if and only if m € 3(x), where 3(x) is the centralizer of x,
i.e.

(6.1) Crit(@,) = ON3(x).

The proof of following proposition can be found in [BiGhiHel4, Lemma 23].
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Proposition 6.2. Fix a maximal torus T C K, a nonzero vector x € iy = Lie(T) and a point
m € ONb; thus m € Crit(Qy). Then m is a maximum point of ©y if and only if there is a
Weyl chamber in t)y whose closure contains both x and m.

With these tools at hand, we next characterize the faces of the unit ball of || - || o.

Proposition 6.3. Let O be a regular (co)adjoint orbit and let || - || o be the associated Ad-
invariant Hofer norm. A set of vectors has a common norming functional if and only if
it is contained in a Weyl chamber (given by a choice of torus and positive simple roots).
Hence, the maximal cones generated by faces of the unit ball are Weyl chambers.

Proof. By Corollary a set of elements S C £ have the same norming functional if and
only if the set {@, : u € S} has a common maximizer x* € O and a common minimizer
x e€o0.

We denote by b the Weyl chamber that contains x*, it is unique since x™ is regular. If
u € S, then the functional ¢, has a maximum at xT, hence by equation u commutes
with x and therefore u € ). By Proposition we conclude that u € b if and only if
the functional @, has a maximum at x™. Let us denote by x’ € ¢ the element defined by
{x¥'} = 0N —h, , that is, the element of O in the opposite Weyl chamber. A functional @,
has a minimum at x" if and only if @_, has a maximum at x’. This holds if and only if —u
and x’ belong to the same Weyl chamber, which is equivalent to u € .. Hence, @, has
a maximum at x* and @, has a minimum at x’, are both equivalent to u € b . If we take
x~ = x’ as the common minimizer we get a maximal face which is b .

If b is a Weyl chamber we denote by x™ and x~ the elements defined by {x"} = ONh,
and {x~} = ON—h;. Then we can reverse the argument in the previous paragraph to
conclude that the functionals @, with u € b have x* € O as maximizer and x~ € O as
minimizer. U

J’_

From this characterization of the faces of the unit ball in £ we can determine the
geodesics in K. Let y: [a,b] — K be a curve in a group K endowed with the length struc-
ture obtained from Hofer’s norm || - || o for a regular (co)adjoint orbit O. As a combination
of the previous proposition and Theorem [5.23] we obtain

Theorem 6.4. If v is short then all its logarithmic derivatives are contained in the same
Weyl chamber h (given by a choice of torus and positive simple roots). If its derivatives
are contained in a Weyl chamber, then v is locally short (in each interval of length < R,
where R is the injectivity radius of the norm).

Example 6.5 (K = SU(n) and the non-crossing of eigenvalues). Consider the case of
SU(n) acting on a regular (co)adjoint orbit O, containing A = idiag(Ay,...,A,), withA; <
.-+ < Ay. Recall that here we obtain in € the A-numerical radius as Hofer norm (Example
[3.13). The local condition for the logarithmic derivatives to be the speeds of geodesics is
that there exist a fixed orthonormal basis such that the speeds are simultaneously diagonal
in this basis for all ¢ (Corollary and if x;(¢) are the eigenvalues of x, = ¥,y ! then

x1(f) < - <x(2) Vt € [a,D].

This is because in SU(n) the condition of being in the same Weyl chamber is given by the
non-crossing of the eigenvalues.
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Remark 6.6. The Hofer norm associated to singular (co)adjoint orbits can be studied
using the following result on maximizers and minimizers of linear functionals restricted
to the orbits, see [BiGhiHel4, Lemma 22]. Let Z(x) be the centraliser of x in K and let
F,(O) be the face of O defined by x. Then

e argmax(Qy) is a Z(x)-orbit,
e ext(F,(conv(0)) = argmax(@y), so ext(Fy(conv(0)) is a Z(x)-orbit.
e F(conv(0)) C 3(x).

6.2. Invariant norms with abelian faces. Let K be a compact connected semi-simple
Lie group and let (-, -) be as usual the opposite Killing form of £C restricted to £. Let A be
the set of (real) roots of £ with respect to a fixed Cartan subalgebra b, as in Remark
For x € h we have

(6.2) ix=be P .

oEA L, (x)=0
here 3(x) is the Lie algebra of Z(x) as usual (the centralizer of x € €). We define the
smallest Weyl chamber wall containing x as the linear space

W, = ﬂ ker(a).

{aeA;:a(x)=0}

Theorem 6.7. Let K be a semi-simple compact connected group and let B be an Ad-
invariant convex body in € containing 0. Let ) be a Cartan algebra in € and b1 a positive
Weyl chamber. Then all faces of B are abelian if and only if for all x € h* we have

F(BNh)Nhy CW,,
and in this case Fy(B) = F,(BNh)Nbh.
Proof. We assume for simplicity that x € h+. Theorem states that
Fu(B) = Ady(y (F(BNb) N ).

Next we show that this set is abelian when the inclusion stated in the theorem holds. If
x is in the interior of the Weyl chamber then Z(x) is trivial and Fy(B) = Fx(BNh) Nh4,
hence the face is abelian. If x is not regular, and hence Z(x) is not trivial, then by and
the centralizer Z(x) acts trivially on Wy. Therefore, the inclusion Fx(BNh)NhL C W,
implies that Fy(B) = Adzy) (Fx(BNh)Nbh4) = Fx(BNh)Nb, so the face is abelian. Note
also that the last assertion of the theorem follows from this argument.

If the inclusion in the statement of the theorem is not satisfied there exists y € F,(BN
) N b4 such that y ¢ W,; it follows that there exists o such that o(y) # 0 and o(x) = 0.
Consider the orbit Ady(,)(y) C ¢ as a submanifold with its differentiable structure, and
observe that

[3(x),5] € Ty(Adz( (v)-
By (6.2), we have v, ug, € 3(x); the equations [y, uy| = —al(y)ve and [y, ve] = o(y)ue, hold
by (5.1)), therefore we conclude that

{uoh VOC} - Ty(AdZ(x) (y))
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Since [uq, va] = ha # 0 the tangent Ty, (Ady(,)(y)) is not an abelian space, so that Ad(,)(y)
cannot be an abelian set. The inclusion Adz(y)(y) € Ady(y) (Fx(BNh)Nby) = Fi(B) im-
plies that Fy(B) is not an abelian set. U

Remark 6.8. From the previous theorem we know that if the faces of B are abelian then
F.(B) = Fu(BNb) N

for a Weyl chamber b given by a choice of torus and positive simple roots such that
x € h. Therefore the balls of the norms studied in Section[6.I]have maximal commuting
cones generated by faces.

6.3. Polytopes with regular extreme points. The aim of this section is to prove the
following theorem. Note that an element x € £ is regular if and only if a(x) # O for all
o & A+.

Theorem 6.9. Let K be a semi-simple compact connected group, let B be an Ad-invariant
convex body in € containing 0, such that BNh = P° is a polytope. Then all faces of B are
abelian if and only if all extreme points of P are regular.

For the proof of this theorem we need a couple of preliminary lemmas on polytopes
invariant under finite reflection groups. These lemmas will be later applied to the Hofer
norm polytopes defined in Definition 4.6] which are a polytopes invariant under the Weyl

group.

yi Yo
: Hy
Ex
Y6 ¢ 0 Lu *)3
-
Vs - < V4
‘M,

FIGURE 5. Mirror hyperplane and extreme points of a polytope P.

Definition 6.10 (Finite reflection groups). Let 9/ be a finite reflection group acting
isometrically on an inner product vector space (V,(-,-)) and generated by reflections
{r,}uco. Here r, is the refection which fixes the mirror hyperplane M, = {u}* and ® is a
finite subset of the unit sphere that is called the positive root system. For a finite reflection
group the space can be subdivided into chambers bounded by mirror hyperplanes. We can
choose any (closed) chamber C and call it the fundamental chamber. Given a positive root
system @, a fundamental chamber is given by

C={xeV:(x,u) >0forall uc d}.

Let P be a polytope with extreme points ext(P) = {yi,...,ym} and assume that P is in-
variant under W .
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Lemma 6.11. Let I1 C ® and assume that UyerpMy, N {y1,--.,Ym} = 0. If H, supports P
atyandy € NyertM,, it follows that x € NyertM,,.

Proof. Assume P is invariant under a reflection r, and the mirror hyperplane does not
contain any extreme point of P, i.e. M, N{y1,...,ym} = 0, see Figure 5| Then, if H, is a
hyperplane that supports P at an y € M,, we claim that x € M,,. To prove this we write y as
a convex combination of the yy, ...,y i.e. y=A1y1+... Ay, withn <m, Ay,..., A, >0,
and ) | A; = 1. If we write

1 1

1 1
y= §y+§ru(y) - 5(7\'1)’1 +~-~7Vnyn)+§ru<7\'1yl +~~-7\'nyn)7

we see that we can assume that y = Ay +... Ay, with Aq,... A, >0, Y7 | A; =1 and
ru(yj) € {y1,...,yn} fori=1,...,n. Since Hy supports P at y € M, we get @x(y) =1
and Qx(y1),...Qx(ym) < 1. Fromy = Ajy; + -+ Ayyn, with A, .. A, >0, Y0 A =1,
it follows that @x(y1),...,¢x(y,) = 1. Since y; ¢ M, we know that r,(y1) € {y2,.--,n}
so that y; — r,(y1) is non zero. Since y; — r,(y1) is orthogonal to the mirror M, and
Qx(y1 —ru(y1)) = 1 — 1 =0 we conclude that x is orthogonal to y; — r,(y;) and is there-
fore contained in M,.. The Lemma follows by applying this result to each of the mirrors

{Mu}uen- [l

Lemma 6.12. Assume that there is an extreme point y| of P such that y; € C and y; is
contained in a mirror. Then there is a supporting hyperplane Hy of P at y| such that X' is
in the interior of the fundamental chamber.

Proof. By assumption IT:={u € ®:y; € M, } # 0. The set of reflections {r, : u € IT}
generates the stabilizer Stab(y;) of y; (see e.g. [BoBol0, Theorem 12.6]). Since P is
a polytope there exists x which determines a supporting hyperplane of P at y; such that
Ox(y1) =1 and @,(y;) < 1 for j=2,...,m. If we denote by x’ the average

1
/ E
x - ——
| Stab(y1)]

weStab(yy)

W.X,

then @y (y1) =1, @v(y;) < 1 for j=2,...,m, and X’ € NyeriM,,. To show that x’ € C we
need to verify that (x/ ,u) >0 for all u € ®. If u is not in IT then y; is not in M,,, therefore
Qv (y1) =1 and @y (r,(y1)) < 1 which implies that @, (y; — r,(y1)) > 0. On the other
hand, since y; is in the positive chamber C it follows that y; — r,(y1) = d.u for d > 0.
Hence ¢,/(d.u) > 0 which is equivalent to (x',u) > 0.

The x’ can be perturbed so that Hy/ is a supporting hyperplane of P at y; and x’ is in the
interior of the fundamental chamber. 0

Proof. (of Theorem [6.9). We apply the previous lemmas to the Weyl group action on b.
It is easy to check that the condition of Theorem [6.7|can be stated using the more general
notation of the previous lemmas as follows:

R(P)NCCW,:= (] M,
ucd:yeM,
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for all nonzero y in C = h.. Here, for example, M), = ker(a), with Ay as in ll We
can multiply y by a positive scalar and assume that it is in bd P. Then by Theorem

Fy(P°) = {x €V : H, supports P° at x}
= {x €V : H, supports P at y}.

By Lemma if the extreme points of P are all regular and y € Wy = N,cayem, Mus
then x € W, holds when H, supports P at y, i.e. x is in F,(P°).

If there is a non-regular extreme point of P then by invariance of P under the reflection
group W we can choose a non-regular extreme point y; of P in C. Lemma implies
that there is a supporting hyperplane H,s of P at y; such that x’ is in the interior of C. Then
x" € F,(P°)NC and x’ does not belong to W,, so that the condition of Theorem [6.7|is not
satisfied and there is a face of B which is not abelian. U

Let K be a semi-simple compact connected group, let B be an Ad-invariant convex body
in £ containing 0, such that BNh = P° is a polytope. Let gp be the associated Ad-invariant
norm and endow K with the corresponding Finsler length structure.

Theorem 6.13. The extreme points of P are regular if and only if all short curves Yin K
have commuting logarithmic derivatives.

Proof. By Theorem the extreme points of P are regular if and only if B has abelian
faces, and by Proposition this holds if and only if all short curves have commuting
logarithmic derivatives. 0

We now specialize Theorem [6.13]to compact semi-simple groups of Hamiltonian dif-
feomorphisms.

Theorem 6.14. Let K ~ M be an almost effective Hamiltonian action with moment map
u: M — € ~ tand endow K with the pullback metric of Section Let u(M)NHh* =
conv{xy,...,x,} be Kirwan’s polytope given by Theorem and let

P=conv{wx—w.x :x,xX € {x1,....,x,}, ww € W}

be the Hofer norm polytope derived from it. Then all short curves in K have commuting
Hamiltonians if and only if all the extreme points of P are regular.

Proof. By Proposition a curve Y has Hamiltonians y*, where x; = ¥,Y; s the right
logarithmic derivative. Recalling that {u 1} = uls%] the theorem follows. 0

Note that the same result Holds if we endow K — Ham(M, ) with the second Hofer
norm by taking the second Hofer norm polytope

P =conv({w.x:x € {x1,..., X0, —X1,...,—Xn}, wWE W}
of Definition [4.6] and also if we consider the one-sided Finlser Hofer norm with its poly-
tope
Pt =conv{wx:x € {x1,...,x,},w € W}
Example 6.15. An example of a group K with non-commuting Hamiltonians is SU(4)
acting on the singular (co)adjoint orbit containing x = idiag(3,—1,—1,—1). The Hofer
norm polytope is the convex hull of the permutations of the matrix idiag(4,0,0,—4). Its
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extreme points are the permutations of the matrix given by idiag(4,0,0,—4), which are all
singular. We can give a short informal explanation for this which is similar to the proof of
Proposition If the maximum of @, is at x™ = idiag(3,—1,—1,—1) and the minimum
is at x~ = idiag(—1,—1,—1,3) then x™ block diagonalizes x and x~ block diagonalizes
X, so that
X = i(klP(Cel GA @7\'4P(Ce4)7

with A a selfadjoint operator on Ce; @ Ces such that its spectrum spec(A) satisfies A} >
spec(A) > Aa.

6.4. Properties determined by Kirwan’s polytope and product actions. In Section[6.3|
we characterized Hofer norms with abelian faces using the regularity of the norm polytope
(Theorem , and before that in Section we studied the case of faces generating
maximal abelian cones. In this section we show how conditions on Kirwan’s polytope can
characterize these properties, and then to finish the paper we study how these properties
behave if we take products of Hamiltonian actions.

We are here in the context of finite reflection groups of Section [6.3] in particular see
Definition [6.10] We recall from [EaPe77), Section 4] or [MOZZ03, Lemma 2.9] the fol-
lowing generalization of the rearrangement inequality

n n
Y xn@yi < Y xivi
i=1 i=1

forx; <--- <x,,y1 <, -+ <y, and certain permutations 7.
Lemma 6.16. Suppose x,y €V, then

sup (x,w.y) = (x,y)
wew

if and only if x and y belong to the same Weyl chamber. In this case

(e w.y) = (x,y)
if and only if there exists w' € Stab(x) such that w.y =w'.y. That is, the set of maximizers
of @y in W'.y is exactly Stab(x).y.

Definition 6.17. Let £ C V be a convex set with x € E. The normal cone to E at x is
defined as
N(x,E):={yeV:(yz—x) <Oforallz€ E}.

It is a closed convex cone.
We will also need the following simple fact about a polytope and its normal cones.
Lemma 6.18. Let P CV be a convex polytope. If A C ext(P) and

UNG.P) =V
yEA

then A = ext(P).

Note that if P is a convex polytope that contains 0 in its interior, then for y € ext(P) we
have R F,(P°) = N(y,P).
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6.4.1. Conditions on Kirwan’s polytope. If a Hamiltonian action has the same Hofer
norm polytope as the action on a regular (co)adjoint orbit, then it has the same geodesics;
therefore they are characterized by Theorem We next characterize the Hofer norm
polytopes which are derived from regular coadjoint orbits.

Definition 6.19. Given a Weyl chamber b let —h = w*.h be the opposite Weyl cham-
ber (there is a unique such w* € ). We say that y € b, is symmetric if w*.y = —y.

Proposition 6.20. A W-invariant symmetric polytope P is the Hofer norm polytope of
|- 1|0 for a coadjoint orbit O if and only if ext(P) = W.y for a symmetric 'y € b.

A W-invariant symmetric polytope P is the Hofer norm polytope of | - ||o with O a
regular coadjoint orbit if and only if ext(P) = W.y for a symmetric regulary € b,

Proof. For x € b let O, be a coadjoint orbit. The Hofer norm polytope of || - || o, is given
by

P = conv{w.x—w'.x:ww' € W}.
If we take y = x — w*x € b, we claim that P has an extreme point at y € h™ with normal
cone at this point which equals U, cgp(y)w-h+. To see this note that by Lemma for
z€bhyandwe W

0:(x) = @z (w.x),

and
*

Q:(—w"x) =@ (W'x) = @ (ww.x) = @ (—ww" x).
Therefore
O, (x —w*.x) > @, (wx —w' x),
for w,w’ € W and we conclude that the normal cone to P at y includes b .

Since this argument is Weyl group invariant, for w € W the normal cone to P at w.y
includes w.h. In the case of singular y there can be repetitions: if Stab(y) is not trivial
then the normal cone to P at y includes U,,cspan(y)w-h+. We have U,,cqyw.h1 = b, hence
by Lemma W .y are all the extreme points of P and the normal cone to P at w'.y is
w', UweStab(y) w.h.

If y is symmetric then we can take O /2), and the Hofer norm polytope of || - |q
satisfies ext(P) = W.y.

The proof of the second assertion is similar and we omit it. 0

(1/2)y

Theorem 6.21. Let E C ¢ be an Ad-invariant set such that E N = conv{xy,...,x, }.
The Hofer norm polytope derived from E has extreme points ‘W.y for regular y if there is
an xj, say x1, such that
e The point x| —w*.x1 € b is regular.
o Forx € by we have @Oy(x1) > @x(x;) for j € {2,...,n}, that is, b is contained in
the normal cone of conv{xy,...,x,} C b at x;.

Proof. The Hofer norm polytope is given by
P=conv{wx—w.x :x,x € {x1,....x,}, ww € W}

We are going to prove that ext(P) = W.(x; —w*.x). Since x; —w*.x] is regular W.(x; —
w*.x1) has || points. We claim that P has an extreme point at x; —w*.x; € h* with a
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normal cone at this point which equals . To see this note that by the second assumption
in the statement of the theorem and by Lemma forxebh,,je{l,...,n} andwe W

Ox(x1) > @x(x)) > u(woxj),

and
Ox(—W x1) = @ (W' .x1) > @ (W .xj) > @ (Ww".xj) = @x(—ww" x;).
Therefore
Ox(x] —w*.x1) > @ (wx —w' X)),
for x,x" € {x1,...,x,} and w,w’ € W and we conclude that the normal cone to P at x; —

w*.xy includes b . Since this argument is Weyl group invariant, for w € W the normal
cone to P at w.(x; —w*.xy) includes w.h. We have U,,qyw.h+ = b, hence by Lemma
6.18|the orbit W .(x; —w*.x1) are all the extreme points of P and the normal cone to P at
w.(x] —w*.xp) is w.h. O

Example 6.22. An example of this is the action of SU(3) on the singular (co)adjoint
orbit containing A = idiag(2,—1,—1). The Hofer norm polytope is the convex hull
of 0 and the permutations of idiag(3,0,—3). Its extreme points are the permutations
of idiag(3,0,—3). This is the same Hofer norm polytope as the one derived from the
(co)adjoint action on the regular (co)adjoint orbit containing %diag(—3,0,3). Several
other examples can be computed from the cases of SU(3) acting on products of P? stud-
ied in [MoShal§l]. In fact, it is easy to see from all the figures in [MoShal§| that all
the Kirwan polytopes listed there lead by Theorem [6.21] to Hofer norm polytopes with
extreme points W .y for regular y.

Corollary 6.23. Let O, for x € b be a coadjoint orbit. The Hofer norm polytope derived
from O has extreme points ‘W.y for regular y if and only if x —w*.x € b is regular.

Example 6.24. An example of the previous corollary is the case of (co)adjoint orbits of
SU(n). Let y be an extreme point of P. The set of x such that @, has a unique maximum
at y is an open cone so we can assume that all eigenvalues of x are different, and without
loss of generality we assume that they are ordered increasingly: x| < --- < x;,,. Hence if
the eigenvalues of the (co)adjoint orbit are A; < --- < A, the extreme point of the Hofer
norm polytope which maximizes @, is

idiag(?»l,...,kn) —idiag(?&n,...,kl) = idiag(kl —7»,1,7@ —7Ln_1,...,7un —7»1).

This is the same maximum as the one that would be obtained from looking at the Hofer
norm polytope derived from the (co)adjoint orbit with eigenvalues x; = $(A; —4,) <
cee < Xy = %(kn —Ap). If these eigenvalues are all distinct then the Hofer norm polytope
is equal to the Hofer norm polytope of a regular (co)adjoint orbit.

Remark 6.25. For the one-sided Hofer norm polytope the condition for being derived
from a regular coadjoint orbit, is that there exists a regular x; € P, say x| such that for
x € by we have @x(x1) > @.(x;) for j € {2,...,n}, where

Pt =conv{wx:x € {x,...,x,},w € W}
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The extreme points of the Hofer norm polytope are Weyl group invariant, so we can
partition them into orbits

ext(P) =Wy LU---UW.yp

for yi,...,ym € b4. If y1,...,yn are regular then by Theorem [6.9] the unit ball B has
abelian faces. We next give a sharper characterization of these faces.

Proposition 6.26. If ext(P) = W.y; U---U W .y, for regular yy,...,ym € b4, then for
ie{l,...,m}
Fyi(B) ={xcby:@(yi) = Land ox(yi) < 1 fori# j}.
Proof. From Theorem [6.7|we know that if the faces of B are abelian then
Fx(B) = Fx(BNh)Nby

for a Weyl chamber b given by a choice of torus and positive simple roots such that
x € hy. We take for simplicity y; = yj, note that

Fy (B) = F, (BNh)Nby = F, (P°)Nby
= {x € bdP° : Hy, supports P° at x}
= {x €bdP°: H, supports P at y; }
vy o) = 1and guly;) < 1 for j=2,...,n}.

Note that H, supports P at y; is equivalent to @,(y;) = 1 and @,(w.y;) <1 forw € W
and j = 1,...,n. This in turn is equivalent by Lemma [6.16to @,(y1) = 1 and @x(y;) <1
forwe Wand j=2,...,nsince x € h. This establishes the last equality. The third and
fourth equalities follow from previous results on polar duality. U

Remark 6.27. We now have an alternative proof of Proposition[6.3} the extreme points of
the Hofer norm polytope are W/ .y for a regular y € b, hence F,(B) = {x € by : @x(y) =
1}. The cone generated by this face is b..

Next we obtain conditions in terms of Kirwan’s polytope which imply that y;,...,y, €
b are regular. This follows from the previous discussion therefore we omit the proof.

Theorem 6.28. Let E C ¢ be an Ad-invariant set such that E N = conv{xy,...,x, }.
The Hofer norm polytope derived from E has regular extreme points if the extreme points
yof

A=conv{x;—w"x;:i,j=1,...,n}

such that the normal cone N(y,A) intersects the interior of b are all regular.

6.4.2. Products of actions. We now study products of Hamiltonian actions where the
image of the moment map is given by (4.2). A property of regularity on one of the factors
implies the same property in the product, in the following two cases:

Consider the case of the Hofer norm || - || o, +...+ 0, for coadjoint orbits Oy, ..., O,. This
norm arises by (4.2) from the canonical symplectic action of K on Oy X --- X O,.
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Proposition 6.29. Let Py, ..., P, be W-invariant convex polytopes in b such that ext(P;) =
W.yiforyi€ebhrandi=1,....n. Thenext(Pi+---+P,) = W.(y1+---+yn). Hence,
if there is a y; that is regular, then the extreme points of P| + --- + P, are the Weyl group
orbit of a regular element.

Proof. Let x be a point in the interior of h. Then, by Lemma Ox(yi) > Ox(w.yi)
fori=1,...,nand w € W\ Stab(y;). Hence @, has a unique maximum in P; at y;. This
implies that @, has a unique maximumin Py +---+P,aty;+---+yp, 1.e. y1+---+y, 18
an extreme point of Py +---+ P, and x € N(P; +---+ P,,y1 + -+ +y,). Since the normal
cones are closed h CN(P;+---+P,,y1 +---+y,) and since this argument is Weyl group
invariant
why CN(PL+--+Pyw.(y1+-+yn))

for w € W. By Lemma all the extreme points are W.(y; +--- +y,). If there is a
j € {1,...,n} such that y; is regular, then this point is in the interior of the cone h so
that y; 4 - - - +y, is also in the interior, i.e. is regular. 0

From Proposition we get the following

Corollary 6.30. Let Oy,...,0, be (co)adjoint orbits and let || - | o,+...+0, be the Ad-
invariant Hofer norm defined by Oy + - - -+ O,. If at least one coadjoint orbit is regular,
then the Hofer norm polytope derived from || - || o, +...+ 0, has extreme points equal to ‘W'.y
for a symmetric regular 'y € b, i.e. it is the Hofer norm polytope derived from a regular
coadjoint orbit.

Remark 6.31. By Corollary a cone C C ¢ generated by a face has the same norming
functional, so the set {@, : x € C} has a common maximizer x* € O; +---+ O, and
a common minimizer x~ € Oy +---+ O,. Let us write x~ = x; +---+x, and xt =
xf' + -+ +x; with x;,xj' € O;fori=1,...,n. Then by Propositionm

Cot(O1+ 4+ 0p) = ] Co it
l 17 7
If Oy is regular then by Theorem H er xt (O1) is contained in a Weyl chamber (given
by a choice of torus and positive simple roots).

Conversely, if b is a Weyl chamber (given by a choice of torus and positive simple
roots) we choose x; to be the intersection of O; with h; and x; to be the intersection
of O; with —h.. By Proposition 6.2 the Weyl chamber b, is contained in C,- +(0;) for
i=2,...,nand by Proposition6.3(C, - . (O1) =b. Hence if we write x™ = x| +---+x,,
and x™ =x| 4 - +x we get by Propositionm

(- x*(ol_l— +O ﬂ Cl,x =by,
which is a set with the same norming functlonals. We conclude again that the Weyl

chambers (given by a choice of torus and positive simple roots) are the cones generated
by maximal faces.

We now turn to ‘W -invariant polytopes such that its extreme points are more than one
W-orbit.
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Proposition 6.32. Let Py,...,P, be ‘W-invariant convex polytopes in Y. If the extreme
points of one of the polytopes are all regular then the extreme points of P| + ---+ P, are
all regular.

Proof. Let y be an extreme point of P; +-- - 4 P,. There exists an x € b such that @, attains
its unique maximum in P; +- - -+ P, at y. Since the normal cone to the polytope P +-- -+
P, aty is open we can chose a regular x, therefore Stab(x) is trivial. This regular x is in a
unique Weyl chamber which we denote by h.. We have y =y; +---+y,, where y1,...,y,

are points where @, attains its unique maximums in Py,..., P, respectively. Since for
i=1,...,n we have W.y; C P; and @, attains a maximum at y; Lemma implies
that yy,...,y, are in ;. Since one of the y; is in the interior of b so is their sum
y=y1+---+Yyn hence y is regular. O

To finish this paper, from Proposition [6.32] and Theorem [6.14] we obtain the following
structural property of geodesics (with different metrics) in the group K:

Theorem 6.33. Let Let K ~ My,...,K ~ M, be Hamiltonian almost effective actions
of a compact semi-simple group K and let K ~ My X --- X M, be the product action.
Endow K with the pullback metrics of Section[3.2.1} Assume that each short curve in K
with the metric derived from the action on one factor has commuting Hamiltonians: then
all short curves in K with the metric derived from the product action have commuting
Hamiltonians.

Remark 6.34. Another proof of the previous theorem can be given as follows. If the
extreme point of one of the Hofer norm polytopes, say Pj, are regular, then all the
maximal faces of the sphere of the norm || - ||, 3 are abelian. The cones of the form
Cor (u1(M)) for x| ,x{ € w1 (M) are contained in cones generated by faces and are
therefore abelian. The cone generated by faces of the sphere of the norm || - || ;) are
contained in Cy— .+ (u(M)) for x~,x* € u(M). Also

Cxi,x*(:u(M)): m Cx;,x;f(ui(M»

i=1,...n

for x; ,x;” € u;(M) and i = 1,...,n by Proposition Since the first set of the intersec-
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tion is abelian the result follows.
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