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Abstract

We study the elementary C*-algebra D 4 K which consists of sums of a diagonal plus
a compact operator. We describe the structure of the unitary group, the sets of ideals,
automorhisms and projections.
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1 Introduction

The motive of this paper is the elementary C*-algebra D+ consisting of operators in a separable
Hilbert space H (with a fixed or canonical orthonormal basis) which are sums of diagonal and
compact operators. It is an algebra with plenty of ideals (even maximal ideals: as many as
there are points in the residual set SN\ N, where SN is the Stone-Cech compactification of the
natural numbers), projections and homomorphisms. We focus on the set of projections and its
geometry, on the structure of the unitary group, and on the automorphisms of D + K.

Section 2 contains preliminary facts on D+K (e.g. D+K is nuclear, quasi-diagonal, evidently
contains the ideal IC of compact operators, with quotient £>°/cy, etc). In Section 3 we examine
the general properties of the groups of invertibles and unitaries. For instance a unitary U
element in D + K can be factorized U = !X D, where D is unitary and diagonal, and X* = X is
compact. In Section 4 we consider ideals, characters and positive functionals. It is shown that
all automorphisms are approximately inner (i.e., implemented by unitaries in ). Two questions
remain un-answered:

e Are all unitary elements of D + K exponentials (with exponent in D + K)?

e Are the unitary operators of H which implement the automorphisms of D + K a product
of a unitary in D 4 K times a permutation unitary operator?

In Section 5 we study the set of projections. Our main result (Theorem 4.7) describes the
structure of this set. The main tools in this description are the concept of index of a pair of
projections [2] and the restricted Grassmanian associated to a given decomposition of H [15],
[16]. In Section 6 we compute the first homotopy group of the unitary group of D + K, and the
K-groups of the algebra.



2 Preliminaries

Let H be a separable Hilbert space. We denote by D = D(H) the algebra of diagonal operators
with respect to a fixed orthonormal basis {e,, : n > 1}, and by K = KC(#) the ideal of compact
operators. Our object of study is the algebra

D+K:={D+K:DeDand K € K}.

If x = {zy}n>1 is a sequence in £*°, we shall denote by Dy the diagonal operator whose entries
are x,. Clearly, if T' € D+ K, T decomposes as a sum of a diagonal plus a compact operator
in many ways. For instance, if y € co (=sequences converging to zero), then T' = D + K =
D + Dy + K — Dy, are two such decompositions. Apparently, all decompostions arise in this
form from a given one. There is though one distinguished decomposition. Denote by

A:B(H) = D C B(H)

the conditional expectation given by A(T') = Dy, where t = {< Tey,, e, >}n>1 (i-e., putting zeros
in the off-diagonal entries of 7'). It is well known that A preserves the Schatten-von Neumann
ideals, and is contractive for the p-norms. In particular, it preserves K, i.e., A(K) C K and
IA(T)|| < |IT'||. The distinguished decomposition alluded above is

T = Dr + Kp, with A(KT) = 0.

The following result could be obtained as a particular case of a more general situation. However,
it is an easy consequence of the continuity of A.

Proposition 2.1. D+ K is closed in B(H).

Proof. Suppose that T,, € D+ K and T,, - T. Then (I — A)(T,,) — (I — A)(T). Note that if
T, = Dy, + Ky, then (I — A)(T,,) = (I — A)(K,) € K (I — A also preserves K). Then T'— A(T)
is compact. Then

T=A(T)+(T-A(T)eD+K.

Thus D+ K C B(H) is a C*-algebra.

Remark 2.2. Basic properties of D + K:

1. D+ K is non separable: D + K contains a copy of £>° ~ D. In particular, it is non AFD.
2. D+ K is quasi-diagonal (see [5]).

3. D+ K is nuclear. Indeed, K is nuclear and the quotient (D + K)/K is commutative, thus
nuclear (see [3], p. 369).

4. D+ K is strong and weak operator dense in B(H).

5. Any normal operator A € B(H) is unitarily equivalent to an element in D + K (this is the
classical Weyl-von Neumann-Berg theorem).

6. The inclusion D + K C B(H) is irreducible.



7. If T € D+ K is selfadjoint, then Dy and Kr are selfadjoint. Indeed, A(T)* = A(T*) =
A(T).

Let us denote by m both quotient homomorphisms B(#H) — B(#)/K and its restriction
D+ K — (D+K)/K. It is known that 7(D) C B(H)/K is a maximal abelian subalgebra
(shortly, a masa), called the standard masa of the Calkin algebra [8]. Then, also the following
characteristic property of D + K can be obtained.

Proposition 2.3. Let S € B(H). Then the following properties are equivalent:
a) SeD+K,
b) [S,D] € K for every diagonal operator D,
c) [S,T)e K forallT € D+ K,
d) [S,P] €K for every orthogonal projection P € D.

Proof. Consider first a) = b). If S = Do+ K¢ € D+ K, then [S, D] = [Ky, D] € K. Conversely,
suppose that [S, D] € K for all D € D. Then

0 == ([S, D]) = [x(5), 7(D)]

for all D € D. Since 7(D) is maximal abelian, this implies that 7(S) € (D), i.e., S € D + K.

The assertion b) < ¢) is clearly a trivial consequence of a) < c).

b) = d) is trivial. Conversely, suppose that S € B(H) satisfies [S, P] € K for every or-
thogonal projection P € D. We can approximate every diagonal D € D with diagonals of finite
spectrum as sequences of £*° can be approximated by those that take finite values. Therefore,
for € > 0 there exists D, € D of the form

n
D. = Z a Py, with o € C and P orthogonal projections in D
k=1

such that ||D — D.|| < e. Observe that S satisfies [S, P;] € K for k = 1,...,n. Then it follows
that

[[x(D), m(9)]| = [[x(D)n(S) = n(S)m(D)|| = [[7(D)w(S) =7 (S)m (D) +7(S)m(De) —m(De)m(S)|
because [7(S), 7(D¢)] € K. Moreover,
[7(D)m(S) = 7(S)w(D) + w(S)mw(De) — m(De)m(S)|| =

= [[(x(D) = m(De))7(S) + m(5)(m(De) — w(D))]|
< |ID = De[ 1S + [IS1 1D = DI < 2 [|S]|

for every € > 0. This implies that ||[7(D),7(S5)]|| = 0, which completes the proof. O

Let us finish this preliminary section by showing that elements of D+ KC with finite spectrum
are norm dense in D + K.

Proposition 2.4. The set of elements with finite spectrum is norm dense in D + K. Also the
set of selfadjoint elements with finite spectrum is norm dense in the set of selfadjoint elements
of D+ K, i.e., D+ K has real rank zero.



Proof. Fix € > 0. Denote by Ej the rank one orthogonal projection onto the line generated by
the vector ey, of the fixed basis, and by F,, = ;_; Ex. Given D+ K € D+K, let K,, = F,,KF,
and D, = F,,D = DF,. Clearly K,, — K, and thus ||K — K,|| < €/2 for n sufficiently large.
Denote by D!, = F;-D, and note that D!, is a diagonal operator acting on R(Fy)* (in terms
of the basis {ex : k > n + 1}). Sequences with finite many values are dense in ¢>°, thus there
exists a diagonal operator Dy, acting in R(F,)*, such that ||D!, — Dy|| < ¢/2. Consider the
element D,, + Dy + K,,. Clearly, it belongs to D + K. Note that in terms of the decomposition
R(F,) ® R(F,)™*, it can be written

(Dn + Kn) ¥ DOa

and thus o(D,,+ Do+ K,,) = 0(D,, + K,,) Uc(Dy), and clearly both sets are finite (the left hand
side set is the spectrum of an operator in the finite dimensional space R(F},)). Finally, noting
that D — D,, = D},

ID + K — (Dn + Do + Kn)|| < || K = Kn| + |1 D}, = Dol <e.

If we start with a selfadjoint element D + K (with D* = D and K* = K), it is clear that the
finite spectrum approximant is also selfadjoint. ]

3 The linear group of D + K

Let us denote by Gpyx the linear group (or group of invertible elements) of D + K.

Lemma 3.1. If T € D+ K is invertible, then there exists a decomposition T = Doy + Ko with
Dy invertible.

Proof. Let T'= D + K, and denote by d = {d,, }»>1 the sequence of the entries of D. We claim
that d cannot have a subsequence which converges to 0. Suppose otherwise that there exists a
subsequence dy, — 0. Consider the sequence z = {z, },>1 given by z, = 1 if n = ny, and 0 if
not. Then D, is a projection such that D,D is compact. Then D,T = D, D + D, K is compact.
Since T is invertible, this implies that D, = (D,T)T ! is a compact projection. Then it must
have finite rank, which leads to a contradiction. It follows that there exists r > 0 such that

|dn| > r for all n > 1, save for a finite set {ni,...,ny}. Let P be the diagonal operator with 1
in the place nj, 1 < j < N, and zero elsewhere. Clearly P is compact, and Dy = D + 7P € D is
invertible, for a suitable choice of r. Then T'= Dy + (K — rP), with K —rP € K . O

Proposition 3.2. Let T € D+ K. The following are equivalent:
1. T 1is invertible.
2. N(T) = {0} and there exists a decomposition T = D + K with D invertible.
3. R(T') =H and there exists a decomposition T = D + K with D invertible.

Proof. By the previous lemma, 1) implies 2) and 3). Conversely, if T = D + K with D € D
invertible, then T = D(I + D~'K). Thus, if I + D~'K has either trivial nullspace or full range,
by Fredholm’s alternative, I + D™1K is invertible. O

Denote by Bs(H) the set of self-adjoint operators in B(H).



Proposition 3.3. Gpyx is dense in D + K (i.e., D + K has stable rank one [6]). The same
holds for the selfadjoint parts: Gpyx N Bs(H) is dense in (D + K) N Bs(H).

Proof. Let T = D+ K € D+ K, with D given by the sequence {dy}n>1, and fix € > 0. Let
D, € D given by the sequence {dS, }n>1,

d, =

n

dy if |dy| > €
eif |dp| <€

Clearly, D, is invertible and ||[D — D.|| < 2e. Let M € K be a finite rank operator such that
| K — M| < e. Then also D71 M has finite rank, and thus finite spectrum. We can further adjust
M in order that —1 does not belong to the spectrum of D-!'M (for instance, adding a small
multiple of a projection onto the finite rank subspace on which D! M acts), and still have that
| — M|| < e. Then D+ M = D.(I + D-'M) is invertible, and

1D+ K = (De + M)|| < [|D = De[| + [| K — M| < 3e.

If T, D and K are selfadjoint, then the operator D, is clearly selfadjoint. Also the finite rank
operator M approximating K can be chosen selfadjoint. O

Next we consider the relation between the commutative C*-algebra (D+K)/K and Fredholm
operators.

Proposition 3.4. Let T € D+ K, then the following assertions are equivalent:
1. w(T) is invertible in (D + K)/K.
2. T is Fredholm.
3. T is semi-Fredholm.

In any of these cases, ind(T) = 0.

Proof. To prove that 2) implies 1), we first note that T'= D + K € D + K, is Fredholm if and
only if D is. Next we observe that for a diagonal operator we have N(D) = R(D)*. Then
k := dim N(D) = dim R(D)" gives the zero entries in the sequence {d,}n>1 which defines
D. Suppose that we list all these zero entries d;,,...,d;,. The diagonal operator D, where
a = {an}n>1 is defined as a,, = d;l if n #141,...1, and a, = 0 otherwise, clearly satisfies that
DD, — I = D,D — I is a finite rank operator. Therefore T D, — I and D,T — I are compact
operators, which means that 7(7") is invertible in (D + K)/K. The reverse implication is trivial.

The equivalence between 2) and 3) follows again by noting that T'= D + K € D + K, is
Fredholm if and only if D is, and also that N(D) = R(D)*. In addition, this also implies that
ind(T) = 0. O

The following elementary consequence follows:

Corollary 3.5. There are no proper isometries in D+ K: if V. € D+ K is isometric, then V is
a unitary operator. Similarly, there are no proper co-isometries in this algebra.

Proof. An isometry V is a semi-Fredholm operator with —oo < ind(V) < 0. Thus ind(V) = 0.
Since N(V) = {0}, it follows that R(V)+ = {0}, i.e. R(V)=R(V) =H. O



Let us describe unitary elements in D + K.

Proposition 3.6. If U € D + K is unitary, then there exists a decomposition U = D + K with
D unitary and K compact. Moreover, U can be factorized as

U = De'X
with X = X* e K, || X]|| < .

Proof. Let U = D' + K’ be an arbitrary decomposition of U. Since U is unitary, I = U*U =
D*D' + D*"K' + K*D' + K'*K' and thus D*D' = I + K" with K” € K. It follows that the
spectrum of D"* D’ is countable, and accumulates only eventually at 1, i.e., if d], are the entries
of D', then |d/,| — 1. Let d, = |d,|e?, with —7 < ,, < 7. Put D = Dq, where d = {d,, }n>1,
and d,, = %, Then D’ — D, which is the diagonal operator given by the sequence (|d.,| — 1)e'»
(which converges to zero), is compact. Then K = K'+ D' — D € K and U = D + K with D
unitary.

Then U = D(I4+D*K). The operator I+ D*K is unitary. Thus D*K is normal and compact:
there exist mutually orthogonal selfadjoint projections P, of finite rank, such that

D'K = Z AP

n>1

Put Py =1-73", 5 Pn. Then

1+ DK =Py + 2(1 + )P,

n>1

Since I + D*K is unitary, |1 + A,| = 1. Let —7 < x,, < 7 such that eX» =1+ )., and put

X=> xnPa

n>1

The fact that 1 4+ A, accumulate only eventually at 1, implies that {xy},>1 accumulate only
eventually at 0. Thus X is compact. Clearly || X|| < 7 and /X = I + D*K. O

The unitary group Upx of D + K was studied in [4]. The above factorization was found
there. The following is a straightforward consequence:

Corollary 3.7. Upix and Gpix are connected.

Proof. By the above factorization, any element U € Up,x can be factorized U = De'X, with
D = Dq, d = {e},>1. Then U(t) = D(t)e"™, with D(t) = Dqg), d(t) = {€},>1 is a
continuous path of unitary elements in Upx, such that U(0) = I and U(1) = U.

Let G € Gpyk, and G = U|G]| its polar decomposition, which remains in D + K. The set
of positive invertible elements in a C*-algebra is convex, thus connected. As above, U can be
connected with I by a continuous path. O

Question 3.8. One question that we consider interesting is whether the unitary group of D+
is exponential, i.e., whether Upx equals {e’(D+K) : D* = D, K* = K}. The exponential rank
measures how many exponentials are needed to factorize any unitary element in the connected



component of the identity. Clearly, from the above Proposition, this number is less or equal than
2. H.X. Lin [10] proved that unital C*-algebras with real rank zero (as D+K) have this invariant
less or equal than 1+ €, meaning that any unitary element (in the connected component of the
identity) is a limit of exponentials.

D + K has the FU property ([12], Proposition 1.5): unitary elements with finite spectrum
are norm dense in Upi.

Let us complete this section with a factorization result for positive invertible elements. It is
a particular case of a remarkable general result by H. Porta and L. Recht [14]. Let us transcribe
their result:

Theorem 3.9. (Porta and Recht [14], Corollary 7) Let B C A be unital C*-algebras and E :
A — B a conditional expectation. Then any positive and invertible element a € A has a unique

factorization
a = bl/Qezbl/Z7

where b € B (is positive and invertible) and z* = z with E(z) = 0.

This result is non trivial even for the case when A is the algebra of 3 X 3 complex matrices
and B the subalgebra of diagonal matrices. In our case, where the conditional expectation is
A : D+ K — D, this results yields the following:

Corollary 3.10. Let A € D + K be positive and invertible. Then there exist a unique positive
and invertible diagonal operator D, and a selfadjoint compact operator Z, with zero diagonal,
such that

A = D22 pl/2.

Proof. Note that if Z € D + K belongs to the kernel of A, then Z is compact: recall the
distinguished decomposition Z = Dy 4+ Kz,

0=A(Dz)+A(Kz) = Dz.

4 Ideals, characters and positive functionals
The quotient map 7 onto the Calkin algebra restricted to D + K gives a #-epimorphism
T=mwlptk : D+ K — (D+K)/K.

Remark 4.1. Recall that (D+ K)/K is a commutative algebra. Denote by cg the Banach space
of sequences which converge to 0. Then, clearly,

(D +K)/K ~ £ /co.

Indeed, if T' € D+ K, and D is given by the sequence d = {d,,}n>1, the isomorphism is given
by m(T) + [d]. The maximal ideal space of £*°/co consists of maximal ideals of ¢>° which
contain the ideal cg. The maximal ideal space of £*° is the Stone-Cech compactification SN of
the natural numbers N. The ideals which contain cg are those on the residual set, i.e. SN\ N.



Corollary 4.2. There are uncountable many different mazimal ideals in D + K, which contain
IC. In fact, there are 2¢ maximal ideals.

Proof. For any maximal ideal M in £°°/cg, let g : £°°/co — C be the multiplicative functional
such that ker Yoy = M. Then ¥V := ¢Ypom : K+ D — Cis a multiplicative functional. Clearly
different maximal ideals M of £>°/cq give rise to different characters W of K+ D, all of which
vanish at K. O

Let us take a brief look at the positive functionals in D + IC. There is an explicit way to
decompose any ¢ > 0 in its atomic and singular parts. Namely, given ¢ > 0, it is clear that
the restriction ¢i := @[k is a positive functional (eventually ¢x = 0) in K. Then there exists a
trace class operator A, > 0 such that

or(K) =Tr(AxK)

for all K € K. Also it is clear that Tr(Ay,) = |||kl < [l¢ll. Note that px can be extended to
D + K naturally: ¢x(T) = Tr(A,T) (in fact, it can be extended to B(H)), and denote still by
i this extension. Put

Poo = P — PK-
Then

Proposition 4.3. ¢ >0, and ¢ |x = 0.

Proof. The second assertion is clear. Let T'> 0in D+ K, T'= Dy + Kp (unique decomposition
with E(K7) = 0). Note that Dy = A(T) > 0. Then

o(T) = ¢(D1) + (K1) = 0(Dr) + Tr(A,Kr),

whereas i (T') = Tr(Ay,Dr) + Tr(Ay,Kr). Thus, in order to check that ¢ > 0 we must show
that
T?"(A@DT) S QO(DT)

Let D,, be an increasing sequence of finite rank diagonal operators such that D,, — D strongly
(for instance, D), be the n-truncation of Dr). Then, since ¢i is strongly continuous on bounded
sets,

¢ (Dn) = x(Dr).

On the other hand, since Dy — D,, > 0, and D,, are compact,
ex(Dn) = ¢(Dn) < (D),
which finishes the proof. O

Thus we have the decomposition ¢ = px + @, With @i normal (i.e., strongly continuous on
bounded sets) and o, singular (i.e., vanishing on compact elements of D + K). These singular
positive functionals are in one to one correspondence with positive functionals in £°°/cq.

The following result, shows, in particular, that the maximal ideals of £*°/c( induce all the
maximal ideals of D + K.

Proposition 4.4. Let Z # 0 be an ideal of D+ K. Then K C .



Proof. Clearly, it suffices to show that there is a non zero compact element in Z. Let 0 #
Do+ Ky € Z, Dy = Dq and E; stands for the diagonal projection with 1 in the j-coordinate.
Note that if F;(Dy + Ko) # 0, then we are done. So we assume that £;(Dg + Ky) # 0 for all
j > 1. Therefore the diagonal d = {d;};>1 satisfies d; = —(Ky);;, 7 > 1, which implies that Dy
is compact, and then Dy + Ky also is compact. ]

In particular, this allows us to describe the irreducible representations of D + K:

Corollary 4.5. The irreducible representations of D + K are the multiplicative functionals of
D + K (which necessarily vanish at K,i.e., which are given by characters of £>°/cq), or they are
unitarily equivalent to the inclusion representation D + K C B(H).

Proof. By the above proposition, one has that the pure states of are either of the form ¢x =
Tr(A ) or po. In the first case, since ¢ is pure, it is clear that A is a rank one projection. The
corresponding G.N.S. representation is (unitarily equivalent to) the inclusion representation. In
the second case, ¢ = o is pure, thus the corresponding representation induces an irreducible
representation of £°°/cg, which is one dimensional, i.e. ¢ is a character. O

The following result follows.
Lemma 4.6. Let 6 be a x-automorphism of D+ K. Then 0(K) = K

Proof. Since 0(K) is a proper ideal of D+K, K C 6(K). Also, by the same argument, K C 671 (K).
Then, §(K) C 80~1(K) = K. O

Then a *x-automorphism 6 of D + K induces, by restriction, a x-automorphism 60| of K.
These are given by conjugation with unitary operators in B(#). Thus, there exists a unitary
operator U € U(H) such that

0(K)=UKU*, forall K €K.

On the other hand, if an automorphism 6 leaves D invariant (i.e., §(D) C D), it must be
(D) = D. Indeed, since D C D + K is maximal abelian, then so is (D) C D + K, and so
0(D) = D. Thus 0 induces an automorphism of ¢>°. It is an easy exercise that these are given
by permutations of N; if ¢ is a permutation of N, then the corresponding automorphism is given
by {Zn}n>1 + {To@m) }n>1. Clearly the operator U, acting in H, given by

Us =Y bneony » 6= &nen,

n>1 n>1
is a unitary operator in H. This unitary operator implements in turn the automorphism 6, = 6,
0, D+K—>D+K, 0,(T)=U,TU; , it T € D+ K.

Note that U, € D + K if and only if the permutation o leaves all but a finite set of numbers
fixed. Otherwise, 6, is an outer automorphism.
The following result shows that all automorphisms of D + K are approzimately inner [9]:

Lemma 4.7. Let 6 be a x-automorphism of D 4+ K. Then there exists a unitary operator
U € B(H) such that 6(T) =UTU*.



Proof. By Lemma 4.6 and the subsequent remark, there exists a unitary operator U € B(H)
such that 0(K) = UKU* for all K € K. We claim that this unitary implements 6 in the whole
algebra D+ K. Let 0 < D = Dg € D, where d = {d,, },>1. Consider Dy given by the sequence
dy, which is the truncation of the sequence d at N. Then it is clear that Dy < D and Dy — D
in the strong operator topology. The first assertion implies that 6(Dy) < 6(D). On the other
hand, since Dy is compact, 8(Dy) = UDyU*. Also it is clear that UDNU* — UDU™ in the
strong operator toplogy. It follows that

UDU* < (D).
Pick now DYy = Dy , where dy = {(djy)n}n>1 is given by

, | dy, fn<N
(dn)n = { Ido, ifn >N

Clearly, Dy = Dy + ||d||oc(I — En), where Ey is the (diagonal) projection onto the subspace
generated by ey, ...,en. Also it is clear that D)y > D. Therefore (D) > 6(D). Note that

(D) = 0(Dn)+ld]|loc(I—=0(EN)) = UDNU*+||d||oc (I U ENU™) = U(Dn+||d|loc(I—En))U*
= UD\U*.

A simple calculation shows that D — D strongly, and thus again UD\\U* — UDU* strongly.
Therefore UDU* > 6(D). Thus, (D) = UDU* for all D € D with D > 0. Then it holds for all
D eD. O

Corollary 4.8. All automorphisms of D + K are strong (and weak) operator continuous.

Clearly there are unitaries in B(#) that do not induce *-homomorphisms of D + K: pick
a selfadjoint operator A which does not belong to D + K; by the theorem of Weyl and von
Neumann, there exists a unitary W in B(H) such that W*AW € D + K, then W does not
induce a *-homomorphism of D + K. The condition on U € U(H) that UDU* € D + K for all
D € D is clearly necessary for § = Ad(U) to define an automorphism of D + K. Let us show
that it is also sufficient:

Proposition 4.9. Let U € U(H) such that UDU* € D+ K, for all D € D. Then Ad(U) defines
an automorphism of D + K.

Proof. Clearly Ad(U) defines an injective *-homomorphism. Let us check that it is onto. Clearly
Ad(U)(K) = K. So we must show that D C Ad(U)(D + K). Let D € D. Denote by u = 7(U),
d=m(D)in B(H)/K. Clearly Ad(u) is a *-automorphism of B(#)/K, and the hypothesis implies
that B = Ad(u)(m(D)) is an C*-subalgebra of 7(D). As remarked in Section 2, 7(D) C D+K is a
maximal abelian subalgebra. Then Ad(u)(w (D)), being the image of a masa is also a masa. Then
Ad(u)(m(D)) = w(D). Thus, there exists D’ € D such that Ad(u)(d") = d, where d' = 7(D").
Then there exists K € K such that

D=UD'U*+K =U(D' + U*KU)U* € Ad(U)(D + K).

10



We know so far, explicitly, the existence of the following automorphisms:

1. For w = {wy, }n>1, with |w,| =1, Oy = Ad(Dyw).

2. For X* = X € K, Ox = Ad(e™¥).

3. For o a permutation of N, the automorphism 6, = Ad(U,) described above.

Clearly, among these, only the 0,, with ¢ of infinite support are outer. Note also that U, Dy, =
Dy (w)Us, where 0(w) = {w,(n) }n>1, and that Uye'X = Ve XUsTJ: so that

0oOwlx = 05 (w)0u, xUz05-

Also, due to the factorization of Up x given in Proposition 3.6, it is clear that any inner
automorphism can be expressed as Oy 0x, for suitable w and X. If 01,09 are permutations
of N, 05,05, = 05,6,- Thus, any autormorphism in the group generated by these types of
automorphisms, can be expressed as a product

0wl x0,. (1)

Question 4.10. Does this group exhaust the whole automorphism group of D + K. In other
words, are all unitaries U of B(H) which satisfy UDU* C D + K of the form U = Dye'XU,,
with X = X* compact?

Let us denote by Uy(H) the group generated by unitaries Uy, Dy and €', for o permutations
of N, w of modulus 1 and X* = X compact. Note that due to the above description, we can
write

Up(H) = U Us - Up+k, (2)
ceS(N)

where S(N) denotes the group of permutations of N. Denote by S¢(N) C S(N) the subgroup
of permutation with finite support, i.e. which leave a co-finite set fixed. The above description
can be refined, namely:

Up(H) = U Uy - Upsx. (3)
[o]ES(N) /S5 (N)

To prove this fact, we need the following Lemma:

Lemma 4.11. Let o be a permutation of N of infinite support, and T = D+ K € D+ K. Then
\Us — T > 1.

If additionally T € Upyxc, then
1Us =T = V2.

Proof. Fix ¢ > 0. Let En be the orthogonal projection onto the subspace generated by
e1,...,en. Then

Uz =TIl > | Ex(Us = T)Ex|l = | Ex(Us — D)Ey — ExKEy||

> ||EN(Us — D)Ex || — | ENK Ex |-
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Since K is compact, we can pick N large enough so that || ExK Ex| < e. Then, for such N,
IUs = T|| > | Ex(Us = D)Exll - € > || Ex(Us — D) Exenml| e,

for any vector e,, of the orthogonal basis. For the given N, we choose m so that m > N and
m # o(m) > N. This is possible because o has infinite support. Then

Eﬁ(Ug - D)Eﬁem = €y(m) — AmEm,

whose norm is /1 + |d;,|? > 1. Then |U, — T|| > 1 — ¢, for any € > 0.
If T is unitary in D + K, we can choose a decomposition 7' = D + K with |d,| = 1 for all
n € N. Then |ey(m) — dmem| = V2. O

Theorem 4.12.
Up(H) = U U tpix (4)
[c]leS(N)/S¢(N)

Thus, in the norm topology of B(H), Uy(H) is a non countable discrete union of copies of Upyx -
In particular, Up(H) is closed.

Proof. Formula (3) states that in formula (2), it suffices to choose one ¢ in each class of
S(N)/S¢(N). This is clear, if o’ = o7, for some v € Sf(N), then U,y = U,U,. Clearly
U, € Upik, and then U, - Upix = Uy - Upik. On the other hand, if o and o’ belong to
different classes, UrU,» = U,-1, ¢ Upyi, because 1o’ has infinite support. Since Sy(N) is
countable, the quotient S(N)/S¢(N) is uncountable. To end the proof, let us show that if o, ¢’
belong to different classes, then |U,V — Uy W|| > /2, if V,W € Up, k. Indeed

UV = Up Wl = [U5(U3: Uy = WV | = [[Upr-15, = WV 2 V2,
by Lemma 4.11. O
Using Lemma 4.11, we can also show the following:
Proposition 4.13. Let 0 € S(N) of infinite support, and U € Upyx. Then
16 — Ad(U)]| = 2.
Proof.

10, — Ad(U)|| = sup U XU; —UXU"| = sup |U*U, X — XU*U,]||.
XD+, X|1<1 XeD+HK,|| X | <1

Since D + K is strongly dense in B(#H), it is clear that

sup U*U, X — XU*U,| = sup U*U,X — XU*Uy||.
XeD+K,||X||<1 XeB(H), | X|<1

This, in turn, is the norm of the derivation dy+y,, where d4(X) = XA — AX. By a result by
J.G. Stampfli [17], ||04]| = 2infyec ||A — AI]|. Then

10, — Ad(U)|| = 2 inf || U*U, — N|| =2 inf |U, — AU||.
AeC AeC
By Lemma 4.11, ||U, — AU|| > 1, and the proof follows. O
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Remark 4.14. Therefore, as in formula (3), we can describe the group of automorphisms
generated by unitaries in Uy (#H) as a discrete union of copies of the group of inner automorphisms,

{Ad(U) : U e Up(H)} = U Ad(Uy) - {Ad(V) : V € Upyx).
[o]ES(N) /Sy (N)

If 61,02 belong to different copies, then ||§; — 62| > 2. Indeed, 6 = Ad(U,,U1) and 0y =
AD(U,,Us), with o5 'oy of infinite support. Then

| Ad(Us, Uh) = Ad(Us, Ua)|| = | Ad(Us,) (Ad(U, 1, — Ad(UUT) ) Ad(T7)]

-1
2
= | Ad(U, 1,,) — AdUU7)]| > 2,

by the above proposition. In particular, the group {Ad(U) : U € Uy(H)} is open and closed in
the group of all x-automorphisms of D + I, in the norm topology.

Remark 4.15. The fact that the automorphisms of D + K leave K invariant, implies that any
automorphism 6 of D 4 K induces an automorphism 6 of the quotient £>°/cg. The automor-
phisms of £*°/co ~ C(SN \ N) are in one to one correspondence, by Gelfand’s map, with the
homeomorphisms of the residual set SN\ N. It is known, if one assumes the continuous hypoth-
esis, that the set of homeomorphisms of SN\ N has cardinality 2¢ (see for instance [18], Chapter
15)

On the other hand, since H is separable, B(#), and thus U(H), has cardinality c. Since all
automorphisms of D + I are implemented by unitaries, it follows that they have cardinality c.

Therefore not every automorphism of D + /K can be lifted to an automorphism of D + K.
Clearly the former set is clearly much more complicated.

Remark 4.16. There are plenty of (non onto) x-endomorphisms. To the characters (onto the
subalgebra C -1 C D + K), one can add the following. Let F' C N, and consider Dp C D the
subalgebra

DF:{DX:J'Z‘::L‘J' ifi,jEF}.

Dr is the unitization of the ideal of D of diagonal matrices whose F-entries are zero. Recall the
multiplicative functionals Vg = ¥piom : K+D — C, where ¥ is the multiplicative functional
associated to the maximal ideal M. Fix Mg and let {M; : j € N\ F'}, where M; # Mj and
M # My, if k # j, but otherwise arbitrary. Then the map

\I/MO(T) ifnekF

0:D+K—-DCD+K, oT)=Dq, Wheredn:{ Uoy ifn ¢ F

is clearly a s*-endomorphism of D + K, whose image if Dp. Note also that

K € N(9) = NnerMn N M.

5 Projections

Finite rank projections in B(#) belong to D + K, as well as arbitrary projections in D (diagonal
matrices with entries 0 or 1).
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Lemma 5.1. Let P=D + K € D+ K be an orthogonal projection, with D* = D = Dq. Then
the only possible accumulation points of the sequence d = {dy }n>1 are 0 or 1.

Proof. Since D + K = D? + DK + KD + K2, it follows that D — D? is a compact self-adjoint
operator. Thus (D — D?) = {d,, — d2 : n > 1} is a sequence whose only possible accumulation
point is 0. 0

As a consequence, we have,

Proposition 5.2. Let P € D4+K be an orthogonal projection. Then there exists a decomposition
P =FE+ K, where E € D is a (diagonal) projection.

Proof. Let P = Dg + K', with d = {d,}n>1. Then we can write d as the union of two
subsequences. Consider {d;, } and {d;, } withd;, — 0,d;, = Lland N = {ji, : k > 1}U{iy : k > 1}
(if 0 or 1 do not occur as accumulation points, we omit the corresponding subsequence). Let
dQ = {d%}n21 and d1 = {d%}nZl given by

d/ _ dj ifn:jk d//: dik_l ifn:ik
n 0 if not oo 0 if not

Clearly Dg, and Dq, are compact. Let E = Dy, where t = {t,},>1 is given by

P 0 ifn:jk
Tl 1 ifn=id

Then F is a projection in D, and clearly

P=FE+ K'+ Dq, + Dq,.

The set Ppix of projections in D + K consists of three disjoint classes:
PPk = {P has finite rank} , Pp,x = P1 = {P has co-finite rank},

and the complement of the union of these sets, the set P ,. Note that the first two classes
correspond with projections P = D + K such that the spectrum of D accumulates only at
(respectively) 0 or 1, whereas in the class PRk the spectrum of d accumulates both at 0 and
1. We shall focus on the description of this latter class.

It will be useful to recall the definition of the restricted Grassmannian [15],[16] (also called
Sato Grassmannian)

Let H = H+ @& H_ an orthogonal decomposition of H, with dim H, = dimH_ = co. Denote
by Ey, F_ the orthogonal projections onto H,,H_, respectively. A projection P belongs to the
restricted Grassmannian Gr..s(H4) with respect to the subspace H if and only if

1.
EyP|rpp) : R(P) = M4 € B(R(P), H4)

is a Fredholm operator in B(R(P),H), and
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E_P|R(p) : R(P) —H_ € B(R(P),H_)
is compact.

The index of the first operator characterizes the connected components of Grpes(H4): two
projections P, ) belong to the same component of Gryes(H) if and only if E, P € B(R(P),H+)
and E1Q € B(R(Q),H+) have the same Fredholm index.

Remark 5.3. Given P € Gryes(H4 ), the Fredholm index of E4 P € B(R(P),H4+) was called
the index of the pair (P, F4) in [2]. There, among other properties, it was shown that it can be

computed as
index(P,E;) = dim(R(P)NN(Ey)) — dim(N(P) N R(EY)).

Proposition 5.4. Let P € D + K be a projection in the class Py, P = E+ K with E a
projection. Then P € Gryes(R(E)).

Proof. The null space of EP|p(py is R(P) N N(FE), which, after elementary computations, coin-
cides with N(P — F —I) = N(K — I), which is finite dimensional. The orthogonal complement
of the range of EP|g(p)y is N(P)NR(E), which coincides with N(P— E+1) = N(K +I), which
is also finite dimensional. O

Remark 5.5. Note that in the above proposition, index(P, E) = dim N(K —I) —dim N (K +1).
The compact operator K = P—FE, being a difference of projections, satisfies that o(K)\{—1,1} is
symmetric with respect to the origin, with A having the same (finite) multiplicity as —A (|A| < 1).
However, there is no restriction for the multiplicities of +1, other than finiteness. Thus one can
find examples where any value of the index can occur.

It is clear that if P € PR\, there are infinitely many ways to decompose P = E + K: one
can subtract from E any finite number of 1s, and add the corresponding finite rank projection
to K. Also it is clear, for instance playing with both P and E diagonal, that the index is not
conserved for different decompositions of the same projection.

Conversely, if P = F+ K = F + K’ with E, F diagonal projections, then E — F' is compact,
which means that the subspace where they differ, i.e. R(E) N N(F)® N(E)N R(F), must have
finite dimension (indeed, in this subspace F — F' is a compact symmetry).

Nevertheless the index does in fact play a key role in determining the connected components
of P53 - Let us recall the following property from [2], which we state as a lemma, restricting
the hypothesis to our current problem: namely for pairs of projections with compact difference.
Recall that such pairs of projections have finite index.

Lemma 5.6. ([2]) Let (P,Q) and (Q, R) be two pairs of projections with P — Q,Q — R € K.
Then P— R € K and
index(P, R) = index(P, Q) + index(Q, R).

Theorem 5.7. Let P € Ppix. Then there exists a diagonal projection Eg such that P—FEg € K
and index(P, Ey) = 0. Moreover, there exists a unitary operator U such that U — I € K (i.e.,
U =X with | X|| <7, X € K; in particular, U € Up.x ), which satisfies

UEU* = P.
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Proof. Suppose first that P € P35’ . Let E be a diagonal projection such that P— F is compact.
Let m = index(P, ). Clearly, there exists a diagonal projection Ey such that E — Ey has finite
rank and ind(E, Ey) = —m. Then, by the above lemma,

index (P, Ey) = index(P, E) + index(FE, Ey) = 0.

Denote by Kg = P — Ey € K. Consider the decomposition of H = Hy @ H1, where Hy =
N(K2 — 1)+ and H; = N(K2 — 1), which reduces both P and Ey. In Ho, +1 ¢ o(Koln,),
thus, ||Ply, — Eln,ll < 1. It is well known that two projections in a C*-algebra at distance
less than one are conjugate by a unitary operator in the algebra (even more [13]: projections at
distance less than one are conjugated by the exponential map of the manifold of projections).
In [15] it was shown that in the case of the restricted Grassmannian, the argument at the
exponential is compact. Namely, there exists X = Xo € K(Ho) with || Xo|| < 7/2 such that
P|7.,50 = €iX0E()‘H0€_iXO.

In H1, Plp, =1®0 and Ey|y, = 04 1, in the decomposition H; = N (Ko —I) & N(Ky +
I). Note that index(P, Ep) = 0 means that both subspaces have the same (finite) dimension.
Then it is clear that there exists X7 = X1, with norm || X1|| = 7/2, acting in H;, such that
X1 FEol3, 671 = P|y,. For instance, pick any unitary isomorphism V : N(K +1) — N(K —1I),
and put Xy =45 (V — V*). Then

X = X() b X1

is compact, self-adjoint, || X|| < 7/2, and satisfies !X Ege™*X = P. The proof in the case
P e PY 4 s straightforward. Note that P & Pl i ifand only if 1 — P € P x> which deals
with the remaining case. O

Remark 5.8. The projection Ey of the above result is clearly non unique: given E there are
infinitely many diagonal projections F' with £ — F' of finite rank and

—m =index(E,F)=#{neN:E,,=1and F,,, =0} —#{neN:E,, =0and F,, =1}

Then P is conjugated with many different diagonal projections by means of the exponential
map. The different diagonal projections Ey, Fy with index(P, Ey) = index(P, Fy) = 0, satisfy
(by means of the same lemma above)

index(Ey, Fy) = 0.

Thus, again using the facts cited from [15], they are also conjugate via the exponential map of
Pp.: there exists Y = Y* € K with ||Y|| < 7 such that €Y Ege™? = F.

The following result will be useful to characterize the connected components of P, .

Lemma 5.9. Let E, F' be diagonal projections such that E — F is non compact, or E — F is
compact but index(E, F) # 0. Then E and F are not conjugate by unitaries in Upx.

Proof. As seen above, unitaries U in D 4 K can be written U = De’X | with D € D unitary and
X = X* compact. Therefore, if E and F are conjugate in D+ K, then F = UEU* = !X Ee™X,
Since e'X = I + K for some K € K, it follows that

E-F=E—(I+K)E(I+K*)=-KE - EK*— KEK* € K,
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which rules out the case E — F non compact. Consider the path E(t) = X Fe~ X (Clearly,
by the same argument above, E — E(t) € K for all ¢t. Thus index(E, E(t)) is defined. We claim
that it is constant. Recall that index(FE, E(t)) can be computed as the Fredholm index of the

operator

Since E(t) = "X Ee~*X and R(E(t)) = e"*(R(F)), the index of this operator coincides with
the index of ‘
Ee " E|pp : R(E) = R(E).

Since the index of a Fredholm operator (in a fixed Banach space) is locally constant,
index(E, E(t)) is constant. In particular, at ¢ =0 and ¢ = 1,

0 = index(E, E) = index(E, F).
O

Corollary 5.10. The connected components of P35 i coincide with the orbits of the exponential
subgroup '
Upo(H) = {X : X = X* € K}.

They are parametrized by the set of diagonal projections (with infinite 0’s and infinite 1’s),
modulo the index: E and E' define the same component if and only if index(E,E") = 0. In
particular, Ppix has uncountable many connected components.

Proof. Only the last assertion needs a proof. Clearly, there are uncountable many diagonal
projections with infinite 0’s and infinite 1’s. The set of diagonal projections E’ which have zero
index with respect to a fixed projection Ej is countable. Indeed, for £k € NU {0} let

E = {FE' :index(E', Ey) = 0 and dim(R(E") N N(Ep)) = k}.

Clearly the set & is countable: it has the same cardinality as the set of the subsets of A C N
with #A = k, which is countable. Also it is clear that

{E' :index(E', Ey) = 0} = U (&
0

Let us make a brief recollection of the basic facts of the metric geometry of the space of
projections in B(#H). Our references for these facts are [13] and [1].

Remark 5.11. The distance between two projections P, Q € B(#), can be computed as
d(P, Q) = inf{{() : v is continuous and piecewise differentiable, and joins P and Q},

where it is implicit that y(¢) consists of projections. If v is parametrized in the interval I, the
length £(y) is computed

() = / (6 lde.

Pairs of projections which can be joined by a minimal curve have been characterized: there
exists a curve of minimal length if and only if index(P,Q) = 0. In that case, there exists a

17



self-adjoint operator X of norm ||X|| < 7/2, satisfying that X (R(P)) C N(P) (and therefore
also X(N(P)) C R(P)), with the same condition for @); we shall abbreviate these conditions by
saying that X is P and ) co-diagonal. This operator X satisfies that

eiXpe—iX — Q

The minimal curve ¢ joining P and Q is 6(t) = X Pe~#X | its length is

(8) = d(P,Q) = | X|| = sin ' (|[P — Q)
These facts and the proof of Theorem 5.7 imply the following;:

Corollary 5.12. Let P,Q be projections in D + IC, in the same connected component. Then
there exists X* = X with the following properties

1. X is compact, with || X|| < 7/2.
2. The curve 6(t) = e*X Pe= "X joins §(0) = P and 6(1) = Q in Ppix.

3. & has minimal length among all piecewise differentiable curves of projections of B(H) which
join P and Q. In particular, it has minimal length among curves of projections in D + K.

Proof. We consider first the case when P,Q € Pp) . There exist diagonal projections Ey,
E such that index(P, Ep) = index(Q, E1) = 0. Since Ey and Ej lie in the same connected
component, it also holds that index(Ep, E1) = 0. Then index(P,Q) = 0. Also since the
differences P — Fy, Q — Eq1 and Ey — Eq are compact, also the difference K = P — (@) is compact.
Using the same reasoning as in the proof of Theorem 5.7, namely decomposing H as

H=NK?>-D)*eNK?-1I),

we have that in N(K? — I)* the reductions of P and @ lie at distance strictly less than 1, and
thus one can find a compact self-adjoint operator Xy, which is co-diagonal with respect to these
reduced projections, satisfies | Xo|| < 7/2, and e'*° conjugates the (reduced) projections. As we
saw, the operator X performing the analogous task in the finite dimensional space N(K? — I)
can also be chosen co-diagonal (see [1] for an explicit description of X7). In this case X; (if non
trivial), has norm equal to 7/2. Then X = Xy @ X is the self-adjoint exponent of the minimal
curve.

The cases 73% 4x and 73713 4 are straightforward. O

Projections P € B(H) with the same nullity n(P) (dimension of the nullspace) and rank
r(P) (dimension of the range) are unitarily equivalent in B(#). The next result establishes that
projections in D 4 K with the same nullity and rank are conjugated by an automorphism of
D+ K:

Proposition 5.13. Let P,Q € Ppix such that n(P) = n(Q) and r(P) = r(Q), Then there
exist an automorphism 6 of D + K such that 0(P) = 6(Q).

Proof. By the above results, there exist diagonal projections £ = De, F' = Dy and self-adjoint
compact operators X,Y such that

P=¢%*Ee ™ and Q =eY Fe ™.
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Thus E and F satisfy n(E) = n(F) and r(E) = r(F). In other words,
#{neN:e,=0t=#{neN: f,=0and #{neN:e, =1} =#{neN: f, =1}.
Then there exists a permutation o of N such that
c{neN:e,=0})={neN: f,=0tand o({neN:e, =1}) ={neN: f, =1}

That is,
0,(F)=U,EU; =U,EU,-1 = L.
Thus, Q = eV 0,(E)e™™ = ¥ f, (e X PeX)e™ = 0y0,0_x(P). O
Next we address a problem which is related to the question 4.10 of the previous section. Let

U a unitary operator which implements an automorphism of D 4 K. This means that for any
diagonal operator D there exist a diagonal D’ and a compact K such that UDU* = D' + K.

Lemma 5.14. Let Dy be a diagonal operator with finite spectrum, and U a unitary operator
implementing an automorphism of D + JC. Then there exist a compact self-adjoint operator X
and a permutation oy of N such that Uy = eiXOUg0 verifies

UDoU* = Uy DoUs.

Proof. Let Dy = Y _, diE}, with Ej mutually orthogonal diagonal projections. Consider the
projection UE1U* in D + K. By the same argument as in the previous proposition, there exist
a compact self-adjoint operator X; and a permutation oy such that

UE\U* = U, E1(e1U,, )"

Denote by Uy = (einUgl)*U. Then U E1U; = Ey. Then U is reduced by R(E,) , which is
spanned by a subset of the fixed orthonormal basis. Consider Dy = Y, dipEy, and Uy D2U; €
D + K. By the same argument, fixing now FEs, there exist a compact self-adjoint operator Xs of
R(E1)*, and a permutation oy which leaves {k € N: ¢;, € R(E1)} fixed, such that

UL By U = €20, o (e2U,,)*.

Denote Us = (¢/X2U,,)*U;. Then
Uy EZU; = En,

because e'*2U,, acts as the identity in R(E1), and
Us ExUs = Es
by construction. Iterating (finitely many times) this procedure, we obtain a unitary

Uy = eZX”UaneZX"*lUU e X Uy,

S
which as in (1), can be rewritten in the form

Uy = eX0U,,,
for X self-adjoint and compact and oy a permutation of N, such that

UgUEr(UgU)" = Ex,
for all k =1,...,n, and thus UyDoUj = UDoU™. O
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Clearly, the unitary operator Uy above depends on D.

Corollary 5.15. Let U be a unitary operator implementing an automorphism of D + I, and
D be an arbitrary diagonal operator. Then there exist unitary operators U, = U, , with
X, = X; compact, such that

U,DU; - UDU*

mn norm.

Proof. Recall from Remark 2.2, that diagonal operators with finite spectrum are dense in D.
Let D,, be a sequence of diagonal operators with finite spectrum such that D,, — D in norm.
From the above Lemma, we know that there exist U, = ¢/X»U, such that

U,D,U; =UD,U".
Then U, DU} — UDU*. On the other hand,
|Un DU, = Un DpUp || = |Un(D = Dn)Up|| = |D = Dp|| = 0.
O

Remark 5.16. The above result could be phrased as saying that automorphisms are pointwise
inner on diagonal elements with finite spectrum, and asymptotically given by conjugation with
unitaries of the form Uy = e*°U,, (with X, compact). This clearly falls short of answering
Question 4.10. However, suppose that for any diagonal D, there exists a unitary Uy as above
such that UDU* = UygDUy. Then, choosing a unitary D = Dgq with d; # dj, when k # j, this
would imply that UgU is a diagonal unitary operator. This would answer our question in the
affirmative.

6 Topology of the unitary group

Recall that Uso(H) = {U € U(H) : U -1 € K} = {¥ : X* = X € K}, and that Up denotes
the unitary group of D. Clearly Us(H) and Up are closed subgroups of Upix. Consider the
following map

p:Up XU (H) = Upix , p(D,V)=DV. (5)

As seen in Proposition 3.6, p is onto. We shall see that it is a submersion and a fibre bundle.
Clearly it is a C*° map. In order to prove that it is a submersion, let us show that it has
C® local cross sections. Since the spaces concerned are groups, clearly, it suffices to show the
existence of a local cross section on a neighborhood of the identity:

Lemma 6.1. There is a map s : Bo = {U € Upii : ||U — I|| < 2} = Us(H) x Up such that
pos=1idg,.

Proof. First note, by general considerations on C*-algebras, that ||U — I|| < 2, implies that there
exists a unique Z* = Z € D + K with ||Z|| < 7 such that €’ = U, and the (logarithm) map
By > U — Z is C*°. Note that

U = ¢Z = AD+I(Z-A2) — jAD) 4 |,
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for K = % — ¢"24) ¢ K, because Z — A(Z) € K. Then
eiZ — eiA(Z)(I+ efiA(Z)K),
with e2(9) € Up and (I + e AP K) € Uso(H). That is,

s(U) = <em(z>,[ 4 e iA2) (6¢z _ ez‘A(Z))) _ (ez‘A(Z) e—z‘A(Z)eiZ)

Y

is a C'°° cross section for p. O

Remark 6.2. The fibre of p over [ is the set
F=p '({I})={(D,D*) €Up : D € U (H)}.

Clearly F is an abelian group, and the unitaries D are of the form D,, with z = {z,} such that
|zn| = 1 and 2z, — 1. Therefore

Fo{z={z}:|zn| = 1,20 — 1} = Uc(an)

the unitary group of the continuous functions on the one point compactification aN = NU {oco}
of N.

Since the fibres of p are groups, and p has smooth local cross sections, it follows that

Corollary 6.3. The map p is a group-quotient map with local cross sections, thus a submersion
and a locally trivial fibre bundle.

Clearly, the group F is connected: a sequence z = {z,} in T which accumulates only at 1
can be lifted to a sequence of real numbers accumulating at 0, z, = e**» with s,, — 0. Then the
curve z(t) = e** connects z with the identity element of this group. This implies, by means of
the homotopy exact sequence of the fibre bundle p, that w1 (Upx) is the image of the 71 group
of Up X Uso(H):

m(F) = mUp) x 11 (Uso () ™ B 71 (Upxc) — 0.
The homotopy groups of Us, (#H) have been computed, see for instance [11]. We shall be concerned
with the first two homotopy groups. As remarked, m(Us(H)) = 0, and m (Uso(H)) = Z.

Remark 6.4. Let us characterize the first homotopy groups of F and Up. This can be done by
means of the exponential map, which in both cases gives the universal covering of these groups:

1. For this purpose, we identify F with Ug(ay). Then

expr:ch — F, expr(x) = Deznix,
where c%{ denotes the space of real sequences which tend to zero, and e?™* is the sequence
{e?m@n} This map is clearly a covering map, the fibre over I is the set of sequences of
integers which tend to zero, i.e. the (additive) group cOZ0 of sequences of integers which
are zero but for finite terms. Thus



2. The same map, defined over ¢3°, the space of bounded real sequences, gives the universal
covering of Up,
expp : Ig° = Up , expp(x) = D 2rix.

The fibre over I in this case is the set of sequences of integers which are bounded (and
thus assume a finite set of values), let us denote this group by ¢*°(N,Z). Thus

71'1(2/[1)) >~ KOO(N,Z).

Therefore, in order to compute the first homotopy group of Upx, we must identify the
image of the inclusion map

[ f — uD X uOO(H) B L(X) - (De27rix7 D672Trix)

at the mp-level,
m1(1) : cby = (°(N,Z) x Z.

Proposition 6.5. With the above notations and identifications,

w0 (s ki, 0 ) = | (R ks 0000), = ) Ky

In particular, m1 (1) is injective.

Proof. The sequences of the form e; = (0,...,1,0,...) form a set of generators for the group
cZ,. They correspond to loops of the form

€j(t> - D627ritej .

Then (e;(t)) = (D 2nite;, D ~2rite;). The first coordinate of this pair, corresponds in 71 (Up)

J
with the sequence e;. The second coordinate, corresponds in m1(Uso(H)) with —1 € Z. O

Corollary 6.6.

m(Upyi) 2 (N, Z) X Z | {(z,k) € cfy x Z: =Yz =k},
Jj=1

6.1 K-groups.

Let us include a short comment of the K-groups of D 4+ K. The extension
K—D+K -5 0%/

induces the six term exact sequence of K-groups

K()(IC) i> Ko(D + ]C) & Ko(eoo)/C())
o1 Lo . (6)
Kl(eoo/CO) & Kl(D-l-]C) & Kl(IC)

Remark 6.7.
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1. It is well known that Ko(K) = Z and K;(K) = 0.

2. The K groups of ¢*°/cy can be computed using standard techniques. We learned these

facts from [7]:
Ko(£ [eq) = £(N, Z) /ey,

and Kl(goo/c[)) =0.

Thus,

Corollary 6.8. K1(D+ K) =0. The group Ko(D + K) contains a copy of Z, and

Ko(D +K)/Z ~ (*(N,Z)/c%,.

Proof. Plugging this information in (6), we get that K1(D + K) = 0 and that

0 — Z — Ko(D+K) — (°(N,Z)/c5y — 0.

Acknowledgment

This research was supported by Grants CONICET (PIP 2016 0525), ANPCyT (2015 1505/ 2017
0883) and FCE-UNLP (11X681).

References

[1] Andruchow, E., Operators which are the difference of two projections. J. Math. Anal. Appl.
420 (2014), 1634-1653.

[2] Avron, J.; Seiler, R.; Simon, B., The index of a pair of projections, J. Funct. Anal. 120
(1994), no. 1, 220-237.

[3] Blackadar, B., Operator algebras. Theory of C*-algebras and von Neumann algebras. En-
cyclopaedia of Mathematical Sciences, 122. Operator Algebras and Non-commutative Ge-
ometry, III. Springer-Verlag, Berlin, 2006.

[4] Bottazzi, T.; Varela, A., Unitary subgroups and orbits of compact self-adjoint operators.
Studia Math. 238 (2017), 155-176.

[5] Brown, N. P., On quasidiagonal C*-algebras. Operator algebras and applications, 19-64,
Adv. Stud. Pure Math., 38, Math. Soc. Japan, Tokyo, 2004.

[6] Corach, G.; Larotonda, A. R., Le rang stable de certaines algebres d’opérateurs. (French)
[[The stable rank of some operator algebras]] C. R. Acad. Sci. Paris Sér. I Math. 296 (1983),
949-951.

[7] Cortinas, G. , private communication.

[8] Johnson, B. E.; Parrott, S. K., Operators commuting with a von Neumann algebra modulo

the set of compact operators. J. Functional Analysis 11 (1972), 39-61

23



[9]

[10]

[11]

[12]

[16]

[17]
[18]

Kadison, R. V.; Ringrose, J. R., Derivations and automorphisms of operator algebras.
Comm. Math. Phys. 4 1967 32-63.

Lin, H. X., Exponential rank of C*-algebras with real rank zero and the Brown-Pedersen
conjectures. J. Funct. Anal. 114 (1993), 1-11.

Palais, R. S., On the homotopy type of certain groups of operators. Topology 3 (1965),
271-279.

Phillips, N. C., Simple C*-algebras with the property weak (FU). Math. Scand. 69 (1991)
1, 127-151.

Porta, H.; Recht, L., Minimality of geodesics in Grassmann manifolds. Proc. Amer. Math.
Soc. 100 (1987), 464-466.

Porta, H.; Recht, L., Conditional expectations and operator decompositions. Ann. Global
Anal. Geom. 12 (1994), 335-3309.

Sato, M.; Sato, Y., Soliton equations as dynamical systems on infinite dimensional Grass-
mann manifold, Nonlinear partial differential equations in applied science, Proc. U.S. - Jap.
Semin., Tokyo 1982, North-Holland Math. Stud. 81, 259-271 (1983).

Segal, G.; Wilson, G., Loop groups and equations of KdV type, Inst. Hautes Etudes Sci.
Publ. Math. No. 61 (1985), 565.

Stampfli, J. G., The norm of a derivation. Pacific J. Math. 33 (1970), 737-747.

Weaver, N., Forcing for mathematicians. World Scientific Publishing Co. Pte. Ltd., Hack-
ensack, NJ, 2014.

(ESTEBAN ANDRUCHOW) Instituto de Ciencias, Universidad Nacional de Gral. Sarmiento,

J.M. Gutierrez 1150, (1613) Los Polvorines, Argentina and Instituto Argentino de Matematica,
‘Alberto P. Calderén’, CONICET, Saavedra 15 3er. piso, (1083) Buenos Aires, Argentina.
e-mail: eandruch@ungs.edu.ar

(EDUARDO CHIUMIENTO) Departamento de Matematica & Centro de Matematica La Plata,

FCE-UNLP, Calles 50 y 115, (1900) La Plata, Argentina and Instituto Argentino de Matematica,
‘Alberto P. Calderén’, CONICET, Saavedra 15 3er. piso, (1083) Buenos Aires, Argentina.
e-mail: eduardo@mate.unlp.edu.ar

(ALEJANDRO VARELA) Instituto de Ciencias, Universidad Nacional de Gral. Sarmiento,

J.M. Gutierrez 1150, (1613) Los Polvorines, Argentina and Instituto Argentino de Matemaética,
‘Alberto P. Calderén’, CONICET, Saavedra 15 3er. piso, (1083) Buenos Aires, Argentina.
e-mail: avarela@ungs.edu.ar

24



