GEODESIC NEIGHBORHOODS IN UNITARY ORBITS OF SELF-ADJOINT
OPERATORS OF £ +C

TAMARA BOTTAZZI ! AND ALEJANDRO VARELA?Z3

ABSTRACT. In the present paper, we study the unitary orbit of a compact Hermitian diagonal operator
with spectral multiplicity one under the action of the unitary group Ui ¢ of the unitization of the
compact operators K(H) + C , or equivalently, the quotient UK+C/UD(,C+C). We relate this and the
action of different unitary subgroups to describe metric geodesics (using a natural distance) which join
end points. As a consequence we obtain a local Hopf-Rinow theorem. We also explore cases about
the uniqueness of short curves and prove that there exist some of these that cannot be parameterized
using minimal anti-Hermitian operators of K(H) + C.

1. INTRODUCTION

Let A be a C*-algebra, B a von Neumann subalgebra of A, and U4, Ug its respective unitary
groups. Theorem II of [7] or Theorem I-2 of [§] (and the Remark that follows it) imply that for every
element p € Uy /Ug, and every tangent vector x € T, (Ua/Ug), there exist a minimal lift Z € A" of
x (x=2p—pZand |Z| <||Z + D| for all D € B) such that the curves

(1.1) (t) = eZpet?

are all the possible short curves (under a natural distance) starting at p with fixed initial velocity x.
In this context, we will call this Z a minimal operator.

Moreover in [§] local and global Hopf-Rinow theorems were proved in this context with additional
hypothesis on the unitary groups involved.

If the assumption of B being a von Neumann algebra is relaxed, Theorem I of [7] proves that every
minimal lift Z still produces a short curve if B is only required to be a C*-algebra. Nevertheless, in
this case such a Z may not exist for every tangent vector = (see for example the discussion following
Proposition 18 in [3] or the properties of Zy defined in in this paper). Therefore, if A and B
are C"*-algebras the parameterization of minimal curves with arbitrary initial velocity is not known
in general nor the existence of geodesic neighborhoods. The main objective of this work is the study
of short curves of a particular example where the subalgebra B is not a von Neumann algebra.

Denote with I+ C the C*-algebra obtained after the unitization of the compact operators in B(H),
that is {X e B(H) : X = K+ 0I,K € K, 6 € C}. H will be a separable Hilbert space, and U ¢
will denote the unitary operators of K(#) + C. If we fix an orthonormal basis {e;}en in H, we can
consider matricial characterizations in B(#) an diagonal operators. Let b be a compact diagonal
self-adjoint operator with spectral multiplicity one, and O, the orbit

(1.2) Oy = O — {ubu® : u € Ug,c}

This orbit has a structure of a smooth homogeneous space under the action of U, ¢ with the iden-

tification Oy ~ Uicyc/Upc+c) (see for example Lemma 1 of [4] and the discussion that follows it).
As we comment in Remark the homogeneous space O, coincides with the orbit of b under the

action of several other unitary subgroups. Moreover, a natural Finsler metric defined on the tangent
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spaces (see and a distance (see in O, is also preserved if we consider those different unitary
subgroups.

In this context, we analyze geodesic neighborhoods of O, and cases of short curves satisfying
initial conditions or connecting given endpoints that cannot obtained using minimal operators V' €
(K(H) + C)*". In Theorem it is shown that short curves in O of the form can be constructed
using minimal operators Z € (K(H) + D(B(H)))™". These geodesics and a result from [7] allows us to
prove in [5.4]a Hopf-Rinow local theorem for O,. We also consider certain types of minimal operators
with diagonal belonging to D(B(H))\D(K(H) + C) and construct with them short curves v in O,
(for the distance (3.6)) such that in a fixed neighborhood, there is not any curve § of the form
o(t) = eVbe " with V a minimal vector in (K + C)** that starts in b and ends in (t) (see[5.9). This
means that there exist geodesics that cannot be obtained using minimal vectors V in (K + C)*".

In the general context mentioned at the beginning of this section the previous results imply that if
B is only required to be a C*-algebra then, even when Hopf-Rinow type theorems can be obtained,
there exist short curves in U 4/Ug that cannot be described using minimal elements of A.

2. PRELIMINARIES

Let B(H) be the algebra of bounded operators on a separable Hilbert space H, and K(H) and
U(H) the compact and unitary operators respectively. If an orthonormal basis {e;};en is fixed we
can consider matricial representations of each A € B(H), that is A = (A, ;)i jen = ((Ae;, €;))ijen and
diagonal operators which we denote with D (B (#H)). Any D € D (B (#H)) fulfills (De;,e;) = 0 for
every ¢ # j.

With the preceding notation, we define columns (and similarly, rows) of any operator A € B(H)
as ¢j(A) = X7 {Ae; ey e; = (Ayj, Agj,...) < (2, for each j € N.

We call Uy, the Fredholm subgroup of U(H), defined as

- Uy ={ueld(H):u—TeK(H)}
21) ={uel(H): I KeKH)" u=_e"},
and the subgroup studied in [5]:
Upg={uel(H):u—eP e K(H) for De (D(B(H)))™}
—{ueld(H):IKeKH)™ and (D(B(H)))™, such that u = eXeP},

where [ is the identity in B(H) and the superscript * means anti-Hermitian as well as * means
Hermitian.
Consider the unitization of IC(H)

K+C=K(H)+{\: NeC}c B(H),

(2.2)

endowed with the norm
[|K + M|iic =sup{|[KC + XC| : C e K(H), |C| =1},

for any K + Al € K + C (here | - || is the usual operator norm in B(#)). The | |ic.c norm coincides
with the operator norm in B(H):

1K+ M[cc = [ K + M|

(this follows after considering the multiplication (K + AI)C for C = h® h € K(H), with h € H and
|7 =1).
The space (I + C, || - ||x+c) is a unital C*-algebra with unit Iixc =0+ 1.1 = I.
Let D(K(H)) =D (B(H)) n K(H) and define the subspace of diagonal operators of I + C, given
by
DIK+C)=D(K(H))+{\: NeC}.
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It is apparent that D(KC + C) is a unital C*-subalgebra of I + C and Iic;.c € D(K + C).

If u= K+ A € (K + C) is a unitary operator, direct computations show that K K* = K*K and
|A| = 1. Therefore, there exists § € R (A = ¢¥) such that u verifies that u — ¢ € K(H). Then
u € Uy,q (see (2.2))) and therefore there exists Ky € K(H)* such that u = e®0e®! for the same 6 (as
seen in the proof of Proposition 3.3 in [5]). Moreover, it is apparent that if u = eXe! with § € R

and K € K(H)*", then u = ¢ + (3, _, £-e™") € Uk,c, the unitary group of K + C.

nzl nl )
Similar considerations can be made with the unitaries of D(K +C). If v € Up(cic) then v = d+ ¢’

with d € D(K(H)) and 6 € R. This implies that |d;; + ¢?| = 1 for all j € N and therefore
(d+ €)= ¢! with R a real diagonal matrix such that R;; — 6 when j — co. Conversely, if v = e/t
with R;; € R and lim;_,, R;; = 0, then v = !B € U, 1, c) because lim;_,o, (R;; — ) = 0 and
therefore i(R — 0I) € K(H)™".
Then the unitary groups of K + C and D(K + C) can be described as follows:
Ucic = Up (T : 0 e R} = {5 . K e K(H)™ and 0 € R}

2.3 .
(23) = {fT . K e KK(H)™ and 0 € R}

and
Upicscy = {d+ e :deD(K(H)), 0eR such that |d;; + | = 1}
— {2 . dye D(K(H))™ and 0 € R}
— {ek: Lye D(B(H))™ such that lim (Lo);; = i6 with 6 € R}.

Jj—0

(
)

3. THE HOMOGENEOUS UNITARY ORBIT OF A SELF-ADJOINT COMPACT OPERATOR
Given a subgroup U < U(H) we will denote with OY the orbit of self-adjoint element b € K(H)"
by a subgroup U < U(H), that is
O = {ubu* : u e U}
Let b = Diag ({bi}ien) € D(K(H)") denote the diagonal operator with the sequence {b;}icy in its

diagonal. We study the unitary orbit of b € K(H) < K + C with b; # b; for each i # j under the
action of Ui, c:

(3.1) O = O — {ubu* : u € Uyyc).
Observe that it is apparent that the following inclusions hold for these subgroups of U(H):
Ur C Ukyc C Upa.

Nevertheless the orbit of b under the three subgroups is the same set O, because

(32) GKbG_K _ eKezthe—ztle—K _ eK-‘rzthe—K—ztI

for t € R and then O% = 0% (sce for example Remark 4.4 in [5]). Moreover, we will show further

that the three of them share the same natural Finsler metric on the tangent spaces (as seen in Remark

4.5 in [5] for the cases of O and O?k’d).
Oy has a smooth structure as described in Lemma 1 in [4] and the comments that follow it.

The isotropy at any c € O, = (’)ZI’C*C is Z. = {u € U c : ucu® = ¢}. In particular,
Ty = {u € Uxic : [u,b] =0} = Upiic)-
Remark 3.1. If c € Oy, the following identification can be made:
1.0y = (TUx.c)1/(TTy): = (K + C)*/(D(K + C))*".
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Observe that
(K+C)"/D(K +C)*™ = {[X]: X = Ky +i6pI, Ko K(H)" and 0, € R}.
where [X] is the class defined as Y € [X] iff Y = X + d + 401 for d € D(K(H)") and 0 € R. This

quotient space is endowed with the usual quotient norm, that in this case for X = Ky + 0,1 is

X|| = || Ko +i0ul]| = inf Ko+ 100l +d + 101
X)) = 1Ko+ 600 = inf K 6] +d + 6]

= inf HKO +d+ ieIHlCHC'
0eR; deD(K(H)ah)

In this context, a natural Finsler metric for any x € 1,0y, x = Xb — bX, with X € (K + C)*" is
|z[p = inf{|Y]: Y e (K+C)", Yb—bY = Xb—bX}

(3.3) = mf HX +d+i0l|xic = mf HX +d + 01|
deD(K(H deD(K(H
GGR GER

where X + d + ifI is any element of the class [X] = {Y e (K +C)* : Y = X +d +i0l, for 0 €
R and d € D(K(H)*")} in (K 4+ C)*/D(K + C)*.

An element Y € B(H)*" such that Yb —bY =z and |Y|,c = [V = |[X]]| = |z, will be called
a minimal lifting for z, and its diagonal will be a minimal diagonal approximant (or minimizing
diagonal) for Y. This operator ¥ may not be compact nor unique (see [3]), and it will be called a
minimal operator.

Given any ¢ = eXFitlpe=K-itl = oKpe=K ¢ 0, (K € K(H)", t € R) we can define the norm in its
tangent space 1,0, using that z = Zc —cZ € T,O,, for Z = e¥ Xe X € K(H)*" and Xb—bX € T,0.
Then the Finsler norm in 7.0y is |z]. = [[Z]] = inf{|Y]|: Y e (K+ C)®™, Ye—cY = Zc—cZ} =
I[X]]l. Note that this norm is invariant under the action of U, c.

Remark 3.2. As it was mentioned before in , the following orbits are equal
U U U,
(/) K+C O k Ob k,d

for Uy, C Usrc C Uia defined in (2.1), . ) and (2.2)) respectively (see Proposition 4.1, 4.4 and
Remark 4.7 in [7] ).
Let X € (K +C)®, X = K + it] with K € K(H)™ and t € R, then

b
—
inf |K+D|= inf |K+itl+D|< 1nf HX +i01 + d|

DeD(B(H)ah) DeD(B(H)ah) deD(K (1

(34) GER
= 1nf HK +i0l+d| < inf |K+d|.
deD(K(H deD(K(H)")
He]R

But since  inf  |K+d|| = 1nf HK+ D|, [Prop. 5,[3]], the previous inequalities imply that

deD(K(H)ah) DeD(B(H
all those infimums are equal.
This means that also the Finsler metric defined for T.Oy in coincides if we consider any of
the quotients K(H)™ /D(K(H)™), (K + C)™/D(K + C)* or (K(H)™ + D (B (H))"™)/D (B (H))™"
(see also Remark 4.5 in [5]).

Remark 3.3. Observe that nevertheless O, C O?(H). This follows because if we suppose that for
every X € B(H) holds that eXbe™™ = eXbe ™™ for K € /C(H)“h then e XeX must be a diagonal

unitary. Therefore, for all X € B(H)™ we could write that eX = eXeP for D e D (B (H))™ which is
known to be false (see for example Remark 3.7 in [5]).
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Consider piccewise smooth curves 3 : [a,b] — OF*°. We define
b
(35 L(B) = | 180y dt ,and

(3.6) dist(cy, ¢o) = inf {L(B) : 5 is smooth, B(a) = ¢1, B(b) = 2}

as the rectifiable length of 5 and distance between two points c;, ¢y € (’)?’“‘C, respectively.

4. A SHORT CURVE IN Ob OBTAINED ACTING WITH A MINIMAL OPERATOR NOT BELONGING TO
(K + C)*/D(K + C)ah

Consider the following operator described as an infinite matrix:

0 5 ~ 52 72 53 73
-9 0 7y _62 ,y2 _53 73
Zsn =1 _,;SQ 72 _,Y(; 02 % :23 13 , with ~,d € (0,1).
—(53 _53 _53 _53 _53 0 73
,.}/3 ,}/3 73 ’73 ,)/3 73 0

Zs is a Hilbert-Schmidt operator which has been studied in [4] in its self-adjoint version. We recall
here some of its properties.

Let 42 = § and 6% < ~ (for example v = 1/2 and § = 1/4), and denote with ch,lv] the operator
defined by the matrix of Z;, with zeros in the first column and row, with ¢;(Zs.) the first column
of Zs.,, and with Dy the (uniquely determined) diagonal matrix such that every (Dy);; is chosen to
satisty ¢;(Zs) L ¢1(Zs,) for all i # 1. Then

1
|2 + Dol
le1(Zs,)]

is also a Hilbert-Schmidt operator with the property that Dy (constructed as mentioned before) is
a minimal diagonal for Z, (see (5.1) in [4] for a detailed proof of these statements and the follow-
ing comments). Moreover, it has been proved that Dy € D(B(H)*") is the unique bounded best
approximant anti-Hermitian diagonal of Z,. Dy has the particular property that limg_,(Do)ok 2k #
limy o0 (Do)ak+1.2k+1 and both limits are not null. Therefore Dy is not compact and we call it an
oscillant diagonal. We will write with

1 1
(4.1) Z, = (Zs, — 210) + 211

(4.2) Zy = Z,+ Dy
to denote the minimal operator constructed as above.
Then
(4.3) dist(Zo, DIC(H)™)) = [ Zollxaoer picapery = 1 22] = |er(Za)] = e (Zo)]).

Theorem 4.1. Let b = Diag ({b;}ien) € D(K(H)") with b; # b; for each i # j. Consider the unitary
orbit Ozbj’wc defined in (3.1) and x = Zb — bZ € T,O,, for Z a minimal operator in K(H)™ +
D (B(H))™. Then the uniparametric group curve ~(t) = e'?be~2 has minimal length in the class of

s s

all curves in Oi{’“‘c joining v(0) and y(t) for each t € [_M’ m]



6 TAMARA BOTTAZZI ! AND ALEJANDRO VARELA?Z3

Proof. This proof is a direct consequence of mentioned previous results, but we include here the
citations and reasonings for the sake of clarity.

By Theorem 4.2 in [5], v(t) € O for any ¢ € R. Using Remark we obtain that y(t) € O+ =
Oy, V t. Moreover,

|zl = 26— bZ], = [[Z]] = inf |Z + d+i0l| = |Z],
0eR; deD(K(H)eh)

where the minimality of Z implies the last equality.
Consider P, = {ubu* : we U(H)}, then by Theorem II in [7], since Z is minimal, the curve 7y has
minimal length over all the smooth curves in P, that join v(0) = b and ~(¢), with |{| < Since

clearly O?’“C C Py, then for each ¢, € [

2\IZII
IC+C
2” 717 3] Z”] follows that 7 is a short curve in O, ™", that is

L <7|[0,t0]> = diSt(b,’y(to)),
where dist(b, y(to)) is the rectifiable distance between b and ~(ty) defined in ((3.6]). O

Corollary 4.2. Let b = Diag ({b;}ien) € D(K(H)") with b; # b; for each i # j. Consider the unitary
orbit O?’C” defined in ((3.1), x = Z,b — bZ, € T,Oy, for Z, defined in (4.1)), with Dy its unique
minimizing diagonal, and Zy = Z, + Dy defined in .

Then the uniparametric group curve ¥(t) = e'?2be~'%2 has minimal length in the class of all curves

. U, L.

in Oy~ joining v(0) and (t) for each t € [—QHZQH’ 31Za] |-
Proof. If we consider Z = Zy = Z, + Dy in the statements of Theorem [4.1| then Z, satisfies the
conditions required and therefore the proof is apparent. 0

The previous result will allow us to state that the converse of Theorem I in 7] does not necessary
hold when the subalgebra considered (here D(KC+C)) is not a von Neumann algebra. Let us describe
the context of that article. Let A be a C*-algebra and B a C*-subalgebra, then a natural Finsler
metric as the one in (3.3) is defined for the generalized flag P = U,/ Ug. If the element X e A%
is minimal for a tangent vector x € T,(Us/Ug) ~ T1(U4)/Ti(Ug) (that is: z = Xp — pX and
| X = inf{HYH 1Y € A" Yp — pY = x}) then the curve y(t) = Lox - p has minimal length for
It < arxy (Where L is a left action on P) with the distance defined in (3.6]).

The following result shows that there might exist some minimal curves v in these generalized flags
P = Uc+c/Upc+c) that are not of the form y(¢) = Laz - p for Z € A" a minimal lifting of a tangent
vector x € T1(U4)/T1(Up).

Remark 4.3. Let Zy be the operator defined in (4.2). As it was mentioned in Corollary the

_ U
tZo be tZo Ob K+C

uniparametric curve y(t) = e has minimal length in the class of all curves in O, =

joining v(0) and y(t) for each t € [—L L]

2|22 2| 22|

Therefore the curve 7 is included in Oy with initial conditions v(0) = b, v (0) = x = Z,b—bZ, even
for velocity vectors x € T,Oy that do not have a minimal compact lifting Ko (recall that Z, + Dy is
not compact and Dy is its unique minimizing diagonal). Thus Uk ¢ is an ezample of a group whose
action on Oy has short curves that might not be described using minimal vectors Y € (K + C)ah.
This is not new (for instance, see Remark 4.7 in [5]), but in the present case K + C and D(K + C),
whose anti-Hermitian elements are the Lie-algebras of Uk, c and Upgcic) respectively, are unital
C*-algebras.

We will develop some details of this situation in the next section.
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5. NEIGHBORHOODS OF SHORT CURVES DEFINED BY MINIMAL VECTORS IN u,c+c/up(,<+@)

In this section we will consider the problem of the existence of a neighborhood around b €
Diag(K(H))" with b;; # b;; for @ # j whose elements can be joined with b with a short curve
of the form

’7(15) _ ethe—tZ
for some minimal anti-Hermitian element Z € (K + C)* and ¢ in some interval.

Recall here Zo = Z, + Dy defined in ({4.2) where Z, € K(H)™ is the Hilbert-Schmidt operator
defined in and Dy is its unique minimizing diagonal with the property that D, has subsequences
that converge to two different (not null) limits as described in the previous section. Moreover, Z,
satisfies,

(1) [[Za| = fe(Z2)],
(2) Cl(Zg)l = (22)171 =0 and
(3) Cl(ZQ)j = (Zg)j@ #0 for all j # 1.

Lemma 5.1. Let v(t) = eZbe~t? < O, with Z € B(H)™ a minimal operator with unique minimizing
diagonal, and consider a curve §(t) = e™Vbe™ | with V € B(H)™ another minimal operator such that
3(0)=Vb—0bV =+'(0) = Zb—0bZ. Then it must be Z = V.
Proof. Since §'(0) = +/(0), then

d(0)=Vb—0bV =+(0) = Zb—bZ
and therefore V — Z commutes with b. Then V — Z € D(B(H)*") which implies that Z and V must

be equal outside their diagonals. Then, since Diag(Z) is the only minimizing diagonal for Z and V/
is also a minimal operator then Diag(V') = Diag(Z) which implies that V' = Z. O

Remark 5.2. Observe that if we apply the previous lemma to the case where Z = Zy defined in
and & and V satisfy the assumptions of the lemma, then in particular V ¢ (K + C)*. This is
a direct consequence of the fact that Zs has two different non zero diagonal limits, something that
Ve (K + C) cannot satisfy.

Lemma 5.3. Let Z = Ky + Diag(Z) with Kz € K(H)™, Diag(Z) € D (B (X)) be a minimal
operator and 7y : [0, ﬁ] — Oy the short curve defined as y(t) = e'Zbe™*? (see Theorem and let
Jd: [O, M] — Oy be another short curve defined by 5(s) = e$Vbe™*V for V = Ky + Diag(V) another
minimal operator with Ky € K(H)™ and Diag(V) € D (B (H))™". Moreover, suppose that there exists
ty € (O, IOT(ZZﬁ/g] and s1 € (0 ] such that ~(t1) = 6(sy).

Then

_T_
22V
6tlZ _ eslvefDiag(31V)+Diag(t1Z) and HS1VH _ HtlZH

Proof. Note that t; satisfies [t1Z] < (log2)/8, and then ¢, 7 is sufficiently close to zero in the sense
of Definition 2.1 of [5].
Now consider the equality v(t1) = §(s1)

681Vb€781V — etlzbeftlz'

Then
be—S1V€t1Z _ 6—51V6t1Zb

which implies that b commutes with e*1Vef1?. Therefore e=*1Ve!1%

there exists D € D (B (H))" such that e=*1VelZ = P,
Observe that since Z is a minimal operator the length of v restricted to [0,¢] is |[t1Z] and if ¢
is a short curve then the length of 6 must coincide with |t;Z]| (see Theorem 4.1 in [7]). Since the

is diagonal and unitary. Then
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length of 0 restricted to [0, s;] equals |[s;V| because V' is a minimal operator, then |[t;Z]| = |s1V].
Also t1 7 is sufficiently close to zero (thus s;V'), so we can apply Proposition 3.11 and Corollary 3.12
of [5] to obtain

6D — 6—81V6t1z

(5 1) _ e—slV+Diag(slV)—Diag(31V)etlZ—Diag(tlZ)+Diag(t1Z)

_ erDiag(s1 V)+Diag(t12)

for K € K(H)*" with Diag(K) = 0. Then, since ¢, Z| = ||s1V] < (log2)/8, then | D| = [log(e~*V e )| <
—1/2log (2 — €21 ZIF25VI) < 7 (see some of the Baker-Campbell-Hausdorff series bounds in [2] or
[10]). This implies that D = K — Diag(s;V) + Diag(t;Z) because el = eK-Diag(s1V)+Diag(t12) apq
both anti-Hermitian exponents have norm less than 7 (see for example Corollary 4.2 iii) of [6]). But,
since Diag(K) = 0 and D € D (B (#))"", then

(5.2) D = —Diag(s,V) + Diag(t,2).

and K = 0. UJ

Theorem 5.4. (Local Hopf-Rinow theorem) There exists W, < O, = OZ;’“C a neighborhood (with
the distance defined in (3.6)) of b € DK(H)") with b;; # b;; for i # j, such that for every p € W,
there exists a short curve v in Oy that joins b with p, and v : [0, 1] - W, < O,

v(t) — ol (Ep+Dp) o —t(Kp+Dp) ’

with K, € K(H)*", D, € D(B(H)™, |K,|,|D,|,|K, + D,| < 82 and (K, + D,) a minimal
operator in K(H)* + D (B (H))™.

Proof. If we consider the isotropy compact generalized flag manifold P = U(H)/D(U(H)) then for
po € P there exists a neighborhood

Vo = {Lupo : u = e~ for X € B(H)™, | X| < 7/2}

where a local Hopf-Rinow theorem holds (see Theorem II-1 and Example 1 of [§]). That is, for every
p € V,, there exist a minimal operator X € B(H)*" with [X|<7/2 and a minimal uniparametric
group curve v : [0,1] — P, v(t) = Leix po joining v(0) = po and (1) = p.

The generalized flag manifold P = U(H)/D(U(H)) can be identified with the unitary orbit of
be D(K(H)") with b;; # b;; as well as its tangent spaces as we have done with O, in Remark :

7. O™ ~ 1 UH) /T D (UH)) = BH)™/D (B (H))™"

Since we are using the adjoint action L, then L,b = ubu® in this context. And if we consider py = b
we can conclude that for any p = eXbe % € (O, N V) with K € K(H) (see (3.2))), there exists a
minimal operator Z € B(H)*" with |Z| < 7/2, such that

(5.3) ~v:[0,1] — (’)g’(%),”y(t) = eZbe? | with 4(0) = po = b and y(1) = p = ¥be ™ * = eZbe 7.
Note that in this case e? cannot be any element of U(H) because eXbe™% = eZbe=Z implies that
e = el for D € D(B(H))™, and therefore €Z € Uy, 4. Moreover, we will show that choosing a
smaller neighborhood Z can be written as Z = K’ + D', with K’ € K(H)*, D' € D(B(H))"". In
order to obtain this last assertion recall from Lemma 3.14 of [5] that there exists g > 0 such that if
u € Uy 4 satisfies |u — 1| < ey, then there exist K’ e IC(H)* and D’ € (D (B (H)))*" with u = eX'+P’
for [K'|,||D’|,| K’ + D'| < ' (see Definition 2.1 and the proof of Lemma 3.14 of [5]).
Then define the neighborhood of b in Oy:

W, = {ubu* : u = e? € Uy, 4, Z € B(H)™", | Z| < log(1 + ¢)}
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with g¢ from Lemma 3.14 of [5]. Note that W, C (V,nOy) < (Vb N O?(H)). It is apparent that if u =

e? e Uy, 4, with Z € B(H)*", | Z|| < log(1+&y), then [eZ —1| < el?l —1 < &y. Applying the mentioned
lemma, this implies that in this case there exist K’ € K(H)™ and D’ € D (B (H))™" with u = X'+’
for |K'|,|D'|,|K’ + D'| < *%2. Following the discussion after (5.3), if v : [0,1] — OZJ(H) is the
short curve (t) = e'?be™'% < V, for Z € B(H)® a minimal operator such that (1) = eXbe 5 € O,
(for K € K(H)™), then it must be e = efeP € U, 4. Moreover, since [[e? — 1| < g, there exist
K' € K(H)™ and D' € D (B (H))™" satisfying

! ! 1 2
ezzeK+D,for||K'+D’H<%:>Z=K’+D’

because Z and K’ + D’ have norm smaller than m. Then the entire curve 7 : [0,1] — Og{(H) is
included in O, = O*¢. In this case, being Z = K’ + D', the distance from py = b to p = eZbe™%
is the same either if we consider the Finsler metrics in O, or in (’)g(%) (see (3.4)). Then ~(t) =
et?be 7 = K+ D) petK'+DY) " - 10, 1] — O, defines a short curve between b and p = eXbe K =
oK +DNpe~(K'+D") " with K’ + D' = Z a minimal operator of K(H)™ + D (B (#))*". The statement
of the theorem follows after substituting K’ = K, and D’ = D,,.

The element p = eXbe % € W), was chosen arbitrarily, so we have proved that W, is a geodesic
neighborhood of b in O,. 0

Remark 5.5. Observe that the unitary e*+™Pr € Uy 4 mentioned in the previous theorem might not
belong to IC + C, but y(t) = e!EetPe)pe=tKotDo) € Oy for every t (see Remark .

Remark 5.6. Let ¢ = efobe™0 € Oy, with Ky € K(H)*". The action L,(c) = ucu®, for u € Ux,c
is invariant for the distance defined in O, and therefore the previous result also holds in this case.
That is, there ezists a geodesic neighborhood W, of ¢ such that every p € W, is joined with ¢ by short
curves included in Oy of the form L.k, oy (for v the curve described in Theorem |5.4)).

Here we recall some results and the notation used in 7] and state its translation to the particular
example we are studying. In the work mentioned, the minimality of a curve v : [0, M] — Oy,

Y(t) = eZbe ', with Z be a minimal lifting of x € T,0y, was proved using a unitary reflection
ro in a Hilbert space with certain properties (see Definition 2.4 in [7]), a representation of A in
B(H) with particular properties (in our case the identity representation verifies them) and a map
F: Oy, — Gr(H) (Gr(H) is the Grassmann manifold of H) defined by F(ubu*) = urqu*. The unitary
reflection 7y used there is

x, if v e Sb
54 wn = { s

where Sy, is the closure of Q = {x € H : x = UE, for U a diagonal in Ui,c} and £ € H certain
vector satisfying Definition 4.1 of [7].

Now, if we consider the particular case in which Z is a minimal operator such that |Z| = |¢;,(Z)],
¢io(2)jo = Zjpjo = 0 and ¢;)(2); = Z; 4, # 0 for all j # jo (see the example of and Lemma [6.1)
we can be much more specific about ry and &.

After the corresponding translation to this case

o B B xr , if x e gen{¢} = gen{e;, }
(5.5) § =iej, Sp=gen{{} and ro(z) = { —x , ifze gen{f}L _ gen{ejO}L .
Moreover, ¢ fulfills Definition 4.1 in [7], since Z2¢ = —|Z|?¢, ro(§) = € and ro(Z€) = —Z¢.

Therefore, (1) = €'Zbe~*? minimizes length between the points y(0) = b and v(t) if 0 < ¢ < VAR
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In this context, the map Fy : O — . < H, Fe(ubu*) = urqu*(§), where . is the unit sphere of
H, reduces length. That is, if 6 : [0,¢9] — Op and v : [0,to] — ., v(t) = F¢(6(t)) then (see Corollary
3.4 in [7])

((v) < L(9)
with L defined in and ¢ the length in ..
The following result is an application of Theorem 4.1 and Lemma 4.2 in [7] to our context.

Proposition 5.7. Let Z and V be minimal operators of (K(H) + D(H))*" and consider the following
curves in Oy (defined in (3.1))

Y(t) = eZbe " and 6(t) = eVbe V', t > 0.

Suppose additionally that there exists 0 < tp < min{ o L} such that ~y(tg) = 0(to)-
Then, following the previous notation,

(1) w(t) = Fe(v(t)) and v(t) = F¢(3(t)) both are geodesics in the sphere . < H and

{(w) = L(v) = L(6) = £(v).
(2) v and ¢ mmimize length between the points b and ~(t) and 6(t) respectively, if 0 < t < to.
(8) v(t ) = eVroe V' (€) = etZroe 2 (&) = w(t), for 0 < t <ty and ry the unitary reflection defined

in (5.4).

Proof. As it was mentioned before, items (1) and (2) are a direct consequence of Theorem 4.1 and
Lemma 4.2 in [7]. If vy(to) = 0(to), w(ty) and v(ty) match. Since geodesics for fixed ending points in
the unit sphere . are unique (maximum circles), then w(t) = v(t), for all 0 < t < t,. O

Observe that the assumption of existence of such ty is possible even if v(t;) = d(t9) for t; # t,

since 0(t) can be re-scaled defining 0(t) = e Y be ttlv forte |0 ]and then d(t1) = y(ty).

’ 2t2 IV

Lemma 5.8. Let b € D(K)" with b;; # b;; fori # j, Z,V € (K(H) + D(B(H)))*" be minimal
operators such that for some joe N |Z| = |¢;,(Z)], CJO(Z)jO = Zjojo =0 and ¢;,(2); = Z; j, # 0 for
all j # jo. Moreover, if there exists to with 0 < ty < that satisfies e*Zbe10Z = esoVpe=s0V  for

Sp € [0, ﬁ], then

2\IZH

Socjo(v) = tono(Z),
that is, the ji' column of Z is a multiple of the ji' column of V.

Proof. We can suppose that jo = 1. First, consider W = i—gV,
v(t) = e?be™# and 6y(t) = ™ be W

for t e [0, ﬁ] Then 7(ty) = eV be=V = gloso/toV pe—toso/toV — §(¢,). Moreover, since also W is a

minimal operator, then v and ¢y are short curves in the interval [0, ¢y] and then the length of ~y ‘[O,to]
equals that of & [(o4,. That is, to| Z| = to|W]| (see for example Theorem 4.1 of [7]) and therefore in
particular

(5.6) 121 = 1w

Using the preceding notations of Proposition , the assumptions made here imply that v(t) =
Fe(y(t)) = Fe(0o(t)) = w(t), for t € [0,tp]. Then their derivatives coincide for every ¢ € [0, to]

(5.7) w'(t) = (Werge ™ — eWrge W) (&) = (Ze"roe ™ — eroe 7 Z) (€) = V'(t).
where £ = iey, n = Hzlg and the reflection ¢ are defined in ((5.5)) and fulfill 7¢(§) = £ and ro(n) = —n.
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Then, if we evaluate int=0
w (0) (Wro —rW) (§) = (Zro —102) (§) = v'(0).
Hence, since ro(§) = € and ro(c1(Z2)) = ro([er(Z)|n) = |er(Z)]ro(n) = —[er(Z)|n = —c1(2),
Wro(§) = roW(€) = Zro(§) — 10Z(E)
W (ier) — roW (ieq Z(zel) —roZ(ieq)
ict(W) —irg(ci(W)) =ic1(Z) + ro (ic1(Z2))
il —1o) (n(W)) = Z201<Z)

On the other hand, if we consider the decomposition H = gen{¢} @ (gen{¢})* then the identity
operator I and ry can be matricially described as

10 1 0
[:(O 1) androz(o _1>,

respectively. Then, (5.8)) implies that (I —179)(c1(W)) = 2(c1 (W) — Wi 1e1) = 2¢1(Z) and then

)
)
)
(5.8) %

(5.9) a(W) —Wiier = ci(2)
and |1 (Z)| = |Z]| = |W| (see (5.6)). This implies that |c; (W) — Wi 1eq| = [|[W||, and therefore
Wl,l = 07

since otherwise |c;(W)| > |W/||, which is a contradiction. Therefore, returning to (5.9) we obtain
that ¢; (W) = ¢1(Z) that implies that

which ends the proof. O
Next, we obtain the second main result of this section.

Theorem 5.9. Let b € D(K)" with b,; # bj; fori # j, Z € (K(H) + D(B(H)))™ be a minimal
operator such that for some jo € N, holds that |Z| = |c;o(2)|l, ¢jo(Z)jo = Zjojo = 0, ¢jo(Z); =
Z;io # 0 forall j # jo, the sequence {Diag(Z); ;}jen has more that one not null accumulation points,

and y(t) = eZbe ' fort e (0, %)

Then there is not any minimal operator V € (K + C)* such that §(t) = eVbe ™, t € [O, ﬁ]

satisfies y(tg) = 0(sg) for to, so in the respective domains.

Proof. As done before, we are going to prove only the case jo = 1. Suppose that there exists a minimal

operator V € (K + C)* such that §(sq) = e®Vbe 0V = (ty), for sq € <0, ﬁ] and ¢y € (O, éOH;gZQ\\)

log 2
Note that in particular ¢y < 8IZ] ZH < 2\\2\\

Applying Lemma , — Diag(soV) + Diag(toZ) € D (B (H))™" is such that
e—sovetoz _ e—Diag(s()V)-‘rDiag(toZ)
and [[toZ] = |soV-

Then, the fact that Z satisfies |Z| = ||c1(Z2)]| (See (4.3)) implies that V' must fulfill that

which implies that v is a short curve in all its domain.

(5.10)

(5.11) VI = HC1( )l
Using Lemmafollows that tocy (Z) = socl(V), and therefore (5.11)) implies that |V = 2_2”01(2)” =

ey (V)] = (V).
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Then Lemma implies that ¢1(V') is orthogonal to every other column of V. This property also
c1(Z) e (V) _ a(V)
[~ e~ Ta(MI’

holds for ¢1(Z) and the columns of Z. Recall the notation £ = ie; and n =

and consider

alg) alV)
ler(2)] ~ ler (V)]

A direct computation shows that £ + n is an eigenvector of Z and V' of the eigenvalue i||Z| =
ilei(2)] = i]er (V)] = i32[ V] (see for example the proof of Theorem 2 in [] for the self-adjoint
case). The prev1ous comments imply that

§+77=i61+ 161 + ———

S2 . .
eD(§ 1) = 6—50V€tOZ(§ +1) = o 1V gito] Z| (E+n)= eito—s0)|1Z] (€ +n)
where in the last equality we used ||V = z—gHZ | and the series expansion of the exponentials. Then,
using (5.10) we write

(5.12) GD(S +n) =€ Diag(soV)+Diag(toZ) (E+n) = eito—s0)[Z] (€ +n).
Therefore, considering the equality in each entry of (5.12)) we obtain
e(=s0V+t02);,; (f + 77) = eilto=s0)|Z] (g + ,7) )
for all j € N. The fact that (¢ +1); # 0 for all j € N implies that e(=50V+02)ii = ¢ilto=s0)lZl for every

log 2
8z

j. Since we are supposing that ¢, € (0 ] then the exponent (—soV +t,Z),; is small enough and

we can conclude that
(=soV +t2);; = —s0Vj; + to(Z);; = ito — s0)|IZ]

for all j € N. But this is a contradiction since we are supposing Diag(V) = d + 101, with d € IC(H)*"
6 € R, and we know that Diag(Z) has more than one (not null) limit. Therefore, a minimal operator
V e (K +C)% cannot form a curve 6(t) = e!Vbe " that crosses 7 for ¢t > 0 in a certain small enough
neighborhood of b. 0

Corollary 5.10. If we consider Zs as defined in for every neighborhood &, of b in O, there
exist elements (e?0%2be"0%2) € X, such that there is not any short curve of the form §(t) = e!Vbe™tV
with V € (K 4+ C)™ that joins b with eZ2be~"%2. [In fact, this is true for e'?2be='%2 for every t in
certain interval.

Proof. Observe that the operator Z5 satisfies every assumption needed by the operator Z in Theorem
5.9, Then the proof is a direct application of the previous theorem. 0]

Remark 5.11. Note that the situation mentioned in the previous corollary applies to the geodesic
neighborhood W, obtained in Theorem [5.4] even when in that case every element of W, is reached by
a short curve.

6. APPENDIX

In this section we include various results concerning minimal anti-Hermitian operators in B(H)".

Lemma 6.1. For a given fized orthonormal basis of H, let V € B(H)™" be such that there exists

Jo € N that satisfies |V| = |c;o(V)| (where ¢;(V) is the j™ column of the corresponding matriz
representation of V' in the fized basis). Then
(6.1) ¢jo (V) Lej(V), ¥i# jo.

If (¢jo(V));, = Vioyo = 0 then V is a minimal operator.
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Moreover, if ¢;,(V); =V, o # 0 for all j # jo, then V' has a unique minimizing diagonal defined
by

(& ).e0(V)5 )
Vido

(6.2) Vij=— , for j # Jo

where c,(X);€ HO gen{e,} is the element obtained after taking off the I™ entry of cx(X) € H.

Proof. Note that we can suppose that jo = 1 to simplify the notation. Similar considerations could
be done for the j&* column.
In the matrix representation corresponding to the fixed orthonormal basis {e;} ey, We can consider

x = cos(t)e; + sin(t)e;, for j # 1.
Observe that |z| = 1, and then it must hold |Vz| < |V|. Let us consider f: R — R such that
1) = IV (cos(t)er + sin(t)e;) [P = || cos(®)V (1) + sin(t)V (e
= || cos(t)ei (V) + sin(t)e; (V)|
= {cos(t)c1 (V') +sin(t)c;(V), cos(t)er (V) + sin(t)c; (V)
= cos?(t)]lcr (V)| + sin®(t)] c; (V) ||*> + 2 cos(t) sin(t) Reley(V),¢;(V)).

(6.3)

Then
f'(t) = — 2sin(t) cos(t) e (V)]|* + 2sin(t) cos(t)[c;(V)]|*+
+ 2 (cos(t)? —sin(t)?) Reder(V), (V)
=sin(2t) (¢ = [er]?) + 2 cos(2t) Reder(V), ¢;(V)).
Then, if Re{c;(V),¢;(V)) >0
F1(0) = 2Reder(V), ¢5(V)) > 0 and f(0) = [es(V)?
and then f'(t;) > 0 for some ¢; > 0, which implies that f(¢;) > ||c;(V)|?, a contradiction.
On the other hand, if Re{c;(V),¢;(V)) <0
F1(0) = 2Reder (V). (V) < 0 and f(0) = [ler (V)]

and then f’(t5) < 0 for some ¢y < 0, which implies that f(t3) > |ci(V)|?, a contradiction.

Therefore it must be Re{c;(V), ¢;(V)) = 0.

Now consider z = cos(t)e; + isin(t)e; € H, that also satisfies |z| = 1. Then following the
steps we used in the case of © = cos(t)e; + sin(t)e; but using z, it can be proved that 0 =
Re(=i){c1(V), ¢;(V)) = Im{er (V) ¢5(V))-

In order to prove the last part of the lemma observe that

(1) as proved in the first part of this lemma, ¢;(V') L ¢;(V) for all j # 1,
(2) and the assumptions
(a) aa(V)1 =Viq1 =0,
(b) Cl(V)j = ‘/;‘71 #0 fOI'j #1
(c) and the equality [|V]| = ¢, (V)
Then the proof of the minimality of V' follows applying Theorem 2.2 from [I] substituting A with
B(H), B with D(B(H)), p with the identity, £ with ie; and Z with V. Note that we only need
assumptions (1), (2)(a) and (2)(¢c) to prove that

Vz(z' e1) = —HVH% e; and that (V(iey),D(ie1)) = (ic1(V),iDy1) =0

in order to fulfill the assumptions of Theorem 2.2 from [1].
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The equality follows after the condition ¢;(V) L ¢;(V) for j # 1 and the fact that ¢;(V); =
V1 # 0 for those j.

Moreover, if we consider V' + D, for D # 0, and Dy, # 0, follows that |c¢;(V + D)|| = [e1(V) +
Dijeq| > |er(V)| = |V and therefore V' + D cannot be minimal. Now suppose D;; = 0. Direct
computations show that

Ve (V) + Dey (V)] =

(V + D) ’ ﬁ | Jex (V) er + Der (V)]

(e

-
BXG]

_ H—cl<v>re1 ;

(6.4) ci(V)] H

DCl( )

e ( ) > er(V)] = [V

In the previous strict inequality we have used (2)(a), (2)(b), D # 0 and D;; = 0.
Then |V + D| > |V| for D # 0, which implies that the diagonal defined in (6.2)) is the only

possible minimizing diagonal of V. U

Another way to prove equation ([6.1]) of the first part of the previous Lemma is using Corollary
of the following theorem.

Theorem 6.2 (Sain, [9]). Let Hy, Ho be Hilbert spaces and T € B(Hi,Ha). Given any x € Hy,
|Tz| = |T| if and only if the following two conditions are satisfied:

i) {x,y) =0 implies that (T'z,Ty) =0,
i) sup{| Ty - [yl = 1,{z,y) = 0} < |T'=z.

Corollary 6.3. Consider H = Hi1 = Hy and V € B(H). Then there exists jo € N such that
IVIE= 1V (e = lleio (VI if and only if

i) {ej,,e;) =0 implies that (Vej,,Ve;) = {c;,(V),c;(V)) =0 for each j € N, j # jo,

i) sup{|c;(V)| - 5 € N} < flejo (V)]

Proof. The proof is a direct consequence of Theorem after observing that in item i) of the corollary
is equivalent to say that {ej,,y) = 0 implies that (Ve;,, Vy) = 0 for any y € H. O
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