MULTI-ORBITAL FRAMES THROUGH MODEL SPACES
CARLOS CABRELLI, URSULA MOLTER, AND DANIEL SUAREZ

ABSTRACT. We characterize the normal operators A on % and the ele-
ments a’ € £2, with 1 <4 < m, so that the sequence {A"a’, ..., A"a™},>0
is Bessel or a frame. The characterization is given in terms of the back-
ward shift invariant subspaces in H?(D).

1. INTRODUCTION

The study of the dynamical behaviour of a bounded operator A on a
Hilbert space H consists of studying the orbits {A"f : n € Ny} for f € H.
The literature is full of examples with characterizations of the operators A
such that there exists an orbit satisfying a particular property, and some-
times also of the initial vector for such orbits. For instance, if H is separable
and of infinite dimension, the orbit {A" f} is an orthonormal basis if and
only if A is the forward shift with respect to the basis e, := A" f, for n > 0.
Actually, this can be taken as the definition of the forward shift with respect
to a given ordered basis {ey}n>0. Moreover, it is not hard to see that the
only vectors with this property are Aeg, where A € C, with || = 1.

Less restrictive requirements for an orbit is that of being a frame or even
a Bessel sequence. Motivated by a time-space sampling problem, in [2] the
authors characterize the diagonalizable operators A and the vectors f € H
such that the orbit {A"f},>0 is a frame for a Hilbert space of numerable
dimension. The problem is modeled with the space H = ¢2(N), but with the
right definitions the results is valid for finite dimension.

A fortiori, in [1] it is shown that any normal operator A that admits
an orbit as a frame must be diagonalizable, so the above result applies for
normal operators as well. The normality of A allows the use of the spectral
theorem, which in conjunction with the fact that some orbit is a frame forces
the operator to be diagonalizable. Then, {A" f} is a frame if and only if the
sequence of eigenvalues {);} is an interpolating sequence for the Hardy space
of the disk H2(ID), and

f=1{dj(1 = N2 j €N}y € (N),
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where C~! < d; < C for all j € N and some C > 0 (see also (2.5) below
and the subsequent comment). The result holds for finite dimension, taking
¢%(J), where J C N is finite, and accepting interpolating sequences also as
those that perform finite interpolation in H?(ID).

In [4] the authors consider the problem of characterizing the normal ope-
rators A and vectors f1,..., fm € £2(N), where m € N, such that the union
of orbits {A"fj, n € N, 1 < j < m} is a frame. They obtained a characte-
rization where, as before, A has to be diagonalizable, the eigenvalues form
a union of at most m interpolating sequences for H?(ID), and there are two
more conditions, the last of which is not well understood and difficult to
handle.

In the present paper we give a different, more intuitive and geometric
characterization, which shows to what extent the pseudo-hypebolic metric
of D plays a role in the structure of the eigenvalues and their interaction with
the vectors f;. To do so, we need some tools from the theory of H?(D), such
as interpolating sequences, reproducing kernels and model spaces, which we
establish in the next section.

Finally, in proving the above characterization we found a result of in-
dependent interest (Thm. 2.7), which gives an upper bound for the Bessel
constant of the difference of normalized reproducing kernels in H?(ID) under
some geometric conditions of their base points.

1.1. The Hardy space H? and the model subspaces. Write ¢q(z) =
¢0(2) = z and for \; # 0,
)\z‘ —Z XZ
= — and (2) =
L. MBI

If {\;} is a sequence in D, the Blaschke product
B(z) = H(;S,\i(z) converges < Z(l — |\i]?) < oo,

P (2)

where the convergence is uniform on compact sets and {\;} is called a
Blaschke sequence. Every function f € H? factorizes as f = ¢gB, where
g € H? has no zeros on I and B is the Blasche product of the zeros of
f. If the zeros {);} have single multiplicies, the orthogonal complement
Kp := (BH?)"* of the closed subspace BH? of H? is generated by

L 2yL/2

ky; (2) = %,

(1= X2)
the normalizations of the reproducing kernels K, (z) = (1— ij)*l. The
name means that (f, K)) = f()\) for every f € H?. Blaschke products are
special cases of inner functions, which are functions u € H* whose radial
limit at the boundary satisfies [u(e®)| = 1 for almost every e € OD. The
model spaces are K, := (uH?)*, which by Beurling’s theorem [3] are the
closed backward shift invariant subspaces of H?. They are called model
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spaces because the compression of the forward shift to K, is a model for a
broad class of contractions (see [12]).
A sequence {);} in D is called interpolating (for H?) if

Ef:={{f kx)} € (2, Vf € H? and every w € (2 is of this form.

That is, E : H> — ¢2 is onto. Here we allow the set of indexes of ¢2 to be
the set of natural numbers or a finite section, so finite sequences of different
points will also be called interpolating.

When the above holds, {A;} is the zero set of the Blaschke product u, and
the restriction of E to the model space E,, : K, — ¢? is invertible. Therefore

HE 2 A1 < DO KA ) P < NEJP AR, VS € K.

This is equivalent to say that {k),} is a Riesz base for K,, or without
specifying u, that it is a Riesz sequence (see [10, Lect. 6, 1]). This means
that there are Cy, Cy > 0 such that

(11 Cod Il <D eknllP <C Y Il e} e .
i i j

On the other hand, {);} in D is called interpolating (for H>°) if
Vw € £>°(J) thereis fe H*™ suchthat f(\;) =w;, VjeJ

(again J = N or it is finite). The problem of characterizing interpolating
sequences for H* was considered by several authors until Carleson obtained
the definitive version in [5]. In [11] Shapiro and Shield provided a different
proof and showed that interpolating sequences are the same for all HP, where
1 < p < oo. For a Blaschke sequence {\;} write B for its Blaschke product
and B; =[],.; £; ;- The sequence is interpolating if and only if

§(B) = inf |B;(\;)| > 0.
J

A sequence satisfying this condition is usually called uniformly separated.
When this happens, B;(\;) "' B; € H? has norm < § !, here § := §(B), and
i
Bi(\)
Therefore, when {c;} € ¢2, the (unique) function g € Kp that interpolates
(9,kx;) = ¢j for all j is g(z) = 3, cigi(z). Any function F € H? satisfying
(F,ky;) = cj for all j has the form F' = g+ Bh, where g is as above, h € H?,
and ||F||?> = ||g||? + ||k||? (since Kp = (BH?)* and multiplication by B is
an isometry). In particular, g € Kp is the function of minimum norm that
satisfies (g, ky,) = ¢; for all j. Consequently, [11, Lemma 3] gives us

(1.2) lgll* < (2/8*)(1 +10g67%) Y |eif?,

where 6 = §(B). Also, the constants Cy and C; of (1.1) depend only on §.
Indeed, a more general statement will be given for C in Theorem 2.3. For

fi=kFk and g¢g; = ky, are biorthogonal sequences in Kp.
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Cy notice that (1.2) together with Lemma 2.2 imply that
d_IF.g)l* < CllfI?, Yf € K,

where Cjs is the constant of (1.2). In particular, when f = Zj cjky,, for
{c;} € £%, we obtain the first inequality in (1.1) with Cp = C; .

The pseudo-hyperbolic metric in D is given by p(z,w) = |¢.(w)|, and we
denote A(z,r) = {w € D: p(z,w) < r} for 0 < r < 1, with similar con-
vention for the closed ball Az, r]. Also, we will use that Blaschke products
satisfy the Lipschitz condition p(B(z), B(w)) < p(z,w) for z, w € D, and
the elementary equality

(1= [ —[2*)
|1 —7vz|2 '

(13) 1 e () =

2. BASIC NECESSARY CONDITIONS

Let ej, be the jo element of the standard base and a’ € ¢2 fori =1,...,m.
Then
m .
SNt )P = SOl e+ ]
n =1 n

|ajl-0|2+~'-—|— | 2
1- |)‘j0 |2
So, the lower bound for a frame implies that this is bounded below away
from zero, implying that > (1 — YIRS > it ]aé»lz < 00, hence \; is
a Blaschke sequence. Additionally, the Bessel constant (the upper frame
constant) on the standard base gives

m
Co(1—=NI?) < D la® < i1 = [\).
i=1
— . l . .
Let aj = {aj(1 — I\jH)z} e E?(J) forAz =1,...,m, where >, \a}\Q =1,
with J is finite or not. Then o' = d - &', a coordinate to coordinate product
for 1 <i < m, where d € ¢*°(J) is given by

i + - + o] ?
1— )2

\/aoﬁdj:[ IQS\/GL

That is, any m vectors a',...,a™ € ¢%(J) such that the union of the re-
spective A-orbits satisfies the lower and upper frame bounds when tested
against the standard base, write as

(2.4) aé- =d,; &; = djaj-(l — ])\j|2)%, forjeJ and 1 <i<m,
where C~1 < dj < C for some C' > 1 and > ", |a§-|2 =1 forall j €J.
Moreover, it is clear that {A"a’: n > 0,1 < i < m} is a frame (a Bessel
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sequence) if and only if a’ are given by (2.4) and {A"@*: n > 0,1 <i<m}
is a frame (respectively, a Bessel sequence). So, from now on we work with
at for 1 <i<m.

Write b = {(1 — |\;|?)'/2} € £2(J), and let ¢ € £2(J), where J could be
finite. Then

Z (A™D, )| = ZZ)\?X?(l Y2 - ’)\j|2)1/2 Gic;
n n Z,j
= DN NP ) e

ivj
S (L= [AP)2 = )2
= 1— M)

2Y)
= DD leghagcin) = 11D ek I
i J

CiCj

It follows that
(2.5) > [ArE O = | D alehy|P for 1<i<m.
n J

In particular, when m = 1, the orbit {A"a!, n > 0} is a frame if and only if
{k»,} is a Riesz sequence (i.e.: a Riesz base for the subspace K, := (uH?)*,
where u is the Blaschke product with zeros A;). By the previous section this
happens if and only if {\;} is an interpolating sequence (see [2, Thm. 3.14]).

2.1. Carleson measures and Bessel sequences. A positive measure p
on D is called a Carleson measure if

/ FPdu< G212, Y fe R

It is well known that p is Carleson if and only if

n(@Q) < CUQ)

for every angular square Q = {re? : 1 —¢ < r < 1, |§ — 6| < £}, where
¢ =/(Q). The smallest constant C' is called the Carleson norm of u and it
is noted ||u||«. Also, the optimal Cy and ||u||. are equivalent quantities (see
[7, I, Thm.5.6)).

Carleson measures and interpolating sequences are closely related, as we
shall see in the next lemma. For a sequence {);} in I consider the purely
atomic measure p = (1 — IAj|*)d5,, where 6y is the probability measure
with mass concentrated at A € D. Observe that u(D) = >_,(1 — IAj%) < o0
if and only if {\;} is a Blaschke sequence. Furthermore, it is well known
that

Lemma 2.1. If S = {);} is a sequence in D and pp = 3 ;(1— [Aj[?)dy,, then
(1) S is a finite union of interpolating sequences if and only if p is Carleson.
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(2) S is interpolating if and only if v is Carleson and p(Aj,\p) > 8 >0
when j # k (i.e.: S is separated).

When (2) holds and B is the respective Blaschke product, §(B) can be esti-

mated from p and B, and viceversa.

Proof. Assertion (1) is proved in [9, Lemma 21]. Assertion (2) can be found
in [7, VII, Thm.1.1], where it is also proved the equivalence with S being
uniformly separated and the relations between the various parameters are
established. O

The following basic and well-known result on Bessel sequences can be found,
for instance, in [6, pp. 51-53].

Lemma 2.2. For a sequence {f;} in M, the next assertions are equivalent:
(1) T({cj}) = Y. c;f; is a bounded operator from €* to H.:

1Y e il < TP eyl
(2) T*f = ({{f, f;)}) is a bounded operator from H to {*:
D WP < IT I 1512

By (2.5), {A"a!, ..., A"a™} is a Bessel sequence with constant < B? if and
only if {ajl-k)\]., e ,a;”k:)\j} is Bessel with constant < B2.

Theorem 2.3. The sequence {A"a',..., A"a™} is Bessel with constant <
B? if and only if the measure p = > (1 — |\i|*)dy, is Carleson, where if
C >0 1is such that

/ FPdu < CPFI2. for fe H,

then we can take B? < C? < mBZ2.

Proof. 1f

(2.6) 1" adesh, 12+ + 1> aleihn, I < B2 Je?,
J J J

the inequality holds for each member of the left sum. Hence, Lemma 2.2
says that for all f € H?,

SO 1P I )P =D D I bk P < B2 NI
i=1 i=1 j i=1

J

Since |aj|* +--- 4 |af*[* = 1, then p := >, (1= [Aj|?)dy, is Carleson with

[ 10 < mBf2, tor € 12
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Reciprocally, if p1 is Carleson with . [(f, k>\j>|2 < C?||f|1?, for f € H?, by
Lemma 2.2,

1Y " abeiha, 1P < C* Y [abPle;? for 1<i<m
J J
and {c;} € 2. Adding for 1 <i < m we get (2.6) with B = C. O
The next estimate for the distance between two normalized reproducing

kernels in H? is sharp and can be found in [4, Lemma B7]:

(2.7) ky — kwll? < 2p(v,0)2 Vo, w € D.

Theorem 2.4. Let S = {\;} be a sequence such that Y ;(1 — |\;|?)dy, is
Carleson and let m € N. Then there is a constant D > 0 satisfying

(2.8) D2 Z’CjP S ZHZO&;C]‘/C)\AF VC€£2.
J i=1

if and only if

(1) there is 8 > 0 such that A(\j, B) contains no more than m points of S
counting repetitions for all j.

(2) there is 0 < n < B such that if \j,...,\;, (p < m) are the points of S
in A(Xj;,n) counting repetitions, the related matrix satisfies

Cj o Y| |G
2 . . . .
Dy : < : : : V(le,...,ij) € CP,
) m m .
Cip Cp ajl ajp Cip Omx1

where Dy > 0 does not depend on p or the a’s .

Proof of necessity for Theorem 2.4. First we show that (1) holds. Suppose
otherwise that for any 8 > 0 there are at least m+1 points Aj;, Aj;, ..., A
of S counting repetitions, such that

(29) )\jo,)\jl,...,)\jm S A(Ajo,ﬂ).

To simplify notation we assume that j; = s for s = 0,...,m. Taking
c=(co,...,Ccm,0,...) € L2, each summand of the right side of (2.8) is

m .
1D ek, |1* =
=0

= | [ch'aﬂ kxo + 10 [kx, — ko] + -+ + emai, [k, — kIl
§=0

Jm

where 1 < i < m. If we take a normal vector ¢ € C™*! such that

af ..oab] [eo 0
: : o ;
o’ o lem 0
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by the Cauchy-Schwarz inequality and (2.7), the right side of (2.8) becomes
S Jerailon, = kag) + -+ + emad [k, — ko] ||* <
i=1

< m Y (eradlio, — |+ -+ emaduli, )
=1

m
< m28*Y  (lewai P+ + emal, P) < 2mp2.
=1

Therefore, (2.8) applied to this particular case says that D? < 2mp3?. This
means that (2.9) can’t happen for 8 < D/v/2m.

Proof of (2). Now let 0 < n < 3, where (3 is given by item (1) and suppose
that for 1 < p < m, we have

)‘jla . '7)\jp € A()‘jhn)'

As before, we write j = 1,...,p instead of ji,...,jp. Then,

p p
i i i i 2
1> ajeika > = || [ch%} kag +crad [k, — k] + -+ ok, — k|
j=1 j=1
p . 2 . .
< m (1D oo bnll® + lerailr, = a1+ + llepaplien, — F I
j=1

So, if ¢ = (c1,...,¢p,0,...) € £2, by (2.8) applied to this case and (2.7),

p m p )
DY el < DD dlicika )P
j=1 i=0 j=1

m P
12 . .
< m ’cha; +2n2\010/1|2+'--+2772\cpa;\2 ,
i=0 j=1
which clearly implies that
C1 2 Oé% Ozll) C1 2 C1 2
D] <ml| AN + 2mi?
Cp] |lcp af’ '] L] || gmx Ep ] |lcp
for every (c1,...,¢p) € CP. Thus, if T denotes the above matrix and ¢ € C?
is normalized, when 2mn? < D?,
D? — 2mn?
0<D2=""""T < 7|
m O
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2.2. Differences of normalized reproducing kernels. For £ C D and
0<r<1wewrite Q.(E):={z€D:p(z,FE) <r}.
Lemma 2.5. Let pgp = > (1 — |)\j\2)5)\j be a Carleson measure, 0 < r < 1
and N; € A(Nj, 7). Then p, = 3 7(1 - \)\;]2)5)\; is a Carleson measure such
that for some constant C(r) > 1,
(2.10) Cr) " lurlls < Nlpolle < C) [l

Proof. By [7, p.3] any z € A[\;,r] satisfies |z| < ¢}y, /(7). Then (1.3)
implies that for any angular square Q) C D,

IR e Y [ R
MQT(@))zA;ag(l—\mﬂ(—r)r?)—A% Arpr Zitr

If @, is the smallest angular square containing €2,(Q), there is ¢(r) > 1 such
that £(Q,) < ¢(r)¢(Q). Hence,

[Lor] i) el

10(Q)-

L+r] e(r)l(@) = €Qr)

implying that -
r
lrtolle < Te(r) o

If C(r) is the constant in the right side, the lemma follows by symmetry. [

In what follows if {f;} is a Bessel sequence for H?, that is,

DKL EP < BSIP vf e,

J
we write B2(f;) for the smallest constant B2.

Corollary 2.6. Let g = > (1—|;]*)0x, be a Carleson measure, 0 < r < 1
and X; € A[Nj,r]. Then {k:A;} is Bessel with BQ(kz)\;) < C(r, ||poll«)-

Proof. By (2.10) p, = > (1 — ])\;-\2)5,\9 is a Carleson measure with ||z«

depending on r and ||ugl||«. Therefore, the comments preceding Lemma 2.1
say that there is C} > 0 depending on ||u, ||« such that

/]f\2dur < CH||f|I>, for fe H
Thus, {l@\;} is Bessel with B(kxg) < C2 by Theorem 2.3 with m = 1. O

If Ar,...,An € D and X} € A()j,7) for some 0 <7 < 1, then (2.7) implies
that the Bessel constant

B?(ky, — k) < 2N,

Next we see how to control this constant for infinitely many values of A;.
Together with Theorem 2.4, this is the main result of the paper.
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Theorem 2.7. Let g = > (1 — |)\j|2)5,\j be a Carleson measure, and \; €
A(Nj,m) for 0 < n < 1. Then there is a constant C' > 0 depending only on
{\;} such that

B(kx, — ky) < Cn.

Proof. Since by Lemma 2.1, {)\;} is a finite union of interpolating sequences,
we can assume that it is interpolating. Let B be the Blaschke product with
zeros \;, write B; = B/¢,, (i.e.: B with the factor ¢, removed) and recall
that 6(B) = inf; | B;(\;)] > 0. We prove first the result for f € Kp, which
by (1.2) can be written as

(2.11) f= ZCZ ky,, withc€ ? and |/f] < Csllc|lsp,

where Cs > 0 is a constant depending only on §(B). So,

(f b, — k‘X> <CJBI?)\ )l@\ ke, — > < Z Gy Aok — kA3.>

J

:cj<1—gjiii;< A ,\> <Zcz B0 Hkxj>

BiA]
(2.12) —D; - R;.
. Cj

To estimate D; = WJ)\]) [Bj()\j) — Bj(X)) 4+ Bj(N))(1 = (ky,, /<;>\3_>)]
we notice that

Cj p(Ajv/\/)
2.1 Dl < | =Y / < 1o 4P )
213) Dy <[ 2| [200 ) + VB )] < e 4TS

where the first inequality comes from p(B;(};), Bj(X;)) < p(A;,A}) and
(2.7).

To estimate R; write B;j = B/(dx,¢z;). For 0 < r < 1 consider the
analytic function Fj : A[)\j, r] — C given by

=y — B Bi,jkA“Kx%
IRE)

where K (z) = (1—Xz)~! is the reproducing kernel for H2. By the maximum
modulus principle F} attains its maximum on the boundary of A[A;, r]. That
is, there is A € OA[A;, 7] such that p(A;, \]) = r and [Fj(X)| < [Fj(A])] for
every \' € A[)j,r]. Since N = @y, (w) with 0 < [w| < 7, a straightforward
estimate from formula (1.3) gives
1—r 9 12 147 9
1— |7 < (1- < 11—
| a- s a-we < [FE a- e,

implying that

(2.14) (1L~ IWPE ) < Cilr) (L= INPIE )P
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for some constant C7(r) > 0. Since |¢>\,(X<’)| = p(Aj, A]) =, then

1
r(L= NP2 [F(N)) = |oa, () D w7 B B'J’“Awhﬁ
'Lz;é
= [ ST 9 (Biky,, ke ‘
Z Bl()‘l) < Ai >‘j>
(B
< ZB Bik,. k) +‘B )<Bjkxj,kv>(.

Consequently, the Cauchy-Schwarz inequality gives

Z |/\// |F )\// ‘2<22|f,k>\u‘ +2Z‘B ‘

sw(w) If117 +26(B *2Zrcj|2

(2.15) < Oo(r olls, 8(B) D le?,

where the last inequality holds by (2.11) and because by Corollary 2.6 the
Bessel constant B(kxl) has a bound that depends only on 7 and ||uo]|«-

So, if p(Aj,\}) <n < < r, (2.14) and (2.15) give

YRR
Z‘Z Bk/\ ‘ Z“m DI ’Z ~ (Bijk Amkx>2
J o wE

—ZW/\ XL = X2 )IFj(/\})I
(2.16) <07 Cs(r, I poll, (B)) D el

J
Inserting inequalities (2.13) and (2.16) in (2.12), and using Cauchy-Schwarz
again, we obtain

42
2 2

(el 82D 3 s

This proves the theorem for f € Kp. A general h € H? decomposes as
h = f+ Bg, where f € Kp, g € H* and ||h||* = ||f||* + [|g][*. Thus,

(f + Bg.ks, — ) = (fy by, — k) = BN, g, k),
and since | BOX;)| = p(B(\)), BO) < p(Aj, X)) <,

D_NF+ Bgska, — k) <23 1(F ks, = )l +20° 3 (g, oy )
J J J

< PC(r [lpolls, 6(B)) (I£11* + llgl*),
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where the last inequality uses the result for f € Kp and, as before, Corollary
2.6. Since 0 < r < 1 is arbitrary, we can fix it (for instance r = 1/2) and
the constant in the last inequality depends only on ||ugll« and §(B), as
claimed. O

The proof of the last theorem reduces to the case of an interpolating Blaschke
product B, and then it is proved that the constant C only depends on || x|«
and 0(B). Since in this case ||uol/« is bounded depending on §(B) (see [7,
VII, Sec.1]), the constant C' for this case depends only on 6(B).

3. SEPARATION CONDITIONS

Definition. We say that a sequence (finite or not) S in D is m-separated
(with radius > ) if every pseudo-hyperbolic ball A(z, 8), with z € S, has
no more than m points of S including repetitions.

It is clear that if we take 0 < 81 < B in the above definition then S is also
m-separated with radius > ;. Also, (m—1)-separated implies m-separated,
and 1-separated simply means separated, as in (2) of Lemma 2.1.

Since the order of a sequence will not be relevant in what follows, we
operate with them as if they were sets with pointwise multiplicities. So, for
instance, the union of two sequences has the points of both with the sum of
multiplicities and some order.

Lemma 3.1. Let S be a m-separated sequence in D with radius > 8. Then S
splits into at most m separated sequences (finite or not) with radius > 3/4m.

Proof. Consider the balls A(z,,3/4m) including repetitions of the z, € S.
Let U C U, csA(2n, 8/4m) be a connected component. Hence, U is a
union of these balls and we show that there cannot be more than m of them
(including repetitions). Otherwise,

UD A(Zn(l), B/Am)U...U A(Zn(m+1)7 B/4m),

where the union of balls is connected and has pseudo-hyperbolic diameter
< 2(m+1)8/4m < B. Consequently, A(zy(1),3) contains the points 2,
for j=1,...,m+ 1, contradicting the hypothesis. Therefore

U = A(zp(1), B/4m) U ... U Az, B/4m), where k < m.

7

If we accept the empty set and finite sequences then S = (Ji_, S;, where
Sj = {Zn(j) € U : U componente} for 1 < j < m. m

Lemma 3.2. Let S be a m-separated sequence in D. Then there is a set

J C {l,...,m} and parameters 0 < n, < v, < 1, for p € J, such that S

splits into subsequences S, (p € J) (finite or infinite), so that when p € J:
(i) There is a single multiplicity sequence S, C S, such that

Sy = U{A(zg(p),np) NS: z.(p) e S]’D}7
where each A(z],(p),np) has p points of S, counting multiplicities.
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(i) p(2(p), 2,(p)) > if n#k.

(ii) p(Sps Sk) > (4/5)3 if P>k, and p,k € J.

(iv) Once 7y, is obtained by reverse induction we can choose 0 < 1, < v,
arbitrarily small, eventually lowering the index p until S, # (.

Proof. By hypothesis there is a radius 3, > 0 such that S is m-separated
of radius > f,,. Hence, by the previous lemma, S splits into at most m
separated sequences 17, ..., T,, of separation > f3,,/4m := ,, (some could
be empty or finite). Chose any 0 < 7, < ¥, /10, set

S! = {2zl € Ty, : A(z),,nm) has just m points of S counting repetitions},

and let S,, be the sequence of all the points of S in those balls. If S,, = (), we
reindex the parameters v, and 7,, as vm—1 and n,,—1, respectively, declare
that m ¢ J and keep the process with m — 1 instead of m. Notice that by
definition, S, = 0 iff S/, = 0, which holds if T}, = 0.

If S,, # 0, we keep m € J and notice that each of the balls has one and
only one point of each T, (1 < ¢ < m), because the distance between two
different points in T} is > v,,. Thus,

4
(3.17) p(Z;L,Z;C) >Ym ifn#k, and p(Sp, S\ Sm) > Ym — 20m > 5'7771‘

If the remaining S\ Sy, is empty we are done. Otherwise it is a (m — 1)-
separated sequence (with radius > 7,,/2). Indeed, if there is z € S\ S,
such that A(z,7,,/2) has at least m points of S'\ S, counting multiplicities,
then this ball has at least one point 2’ of T},,, and consequently A(z’,n,)
has at least m points of S. In addition, since 7, < ¥ /10 < By, it cannot
have more than m points of S. Thus, A(z’,n,,) has exactly m points of S
implying that all the points of S in A(Z,n,,) are in Sy, a contradiction.

Therefore, we can repeat the process above with S\ Sy, instead of S, m—1
instead of m and fB,,—1 := 1, /2. So, again there is 7y,,,—1 > 0 analogously
defined and we can choose 0 < 7,1 < Ym—1/10, otherwise arbitrary, to
define analogous S/, _; and S,,—1 as before, just observing that they could
be empty, in which case m — 1 ¢ J and we lower the index from m — 1 to
m — 2.

We keep this process going until we exhausts all the points of S. Since the
construction repeats condition (3.17) for each p € J, we get that if p € J,

p(zh,2) > for 2l 24 € S, with n # k
and
p(Sp, S\U{Sq:q€ J, g >p}) >y —2mp > %77"
Thus, if p,k € J, with p > k, then S, € S\ |U{S; : ¢ € J, ¢ > p}, and

consequently
4
p(Sp, Sk) = 5 p
Therefore (ii) and (iii) hold. Also, (i) and (iv) hold by construction. O
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Suppose that S = {)\;} is m-separated and that Y (1 — [X;[*)dy, is a
Carleson measure. By Lemma 3.1 and Lemma 2.1, S is the union of at
most m interpolating sequences. More importantly for our purpose, each
Sp = {A\j(p) : j > 1} of the decomposition given by Lemma 3.2 is a finite
union of interpolating sequences. Let B, be the Blaschke product whose
zeros are S, counting multiplicities, or B, = 1 if S, = (. It is then known
(see [8]) that

(3.18) inf{|B(z)| : p(2,Sp) > B} >0 for any 8 > 0.

That is, B, is bounded below away from zero at any fixed positive distance
of its zeros, which fails for arbitrary Blaschke products. Now define

A, = H B, and f; = ch(q)ozé-(q)k‘/\j(q) € Kp,,
p=1,p#q J
for 1 <i,q < m and {c;(q)}; € ¢?, where |a]1-(q)]2 +- 4 |oz;-”(q)]2 =1 for
all1 <¢g<m and j > 1. Also, notice that fé =0=¢j(q)if By =1.
Since the zeros of Aq are |, ., Sp and by (iii) of Lemma 3.2,

o( G SprSa) > 0,

p=1,p#q
it follows from (3.18) that
0 <eg=inf{|A4(A;(9))] : j = 1}.

We also need an elementary fact about Toeplitz operators. If g € H*(D),
it is easy to prove that the normalized reproducing kernels for H? are eigen-
values of the Toeplitz operator Ty such that Tgky = g(\)k).

The next proposition will allow us to reduce the proof of sufficiency of Theo-
rem 2.4 to a particular case. We keep the above notations.

Proposition 3.3. If

(3.19) SOILIP = D3> lei(a)?
i=1 j

for all 1 < g <m and {cj(q)}; € (2, then

mY |fi+-+ ol > min {DIB Y > le(a)l
i=1

T 1<¢<m -
g=1 g

Proof. Since TZq is a contraction on H?2, for each 1 < i < m,
1fE -+ fall? 2 1T, (1 -+ FIPP = 1T foll®

= 1> ei(a)ad (@) AN\ (@)) k) 1P
i
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for 1 < g < m. So, by (3.19),

m
S+ 4+l > D22|cj )% [Aq(A DQZ@ &2,
=1

Adding these inequalities for 1 < g < m, we obtain

m S | fi il > 292 P20l 2 i (D) D2l
=1 q=

=1 g 0

3.1. The sufficiency of Theorem 2.4. Finally, the proof of Theorem 2.4
needs the following elementary inequality.

Lemma 3.4. If z,v1,...,y, € H?, with p <m, then

p

p 2
(3.20) e+ 3wl = 5 o S
k=1

k=1

Proof. This follows using Cauchy-Schwarz’s inequality twice. For y € H?,
2] < 2flz +ylI* + 2[ly[1?, so [|lz + y[|* > [|=]]*/2 — [[y|[*. Then,

p
=+ >l = ‘xH HZ H ‘mH —pZIIy [
k=1

O

Proof of sufficiency for Theorem 2.4. Since by (1) of the theorem, S =
{\;} is m-separated and p = >_,(1—|A;|?)dy, is a Carleson measure, Lemma
3.2 and the comments that follow the lemma apply to .S. Therefore, we have
the decomposition of the lemma

S = USp, with J C {1,...,m},
peJ

where by (iv) we can choose 1, < n for all p € J (here 7 is the parameter
that appears in (2) of Theorem 2.4). This guarantees that the sequences S,
satisfy (2) of the theorem for each of the balls appearing in (i) of Lemma
3.2.

Furthermore, Proposition 3.3 reduces the problem of proving (2.8) for the
sequence S to prove it for each sequence S), from the above decomposition.
Therefore we fix an arbitrary p between 1 and m. The subsequence SI’) in
(i) of Lemma 3.2 is separated with radius of separation > ~,, so Lemma 2.1
says that it is itself interpolating.

We re-index S, as follows: write S, = {\;(1) : j > 1} and {)\;(v) : 1 <
v < p} for the p elements of S, that are in A(X\;(1),7,). Therefore

Sy =N 1<v<p, 1<},
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and the respective parameters of Theorem 2.4 write as ¢;(v) and ozé-(u), for
1<v<p, 1<jand1l<i<m. Wesee that for each 1 <i <m,

I3 a0k =
j>lv=1
17 (X c0)eb)) by + D e (w) (o) = k) |

7>1 v=1 v=2
(by (3.20)) > %H <ch(y)a;(y)) kol -
i>1 =1
(3.21) —m Y Gk (v) (kyw) — ko) ||
v=2 j>1

If B is the Blaschke product with zeros {\;(1)};, Lemma 2.1 says that §(B)
is estimated depending on 7, and the measure p associated to S. Thus, the
comments that follow (1.2) imply that {ky;1) : j > 1} is a Riesz sequence

with lower constant D? independent of np (only depends on v, and pu).
Hence,

I (D" esm)al@)) kel = DT 1D i),
v=1 i>1 v=1

and having into account that with the new indexation, the last condition of
the theorem rewrites as

ol al)) .. @] [em]| o;(1)
DE{[| : < : : SE V| @ |ec,
Cj<p) Cp 04}”(1) a;”(p) Cj(p) cmx1 Cj(p)
we obtaln
322) YIS (X e)aiw) kol = DIDFI D e ()]
i=1 j>1 wv=1 j>1v=1

Observe that, as with Dy, the constant Dy does not depend on 7, since
only depends on the 7 in condition (2) of Theorem 2.4.

To estimate the second term of (3.21) we notice that by Theorem 2.7,
there is a constant Cg > 0 depending only on the original sequence S (and
then independent of 7,) such that

1D ci)as @) (kx) = kx,)[|” < Blhayy = kay0)* D lei () (v)]

Jj=1 Jj=1

< C’gng Z ‘cj(u)aé(y)lz.

Jj=1

2



MULTI-ORBITAL FRAMES THROUGH MODEL SPACES 17

forall2<v <pand1l<i<m. Thus

(3:23) 3D 130 i) (ony) = Fn) | < CEp DD e

i=lv=2 j>1 v=2j>1
If we insert (3.22) and (3.23) into (3.21), we get
m p

STIYS )ik w =

i=1 j>1v=1

» P
> DI lew)ff - mCsi [0

jzlv=l v=2j21

1 £ 2
> (3DIDE—mCsn2) SN |e;(0)[*
j>lv=1
We can take 7, small enough for the expression between brackets to be
> (1/4)D? D3, which proves the theorem. O

We go back to our original problem. By [1, Thm. 5.6] any normal operator
N on a Hilbert space that admits a finite union of orbits as a frame is
diagonalizable. Therefore N is unitarily equivalent to an operator A as in:

Theorem 3.5. Let A be a diagonal operator with respect to the standard
base in (2(J), where J =N or it is finite, and let a',...,a™ € ¢*(J). Then
{A"a' : n € Ng, 1 <i < m} is a frame if and only if
e Each a' is given by (2.4), wherei=1,...,m.
e The sequence of eigenvalues {\; : j € J} of A and the double sequence
{oz§ cj€J, 1 <i<m} appearing in (2.4) satisfy Theorem 2.4.

We finish the paper with a comment on the tails of the orbits. Keep the
previous notations and conventions. If ng > 1 is an integer, the calculation
leading to (2.5) gives

AT )P =Dl Nk |IP for 1< i <m.
n>ngo J

Therefore, if (2.8) holds and we write J = {j : \; # 0},

o> KAtaeP =Dy N ¢l > D? min{|A;["} > lel?
j

1=1 n>ng JjeT

Ve € (2, meaning that {A"a' : n > ng, 1 <i < m} is a frame for (Ker A)*.

REFERENCES

[1] Aldroubi A., Cabrelli C., Cakmak A.F., Molter U. and Petrosyan A., “Iterative
actions of normal operators”, J. Funct. Anal. 272 (2017), 1121-1146.

[2] Aldroubi A., Cabrelli C., Molter U., and Tang S., “Dynamical Sampling”, Appl.
Comput. Harmon. Anal. 42 (2017), 378-401.



18

[10]
(11]

[12]

C. CABRELLI, U. MOLTER, AND D. SUAREZ

Beurling, A. “On two problems concerning linear transformations in Hilbert
space”. Acta Math. 81 (1949), 239-255.

Cabrelli C., Molter U., Paternostro V. and Philipp F. “Dynamical sampling on
finite index sets”. To appear Journal d’Analyse Mathématique, 2019.

Carleson L. “An interpolation problem for bounded analytic functions”. Amer.
J. Math., 80 (1958), 921-930.

Christensen O. “An Introduction to Frames and Riesz Bases”. Applied and
Numerical Harmonic Analysis, Springer, 2003.

Garnett J. B. “Bounded Analytic Functions”. Graduate Texts in Mathematics,
Springer, 2007.

Kerr-Lawson A. “Some lemmas on interpolating Blaschke products and a cor-
rection”. Canad. J. Math. 21 (1969) 531-534.

McDonald G. and Sundberg C. “Toeplitz operators on the disc”. Indiana U.
Math. J. 28 (1979), 595-611.

Nikolskii N. K.,“Treatise on the Shift Operator”, Springer-Verlag, Berlin and
New York (1986).

Shapiro H. S. and Shields A. L. “On some interpolation problems for analytic
functions”. Amer. J. Math., 83 No. 3 (1961), 513-532.

Sz.-Nagy B., Foias C., Bercovici H., and Kérchy L., “Harmonic Analysis of
Operators on Hilbert Space”. Second ed., Universitext, Springer, New York,
2010.

THE AUTHORS ARE AT THE DEPARTMENT OF MATHEMATICS, FACULTAD DE CIENCIAS
EXACTAS Y NATURALES, UNIVERSIDAD DE BUENOS AIRES.

CARLOS CABRELLI AND URSULA MOLTER ARE ALSO AT: IMAS-CONICET-UBA,
ARGENTINA
Email address: carlos.cabrelli@gmail.com, umolter@dm.uba.ar

DANIEL SUAREZ IS ALSO AT IAM-CONICET, ARGENTINA
Email address: dsuarez@dm.uba.ar



