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Abstract

Let S € M4(C)* be a positive semidefinite d x d complex matrix and let a = (a;);er, € RY,,
indexed by I, = {1, ..., k}, be a k-tuple of positive numbers. Let T4(a) denote the set of families
G = {gi}ien, € (CH* such that ||g;||? = a;, for i € I; thus, Ty4(a) is the product of spheres in C¢
endowed with the product metric. For a strictly convex unitarily invariant norm N in M4(C),
we consider the generalized frame operator distance function Oy g a) defined on T4(a), given
by

O, 5,a)(9) = N(S—8g) where Sg=>gigi € Ma(C)".
i€l
In this paper we determine the geometrical and spectral structure of local minimizers Gy € Ty(a)
of ©O(n, 5, a)- In particular, we show that local minimizers are global minimizers, and that these
families do not depend on the particular choice of V.
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1 Introduction

Matrix approximation problems are ubiquitous in applications of matrix analysis. Following [13]
these problems can be briefly described as follows: given S € My4(C), a complex matrix of size d, a
matrix norm N in My(C), and a set X C M4(C) then we search for the minimal distance

dy(S,X) =min{N(S—A): Ae X},
and for the best approximations of S from X’ (or nearest members in X)
AR(S, X)={AeXx: N(S—A)=dn(S, X)}.

Solving these problems, that are also known as matrix nearness or Procrustes problems in the
literature (see for example the recent text [12], and the classic books of Bhatia [3] and Kato [14])
amounts to provide a characterization and, if possible, an explicit computation (in some cases
sharp estimations) of dn (S, X) and of the set of best approximations A (S, X). A typical choice
for N is the Frobenius norm (also called 2-norm) since it is an euclidean norm (i.e. it is the
norm associated with an inner product in M (C)). Still, some other norms are also of interest
such as weighted norms, the p-norms for 1 < p (that contain the Frobenius norm), or the more
general class of unitarily invariant norms. Some of the most important choices for X are the set
of: selfadjoint matrices, positive semidefinite matrices, correlation matrices, orthogonal projections,
oblique projections, matrices with rank bounded by a fix number (see [10, 11, 13, 15, 24]).

Once the nearness problem above has been solved for some S, some set X and norm N in M4(C)
then, a natural proximity problem arises: for a fixed Ay € X, we search for (some sharp upper
bound of) the distance

dx(Ap, AF(S, X)) =min{dx(Ag, A): Aec AY(S, X)},

where dy denotes a metric in X. In case X can be endowed with a smooth structure that is
compatible with dy and such that ¥(A) = N(Ag — A) is also a smooth function on X, then
estimations of dx (Ao, A¥ (S, X)) can be obtained by applying gradient descent algorithms for ¥
or by studying the evolution of the solutions of flows in X associated with the gradient of W.

Motivated by some optimization problems in finite frame theory, in [17] we considered the following
matrix nearness problem. Fix an arbitrary positive semidefinite S € My(C)" and a finite sequence
of positive numbers a = (a;);er, € (Rio)i, indexed by I, = {1, ..., k}; we considered the sets

Ta(a) = {{gi}ieﬂk € (CHF: ||gill* = a;, i € ]Ik} and  Xa =< g {gitier, € Ta(a)

i€l

With this notation we solved the matrix nearness problem corresponding to Xa C My(C)™, for an
arbitrary strictly convex unitarily invariant norm N in My4(C). That is, we obtained an explicit
description of dy (S, Xa) = dn(S, a) and AY (S, Xa) = AV (S, a). We point out that the set Xy
above can also be described as the set of frame operators Sg of finite sequences G = {g; }ic1, € Tq(a)
(see Section 2 for details).

It is then natural to consider the proximity problem associated to the matrix nearness problem that
we just described. Indeed, because of our initial motivation on this problem, we further pose the
following (stronger) version: for Gy € Ty(a) search for a (sharp) upper bound of

d(QO» B?\?(S7 a)) = min {d’]l‘d(a)(g()a g) : g € B?\?(S7 a)} ;
where

BY(S. a) = {G € Ta(a): Sg € AR(S, a)}  and  d2,,(G0.9) =3 Ig? —aill” .

i€l



for Go = {99 }ien,, G = {gi}ien, € Ta(a). That is, we shift our attention from frame operators Sg to
finite sequences G € Tq(a). Notice that in the particular case S = &7, a; = 1 for i € I, and N is
the Frobenius norm, this problem is related with Paulsen’s proximity problem [4, 5, 6], which is a
central open problem in finite frame theory.

In case the norm N is sufficiently smooth, we could apply gradient descent algorithms to the function
© = O(n,5,a) defined on Ty(a) - which is a smooth manifold in (CH* - given by ©(G) = N (S —Sg),
starting at Gop. Such an approach was considered by N. Strawn [22, 23] for the Frobenius norm N.
Also, we could study the evolution of solutions of gradient flows as considered in [16].

In the general case, the analysis of the behavior of gradient descent algorithms leads to the study
the local behavior of the map

Ti(a) > G = {gi}icr, — ©(G) = N(S—Sg) around Gj € Ty(a).

One important issue is determining whether local minimizers of © (that are natural attractors of
gradient descent algorithms) are actually global minimizers. In [17] we settled this question in the
affirmative for the Frobenius norm (thus solving a conjecture in [22]), by relating frame operator
distance problems in the Frobenius norm with frame completion problems for the Benedetto-Fickus
frame potential introduced in [2]. Unfortunately, the techniques used in [17] do not apply for
arbitrary N (not even for p-norms with p > 1, p # 2). In the present work we tackle this problem
and show that, in case N is an arbitrary strictly convex u.i.n., local minimizers of © are characterized
by a spectral condition that does not depend on IV, but only on S and a. In particular, we conclude
that local minimizers are global minimizers and do not depend on the particular choice of N. Our
techniques rely on majorization theory and Lidskii’s local theorems for unitarily invariant norms
obtained in [18]; indeed, in that paper we showed that in some particular cases, local minimizers
of the generalized frame operator distance (GFOD) functions (i.e. ©(G) = N(S — Sg)) are global
minimizers. Based on the features of these particular cases, we introduce the notion of co-feasible
GFOD problems. Although in general GFOD problems are not co-feasible, this notion plays a
crucial role in the study of the spectral structure of local minimizers. Using that the map Ty(a) >
G — Sg € X, is continuous, as a byproduct we obtain that local minimizers Sg, € X, of the function

U:Xy—Rsg givenby U(Sg)=N(S—5Sg)

are global minimizers and do not depend on the choice of strictly convex u.i.n. N. This last fact is
weaker than the result for the functions ©, since the continuous map Ty(a) 3 G — Sg € X, does
not have local cross sections around an arbitrary Gy € Ty(a).

The paper is organized as follows. In Section 2 we include some preliminary material on matrix
analysis and finite frame theory that is used throughout the paper. In Section 3 we state our main
problem namely, the study of the geometrical and spectral structure of local minimizers of the GFOD
functions (i.e. © as above), associated to a strictly convex unitarily invariant norm. We begin by
obtaining a series of results related with what we call the inner structure of such local minimizers.
In section 4 we state our main results namely, that local minimizers of GFOD functions are global
minimizers, and give an algorithmic construction of the eigenvalues of such families. Finally, in
Section 5 we give detailed proofs of some results stated in Section 3.

2 Preliminaries

In this section we introduce the notation, terminology and results from matrix analysis (see the text
[3]) and finite frame theory (see the texts [7, 8, 9]) that we will use throughout the paper.



2.1 Matrix Analysis

Notation and terminology. We let My, 4(C) be the space of complex k x d matrices and write
M.4(C) = My(C) for the algebra of d x d complex matrices. We denote by H(d) C Mgy(C) the real
subspace of selfadjoint matrices and by M4(C)™ C H(d) the cone of positive semi-definite matrices.
We let U(d) € My4(C) denote the group of unitary matrices.

For d € N, let I; = {1,...,d}. Given a vector € C? we denote by D, the diagonal matrix in
My(C) whose main diagonal is z. Given = = (z;);e1, € R? we denote by z+ = (fﬁf)ieﬂd the vector
obtained by rearranging the entries of = in non-increasing order. We also use the notation (R%)+ =
{zeR? : z=a'}and RN ={z RS, : 2=a'}. Forr €N, welet 1, =(1,...,1) € R".

Given a matrix A € H(d) we denote by A\(A) = M (A) = (Ai(A))ier, € (RY)* the eigenvalues of A
counting multiplicities and arranged in non-increasing order. For B € M4(C) we let s(B) = A\(|B|)
denote the singular values of B, i.e. the eigenvalues of |B| = (B*B)Y/2 € M4(C)*; we also let
o(B) C C denote the spectrum of B. If 2, y € C? we denote by z ®y = xy* € My(C) the rank-one
matrix given by (z ® y) z = (2, y) =, for z € C%.

Next we recall the notion of majorization between vectors, that will play a central role throughout
our work.

Definition 2.1. Let z € R* and y € R?. We say that x is submajorized by y, and write & <., y, if
J J
me < Zyj for every 1< j <min{k, d}.
i=1 i=1

If x <y yand trox = Zle T = 2?21 y; = try, then x is majorized by y, and write x < y. If kK = d,
we say that x is strictly majorized by y if < y and =+ # y*. A

Remark 2.2. Given z, y € R? we write z <y if x; < y; for every i € I;. It is a standard exercise
to show that:

.2y = o<yt = 2 <, .
2. x <y = |z| <w |y|, where |z| = (|z;|)ic1, € Réo-
3. r <y and ]:CH = |yH — gl = y¢,

4. x<yand z <w € R® = (z,2) < (y,w) € RI*e, A

Although majorization is not a total order in R?, there are several fundamental inequalities in
matrix theory that can be described in terms of this relation. As an example of this phenomenon
we can consider Lidskii’s (additive) inequality (see [3]). In the following result we also include the
characterization of the case of equality obtained in [21].

Theorem 2.3 (Lidskii’s inequality). Let A, B € H(d). Then
1. MA) — A(B) < M(A - B).

2. AM(A—B) = (A\A4) — A\(B) )i if and only if there exists {v;};c1, an ONB of C¢ such that

A:Z)\Z(A) v; ®v;  and B:Z)\Z(B) V; QU; . (1)
i€ly i€ly
Notice that in this case, A and B commute. O



Recall that a norm N in M,4(C) is unitarily invariant (briefly u.i.n.) if
N(UAV)=N(A) forevery AecMyC) and U,V el(d),

and N is strictly convex if its restriction to diagonal matrices is a strictly convex norm in C¢.
Examples of u.i.n. are the spectral norm || - || and the p-norms || - ||, for p > 1 (strictly convex if
p > 1). It is well known that (sub)majorization relations between singular values of matrices are
intimately related with inequalities with respect to u.i.n’s. The following result summarizes these
relations (see for example [3]):

Theorem 2.4. Let A, B € M4(C) be such that s(A) <y, s(B). Then:
1. For every w.in. N in M (C) we have that N(A) < N(B).
2. If N is a strictly convex u.in. in M4(C) and N(A) = N(B), then s(A4) = s(B). O

2.2 Finite frames

We consider some notions and results from the theory of finite frames. In what follows we adopt:

Notation and terminology: let F = {f;};c1, be a finite sequence in C?. Then,
1. Tr € M4(C) denotes the synthesis operator of F given by T - (a;)ier, = Zieﬂk a; fi-
2. T3 € My, 4(C) denotes the analysis operator of F and it is given by T% - f = ({f, fi))ier, -

3. Sy € My(C)* denotes the frame operator of F and it is given by Sr = Tr T5. Hence,

Sf:Zfi®fi and R(Sr) =span{f; :i€;}. (2)

i€l

4. We say that F is a frame for C? if it spans C%; equivalently, F is a frame for C? if Sz is a
positive invertible operator acting on C%. A

Hence, in case F = { f; }ier, is a frame for C¢ we get the so-called canonical reconstruction formulas:
for z € C%,
= (x, Sy fi=) (. fi) SFfi .
’iEHk iEHk

In several applications of finite frame theory, it is important to construct families 7 = {f;}ier, €
(C%H* in such a way that the frame operator S and the squared norms (||f;]|?)ier, are prescribed
in advance. This problem is known as the frame design problem, and its solution can be obtained
in terms of the Schur-Horn theorem for majorization.

Theorem 2.5 (See [1]). Let S € My(C)* and let a = (a;)icr, € (REy). Then, the following
statements are equivalent:

1. There exists F = {f;}ic1, € (CHF such that Sy =S and || fil|® = a;, fori € I ;
2. a=< ). O

3 Generalized frame operator distance functions

In this section we state our main problem namely, the study of the geometrical and spectral structure
of local minimizers of generalized frame operator distance (GFOD) functions. After recalling some
preliminary results from [18], we obtain a description of what we call the inner structure of local
minimizers of GFOD’s functions. Since the proofs of some results in this section are quite technical,
they are developed in Section 5.



3.1 Statement of the problem and related results

Let S € M4(C)* and a = (a;)ier, € (RE,)*. In this case we consider the torus

def

Ta(@) % {0 ={g:}ier € (C :l|gl* = ai, for every i € I, -

By definition, Ty(a) is the (Cartesian) product of spheres in C%; we endow Ty(a) with the product
metric of the Fuclidean metrics in each of these spheres, namely

4G, g = Z lgi—gil*  for G ={gitier,, ¢ = {gi}icn, € Ta(a) .
i€l
Thus, Tg(a) is a compact smooth manifold. Given a strictly convex uw.in N : My(C) — R>q, we
can consider the generalized frame operator distance (G-FOD) in T4(a) (see [17]) given by

@(N,S,a) =0:Ty(a) > R>¢ given by ©O(G) =N(S—-95g),

where Sg =} ;1. 9i ® gi denotes the frame operator of a family G € Tq(a). This notion is based on
the frame operator distance (FOD) ©|.|,, s, a) introduced by Strawn in [22], where || A[|3 = tr(A*A)
denotes the Frobenius norm, A € M4(C). Based on his work and on numerical evidence, Strawn
conjectured that local minimizers of ©.,,s,a) Were also global minimizers. In [17] we settled
Strawn’s conjecture in the affirmative, by relating FOD problems in the norm || - ||2 with optimal
frame completion problems for the Benedetto-Fickus frame potential. It is then natural to ask
whether local minimizers of the G-FOD ©(y g a) are also global minimizers, where N denotes an
arbitrary strictly convex u.in. on My(C) (e.g. p-norms, with p € (1,00)). Unfortunately, the
techniques used in [17] do not apply in this general case, leaving untouched the following

Problems 3.1. Let S € My(C)T, a = (a;)ier, € (R¥)* and fix a strictly convex uin. N on
M (C). Then

P1. Compute the spectral and geometrical structure of local minimizers of Oy g a) in Ty(a).
P2. Determine whether local minimizers are global minimizers of Oy g a) in Ta(a).

P3. Determine whether these minimizers depend on the chosen u.i.n. O

In what follows we completely solve the three problems above in an algorithmic way, thus settling
in the affirmative the questions in P2. and P3. (see Theorem 4.12 in Section 4.2).

Next, we recall some results from [18] that we use throughout our work.

Theorem 3.2 (See [18]). Fix S € M4(C)", a = (a;)ier, € (R%)¥, and a strictly convex u.in. N
on M4(C). Consider the map Oy g, a) = © : Tg(a) = R>g given by ©(G) = N(S — Sg).

Fix a local minimizer Gy = {gi},c;, € Ta(a) of O 5, a), With frame operator Sy = Sg, . Denote by
W = R(Sp) = span{g; : i € I,} C C%. Then,

1. There exists B = {v;}ier, an ONB of C? such that

S=) A(S)vi®v and So= ) Ai(So) v; ®v;.

i€ly i€y

In particular, we have that A(S — Sp) = (A(S) — A(Sp) )*.

ef

2. The subspace W reduces S — Sy € H(d); hence, D = (S — So)|lw € L(W) satisfies D* = D.



3. All vectors g; (i € I) are eigenvectors of D and S — Sy .

4. Let (D) ={c1, ..., ¢p} be such that ¢; < ¢ < ... < ¢p. Denote by
Jj={le€ly: Dggp=cjge} and W;=span{g,: ¢ € J;} for jel,.
Then the subspaces W) reduces both S and 5o, for j € I,,. Moreover,

D
In=|J J; (disjoint union) and W =W, . (3)
J€lp J€lp

5. If j € I, and ¢; # maxo(S — Sp) (for example, when 1 < j < p), then the family {gs}ees; is

linearly independent. O

Remark 3.3. With the notation of Theorem 3.2, if we assume that
k>d = ¢, =maxo(S—95). (4)

Indeed, if W = C¢ then o(S — Sp) = {c1, ..., ¢p}. Otherwise dim W < d < k so, by items 4 and 5
of Theorem 3.2, the family {g;}ics, can not be linearly independent (because the families {g; }ic;
are linearly independent for 1 < j < p, and all families are mutually orthogonal). By item 5 again,
we deduce that ¢, = maxo(S — Sp). A

3.2 Inner structure of local minimizers of GFOD’s

In this section, based on Theorem 3.2 above, we obtain a detailed description of what we call the
inner structure of local minimizers. In order to do this, we introduce the following

Notation 3.4. Fix S € My(C)*, a = (a;)ic1, € (R¥,)* and a strictly convex uin. N on M,4(C).
Also consider the notions introduced in Theorem 3.2. As before, consider

1. @(N,S7a) =0: ']I‘d(a) — RZO given by @(g) = N(S _ Sg).
2. A local minimizer Gy = {gi}ieﬂk € Ty(a) of O(n,5,a), With frame operator Sy = Sg,.
3. We denote by A = (As)ier, = A(S) € (RZo)* and p = (ui)ier, = A(S0) € (RSo)™

4. We fix B = {v;}ic1, an ONB of C? as in Theorem 3.2. Hence,

S:Z/\ivi®vi and S():Zuim@vi. (5)
i€ly i€ly
5. We consider W = R(Sp), D = (S —So)|w and o(D) = {c1, ..., ¢p} where c; < ca < ... < ¢p.

6. Let sp=max{i €ly:pu; #0} =1k Sp.

7. We denote by § = A\ — u € R? so that, by Eq. (5),

SD
S—S():Z(Sivi@)w and DIZ&W@W.
i€ly =1

Notice that ¢ is constructed by pairing the entries of ordered vectors (since A = A(S) and
t = A(Sp). Nevertheless, we have that A(S — Sp) = §*. In what follows we obtain some
properties of (the unordered vector) §.



8. For each j € I,, we consider the following sets of indexes:
Kj:{iEHSDi(SZ':/\Z‘—,U,Z‘:Cj} and Jj:{iEHkZDgi:ngi}.

D D
Theorem 3.2 assures that Iy, ={J;¢;, K; and Ix =U;g, J; (disjoint unions).

9. By Eq. (2), R(Sy) =span{g; :i € [} =W = ®ielp ker (D — ¢; Iw ). Then, for every j € I, ,
W; =span{g; : i € J;} = ker (D — ¢; Iy ) = span{v; : i € K;} ,

because g; € ker (D — ¢; Iy ) for every i € J;. Note that, by Theorem 3.2, each W; reduces
both S and Sy . A

The next proposition describes the structure of the sets J; and Kj for j € I,, as defined in Notation
3.4. In turn, these sets play a central role in the proof of Theorem 3.8 below.

Proposition 3.5. Let S € My(C)t and Gy € Ty(a) be as in Notation 3.4. Then there exist indexes
0=150<s1<...<5p_1<sp=r1kSy <d such that

Kj :Jj:{ijl—l-l,...,Sj}, fOT jEI[p,1 (ifp>1),
(6)
K, ={sp-1+1,...,8} , Jo={sp-1+1,...,k}.
Proof. See Section 5. O

Remark 3.6. Consider Notation 3.4 for S € M,4(C)" and a local minimizer Gy € T4(a) of the map
ON,5,a)- Let so =0 <51 <...<sp <d, where s, = 1k(Sp), be as in Proposition 3.5. In terms
of these indexes we also get that (S — Sp) = 6(S, a, Go)* for (S, a, Go) = A(S) — A(Sp), and

5(S,a,g0):(61151,62]152_51,... 7Cp]lsp—sp_1,>\sp+1a ,)\d> if 8p<d (7)

or
6(S,a,G0)=(c1ls, colgys, o cply—s, ) if s,=d. (8)
In the next result, we obtain a characterization of the indexes s; < ... < s,_2 and constants

c1 < ...cp—1 in terms of the index s,_1 (when p > 1). In the next section we complement these
results and show the key role played by the index s,_1 and give a characterization of ¢, . We begin
by fixing some notation, which is independent of the norm N and the local minimizer Gg. A
Notation 3.7. Let S € My(C)*, a € (RE ), A(S) = (M)ier, € (RY)Y and m = min{k, d}.

def

1. Welet h; = X\; —a;, for every i € I, .

2. Given 1 < j <r <m, let

1 : 1 .
P, =— hi= ——— Ai—a; . 9
T r—j—i—lgj ! r—j—i—lgj i ()
We abbreviate P; , = P, for the initial averages. A

Theorem 3.8. Consider Notation 3.4 for S € My(C)" and a local minimizer Gy € Ty(a) of the
map O(n | §,a)- Assume further that p > 1. Let sp =0 < s1 < ... < s, < d be such that Eq. (6)
holds. Then, we have the following relations:

1. The index s1 = max {1 <r<s,1:P = min P }, and c; = Ps, .
1<i<s, 1

2. Recursively, if s; < sp_1, then

sjg1 =max {s; <r <sp_1 : P41, = <H1<in Pii1.i} and  cjp1 =P i1 s, -
55 <i<sp_1

Proof. See Section 5. O



3.3 The co-feasible case for k > d.

Throughout this section we assume that & > d. In [18] we showed that in some cases, local
minimizers of G-FOD functions are also global minimizers. We recall this fact in the following

Theorem 3.9 (See [18]). Consider Notation 3.4 with k£ > d for S € My(C)* and a local minimizer
Go € Ty(a) of the map O(N,5,a)- Assume further that p = 1 i.e., that there exists ¢ = ¢; that
satisfies (S — Sp)gi = cg;, for every i € I},. Then there exists an ONB {v;};er, of C? such that

S:Z)‘i v; Qv; and Sy :Z()\Z-—c)+ v; @ v;
i€ly i€ly
where (\;)ier, = A(S) € (R%O)i. Moreover, Gy is a global minimizer of © in Ty(a). O
Corollary 3.10. With the hypotheses and notation in Theorem 3.9 we have that:
1. The constant ¢ = max o (S — Sy) is the largest eigenvalue of S — Sp.
2. The eigenvalue \;i(Sp) = (\; — )™, for everyi € 1.
3. The list of norms a < ((\; — C)+)z‘eld . In particular

tr(a) = a;=» (Ai—o)".

icly, i€ly
Proof. 1. We are assuming that & > d. Then Remark 3.3 assures that ¢ = ¢, = maxo (S — Sp).
2. This is a direct consequence of Theorem 3.9 above and the fact that (\;)ier, = A(S) € (RY)Y, so
that also ((A\; — C)+)i611d € (R4,

3. Since Gy € Ty(a) (it is a family of vectors with norms given by a), then Theorem 2.5 assures that

a=<ASg)=((N—-0o")

i€ly *

The rest of the statement is a direct consequence of this majorization relation. O
The previous results motivate the following notion, which only depends on some A € (R‘éo)i and
a = (a;)ic1, € (REy)¥, with k> d (and does not require any norm N nor a local minimizer Gp).

Definition 3.11. Let A € (]R‘éo)i and a = (a;)ier, € (REo)Y, with k& > d. We say that the pair
(M, a) is co-feasible if there exists a constant

c<X suchthat a=<((N\—0o)7) (10)

i€ly °

In this case, the co-feasibility constant c is uniquely determined by tr(a) = > (\; —¢)*. A
i€y

Proposition 3.12. Let S € My(C)" and a = (a;)icr, € (RE)Y with k > d. Then the pair
(A(S), a) is co-feasible if and only if the following conditions hold:

1. There exist G = {gi}icn, € Ta(a) and ¢ € R such that (S — Sg) gi = cgi , for every i € I,

2. This constant ¢ = maxo(S — Sg).



Proof. Assume that there exist ¢ € R and G = {g;}ic1, € Tq(a) which satisfy items 1 and 2. By
Eq. (2), W = R(Sg) = span{g; : i € I;}. Since (S — Sg)}W = cly, then S(W) C W. Let
r = dim W. Then, considering separately the eigenvalues of S ‘W and S ‘W L =(S- Sg)‘w ., the
fact that ¢ = maxo(S — Sg) implies that

c<XN(S) for diel, and c¢>X\(S) for r<i<d.
Therefore A(Sg) = A(S—(S—5g)) = ((X(S) _C)+)iEHd' Hence, arguing as in the proof of Corollary
3.10, we conclude that this ¢ satisfies Eq. (10). Note that ¢ < A1(S) because tra # 0.
Conversely, if there exists ¢ which satisfies Eq. (10), let B = {v;};e1, be an ONB for C¢ such that
S=> N(S)vi®v; , andset Sy = > (A(S) - )T vi®v; € M(C)T .
i€ly i€lly

By Theorem 2.5, there exists G = {g;};e1, € Tq(a) such that Sp = Sg. Note that

Ai(S) — (Ni(S) — )T =min{)\;(S5), ¢} forevery icly. (11)
Then ¢ > maxo (S — Sg). If we let

r=1kSg =max{i €I;: (N(S) —c)t >0} =max{i €ly: \(S)>c}>1,

then {0} # W ¥ R(Sg) = span{v; : i € I}, and it satisfies that (S — Sg)‘W = cIy . The proof
finishes by noticing that, by Eq. (2), g; € W and hence (S — Sg)g; = cg; for every j € I . O

Remark 3.13. Let S € My(C)" and a = (a;)ier, € (RE ¥ (with k > d) such that the pair
(A(S), a) is co-feasible. Let G = {g;}icr, € Ta(a) and ¢ € R be as in the proof of the second part of
Proposition 3.12. Then, by Theorem 3.9, G is a global (and local) minimizer of the map O(N,5,a) s
with p = 1. Nevertheless, a priori this fact does not imply that every local minimizers should have
the same structure (namely, to have also p = 1). We shall prove soon that the spectral structure of
local minimizers is indeed unique (in general, and then also in the co-feasible cases). A

It is worth pointing out that there are GFOD problems that are not co-feasible. In order to see this
we include the following:

Example 3.14. Consider S € My(C)* be such that A := A\(S) = (2,2,1,1) € (R%))* and let
a=(3,1,1,1) € (Rio)i. Then, the pair (A, a) is not co-feasible. Indeed, the unique solution ¢ < 2
to the equation 6 = tr(a) =2(2 —¢)" +2(1 —¢)" is ¢ = 0. Thus ((A\; — ¢)")ser, = A. But it can
be easily checked that a £ A. A

Although in general, given S € My(C)* and a = (a;)ier, € (RE ()Y, the pair (A(S), a) correspond-
ing to this data is not co-feasible, the GFOD problems contain a co-feasible part. Indeed, if we
further consider a strictly convex u.in. N in Mg4(C), then local minimizers of Oy g a) allow us to
locate such co-feasible parts. In order to describe this situation, we introduce the following

Definition 3.15. Let S € M4(C)" and a = (a;);er, € (RE)* with k > d. For r € I;_1 U {0} we
consider the truncated data

AD(S) = (A1 (S), -, Aa(S) € REDY  and &) = (g1, ..., ax) € (RE)Y
We say that r is a co-feasible index for S and a if the pair (A")(S), a(") is co-feasible (according

to Definition 3.11 with dimensions d —r < k —r). A
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Remark 3.16. Let S € My(C)* and a = (a;)ier, € (R¥)* with & > d. Let B = {v;}ier,
be an ONB for C? such that Sv; = X\;(S)v; for i € Iy. Then, by Proposition 3.12, an index
r € Iy_1 U {0} is co-feasible if and only if the conditions 1 and 2 of Proposition 3.12 hold for the
space V, = span{v; : r+ 1 < i < d}, the positive operator S, = S|y, € L(V,) and the vector of
norms a”) = (a,11(S), ..., ax) € (R¥;")*. This means that there exist ¢ € R and

def

G ={gitier,_, € Ty, @) = T, (a")nyET

such that (S, —Sg) g; = cg;, for every i € I;_,., and ¢ = max o (S, — Sg). Note that this statement
seems to depend on the basis B. But actually, the list of eigenvalues A(S,) = A(")(S) € (RZ;")}, so
it does not depend on B. - A

The next result complements Theorem 3.8.

Proposition 3.17. Consider Notation 3.4 with k > d for S € My(C)" and a local minimizer
Go € Tq(a) of the map O(y 5. a)- Let 0 =50 <51 <...<s8p-1 <5y <d beas in Proposition 3.5.
Then ¢, = maxo(S — Sg,) and sp—1 is a co-feasible index for S and a.

In particular, the constant ¢, and the index s, = 1k Sg, are uniquely determined by the equations

k d

X e o= 3 (N(S)-—¢)t  and

i=sp_141 i=sp_1+1 (12)
Sp :max{iGN:sp_l—i—lSiSd and /\i(S)—cp>0}.

Proof. Let Sy = Sg,. Note that ¢, = maxo(S — Sp) by Remark 3.3, since we are assuming that
k > d. In order to show that s,_1 is a co-feasible index we shall use Remark 3.16. Let r = s,_1 .
Recall from Notation 3.4 and Proposition 3.5 that J, = {i € I}, : (S—S0)g; = cpgi} = {r+1, ..., k}
and that W), = span{g; : i € Jp} =span{v; : r+1 < j <s,}. Since

W = R(So) = span{v; : j € I,,}  then Ve =span{v;: r+1<i<d}=W,eW.

Then, G, = {g:}f_, .1 € Ty, (a) = Ty_,(a™) N VF" is such that Sg, = Sp|y, (here we use that,
by Eq. (3), gj € I/Vpl for every j ¢ J,). So that, if Py denotes the orthogonal projection onto a
subspace M C C",

Slv, = 8g, = (S = So)lv. = Pw, + SPyr = (Slv, = 5g,)9i =¢pgi  for r+1<i<k.

Hence maxo(S|y, — Sg,) < maxo(S — Sp) = ¢, and, by Remark 3.16, s,—; = 7 is a co-feasible
index for S and a. Then, by Definition 3.15, s, and ¢, are determined by Eq. (12). O

Remark 3.18. Consider Notation 3.4 with k > d for S € My(C)* and a local minimizer Gy € Ty(a)
of the map Oy 5 a). Taking into account all objects and facts detailed in Notation 3.4, Remark
3.6, Theorem 3.8, Eq. (11) and Proposition 3.17, we conclude that (S —Sg,) = §(S, a, Go)*, with

e . d
5(S, a, Go) = (Cl Loy colgy—syy oo, Cpa ]lsp—l—sp—Q ) (mln{/\i(S), Cp})i:sp_1+1) ) (13)

or §(S, a, Go) = (min{X;(9), Cl})ieﬂd (if p = 1, the co-feasible case), where all data in this formula
can be explicitly computed in terms of S, a and the index s,_1. Indeed, this expression depends
on Gy and N only through the index s,_1 which determines the previous indexes and constants
by Theorem 3.8, and the co-feasible part which begins at s,_1, so it determines s, and ¢,, by
Proposition 3.17 via Eq. (12). Hence we shall denote s,_1 = sp—1(Go) - A
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We end this section with the following result, which compares the co-feasibility constants corre-
sponding to different co-feasible indexes.

Corollary 3.19. Let S € My(C)* and a = (a;)icr, € (REQ)Y with k > d and assume that
r, s € lg_1 are co-feasible indexes for S and a. Denote by c(s) and c(r) their co-feasibility constants.
Then,

s<r = c(s)>c(r) .

Proof. By Proposition 3.12, a*) < ((\;(S)—c(s) )+)j:s+1 and a(") < (\;(S)—c(r) )+)§l:7"+1 . Then
k d r r
Z a; = Z (Ai(S) —c(r))T  and Z a; < Z (Xi(S) —c(s))™ . (14)
1=r+1 i=r+1 1=s+1 1=s+1
Therefore,
d k r d
Do) =)t =D a < Y (NS —els)) T+ D (NlS) —e(r))T
1=s+1 1=s+1 i=s+1 i=r+1

But if ¢(s) < ¢(r) then (A;(S) — ¢(s) )t > (\(S) —e(r))™ for every i € I, and moreover, we have

that (Ar+1(5) —¢(s) ) > (Ar41(S) — ¢(r) )™ because i lai S0 & c(r) < Ay (S). O
1=r—+

4 Main results

In this section we state and prove our main result namely, that local minimizers of GFOD’s are
actually global minimizers. This is achieved by considering in detail the results obtained in Section
3 related with the spectral structure of local minimizers of GFOD’s functions, and the notion of
co-feasible index. We first consider the case when k > d.

4.1 When k£ >d

Throughout this subsection we assume that & > d. Notice that Eqgs. (7) and (8) together with
Theorem 3.8 and Proposition 3.17 give a detailed description of the spectral structure of local
minimizers of GFOD problems. With the notation of these results, it is worth pointing out the key
role played by the (co-feasible) index s,_1 in the determination of the complete spectral structure
of S — Sy and Sy (see Definition 3.11).

The basic idea for what follows is to replace s,_1 by an arbitrary co-feasible index r, to reproduce
the algorithm given in Theorem 3.8 and get indexes and constants in terms of r (which a priori
are not associated to any minimizer Gg). Then, we shall show that there exists a unique “correct”
index r (i.e. co-feasible and admissible, see Definition 4.1 below) which only depends on A(S) and
a, so that it must coincide with s,_1(Gp) .

Definition 4.1. Let S € M4(C)* and a = (a;)e1, € (R¥)*. For a co-feasible index r € I, U{0}
let g =q(r) € Iy, 0 = s0(r) < s1(r) < ... < 8q-1(r) =7 < 50 < d < k and ¢1(r),..., cq(r) be
computed according to the following recursive algorithm (which only depends on 7, A(S) and a):

1. If r =0, set ¢ =q(r) =1 and so(r) = sq—1(r) = =0 (and go to item 4.).
2. If r > 0, using the numbers P; ; defined in Notation 3.7, the index

)

s1(r) = max {1 <j<r: P j=min Pl,i} , and ¢ (r)=P s1(r) -
i<r
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3. If the index s;(r) is already computed and s;(r) < r, then

sjr1(r) = max {s;(r) <j <7 : Py )41, = s.(?)i‘}q Py )41, ) s (15)
i =

and ¢j11(1) = Py ()11, 5,04 (r) -

4. If sj(r) =r, weset ¢ = q(r) = j+1 (so that sq—1(r) = ), and we define ¢,(r) and sq4(r) (with
cq(r) < A1 and r = s4_1(1) < s4(r) < d) that are uniquely determined by

k d
Z a; = Z (Ai(S) = ¢q(r) )+ and (16)
i=r+1 i=r+1

sq(r) =max{r+1<1i<d: \N(S) —cq(r) >0} . (17)
In particular, s,(r) = max{i € I : \;(S) — c,(r) > 0} since A(S) = A(S)*.

5. If r > 0 we denote by §(A(S), a, r) € R? the vector given by
. d
5()\(5’)7 a, ’I") = (61(7") ]181(7‘) IR CII*l(T) ILsqfl(r)—squ(r) ) ( mln{)‘i(s)a Cq(T‘)} )i:r—l-l) > (18)

and 6(A(S), a, 0) = ( min{A;(S), c1(0)} )., . It is easy to see (by construction) that

i€ly
trd(A(S), a, r) =tr(S) —tr(a) . (19)
Finally, we shall say that the index r is admissible if r = 0 or > 0 and cq—1(7) < ¢4(r). A

Remark 4.2. Consider a fixed strictly convex u.in. N in My(C). Let Gy € Ty(a) be a local (or
global) minimizer of Oy g a) = © : Tyg(a) = R>o. Assume that k£ > d.

We can apply the previous results to Go; thus, we consider p > 1 and constants ¢; < ... < ¢, and
indexes sp = 0 < 51 < ... < s, < d as in Theorem 3.8 and Proposition 3.17. In particular, we
get that s,_1 is a co-feasible index which is also admissible since, if s,_1 > 0, then ¢,_1 < ¢, by
definition (see Theorem 3.2). The idea of what follows is to show that s,_; (denoted s,—1(Go) in
Remark 3.18) is the unique index which has both properties (for any norm N). First, we need to
verify some properties of the vector 6(A(S), a, r) for a co-feasible and admissible index. A

Proposition 4.3. Let S € My(C)* and a = (a;)icr, € (REQ)Y (with k > d). Let r € I;_1 U {0} be
a co-feasible index. Then, with p = q(r), s; = s;(r), ¢; = ¢j(r) for j € I,, and 6 = 6(A(S), a, 1)
as in Definition 4.1, we have that:

1. If p>1thenci <...<cp-1.

If we also assume that v is admissible, then cp—1 < cp = max 0; and:
1€lyg

2. Xsp_141 > s, > ¢p and Ni(S) > ¢, for every sj_ 1 +1<i<sjandjcl, 1. Then

d; <min{cy, \;}  forevery i€ly. (20)
Sj Sj Sj—S8j—1 .
3. Ifp>1 then (ai)izsj_1+1 < ()\i(S) — Cj)i:sj,lﬂ € RY, , for every j € I,,_1.

d d—sp—
4- (ai);{:sp,l-s-l = (()‘Z(S) - Cp)+)i:sp_1+1 € Rzo T

13



Proof. 1. The case p = 2 is trivial. If p > 2, assume that there exists j € I,_s such that ¢; > ¢j41.
Then, notice that

Si— Si_q Sit1 — S
J J i 4 J

st—1+1,8j+1 = Ci+1 = ¢,

SjiH1=8j-1 0 Sjel— §j1
which contradicts the definition of s; in Eq. (15), since sj41 < sp—1 = 7. Thus, ¢1 < ... < ¢p_1.

If r = sp_1 is an admissible index, then ¢,—1 < ¢, = max d; by definition and Eq. (18).
1€lg

2. By Eq. (17), we have that ¢, < A\;(S) for sp—1 +1 <i < s,. Therefore, if
j € ]Ipfl and Sj—1+ 1< < §;j = ¢; < ¢p < )\sp_1+1(5’) < )\Z(S) ,

since i < s < 8p_1 < sp—1 + 1 and A(S) € (RI)*.
3. For j €I,_1 and s;_1 +1 <m < s;, we have that

Z a; < Z (/\1(5) — Cj) < Cj < — Z )\2(5) — Qi = I's;_141,m (21)

4 . m—sj_1
Z=S]',1+1 1,=Sj71+1 225j71+1

(the equivalence also holds for equalities). Using the definition of ¢; (item 2. of Definition 4.1),
we see that the inequalities to the right in Eq. (21) hold for every such index m, with equality for
m = s; (by definition of ¢; and s;). We have proved that (ai)fisj a1 = (Xi(S) — cj)ji& 1

_ —s;_
Item 4 follows immediately from the fact that » = s,_; is a co-feasible index (see Definition 3.15). [
Corollary 4.4. Let S € My(C)* and a = (a;)ier, € (REQ)Y (with k > d). Let r € ;-1 U {0} be a
co-feasible index which is also admissible. Then a < A(S) — §(A(S), a, r).

Proof. The relation a < A(S) — 0(A(S), a, r) follows from items 3 and 4 of Proposition 4.3, since
r<yand z <w = (x, 2) < (y, w) (Remark 2.2). O
Theorem 4.5. Let S € My(C)" and a = (a;)ie1, € (RE )Y (with k > d). Then there is a unique
co-feasible and admissible index s € Iy_1 U {0}, and this s is the minimal co-feasible index.

Proof. Assume that there exist two co-feasible indexes 0 < s < r < d — 1 such that r is admissible.
We show that this leads to a contradiction. Indeed, let sp =0 <s1 < ... <s,_1 =71 <85, <dand
¢1 < ... < ¢p be the indexes and constants corresponding to Definition 4.1, for the index r (i.e., we

rename p = q(r), s; = s;(r) and ¢; = ¢j(r) for j € I,). Let A = A(S) € (R%O)i and consider

. d
6= 5()‘7 a, T) = (Cl ]]-81*80 y oo Cp—1 ]]-sp_178p—2 ’ (mln{Aia Cp})l':s-p_1+1> : (22)

Similarly, consider ¢ = q(s) and s =0<s] <...<s; ; =s<s;<dandcj <...<c;_;and ¢
be the indexes and constants corresponding to Definition 4.1, for the index s. We also consider

. ¥\ d
=486\, a,s) = (cf Tgrgxy vy €y Lox =z > (min{), Cq})i:s;_1+1) . (23)

If 0 = ¢ then by Eqgs. (17), (22) and (23), s; = s, = max{i € [ : §; < \i(S)} and ¢ = ¢, = 6, .

But in this case r = sp—1 = min{i € 51 : §iy1 = ¢} < Sq—1 = S, a contradiction. Hence 6* # 4.

Case 1. Assume that there exists 1 < 7 < min{p — 1, ¢ — 1} such that

s; =s; (and thenalsoc;=¢;) for 0<i<j—1, but s;#s].
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*

Next we show that this leads to a contradiction (6* = 0). Indeed, since s;_; = s by construction

j-b
sj=max{s;j 1 <i<r: Ps_41,i= ijllil%gégrpsj*lﬂ’g} with  ¢; = Ps;_ 11,55
and
s; =maxq{s;_1 <i<s: P, ;= min P, with ¢ = P, .
J { J 1 — Sj—1+17Z Sj_1+1§€SS 3‘771“1’1’@} ] 5]71+175j

Using that the limits s < r, then min P, 1 ,> min  P,. 11 ¢. Since s% # s, this
& ' sj_rl<e<s L E = iceey T St 57

fact easily shows that
cj<c; and s q=s<s;<7. (24)

On the other hand, by Corollary 3.19 we have that c; = c,(s) > ¢,(r) = ¢, since they are the

co-feasible constants corresponding to the co-feasible indexes s; | =s <71 =sp_1.

With these facts we can compare § and §*:
e We have that ¢; = ¢; for 1 <i < s;_; = sj_; by hypothesis.
e By Eq. (22), (23), and item 1 of Proposition 4.3 (cj <--- <cj_y),

L@ i o, @
0 2¢; =2 ¢j=06; for sj1=s;_1<i<s;; < s5.

e Since ¢, = max{d; : j € I4} by Proposition 4.3 (r is admissible), then

* * * . *
(5i:cqch26i for Sg—1 <1< s, .

e Finally, 67 = \; > d;, for s; <i < d (item 2 in Proposition 4.3).

Therefore § < 0*. Since tr(d) = tr(S)—tr(a) = tr(6*) by Eq. (19), we get that § = §*, a contradiction.

*

Case 2. If we assume that p < ¢ and s; = )

(and hence ¢; = ¢) for 0 < j <p — 1, then

Sp1=5, 1< 85 1 =8<T=5p1.
Case 3. Finally, if ¢ < p and s; = s} (and hence ¢; = c}‘) for 0 < j < ¢ — 1, then we have that
0; = 0; for 1 <i < sy _; = sq—1. Then, by Proposition 4.3, we have that

. @ N .
cp <cg = 0; < min{cy, i} <min{cy, \i} = 0; for sp; <i<d.

Hence, § < §*. Using that tr(é) = tr(6*), also in this case we conclude that 6 = 6*. The proof
finishes once we notice that one of these three cases should occur. O

Definition 4.6. Let S € My(C)" with A = A(S) € (RL))F and a = (ai)ier, € (RE()* (with k > d).
If s € ;-1 U{0} is the unique co-feasible and admissible index for S and a (which exists by Remark
4.2), then we denote by d(X, a) = §(), a, s) as in Eq. (18) of Definition 4.1. A
Remark 4.7. With the notation of Definition 4.6 above, notice that the vector d(A, a) can be
computed using a fast algorithm. Indeed, the notion of co-feasible and admissible index is algorith-

mic and can be checked using a fast routine; once the unique co-feasible and admissible index is
computed, the vector (A, a) can also be computed using a fast algorithm (Definition 4.1). A

Theorem 4.8. Let S € My(C)™ with A = \(S) € (R%O)i, a = (a;)ier, € (REQY (with k > d) and
0(X, a) as in Definition 4.6. If N is a strictly conver u.i.n. in My(C) and Gy € Ty(a) then, the
following statements are equivalent:

15



1. Go € Ty(a) is a global minimizer of O(n g a);
2. Go € Ty(a) is a local minimizer of O(n 5 a);
3. A(S — Sg,) =6(\, a)t.
Hence, the global (and local) minimizers are the same for every strictly conver u.i.n. N.

Proof. Clearly, 1. = 2. In order to see 2. = 3., we recall Remarks 3.6, 3.18 and 4.2, where we have
seen that A\(S — Sg,) = 4(S, a, Go)¥, for the vector (A, a, Gg) given in Eq. (13) and completely
determined by the index called s,_1(Go). By Remark 4.2 and Theorem 4.5, this s,_1(Gp) is the
unique co-feasible and admissible index of Theorem 4.5. Therefore, by Equations (13) and (18),

S(A(S), a) =d(S,a, Gg) = A(S —Sg,) =d(\, a)t.

3. = 1. Notice that © is a continuous function defined on a compact metric space, so then there
exists G; € Tg4(a) that is a global minimizer of © and, in particular, a local minimizer. By the
already proved 2. = 3., we must have that A(S — Sg,) = d()\, a)* = A\(S — Sg,).

In particular, since N is unitarily invariant

On,5,a)(Go) = N(S — Sg,) = N(Ds(x,a)) = N(S = S¢g,) = Ow,5,a)(91) ,

where Ds(y a) € M4(C) denotes the diagonal matrix with main diagonal 6(\, a). O]

We end this section with the following examples.

Example 4.9. Consider B = {e1, e2} the canonical basis of C2. Let S = 3 e;®e1+ea®ey € Mao(C)*
anda = (1, 1) (i.e. k=d=2). Then S is an invertible operator. Consider the vectors g; = g2 = ey,
and Go = {g1, g2} € Ta(a). Then A(S — Sg,) = Me1 ®e1 +e2®@e) = (1,1). If G € Ty(a) is
arbitrary, then tr A\(S — Sg) = tr S — tr Sg = 2. Hence

AS —Sg,) =(1,1) < A(S—=5g) = s(S—5S5g,) =(1,1) <y s(S—5g) ,

by Remark 2.2 and Theorem 2.4. Then Oy g a)(Go) < O(n 5 a)(G), for every win. N. Thus,
Go = {e1, e1} is a global minimizer of Oy ¢ a) in T2(a). Therefore this problem is co-feasible, so
that p = 1, s1 =tk Sg, = 1 and ¢; = \a(S) = 1. Notice that in this case Gy is not a frame for C?
(even when S € My(C)™ is invertible and k > d). A

Example 4.10. Consider B = {e;, e3} the canonical basis of C2. Let S = e; ® e; € My(C)*
and a = (2,1) (with ¥ = d = 2 again). Then S is a non-invertible operator. We shall see that
Go = {V2e1, ez} € Ty(a) is a global minimizer of O(N,s,a), for every w.in. N. Indeed,

A(S = Sgy) = AM—e1®er —ea@eg) = (=1, 1) = (5 = 5g,) = [A(S = 5¢,)| = (1,1)

and, if G € Tq(a) is arbitrary, then tr A(S — Sg) =1 — 3 = —2, so that tr s(S — Sg) > 2. This last
fact implies that s(S — Sg,) <w s(S — Sg) and therefore Oy 5 a)(G0) < Oy, 5,a)(G). Also this
problem is co-feasible, with p = 1, s; = rkSg, = 2 and ¢; = —1. Notice that in this case Gy is a
frame for C? (even when S € M3(C)™ is not an invertible operator). A
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4.2 The general case

So far, we have considered the case of local minimizers of GFOD functions when the number of
vectors k is greater than or equal to the dimension of the space d. This was essentially needed
in Section 3.3. In this section we add the case when k < d, thus covering all possible cases. Our
approach is based on a reduction to the case considered in Section 4.1.

Definition 4.11. Let S € My(C)* and let a = (a;)icr, € (RY ()Y with k < d. Let B = {v;}e1, be
an ONB of C? such that S = > ier, Mi(S) vi @ v; . Let

Vi =span{v; : i € [} and Sk ot Sly, = Zx\i(S) vi®@v; € L(V)T .

i€l

Since k = dim V} (the “new d”) we can take §(A\(Sg), a) € R¥ using Definition 4.6, for the data

A(Sk) = (M(S), ..., A(S)) € (R§0)¢ and a € (RE)*. We define the vector
S(A(S), ) = (8(A(Sk), @), Aks1(S), ..., AalS))
which does not really depends on Sy and B, but only on A(S) and a. A

Theorem 4.12. Let S € My(C)*, let a = (a;)ier, € (RE)Y and let N be a strictly conver u.i.n.
in My(C). Given Go = {gi}ier, € Ta(a) the following are equivalent:

1. Go 1s a global minimizer of O(y 5 a);
2. Go 1s a local minimizer of minimizer of O s a);
3. NS — Sg,) = 6(A(S), a)t (see Definition 4.6 if k > d, and Definition 4.11 if k < d).

Proof. If k > d this is Theorem 4.8. Let us assume that k& < d.

Clearly 1. = 2. If we assume 2 we can apply Theorem 3.2, Proposition 3.5 and Theorem 3.8 (these
statements do not assume that £ > d). With the notation of these results (i.e., with Notation 3.4),
there exists B = {v; }icr, an ONB of C? such that

S:Z)\’(S) v; ®v; and S():Sgo :Z)\Z(So) V; X U; .

1€lly 1€ly
We have that » = rkSy < k, and W = R(Sg,) = span{v;}ic, C span{v;}icr, = Vi, as in
Definition 4.11. Since A;(Sp) = 0 for i > k, the vector § & (Xi(S) = Xi(So) )ieﬂk € RF satisfies that
A(S = 80) = (AS) = A(S0))*  and A(S) = A(S)) = (8, Mesa(S), -, MalS)) . (25)

With the notation of Definition 4.11, we have to prove that ¢ = 6(A(Sk), a). Since r = s, < k < d,
we can apply Remark 3.6 (to A(S) — A(Sp) € RY), so that

6= (Cl T, , 0156, ..., Cp ]lspfsp_l , )\5p+1(5), ey )\k(S)) if Sp < k (26)

or
b= (a1l ,colgy s,y plgs, ) if sp=k, (27)

where the indexes s; < ... < sp_2 and constants ¢; < ...c¢,—1 are constructed (for A(S — Sg,) and
therefore also for ) in terms of the index s,—1 (when p > 1) using the algorithm given in Theorem
3.8 (and also in Definition 4.1, with respect to A(Sk), a and s,_1). Also ¢,—1 < ¢, by Theorem 3.2.
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Therefore, in order to show that § = §(\(Sk), a), by Theorem 4.5 we just need to prove that the
index sp—1 € I_; U {0} is co-feasible (and admissible) with respect to S and a. By Theorems 3.2
and 3.5 we know that (S —Sp)gi = ¢pgi <= sp—1+1<i<k,and

W, =span{g; : sp-1+1<i<k}=span{v;: sp-1+1<i<s,}.
Hence, if we let X =span{v; : sp-1 +1<i<k }and G, = {gi}fzspilﬂ € Tx(al®»-1)) then
(Sk|X—Sgp)gi:(S—So)gichgi, for s, 1 +1<1<k.

By Remark 3.16 (for Sy and a), we only need to show that ¢, = max 9 (= max 0; ).
sp—1+1<a< i€l

Suppose that ¢, < maxo(S—Sp). Then, by item 5 of Theorem 3.2, the set Gy is linearly independent
(since each set {g;};e J; is linearly independent, and they are sets of eigenvectors of the different

eigenvalues ¢; ). Then s, =rk Sy = k, so we can apply Eq. (27), and automatically ¢, = max 0; .
1€l

Otherwise we have that ¢, = maxo(S — Sp) > m%x 0; . Then, in any case ¢, = max d; . We have
c 1€l

proved that the index s,_; is co-feasible (and also admissible, because ¢,—1 < ¢,) with respect to
Sy, and a. Then § = §(A\(Sk), a) by Theorem 4.5 and A(S — Sg,) = 6(\(S), a)* by Eq. (25).

3. = 1. An argument analogous to that in the proof of Theorem 4.8 (3. = 1.) proves this implication.
O

Remark 4.13. The proof of 2. = 3. of Theorem 4.12 becomes trivial if we assume that (the
vectorial version of) the norm N satisfies that, for =, y € R* and z € R4,

N(xz,2)<N(y,z) = N(z,0)<N(y,0), (28)

since in this case Gy is still a local minimizer for S and a in V. The most usual strictly convex
norms (for example p-norms, for p € (1,00)) satisfy Eq. (28), but this property fails in general.
Take N = ||+ [|oo + || - [|2 which is a strictly convex u.i.n. In this case, if r = f , then (d =3, k = 2)

N((0,1),1)=1++v2 =N((r,7),1) but N((0,1),0)=2>r+1=N((r,7),0). A
Corollary 4.14. With the notation of Theorem 4.12, we have that
|0(N, &) <w NS —Sg)| , forevery GeTy(a).
Proof. For h € 15 and € > 0 let

New,oy(A) = Np(A) +e A2 = ) si(A) +ellAz . for A My(C) .

’iEI[h
Then, N, ) is a strictly convex uin. in Mgy(C) such that lim+ Ny, ey(A) = Ny (A), for A €
e—0
Mg4(C). If we let Gy € Ty(a) be such that A(S — Sg,) = (), a)* then, by Theorem 4.12,
o L
Zie]lh ‘5(/\7 a)’z = N(h)(S - Sgo) = 81_1>I[I)1+ N(h,s)(S - Sgo)

< i (S — Sg) S = Sg)|¥
< lm N, o) g) l%;hl a)li -

Since this occurs for every h € Iz, then |0(A, a)| < |[A(S — Sg)|. O
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5 Proof of some technical results

In this section we prove some results stated in Section 3.2. We begin by re-stating Notation 3.4,
that we will use again throughout this section.

Notation 3.4 (repeated). Fix S € My(C)T, a = (a;)ier, € (R%()¥, and a strictly convex u.i.n.
N on M,4(C). Also consider the notions introduced in Theorem 3.2. As before, let

L. O, 5,a) = ©: Ty(a) = Rxg given by ©(G) = N(S — Sg).
2. A local minimizer Go = {gi};cy, € Ta(a) of Oy, 5,a), With frame operator Sp = Sg,.
3. We denote by A = (Aiet, = A(S) € (REg)" and = (i)ier, = A(S0) € (REo)"

4. We fix B = {v;}ier, an ONB of C? as in Theorem 3.2. Hence,

S:Z)\ivi@)vi and S():Z;Livi@vm

i€ly i€lly
5. We consider W = R(Sy), D = (S —5p)|w and o(D) = {c1, ..., ¢,} where c1 <2 < ... < .
6. Let sp =max{i €l;:pu; #0} =1kSy.

7. We denote by § = A — € R? so that

sp
S—SOZZ(SiUi(@’Ui and D:Z5ZUZ®UZ
i€ly =1

Notice that ¢ is constructed by pairing the entries of ordered vectors (since A = A(S) and
1 = MSo) Nevertheless, we have that A\(S — Sp) = &*. In what follows we obtain some
properties of (the unordered vector) 4.

8. For each j € I,, we consider the following sets of indexes:
Kj:{iEHsDidi:)\i—ui:Cj} and Jj:{iéﬂk:Dgi:ngi}.

D D

Theorem 3.2 assures that I, =U;¢, K; and Ik =U;g, J; (disjoint unions).

9. By Eq. (2), R(So0) =span{g; : i € Iy} = W = ;¢ ker (D — c; Iw ) then, for every j €I, ,
W; =span{g; : i € J;} =ker (D —¢; Iy ) = span{v; : i € Kj} , (29)

because g; € ker (D — ¢; Iy ) for every i € J;. Note that, by Theorem 3.2, each W} reduces

both S and Sy . A
In order to prove Proposition 3.5 we first present the following two results. Recall that, given
r,y € (RHY, we say that z is strictly majorized by y if z < y and x # y.

Proposition 5.1. Let S € My(C)" and let Gy € Ty(a) be as in Notation 3.4 and assume that
p > 1. Assume that there exist

i<r<p, held;, , ledJ, with I<h (=a >a). (30)

Then, there exists a continuous curve G(t) : [0,1) — Tg(a) such that G(0) = Go and A(S — Sg)) <
A(S — So) with strict magjorization for t € (0,¢), for some e > 0.
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Proof. Consider

—1/2 —-1/2
wn =g/ llgnll = a; g and  w =g/ |l = a g,

(note that (wp,w;) = 0 because (gn,q;) = 0). Now define, for ¢ € R and for some convenient
v € R\ {0} (which will be explicitly calculated later),
gn(t) = cos(t) gn +sin(t) |lgnll wi  and  gi(t) = cos(vt) gi + sin(2) [|gu]| wp.-

Then consider the family G,(t), which is obtained from Gy by replacing the vectors g and g; by
gn(t) and g;(t) respectively, and denote by S,(t) its frame operator. Note that G,(t) € T4(a) for
every t € R and G,(0) =Gy

Let W}, ; = span {wp, w; }. This subspace reduces both S—Sy and S—S,(t). Since g(t), gi(t) € Why,

we can represent the following matrices with respect to the basis {wy, , wi} of W,

a cos? cos(t) sin
gh & gn = (Oh 8) » 9n(t) ® gn(t) = an (cos(t) S(itrz(t) S(itn)Q(t)(t)> 7

gz®gl=<8 2) at)® g(t) = a <Cossin2(7t) Cos('yt%sm) )>‘

(yt) sin(~t) cos”(~yt
Then,
S —=8,(t)=5—50—gn(t) ®gn(t) — a(t) ® gi(t) + gn ® gn + 5 @ g1.

Hence (S — SO)’WhL’l =(S— SW(t))‘W}ﬁz' On the other hand (S — SO)‘WM - (Ci 0> and

0 ¢
_ c; + ap sin?(t) — a;sin?(yt) —ayp cos(t) sin(t) — q cos(’yt) sin(vt)
(5 =S E)lwi, = (—ah cos(t) sin(t) — a; cos(~yt) sin(vt) ¢y + apsin®(yt) — ay, sin®(t) >

Denote this matrix by A,(t). Since tr(A4,(t)) = ¢; + ¢, for every t € R, then we have the strict
majorization A(A,(t)) < (¢r,¢;) if and only if ||A7(t)||§ < 2+ ¢2. So consider the map

my:R =R givenby my(t) = || A,0)|5 = tr(A,(t)%) for teER.

Notice that A,(0) = (S — So)|w,, ;> then m,(0) = tr((S — So)|? W, l) = c2 + ¢2. By Eq. (31) below,
m’,(0) = 0 for v € R\ {0}. Then, the goal is to find some v € R\ {0} such that m/(0) < 0. In this
case we obtain the strict majorization A\(A,(t)) < (¢, ¢;) for t € (0,¢), for some € > 0. This last
fact implies that A(S — Sy (t)) < A(S — Sp) strictly, for ¢ € (0,¢), as desired.

Start computing the derivatives of the entries a;;(t) of A,(t), for 1 <1i,j < 2:

aji(t) = apsin(2t) — a;ysin(2+t) = a;(0) =0,
alo(t) = —ap cos(2t) — ayycos(24t) = ahy(0) = a}5(0) = —ay, — ary,
abo(t) = aysin(2+t) — ap, sin(2t) = aby(0) = 0,
(1) = 2 cos(21) — 2ary? cos(2 1)) = dy(0) = 2 (an — an?),
a5 (t) = 2ayp,sin(2t) 4+ 2 a;y? sin(2 1) = a{,(0) =0,
aly(t) = 2 a2 cos(2t) — 2ay, cos(2t) = ahy(0) = 2 (ary? — ap)
Then
mi/(O) = 2a11(0) a}1(0) + 4a12(0) al5(0) + 2 a2(0) a5, (0) = 0, (31)
m’y(0) = 2 a11(0) a1 (0) + 4 (a12(0))* + 2 az(0) a3, (0)
=dei(an —apy?) +4lap + ay)? +de(ag v — ap).
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Note that m’v’(O) is a quadratic function depending on v whose discriminant is
az a? lap a; — (a4 ¢ — ) (ap + ¢ — ¢,)] > 0,
because we assume that ap < a; (and we have that ¢, > ¢;),
(a; + (cr — c))ap — (cr — &) = aran, + (¢p — ¢5)(ap — @) — (¢r — ¢)? < agap,.

Then, there exists v € R\ {0} such that m/(0) < 0. O

The following result together with Proposition 5.1 will allow us to obtain a proof of Proposition 3.5
(see below).

Proposition 5.2. Let S € My(C)t and let Gy € Tq(a) be as in Notation 3.4 and assume that
p > 1. Assume that there exist

ieKe and jeK, with e<r suchthat j<i. (32)

In this case, there exists a continuous curve G(t) : [0,1) — Tq(a) such that G(0) = Gy and such that
A(S = Sgy) = A(S — So) with strict magjorization for t € (0,¢), for some e > 0.

Proof. With the notation of the statement and Notation 3.4, notice that
i <pyooand  ce = A= <o =N — iy

As in Notation 3.4, consider B = {v;};cr, an ONB of C? such that

S:Z)\gw@z)g and 50:Zugvg®vg. (33)
Lelly Lely
For t € [0,1) we let
alt) =g+ ((1- )12 1) {gi,vi) vi +t (g, vi) v; for €. (34)

Notice that, if [ € J., then (S —So)g = ceqir = (g1, vj) = 0. Similarly, if I € I \ Je then
(g1, vi) = 0 (so that g;(t) = g;). Therefore the sequence G(t) = {gi(t)}ie1, € Tq(a) for t € [0,1).
Let P; = v; ® v; and Pj; = vj ® v; (so that Py = (x, v;) vj). Then, for every t € [0, 1),

g(t) = (I+((1—t2)1/2—1) P+t Pj;) g forevery [€ly.

That is, if V(t) = T+ ((1 —t2)"/2 —1) P;+t Pj; € My(C) then g,(t) = V(t) g, for every I € I}, and
t € [0,1). Therefore, we get that

Gt)=V(t)G ={V(t)gitier, = Sgu) =V () SgV(t)* for te[0,1).
Hence, we obtain the representation

Soy =D e ve®ve+11(t) v @ vy + Y12(t) v; O vi + Y21(t) vi @ vj + Y22(t) Vi@ Vi
tela\{,j}

2
r,s=1

A(t):((l) (1_i2)1/2> (lg: /?) C (1_22>1/2> for every te[0,1).

where the functions ,4(t) are the entries of A(t) = (7,s(t)) € H(2) defined by
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It is straightforward to check that tr(A(t)) = uj + p; and that det(A(t)) = (1 — t?) uj p; . These
facts imply that if we consider the continuous function L(t) = Amax(A(t)) then L(0) = p; and
L(t) is strictly increasing in [0,1). More straightforward computations show that we can consider
continuous curves z;(t) : [0,1) — C? which satisfy that {z1(t), 72(t)} is ONB of C? such that

A(t)z1(t) = L(t) z1(t) for te€]0,1) and x1(0)=e1, x2(0)=e2.
For t € [0,1) we let X(t) = (Ur,s(t))z,sﬂ € U(2) with columns z1(t) and z2(¢). By construction,
X(t) =10,1) = U(2) is a continuous curve such that X(0) = I and such that
X (6 At) X(¢) = <L(t) 0 ) .

0 pi+p;—L(t)

Finally, consider the continuous curve U(t) : [0,1) — U(d) given by
U(t) = w1 (t) v; @ vj + u12(t) 05 @ i + ugt () v @ v + upe(B) v; @ v+ Y 0@y .
telg\{i, j}

Notice that U(0) = I; also, let G(t) = U(t)* G(t) € T4(a) for t € [0,1), which is a continuous curve
such that G(0) = Gy . In this case, for ¢ € [0,1) we have that

Sey = U#)" Sgay U(t) = L(t) vj @ vj + (i + py — L(t)) vi @ vi + Z e Ve @ vy
geﬂd\{%]}

In other words, U(t) is constructed in such a way that B = {v; };c1, consists of eigenvectors of Sé)
for every t € [0,1). Hence, if E(t) = L(t) —p; > 0 for t € [0, 1), we get that

S = Sg = (er = E())vj @vj+ (ce + E(t) ) vs @vi+ Y (Ao —pe) ve @y
Lelg\{s, 5}

Let € > 0 be such that E(t) = L(t) — p; < “5% for t € [0,¢]. (recall that L(0) = p; and that
ce < ¢r). Since L(t) (and hence E(t)) is strictly increasing in [0, 1), we see that

(cr = B(t), ce + E(1)) < (¢r, ce) = A(S = Sg0)) <A(S—So) for te(0,¢],

where the majorization relations above are strict. O

Proof of Proposition 3.5. Fix S € My(C)*, a = (a;)ic1, € (RE))¥ and a strictly convex w.in. N
on My(C). Consider Gy a local minimizer of ©(y g a) in Tg(a). Then, Gy satisfies the assumptions
in Notation 3.4; with this notation, assume that p > 1. Then, we show that there exist 0 = sg <
51 <...<8p—1 < 8p =1k Sy < d such that

Kj :Jj:{S]’_l—f—l,...,Sj}, for jE]Ip_l,
(35)
K, ={sp-1+1,...,8}, Jo={sp—1+1,...,k}.

Indeed, in case the sets J; for j € I, do not have the structure described above (i.e. increasing
sets formed by consecutive indexes) then, we get that there exist indexes i, r € I, and h, | € I}
for which Eq. (30) holds. In this case, Proposition 5.1 shows that there exists a continuous curve
G(t) : [0,1) — Tg4(a) such that G(0) = Gp and such that A\(S — Sgu)) < A(S — Sp) with strict
majorization for ¢ € (0,¢) for some £ > 0. Since N is a strictly convex u.i.n. we conclude that

O, 5,2)(G(t) = N(S = Sg) < N(S—50) =On 5,a)(G0) for te(0,ef.  (36)
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This last fact contradicts the local minimality of Gy. Hence, there exist indexes sg =0 < s1 < ... <
sp—1 < Sp < d for which the representation of the sets J; for j € I, as in Eq. (35) holds.

Similarly, in case K; for j € I, are not increasing sets formed by consecutive indexes then, using
Proposition 5.2, we also get that Gy is not a local minimizer; this last fact contradicts the hypothesis
on Go. Finally, notice that by Theorem 3.2 we have that the family {g;}ics; is linearly independent
for every j € I,,_1. In particular, by Eq. (29), we get that dim(W;) = |K;| = |J;| for jel,_;.
Hence, we get that J; = K for j € I,_; and that K, = {s,—1+1, ..., s,} and the result follows. [

In what follows, we show Theorem 3.8. First, we consider a preliminary result.

Proposition 5.3. Consider Notation 3.7 and 3.4, and assume that p > 1. Assume further that the
sets J; and Kj, for j € I, satisfy Eq. (35) above. Then,

1. We have that (a;)ics; < (Ni — ¢j)iek;, for j € L.
2. If 0 <r <s<dthen, (a;)i_, 11 = (Nj — Prt1,5)j=41 if and only if
PT+175 < Pﬁi , r+1<1<s <= Pr+1,s :min{PTH,i cr+1<i< S}.
Proof. For each j € I, consider W; = span{g; : i € J;} = R(Sg,), so that dimW; = [Kj]

and let @Q; be the orthogonal projection onto Wj; then, W; reduces both S, Sy and notice that
(S - So) Q]’ =Cj Qj and So Qj = ng. Then,

SQj=(5=50)Q; + 5 Q; =¢;Q;+ S5, = ASg,) = (\i — ¢j)ick;» Oa—ik;,|) € (RI)*.

Hence, by the Schur-Horn theorem we get that (a;)ics; < A(Sg;) which is equivalent to the ma-
jorization relation (a;)ier; < (Ai — ¢j)ick;, and item 1 follows.

Let 0 <r < s < d and notice that by construction (a;)i_, 1, (Aj = Prt1,s)j=r11 € (R*=")+. On the
other hand, if r +1 <4 < s then

Z ajé Z )\j_P'r—l—l,s Aad (i_T)Pr+1,sS Z hi < Pr—l—l,sSPT—l-l,i-
Jj=r+1 Jj=r+1 j=r+1

This last fact shows item 2. O

Proof of Theorem 3.8. In case Gy is a local minimizer of Oy g a) on Ty(a) for a strictly convex
u.i.n., then the previous results imply that the sets J; and K associated with Gy satisfy Eq. (35).
Hence, we show that the following relations hold:

1. The index s; = max {j <sp-1: P ;= min Pl’l-}, and ¢y = Py g, .

1<Sp—1
2. Recursively, if s; < s,_1, then
$j41 = max {sj <r < sp_1: st+1,r = <m<in P5j+1’2'} and cjp1 = st+17sj+1 .
5;<t<sp—1

Indeed, consider an arbitrary 0 < j < p — 2. By item 1. in Proposition 5.3 and the fact that
Jiv1 = Kjt1 ={sj+1,...,sj41} then we see that

(aiiesjr < (Ni — ¢jt1)iek;y, = Ci1 = Ps;41 554, - (37)
Now, using the majorization relation in Eq. (37) and item 2 in Proposition 5.3 we also get that

Psii1,s;,, =min{ Py, 41 555 <i< s},
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Therefore, in case the relations between the indexes sp = 0 < ... < s,_1 and the constants ¢; <
... < cp—1 in the statement do not hold, we get that there exists 0 < 7 < p — 2 such that

$j41 < max {sj <r < spo1: st+17r = min P5j+17i } =t<sp1.
5;<i<sp—1

By definition of ¢t we get that
cj+1 == P8j+175j+1 Z PSj-‘rl ,t (38)

Also, there exists j +1 < ¢ < p — 2 such that sy <t < sg41. Using the majorization relation in Eq.
(37) we see that for j <r < ¢ —1:

Sr+1 t
(Sp41 — Sp) Crp1 = Z hi and (t —sp)cer1 < Z h;.
i=8r+1 i=sp+1

Then, the previous inequalities allow us to bound

t /—1
1 Sr+1 — Sp t— sy
P.. = E h; > E — —+ C =:
s;j+1,t i s; 1 / n r+4+1 n {41 /B
i=s;+1 r=j

that represents the lower bound 3 as a convex combination of the constants cj11 < ... < ¢g41. This
last fact clearly implies that P11 ¢ > 8 > cji1, that contradicts Eq. (38). O]
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