C* REGULARITY FOR THE FAR FIELD AND NEAR FIELD REFRACTOR
PROBLEM

CRISTIAN E. GUTIERREZ
AND
FEDERICO TOURNIER

AsstrACT. For index of refraction x < 1, we prove C!** regularity for the Far Field

Refractor and for the Near Field Refractor using Loepers method.

1. C'* ror THE FAR FIELD REFRACTOR

Let (1, x9) > x and (171, xp) > «, and let m, = (1 — A)m + A, with 0 < A < 1.
We parametrize the segment [, 7i1], which is the intersection of the triangle with

vertices 17, 11, xo/x with the sphere S""!. A point m € [, 11],, can be obtained as

the intersection of the line xo/x + p £ where & = m, — Exo, B € R, with the sphere

_<x0/ £> - \/<x0/ é)Z - (1 - Kz) |5|2
KlE?

S"1. Solving for B yields (1) =

obtain the parametrization

. Therefore, we

1 1
(1.1) [t ey = (1) = 50 + ) (12 = 0 ), A € (0,11
Notice that if m € [, 111],,, then we can write
1 _ 1 L1
m= —Xy +s(m - —x0)+ t(m - —xo)
K K K
withs,t >0ands+t<1;5=(1-A)B(A), t =AB(A).

Lemma 1.1. Let m, 111 € Q* and xy € Q3, (QQ - Q* > «). Then for m(A) € [, ]y, and
forall x € Q,

max{l — x{xg,m) 1— K(xg,r?z>} S 1 — x(xp, m(A))
1—x(x,m)’ 1—xlx,my )~ 1—1x(x,m(A))

+ CA(L = A)fx = xo2lm — 1

where C depends only on «.
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2 C. E. GUTIERREZ AND E. TOURNIER

Proof. Assume

1 — wx{xo, m) 1= K{Xo, 171)
1—xlx,m) — 1—uwlx,m)’

(1.2)

and let m = m(A) € [m,m],,. We will show

1 — x(xo, 111) S 1 — x{xp, m)

1- — xolPlm = 112,
1—x{x,m) = 1—x{x,m) + CA(L = A)lx — xof*[m — 11

A calculation shows that

1 — x{xo, 1) 11— K{xo,my  x{x — xo, M(1 — x{xo, m)) — m(1 — x{xo, 1))
1 — x{x, m) 1—x{x,m)y (1 — xlx, m))(1 — x(x, m))

Since m = Lxg + (i — Lx0) + t(f1 — 1x) with s = (1 — A)B(A) and t = AB(A), we
obtain that 1 — k{xq, m(A)) = s(1 — «{1m1, xo)) + t(1 — x{171, xo)). Hence

(x = xo, m(1 = x{xg, m)) — m(1 — x{xg, 11)))

= (x — xo,m (s(1 — xxq - 1) + t(1 — xxq - 1)) — (lxo + s(m — lxo) + (11 — lxo)) (1 — x{xg, M)))
K K K

= G =0, H0R(L = st 1)) = (1 = st ) + (3 =, X5 + = 1(1 = G, ).

From (1.2), (x — xq, m(1 — x{xq, 1)) — (1 — k{xp, 1)) > 0 and since |x|, [xo| = 1, we

have —2(x — xy, xy) = |x — x0/?, and so

1 — x{xq, 1)
(1 — x{x, m))(1 — x(x, m))

1—w{xo,m) 1—x{xo,m) _ 1 2
1 — x(x,m) B 1 — x(x, m) 2 o (1-(s+1) |x — x|

> Ce(1 = (s + 1)) |x = x0]*.

To complete the proof of the desired estimate, we shall prove that 1 — (s + ) >
C.A(1—=A)|m —mf*. In fact, notice that s + t = B(A) and

KIEP + (xo, &) + /(x0, )2 — (1 = 1)IEP
Kl<l?

_ (RIEP + (0, ) = (o, &2 = (1 = )P
kIR (kIEP + (x0, &) — xo, &7 — (1 — DIEP)
Next, we have (kl&[+(xo, €)Y —((xo, €= (1=K2)IEP) = [EROAIEP+2kc(xo, E)+1-x) =
IEP(IKE + xol* — k2) = |&]*x2(Ima|* — 1). Therefore
k(1 = [mal?)

—KIEP = (x0, &) + 0, £ — (1 — )P

1-B(1) =

1=pA) =
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Since 1 — B(A) > 0 and |my| < 1, for 0 < A < 1, it follows that —«|&]* — (xo, &) +
\/(xo,cf)z - (1 -x2)IE)?) > 0 and since [£] < 1 + (1/x), it is bounded above by a
constant depending only on «.

Finally, since 1 — |m;|> = A (1 — A) i — 1|, the proof of the lemma is complete.
O

Lemma 1.2. There exists a constant M, depending only on « such that for all x, y with
x|, Iyl <1 and for all |m| = 1 we have

YR D NG S
Mily —xI” + <(1 e, e Y x)+ 1= o
1
< -
1 -y, m)
1 Km ,
< - - .
STowm T Ty ¥ 0+ My =
Km
Set q(x, m) := A=, )
Proof. It follows from Taylor’s formula for ; about x. g

1 - «{y,m)
The following is the main lemma of this section.

Lemma 1.3. Let By be a geodesic ball in S"~ with Bys C Q. Suppose x; € Bs,m; € N o(xi),
i =1,2, are such that (m; € Q*) |mqy — my| > |x1 — x»|. Then there exists xy € [x1,x,], the
geodesic segment in S"™! joining x1, X, and contained in Bs, such that
p(xo)(1 = x{xo, m(A)))
1. >
(13) p¥) = =—=— )
for all m(A) € [my, myly, and for all x € Q, with C; and C, positive constants depending

+C1IA(1=A)x—x0* [my —mal* = Calocy — x| [my —1m15|

only on x and A.

Proof. We have p(x) > p(xﬁ(_l;g,( Z)mi»

continuity that there exists x; € [x1, x2] such that

plr)(1 = &y, my) _ p(ra)(1 = w(xp,ma)

for all x € ), i = 1,2. It follows by

1-x{xo,m) 1 —1w(x,my) o
Hence
ao(1 — w{xo, m;))
(14) p(x) 2 IS??{ 1 —x{x, m;) }
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for all x € Q. Note in particular that p(x) > 4.

We will prove the estimate
(1.5) 0 < p(x) — a9 < Clx1 — xo| [y — my,
with C depending only on x and A. Let mg € N,(xo), so

p(x0)(1 = x{x0, mp))
1 — x{x, my)

> p(x0)(1 = x{xo, mp)) (

p(x) =

.+ _ _ 2
1 — w(xg, 110y + {q(x0, mp), x — x0) — My|x — x0| )

(16) = p(xo) + p(xo)(1 = {xo, mo)) ({q(xo, o), x = X0} = Miclx = xol?)

where we have used Lemma [1.2]about x,.

ForO<pu<1,setx, =(1—p)x; +px; Sincex-m >« forallx € Qand m € (X,
K < x, - m < |x,|. Since xg € [x1, x2], there exists 0 < u < 1 such that xo = %

Pluging in x = x; in and multiplying by 1 — y, next pluging in x = x, in
and multiplying by u, by adding the resulting inequalities and moving terms
around we obtain

p(x0) < (1 — w)p(x1) + up(x2) — p(xo)(1 — x{xo, mo)){q(x0, Mo), Xy — X0)
(1.7) + M, p(x0)(1 = x{x0, my)) ((1 — wlxy = xo* + plxy - xo|2)-
By direct computation

(lcu] = 1) 21 = pax2 — x1)

1.8 X1 —Xg =
(1.8) 1= X0 o
Xyl =D+ (1 —u)(x —x
(1.9) Yo — Xo = (I yl ) X2+ ( w)(x2 1).
x|
(lxy| - 1)xu e 2 2
Consequently x, — xp = T In addition, (1 — p) lx1 — xol* + p|x2 — xo|° =
u
2(1—|x,]),and 0 <1 — x| < 1_|xH|2 -1 Ix; — x5/*. Using th timates in
), a < ul g = xl sing these estimates
(1.7) yields
(1.10) p(xo) < (1 = ) p(x1) + 1 p(x2) + Clxy — x5

with C depending only on x and A.
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On the other hand, from Lemma|l1.2
1
>
1—x{xo,my) — 1 —x(xy,my)

+{q(x1,m1), x0 — x1) — Mi|xo — x1 2,

SO
: 2
< - - .
1—x(xy,m) ~ 1 —1{xy,m) + {q(x1,m1), x1 — x0) + My|xo — x1
Therefore,
ag (1 — x{xo, m;
p(x) = o ( (x0,m;)) < ag+ag(1—1(xo, m))q(xi, m;), x1—x0)+ao(1—1c(xg, ;) Miclxg—xi2,

1 — x{x;, m;
fori=1,2. Mflltipl;ing the last inequality when i = 1 by 1 — y, multiplying the
last inequality when i = 2 by 1, and adding them up yields
(1 =) p(xr) + pp(x2)
< ag
+ a0 [(1 = x{xo, m1)){q(x1, m1), (1 = u)(x1 = x0)) + (1 — wxo, m2)){g(x2, M2), p1(x2 = x0))]
+ ay M, ((1 — 1{xo, m1))(1 = )l — xof* + (1 = w(xo, ma))plxs — xolz)
=ag+aygK+L.

We have |L| < C|x; — x,]* with C depending only on x and A. From and

1—
[.l
-1
le9|C | [(1 = w{xo, m1))(L = p){q(xr, my), x1) + (1 = x{xo, ma)) udg(x2, 12), x2)]
u
= A + B.

Since 0 < 1 — x| < [xy — x,[*, we have |B| < Clx; — xo*. To estimate |A|, write

(1 = x{xg, m2))q(x2, m3) — (1 — x{x0, m1))q(x1, m1))

_ (1- K<x1,m1>)2(1 — KXo, Mmp))my — (1 — x(x2, m2>)2(1 — K{Xo, M1))ny
(1 = x{xy, m))*(1 = x{xz, my))? '

The numerator of the last fraction equals

(1.11)

(1 = x{x1, m1>)2 (1 = x{xg, ma))my — (1 — x{xo, m1))my)
+ 221 = 1o, ) )mn (1 = wearr, m)? = (1 = 1422, m2))?).

It is easy to see that this expression is bounded in absolute value by C (|m; — my| +

Ix1 — x2]). By assumption [x; — x| < [m; — m,| and since the denominator of (1.11)) is
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positive and bounded below by a constant depending only on «x, we obtain that
|A] < Clx1 — xp|[my1 — m,| with C depending only on x. Therefore, we have shown
that

(1= w)p(x1) + pp(x2) < ag + Clxg — xp| [my — my|,

which combined with equation (1.10) and the assumption |x; — x;| < [my — my

yields (L.5).
Now from we have
p(xo)(1 — x{xo, mi})  ao(1 — w{xo, m;)) N (p(x0) — a0)(1 — w(xo, m;))
1 — x{x, m;) 1 - wkdx, my) 1 — x{x, m;)
ao(1 — x{xo, m;))

+ Clxy = xp||my — m
Tty b =l — )

i =1,2. Therefore
ma {110(1 — K{xo, mi»} > max {P(Xo)(l — K{x0, M;))
i=1,2

i=1,2 1 — x{x, m;) 1 — x(x, m;)

} — Clxq = xo|lmy —my

and so from ({1.4) we obtain

p(x0)(1 — x{xo, m;))
1 — «x{x, m;)

(1.12) p(x) > max{ } — Clxy — xp||my — my|.

We can now apply Lemma [1.1] to conclude for m(A) € [my,my],, and the
proof of the lemma is complete. O

Let |m| = 1 and m(A) from (1.1). Writing

1—x{xg,m(A))y 1 —1x{xy,m)

1 - x{x,m(A)) S 1- x{x, m)

1 = xo, m(A)(1 = w{xo, m)) — m(1 — x(xp, m(A))))
- (1 = x€ox, m(A)))(1 — x(x, m))

it follows that
1 —x{xo,m(A)) 1 —x(xo, m)
1—-x{x,m(A)) 1-—x{x,m)

with C depending only on «. This estimate together with yields the following

lemma.

< Clx = xg||m — m(A)].

Lemma 1.4. Assume p is a refractor defined in Q with + < p < A and let By be a
geodesic ball with Bys € Q. Let x; € Bs, m; € N,(x;) with m; € Q*, i = 1,2 and
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my — my| > |x1 — xa|. Then there exists xo € [x1, 2], the geodesic segment in S"! joining
X1, X, and contained in Bs, such that

p(xo)(1 — x{xo, 1))

1 — x{x, m)

p(x) =
+ CIA(L = A)lx = xpllmy — my* = Calxy — xa| [my — my| — Calx — x| [m — m(A)|

or all m(A) € [my, myly,, for all x € Q and for all m € Q*, where C;,C, and C; are
0

positive constants depending only on x and A.
We now prove the main theorem.

Theorem 1.5. Assume p is a refractor from Q to O with + < p < A and let Bys be a
geodesic ball with Bys C Q. Let X,X € Bs, m € N,(X) and 1i1 € N(&) with m,m € Q*.
There exists a constant C depending only on x, A and 6, and a constant K depending only
on k and A, such that if [m — 11| > C|x — X|, then

i — 11 < K|x — £[°

1

?/Ulth a = m

Proof. If we choose C > 1, then we can apply Lemma Therefore there exist
X € [X, £], the geodesic segment, such that

p(xo)(1 — x(xo, 1))

+ Culx — xo* 171 — 1f* = Col|% — &[T — 12| — Cslx — xollm — m(A)]
1 —«x{x, m)

p(x) =

for m(A) € [1m, ]y, with A € [1, 3], for all x € Q and for all m € Q*

The positive constants C;, C, and C; depend only on x and A.

There exists a constant 1y depending on 6 such that the py-neighborhood of
[m, 1i1]y, is contained in QO*.
Cslm — m(A)| + \/C§|m —m(A)]2 +4C,Cylm — m(A)P|x — x|

2C,|m — 1 '

Note that if |[x—xo| > to then C;|x—xo|*|ii—1i1|> — Co|X— &1 — 11| — C3|x—x0||m—m(A)| >
0.

Set u = Vi — mP|x — £ and assume [m — m(A)| < p, then

Cs + 1,C§+4C1C2 |J_C—J?|

2C [ — 111

Set to =

ty <

N
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C3 + ,[Cg + 4C1C2

Let K = Te and take C > 1 and such that K < C%. Note C
1

depends only on x, A and 6.

Assume |m — 11| > C|x — %]

Seto =K Iic—xl . Note thatty <o < &.
|17 — 1]
b — i _ 16
Also note that p < < U, provided C > —
vC vC Ho

Notice that if m is in the u neighborhood of {[rﬁ, fitly, : A €[5, %]} and |x —xg| > o,

then
p(x())(l - K<x0/ m))

p(x) =
1 — x{x, m)
Since xy € Bs and B,(xy) C Bys C QQ, we have that there exists ¥ € B,(xy) such that

p(f)(l - K<5€/ m))
1 — x{x, m)

p(x) =

for all x € Q. This implies that m € N,(%¥). Here it is important to know that
m e Q*

Therefore we have shown that the p neighborhood of {[m M)y, : A € [1 11 } is
contained in N, (B (xo)).

Taking surface measure on the sphere, and using that the refractor measure is
dominated by surface measure, we get |71 — 1ir|u" > < Co" .

This yields the result. O

2. CY* yor THE NEAR FIELD REFRACTOR

In this section we will prove C** regularity for the near field refractor using
Loeper method.
Recall that the oval is O(Y,b) = {X € R" : |X| + «|X — Y| = b}, with x|Y| < b < |Y].

A ray emanating from the origin in direction x is refracted at the point X € O(Y, b)
X Y-

to the point Y provided that (—
pomt = P X' Y - x|

———) = « which by the equation of the oval
is equivalent to (x,Y) > b.

The polar equation of the oval is O(Y, b) = {p(x)x : x € S"'} where

b—1x(x,Y)— \/(b —1x, Y))? = (1 = x2)(b* — 2|Y?)
1-—x2

p(x;y,b) =
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In order to specify a point X, on the oval, let b = |X,| + /X, — Y| and define the
function h(x, Y, X,) by
W, Y, Xo) = p(x Y,b)
Y - Xo

|X 1" 1Y — Xol
Let Q € §""! be open and C; < C, be constants.

Let Fcl,cz = {I’X tX € Q, C1 <r< Cz}

The point X, will always be taken satisfying ( ) >

2.1. Hypothesis on ~. We now list the hypothesis we put on the target set =
Hypothesis A:

We assume that for each point X € I'c, ¢,, the target can be parametrized as

L={Y:Y =X+sx(mm, meS"?, (mx) >«

Notice carefully that <| XI' Y = Xl) >k forall X €T, ¢, and forall Y € Z.

We also assume 0 < sx < Cforall X € T'¢, c,

Hypothesis B:

We assume that for each X € I'¢, ,, the function sy is Lipschits. That is |sx(1m) —
sx(m)| < Cx|lm — m| for all m,m € S"~! with (m, x) > x and {11, x) > «.

In particular, if Y, Y € ¥ are given by Y = X + sx(ii)iz and Y = X + sx (i)t then

IY — Y| < (Cx + C)ir — 1#1|. The last constant we will assume is uniform in X.

Notice that we also have the reverse inequality

1 1 — A - A
|rit — 1m| < 2 min{ HY =Y < ClY - Y]
|Y XOl Y Xol
where in the last inequality we have used the next Hypothesis.
Hypothesis C:
2
L = .
etCl) = A+
We assume
X]
<
v -x =W

forall X € I'¢,c, and forall Y € X.
Cy Cy
Notice that [Y — X| > ——. Theref forall X eT
otice that | |_C() ereoresX_C( ) or a €l'cc,

Hypothesis D:
Fix Xy € T¢,c,, and Y, Y € ¥. To simplify notation we will write s instead sx,.
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— A

Y — Xo . Y-=-X,

— and 711 = —
|Y_XO| o |Y—X0|
Consider the curve [Y, Y]x, on X~ given by

Letm =

[Y, Yx, = {Y(A) = X + s(m(A)m(A) : A € [0,1])

where m(A) is the parametrization of [, 1], as defined in (1.1).
Since (m(A),xp) > « for all A € [0,1], the curve is well defined according to
Hypothesis A.

Recall that if m € [m, 11],,, then we can write
xo — km = f(xo — k17 + f(xo — K7it)
, where = (1 — M)B(A) and f = AB(A).
We will assume that

> =+

©® | =
0|
w | T

Notice that this is the same as saying that 5 is a concave function of A

1
(m(A))B(A)
Hypothesis E:

We assume that there exists po and C such that for any X, € T'c, ¢,, and Y, Yez,
1 N 1 3 RN
H' 7 (NJUIY, Tl 5 <A< SDNE) 2 Gy - ¥

, for any p < po and where H""! stands for n — 1 dimensional Hausdorff measure
in R" and N, is the y neighborhood in R".

This finishes the list of hypothesis on X.

A word about each Hypothesis:

Hypothesis A and B are to ensure that each point X € I'c, ¢, has the chance to
being refracted to each point of X and to ensure visibility, that is, the ray refracted
at X € I'c, ¢, intersects X at only one point.

Hypothesis C imposes a positive and controlled distance between the refractor
and the target and implies that the ovals to be used in the definition of the refractor
are smooth with controlled derivatives.

Hypothesis D is the crucial AW hypothesis necessary for regularity.

Hypothesis E is a weak form of convexity of X with respect to points X € I'c, ¢,
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2.2. example. Before we continue we give an example that shows that a horizon-
tal plane (a part of it properly situated with respect to I'c, c,) satisfies Hypothesis
D.

We show thatif Z = {Y : Y,, = M} and (l—il,ﬁt—ﬁl > « for all X € I'¢, ¢, and all
Y € X, then X satisfies Hypothesis D.

To see this, fix X € T¢,c, with0 < X, < Mandlet Y = X +5m and Y = X + &t

bein X.
ForY=X+smand Y € X we have M = X,, + sm,,, and hence

1 m,

s M-X,

For m € [m, 1it],, we have m = 1x + (i — 1x) + f(1i1 — 1x) and hence,

m, = ix, + B(n, — Lx,) + p(it, — Lx,), which gives

L _ %l = (B+B) + P + Piy

s M — x,
pm, . P _B P
M-x, M-x, 3§ &

and we are done.

Let us now study the function h(x, Y, Xy) for Y € X and X, € I'c, c,.
Write Y = Xy + sm and recall b = | Xy| + x|Y — Xo| = |Xo| + xs. It follows that

b—1%(x,Y) = [Xol(1 — k*(x, x0)) + ks(1 — k(x, m))

and
b? — 1Y = (1 = «?)Xol* + 2ks(1 — w(xo, m))
b—x*x,Y) b? — ?|Y)?
. SetB— 1_—K2&Hdc—1_—1<2.
We then have

h(x,Y,Xo) = B— VB2 - C

In order to get to our crucial lemma, first we need three auxiliary lemmas.

Lemma 2.1. Let Y,Y € Zand X, € I'c,c,- Then, with the notation as above, we have

B>B-VB2-C
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_ — C C
Proof. Wehave, B— VB? - C= —— < —.
N

So, it is enough to show C < BB and this amounts to

(1 — 12| Xol* + 2x5(1 — x{xo, 171)) -

1-—x2
(IXol (1 = x*(x, x0)) + x5(1 — x{x, 77))) (IXol(1 = ©%(x, o)) + x8(1 — (x, 111)))
(1 —x2)?

The above inequality is equivalent to
_ (A= x0)?) | 2kiXols(1 - wCxo,m)
(1 —x2)? 1-1%x2 -

Xol(1 - &2 -
K] 0|((1 - izg x0>)(§(1 = (x, 1)) + (1 = (x, 1)) + (1_K—Kz)z?(1 = M) (1 = (x, 1))

The LHS is < |Xo[? + 2|Xols and the RHS is > 7%5558(1 — )? = 5555,

2 A
Therefore,we need | Xo> + 2x|Xo|5 < T SS-

1 Xol? (1

Equivalently,

Xol 1X X 2
| _0|| A0| +21<| A0| < K
5 § S (1 + x)?

and this follows from Hypothesis C.

The second auxiliary lemma is as follows,

Lemma 2.2. Consider the function f(B,C) = B— VB2 —C on the set 0 < C < B?
and B > 0 Fix (B,C) and assume f(B,C) < B. Then f(B,C) < f(B,C) if and only if
C-C < 2(B-B)f(B,C). In addition, if C— C < 2(B—- B)f(B,C) — E for some E > 0
then f(B,C) < f(B,C) — £

B+ VB2-C- f(B,C)
Proof. Assume that C — C < 2(B - B)f(B,C) — E, for some E > 0
We have
C-C—(f(B,O) + f(B,ONB-B) _
VB2-C+ VB2 -C -
2B - B)f(B,C) ~ E— (f(B,C) + f(B,C))(B~B) _
VB2-C+ VB2 -C
(f(B,C) - f(B,C))(B~B) - E
VB2-C+ VB2-C

f(B/C)_f(B/C) =
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Therefore,

B-B -E
)

B,C) - f(B,Q))(1 <
6.0~ B O+ S e) = Vier vic

which implies
E

B+ VBE_C- f(B,C)
Conversely, assume f(B, C) < f(B,C), thatis B— VB2 — C < f(B, C) and this implies

f(B,C) < f(B,C) -

0<B-f(B,C)< VB2 -C
where the first inequality is by assumption. Hence,
C <2Bf(B,C) - f(B,C)* =2(B- B)f(B,C) + C
O

The third auxiliary lemma says that the oval passing thru X is inside the

ellipsoid passing thru X

Lemma 2.3. Assume {xq,m) > xandletY = Xo+sm s >0, then {X : | X|+ x| X -Y]| <
| Xol + x1Xo — Y1} € {X 2 |X] = (X, m) < |Xo| — (X0, m)}.

In particular
| Xo|(1 — x{xo, m))

hix, Y, Xo) < —— w{x, m)

forall x € §"!
Proof. Assume [X]| + x|X — Y| < |Xo| + x|X, — Y|, then
[X|=K(X, m) = [X]+K[X=Y]|=1(X, m)+Kk|X= Y] < [Xol+1c|Xp—Y|—1((X, m)+[X-Y]) =
[Xol + kX0 = Y] = k((X = Y, m) + X = Y1) = k(Y m) <
1 Xol + x|Xo = Y| = 1Y, m) = [Xo| + k[Xo = Y| = x(Y = Xo, m) — x(Xo, m) =
| Xo| + ks — k{sm, m) — k(Xo, m) =

| Xo| — x(Xo, m)

We are now ready for the crucial lemma
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Lemma 2.4. There exists a universal constant C such that if Y, YeXand X, € I'c,c
and Y = Xo + sm with xo — km = B(xo — ki) + B(xo — x1it) and % > é + g Then

CA(L = MY = YPx — xo* + h(x, Y, Xo) < max{h(x, Y, Xo), h(x, Y, Xo)}
forall x € §"!

Proof. Fixx € $"! and assume without lost of generality that h(x, Y, Xo) > h(x, Y, Xo).

We will show
CA(L = MDY = YPx — x> + h(x, Y, Xo) < h(x, Y, Xo).
By lemma (2.1), we have B > B — VB2 — C and hence by lemma (2.2), we have
¢ —C <2f(B,C)B - B).
The above means
2] Xo)(8(1 = Ko, 171)) = 5(1 = xe(xo, 1)) <
2k f(B, C)(8(1 - xe(x, 1)) — 5(1 - c(x, 1))
and equivalently
8(1Xol(1 = xxo, 1irY) = (B, O)(1 = w¢x, 1)) <

S(1%ol(1 = w0, 1)) = F(B, C)(1 = wx, m)))
. We will show that
C-C<2f(B,C)(B-B)-E
for E to be specify at the end. We need to prove that
[Xol(s(1 = 1c(xo, m)) = (1 = c(xo, 1)) <

(1-«%E

f(B, C)(s(l —x{x,m)) —5(1 — K<x,ﬁ1))) -

Equivalently we will show
s(1Xol(1 = x¢xo, m)) = £(B, O)(1 = x(x, m))) <

(1-«*E

S(1Xol(1 = wexo, 1)) = F(B, C)(1 = wlx, ) = ==

. We have
s(1Xol(1 = 1(xo, m)) = F(B, O)(1 = xc(x, m))) =

s(1Xol(B(1 = 1exo, 7)) + (1 = wxo, 1)) = F(B, O)(1 = x, m))) =



C REGULARITY FOR THE FAR FIELD AND NEAR FIELD REFRACTOR PROBLEM 15

sB(IXol(1 — (xo, 172)) — F(B, C)(1 — 1c(x, 1)) )+
SB(IXol(1 — xxo, i) — F(B, C)(1 — xe(ax, 1it) J+
sf(B, C)(B(L = x(x, m)) + B(1 = welx, 1)) = (1 = e, m)))
Now,
B(L = xCx, ) + B(1 = xx, 1)) = (1 = 1ex, m)) =

B+ -1~ x0) = 5B +p - D~ xaf
And from above we have

sB(1Xol(1 = x(xo, 7)) = £(B, C)(1 = x(x, 1)) <

A

10001 ~ o, ) ~ (B, Y1 =z, )
. Therefore, we have

s(IXol(1 = x(xo, m)) = (B, O)(1 = xe(x, m))) <
(1- <§‘ dO)

5B 1,10 o, )~ B, OO — ) — 5118, ©)

§

_ _ _(1-B+8
(2.13) s-(|XO|(1 — 1{xo, 1)) — f(B,C)(1 - K<x,m>)) —sf(B, C)((’;ﬂlx - xo/?

where in the last inequality we recall that f(B, C) = h(x, Y, X,) and hence by lemma

we have
|Xol(1 = x(xo, 1)) — f(B, C)(1 = 1, 111)) > O

and by hypothesis we have

(2.14) Bé+ps < ?
xksf(B,O)(1 = (B +p)lx — x0|2.

Now,define E =
We have proved that

1—x2

C-C<2f(B,C)(B-B)-E

. Since by lemma (2.1), we have B > f(B, C), applying lemma we get
E

< f(B,C
B+ VB2—C- f(B,C) /50

f(B,C) +



16 C. E. GUTIERREZ AND E. TOURNIER

That is E
h(x,Y, Xo) + < h(x,Y, Xo)
B+ VB2-C - f(B,C)
E
Finally, we estimate from below.
Y B+ VB2-C - f(B,C)
We have

sf(B,O)(1 = (B + P)lx — xo* = CsA(1 = Al — 1iu|x — xof* >
CsA(1 = )Y = YPIx — xof?

where we have used the constants in Hypothesis A and B.
Also, B+ VB2 = C—f(B,C) < B+ VB? — C < 2B < |Xy|+«ks < Cs using Hypothesis

C.
Hence,
E _
> CA(1 = )Y = YPx — xof?
B+ VB2 —C- f(B,C)
finishing the proof. The constant C is universal. O

We continue with the analysis of the function h(x, ¥, Xp) for Y € Zand X, € I'c, ,.

First we need to bound from below the quantity inside the square root.

Lemma 2.5. There exist a universal constant C such that if Y € X and X, € T'¢c, ¢, and
b = |Xo| + x|Y — Xo| then

(b—x*x, YY) = (1 - x> - |YP) > C

for all x with |x| < 1

Proof. We can write Y = X, + sm with (xg, m) > x and s > C. This is by Hypothesis
A and C. Hence |Y]? = b? = |Xg + sm| — (| Xo| + xs8)? = 25| X,|({xg, m) — k) + s*(1 — x?) >
s?(1 — x?), and hence

2 _ 2 201 _ 42
_ Y|*=0b .S (1-x7)

Y| - > >
Y|+ Db 2|Xol + (1 + x)s

Next note that

(b= 13, YD) = (1= &) (B = 2V P) = 12((0 = (x, V)2 + (1 = k) (YL = ((x, D))
We minimize the above quantity with |x| < 1.

If the minimum occurs at x with [x| < 1 then b = x¥*(x, Y) which is impossible
since b > «|Y]|
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And if the minimum occurs at x with x| = 1 then x = % and
((b —{x, )2+ (1= x?)(YP? - {x, Y))Z) > ([Y| = b)* > C by the above |

Lemma 2.6. There exists C universal such that if Y € ¥, t > 0and (1 + )Xo € I'c,c,,
then 0 < h(x, Y, (1 + H)Xy) — h(x, Y, Xo) < Ct|Xy|

Proof. Note b(t) = (1 + )| Xo| + x|Y — (1 + t)Xo| is increasing in t and b(t) — b(0) <
(1 + 1)t Xol

Let Q(f) = (b(t) — x*(x, Y))* = (1 = &*(b(t)* - x[YP)

We can write

(b(t) = bO)(VQD + Q) + k*(b(t) — (x, V) + b(0) — (x, Y))
VQ®) + vQ(0)

h(x, Y/ (1+t)X0)—h(x, Y, XO) =

and hence
0 <h(x,Y, (1+t)Xo) — h(x,Y, Xo) < C(b(t) — b(0)) < CtXol

O

Lemma 2.7. There exist C universal such that if Y,Y € ¥ and X, € Tc,c,, then
IV.h(xo, Y, Xo) = Vih(xo, Y, Xo)l < ClY - Y]

Proof. Let Y = X+ sm and Y = Xp +35mand b = |Xo| + ks A calculation shows that
2h(x, Y, Xo)Yi
(3, Y, Xo) = ey L2 -
f Vo =12, V)2 - (1 - K202 - k[YP)

ox

In particular, at x = xy, we get

2 .
a—h(xol Y, Xo) = K lY; =
ox; Vb= 12(x0, V)2 = (1 = 202 = [YP)
®2|XolY;

KS(l - K<x0/ m))
, where in the last equality we have used that

V(b = €2(xp, Y))2 = (1 — k2(0% — [YP) = xs(1 — x{xo, m))

Therefore,

Y _ Y )
Y — Xol(1 = x(xo,m)) 1Y = Xol(1 = #(x0, 7))

. The estimate thus follows from the estimate [m — m| < C|Y — Y]. O

Vh(xo, Y, Xo) = Vih(xo, Y, Xo) = xIXol(
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Lemma 2.8. There exists a universal constant M such that if Xy € I'c,c,, Y € XL and
x € S"1 then

Ih(x, Y, Xo) = h(xo, Y, Xo) = (Vxh(xo, Y, Xo), x = x0)| < Mlx — xo*
Proof. This follows from Taylor theorem and the estimate in lemma |

Lemma 2.9. There exists a universal constant C such that if Xo € T, c, and Y,Y €
and x € S"! then

Ih(x, Y, Xo) — h(x, Y, Xo)l < CIY = Y||x — xo

Proof. We have, for some Y €[Y, Y] the straight segment, and for some ¥ € [x, x],
the straight segment

_ = oh o _
h(x/ Y/ XO) - h(xl Y/ XO) = Z a_yk(x’ Y/ XO)(Yk - Yk) =
k=1

= oh o oh - _
Y (G ¥ ) = 5, ¥, X)) = Vi)

k=1
oh & .0 v
221 aykaxl (xl Y/ XO)(xl xl)(Yk Yk)

where we have used that h(xy, Y, Xo) = |Xol|, for all Y and hence,%(xo, Y, X)) =0
It remains to notice that writing Y = Xy + sm and Y = X, + 5, then Y =
(1-=A)Y + AY for some A € [0,1], and hence Y = X, + (1 — A3 + Asm = Xy + w

IY]? = 6% = |Xo + wl* = (IXo| + xlw])* = [wl*(1 — k%) + 2(Xo, w) — 2| Xo|[w]
And note

(Xo,w) = (1 = 1)5(Xo, ) + As(Xo, m) > (1 = A)5x|Xo| + Ask|Xo| = x| Xolw]

Thus,
Y = b* > (1 — «?)|w]* > Cmin{5?,s*} > C
and the estimate follows again by lemma O

This ends the study of the function h(x, Y, Xo).

We now turn to the definition of refractor and prove our main theorem.
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We say u : QO — [Cy, C;] is a refractor from Q) to X if for each x, € Q), there exists
Y € X such that

u(x) = h(x, Y, Xo)
for all x € Q, where X, = u(x)xo.
If the above holds, we say Yodu(x)
Note that we are assuming X = u(x)x € I'c, ¢, for all x € Q.

Assume that there is a constant C such that for all balls B, such that B,NS"! C Q,
we have

(2.15) H" Y (du(B,) < Co" .

where H"! is the Hausdorff n — 1 dimensional measure in R".
We will show u € C14(Q).

The proof will follow from two lemmas.

Lemma 2.10. There exist universal constants Ky, K, such that if Bjs N S"1 C Q, %, % €
BsNS™ Y, and Y € du(x), Y € du(®), with|Y-Y| > |%—%|. Then, there exists x, € BsNS" ™
such that, setting Xo = u(xo)xo,if Y(A) € [Y, Y]Xo,then
u(x) > h(x, Y(A), Xo) + KsA(1 = DY = YPx — xo? — Ko|® — £||Y = YJ?
forall x € Q)

Proof. Let X = u(¥)x and X = u(£)% We have u(x) > h(x, Y, X) and u(x) > h(x, Y, X),
for all x € Q.

There exists x, € [%, 2], the geodesic segment, such that i(x,, Y, X) = h(xo, Y, X) =
Po

Let Xy = poxo and Xg = u(xo)x. Note py < u(x).
We claim
u(xo) — po < Clx — £||Y - Y|
for some structural constant C.

We will prove the claim at the end. Let us assume the claim
Then, from lemma (2.6), we get,

h(x/ Y/ X) = h(x/ Y/ XO) 2 h(x/ Y/ XO) - C(H(XO) - PO) 2 h(x/ Y/ XO) - Clx - QHY - ?l
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and
h(x,Y,X) = h(x,Y,Xo) = h(x, Y, Xo) — C(u(xo) — po) = h(x,Y,Xo) — Clx — £||Y - Y|
for all x € Q.
And, hence, we have
u(x) > max{h(x, Y, Xo), h(x, Y, Xo)} = max{h(x, Y, Xo), h(x, Y, X;)} — C|x — £||Y = Y| >
h(x, Y(A), Xo) + KeA(1 = A)|Y = YP|x — %o — Ko|® — %Y — V]

, where in the last inequality we have used lemma (2.4) and renamed the resulting
constants.

It remains to prove the claim.
(1 — t)f + tx L Xt

Since xj € [%, X], we can write x) = ——— := —, for some t € [0, 1].
|(1—t)x + tX| ||
Let Y, € du(xy), then
u(x) > h(x, Yo, Xo) > h(xo, Yo, Xo) + (Vih(xo, Yo, Xo), X — x0) — Mlx — xo|* =

u(xo) + (Vh(xo, Yo, Xo), X = xo) = Mlx = xo[*.
where we have used lemma (2.8).Therefore,

(L=Bu(®)+tu(®) 2 uxo)+(Vih(xo, Yo, Xo), (1-)F+t2—x0)—M((1—1)F—x0 P+t —xo)

Recall )
-1 - HE- )
’ |
and A o
ooy 2 R =D+ A -DE-D)
||
and

(1 = OI% = x0l” + #12 = xo* = 2(1 — Ix,]) < |2 — 2P
and thus we get
u(xo) < (1 - Hu(x) + tu(®) + Clx — £
Next, we have
u(x) = h(x, Y, Xo) < h(xo, Y, Xo) + (Vih(xo, Y, Xo), & — x0) + M|% — x> =
po + (Vih(xo, Y, Xp), & — x0) + M| — x|
and similarly,

M(J’(\f) < PO + <Vxh(x0/ Y/ XO)/:)? - x0> + Mlj(\f — XO|2
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and hence,
(1=tyu(R)+u(2) < po+(1—£)(Vyh(xo, Y, Xo), 2=x0)+KVh(xo, ¥, Xo), £—x0)+M((1—1)|%—xo P +t£—xo )

. The last term is < C|x — £|*.

We estimate the middle term. Inserting the expressions above we get
(1 = XVih(xo, Y, Xo), & = x0) + KVih(xo, Y, Xo), & = x0) =

(1 — )V, h(xo, Y, Xo) — Vih(xo, Y, Xo), £ — &)+
] — 1
|x¢]
. The absolute value of the last term is < C|x — £J*.
And the absolute value of the first term is < C|Y — Y| — £| by lemma (2.7). Since
Ix — 2| < |Y = Y|, the claim is proved, and the lemma follows.
We now use lemma (2.9), to slightly modify the above.

(<Vih(xo, Y, Xo), %) + (Vih(xo, ¥, Xo), 2))

Lemma 2.11. Under the same hypothesis as in lemma (2.10),there exist universal con-
stants Ky, Ky, K3 and there exists xy € B, N S"~! such that for all Y(A) € [Y, Y]x,, for all
Y € Xand for all x € Q,

u(x) > h(x, Y, Xo) + KiA(L = A)[Y = YPIx — x> = KoY = Y(A)|lx = xo| — KsY — Y]l - £

where Xy = u(x()Xo.
Proof. The proof follows directly from lemmas and (2.10) O

Now, we prove the main theorem,

Theorem 2.12. Assume BysNS"1 C Q. There exist constants C1, C, depending on 6 and
structure, such that if ¥, % € BsNS" ' and Y € du(%), Y € du(%), and |Y - Y| > Cy|% - %|.
Then |Y — Y| < C,|x — £]*. Where a = —-

4n

5

Proof. By lemma (2.12)), there exists x, € [¥,X] C Bs, such that for all Y(A) € [Y,Y] Xo
with i <AL %, forall Y € X and for all x € O, we have

u(x) > h(x, Y, Xo) + KilY = YPlx — x> = KoY = Y(A)llx — x| — K3|Y = Y||% — %]
where X, = u(xp)xo and K;,i = 1,2, 3 are universal.
K)Y = Y(A)| + \/Kle — Y(A)]? + 4K K5|Y — Y3|% — %]

2K Y = YR

Let ty =
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Note that if |x—xo| > o, then K;|Y = Y[2|x—x0[2 = KoY = Y (A)|lx = x| - K3 Y = Y| £ —%| >

0.
u= 1Y~ YPlx -3

Let
and assume Y — Y(A)| < y, then

K, + 1,I<§-|-41<11<3 Iz — £|

Jx — %
o 2K, TR T
. Let
B X — X
o \Nv-v
. Let C > 1 be large enough depending on 6 and structure such that % < g and
(diam ()" < o Set C; := C. Assume |71 — 11| > |Y — Y|, then
Ve
fh<o < é
2
and

Y - YP?  (diam(X))?
u =< — < — < Uo
VG VG
where 1 is the constant in Hypothesis E.
LetYeXZand|Y - Y(A)| < yforsome% <AL
We will show that

1w

Y € du(B(xo,0) N S™Y)
Notice that B(xy,0) N S 1 C Bys N S"! € Q and if |[x — xo| > 0 and x € O, then
u(x) > h(x, Y, Xo).
Therefore setting X = u(x)x, we have |X|+x|X-Y| > |Xo|+x|Xo— Y| for [x—xo| > ¢
and x € Q.
It follows that

min{|X| + kX = Y] : X = u(x)x x € Q} = |X] + x| X - Y|

for some X = u(#)% with & € B(xy, ) N S"L.
This implies that u(x) > h(x, Y, X), for all x € Q.
Thatis Y € du(x)
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Hence, we have shown that
= 1
N, (LY, Ylx, : 1 <AL 2}) N X C du(B(xp,0) N S" )
We now take H"™! measure and use Hypothesis E on the left and the Hypothesis
on the refractor on the right to get

Copt" Y = Y| < C*o™!

. This gives,
Y - Y| < Colx — 2
,with G, depending on C; and structure. O

We can now show u € C#

Theorem 2.13. If ¥ satisfies hypothesis A,B,C,D and D and u is a refractor from () to X
satisfying the measure condition (2.15)), then u € Cl*(Q)

Proof. Let xo € Q. First we show du(xp) has only one element. Fix 6 > 0 such
that B(xo,26) N S"' C Q and suppose Y; and Y are in du(x), with Y; # Yy. Let
x € B(xp,0) N S" ' and Y € du(x).

By theorem (2.12), we have |Y — Yo| < C|x — x0|* and |Y — Y3| < C|x — xo|* where
the constant C depends on 6. Hence, |Y7 — Yo| < 2C|x — xo|*, so if we take x close
enough to xy, we will reach a contradiction.

Let Y € du(xo). First we show that for any n L xo, we have D,u(x) =
(Vh(xo, Y, Xo), ), where Xy = u(xp)xo. To see this, let c be any curve such that
¢(0) = xp and ¢’(0) =  and c(t) € B(xg, 6) N S*! for all  near 0.

We have

u(e(t)) — u(xo) = hle(t), Y, Xo) — h(xo, Y, Xo)

for all ¢ near 0.
Let Y(t) € du(c(t)) and let X(t) = u(c(t))c(t), then since u(x) > h(x, Y(t), X(t)) for
all x € QQ, we get

u(xo) = u(c(t)) = h(xo, Y(t), X(#)) = h(c(t), Y(£), X(1))

for all t. Therefore, we have for all t > 0, small

h(c(t), Y, Xo) = I(xo, Y, Xo) _ u(c(t)) — ulxo) _ hle(t), Y(#), X(#)) = h(xo, Y(#), X(#))
t - t - t
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Note that for each t
h(c(t), Y(t), X(t)) — hixo, Y(F), X(t))
t

c(t) c(O)
t

= (Vh(x, Y(t), X(t)), ———

for some X € [xg, c(f)]

Letting t — 0, proves the claim. We have used that Y(t) — Y as t — 0 thanks to
theorem and that

X(t) = Xo by continuity of u.

Define #(X) = u(g;). We will show that for |x)| = 1, we have Vii(x)) =
VTh(xy, Y, Xo), where

VTh(xo, Y, Xo) = Vh(xo, Y, Xo) — (Vh(xo, Y, Xo), Xo)xo
X + te;

Xo + tej
i(xo + te;) — u(xo) u(c(t)) — u(xo)

To prove the claim, letc(t) = and note that ¢(0) = xpand ¢’(0) = e;—(xo, €;)Xo.

And we have , thus, letting t — 0 and using

t B t
the first part we get
oil
g(xo) (Vh(xo, Y, Xo), e = {x0, €i)x0)

and this proves the claim.

Next, let %, £ € B(xg,6) N S" L.

Let Y € du(x) and Y € du(k), then

IVii(x) — Va@®)| = [V'h(x, Y, X) - VTh(z, Y, X)| <
C(IX =Xl +[x -2+ [V - ¥]) <
Clx — z|*.

We have used theorem (2.12) in the last inequality.

We prove the first inequality.

First note

VTh(z, Y, X) - VTh(z, Y, X < 2IVA(E, Y, X) - Vi, ¥, X)| + CI% - #|

Next, we write
IVh(z, Y, X) = Vi, Y, X)| < [Vh(x, Y, X) — Vh(x, Y, X)|+
IVh(z,Y,X) — Vh(%, Y, X)|+
IVh(z,Y,X) - Vh(%, Y, X)|
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And we have |Vh(x, Y, X) — Vh(x

Y, X)| < ClY - Y| by 27).
Also, |Vh(%, Y, X) - Vh(z, Y, X)| <

Clx — %| using mean value in x and

Vh(z,Y,X) - Vh(%, Y, X) =
k2h(%, Y, X)Y x*h(®, Y, X)Y

V=120 1) = (1= )@ - 2VR) b - k2, V)2 = (1 =122 = @)
, where b = [X| + «|Y — X| and b = |X| + «|Y — X|. Since by assumption ¥ € X and
X, X € T¢, ,, it follows using lemma (2.5), that
IVh(®,Y,X) - Vh(%, Y, X)| < C)X - X|
O
2.3. A property of refractors. Let us assume that if Y| is a point of X, then the
tangent plane to X at Y, does not intersect the graph of u.
Let
S*={YeX:Yedu® nNoulR), x +# £ € Q}.
We claim H"(§*) = 0.
Define u* : R* — R by
w*(Y) = min{|X| + x|X = Y| : X = u(x)x, x € Q}.
It is easy to see that u* is Lipschitz in R".
Note that if Y € du(x), then for X = u(x)x and X = u(%)x, we have
IX]+ x|X = Y] > [X] + x| X - Y|
and hence
u*(Y) = |X| + x| X - Y|
and
W <u(YV)+xX-Y|-«xX-Y],
for all Y € R". In particular, if Y, € S* and say Y| € du(%) N Ju(X), then
u*(Y) < u*(Yo) + x| X = Y| — x|X = Yy,
and
u*(Y) < u*(Yo) + k|X = Y| — x|X = Yo,
forall Y € R™.
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Assume O C R"!isopenand ¢ : R*! — R"is Lipschitz and such that £ = ¢(O)
and v is one to one in O.
Let S = ¢~(S*). We show H"(5) = 0.
Let h(Y’) = u*(¢(Y")).
h is Lipschitz in R"~! and we claim that if Y’ € S, the h not differentiable at Y”.
Let Y € Sandlet Y, = Y(Y(). Assume Y € du(X) N du(X).
Then,
h(Y') < h(Yp) + X = p(Y)] = 1X = p(Yp)|
and
BY) < h(Yj) + X = p(Y)] = [X = p(Y)

If h is differentiable at Y] then
Vy (IX = p(Y)) = V(X = p(Y')))

atY = Y(’).
And therefore,

A

Yo - X -X
)T
|Y0 w( 0 |Y0 - X|

Dy(Yp)"

Yo-X  Yo-X
Yo—X| |y, - X|

So, Dy(Y})"w = 0. This says that (v, w) = 0, for k = 1,...,n — 1, where vy are the
columns of Dy(Y}) and this n — 1 vectors span the tangent plane to X at Y.

Setw =

Therefore w is normal to the tangent plane to X at Y.

Yo-X Yo-X
L )is on the tangent plane to X at
2MYo =Xl Yo - X

In particular, the line Y, + t1<
Yo.

However, this line intersects the straight segment [X, X], which implies that
either both X and X are on the tangent plane or they are on opposite sides of the
tangent plane. In either case, since they are points on the graph of u, the tangent
plane intersects the graph of u, which is a contradiction to our assumption.

Therefore h is not differentiable at points in S and hence H*"(S) = 0

This implies, since ¥ is Lipschitz, that H*!(S*) = 0 as we wanted to show.

2.4. A pointwise condition. In this subsection we will motivate Hypothesis D.

First, we need a new parametrization of the curve [, rit]y,.
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Let
VTh(x, Y, Xo) = Vh(x, Y, Xo) = (Vh(x, Y, Xo), 2)x.
Note that for Y = X, + sm, we get

VTh(xo, Y, Xo) = K|Xo|w

1 —«x{(m,xy)
Setv = 1<|X0|w and solve for m, with (m, xo) > « and |m| = 1.
1 —x(m, xy)
o) + | Xo| VX2 — (1 — x2)[v)?
First note (m, xy) = [oF + | O|1:/(|v||2 illxol(z o , and thus
1—-x(m,x) 1—12 1
KXol Xl + VIZXoP ~ (1= 12)loP
ZX 2
. Note that v L xy and |o]* < 1; l_ 1i|2 Set
K2 1

1 —
t(v) =
KXol + VK2XoP = (1 - x2)[v)2

We can write m = (m, xy)xy + t(v)v and hence

1
m = —xg + t(v — Xo)
K

Given 1,1 € §"! such that (171, xo) > x and (171, x;) > k, we let

1 — x(m, xo)
N 1 — {111, X)X
= K] Xo| — 020,
0= mXo T

Letv, = (1 —y)0 + y0. We parametrize the curve [, 171],, as follows:

m(y) = %xo + t(v,)(v, — Xo)

;v €10,1].
It is important to note that setting (with obvious notation, t := t(v,))
_ Hl-y) ., ty
ﬁ - i? 4 ﬁ - f 4
then

xg — km = f(xo — ki) + f(xo — x1it)

27
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. The Hypothesis D reads

©® | =
v

0| TR

v | T

which is equivalent to

1 11
S s (1-1)= 49—
G=0=Ng*rg

1. )
. In other words, i is a concave function of v for v L x.
S

Therefore Hypothesis D is equivalent to

1
2 —_—
(Dy(3)é, ¢ <0,

forall & L xo.
Let us motivate the above condition.
Set (D*)"h(x, Y, Xo) = D?h(x, Y, Xo) = (Vh(x, Y, Xo), x))I
Fix Y,Y € X and X, € T¢,¢,. Write Y = X; + &t and Y = X + §ri1. and let

Y(y) = Xo + s(v,)m(v,)

for y € [0, 1] be a parametrization of [Y, Y],
Let
S={xeS" :hx,Y,Xo) =hix,Y, Xo))

For x € 5, we want a necessary condition such that

(1 =Y)h(x, Y, Xo) + yh(x, Y, Xo) > h(x, Y(7), Xo)

holds.
Set VTh(xo, Y, Xo) = o and VTh(xo, Y, Xo) = 9,50 3,9 L xq.
Notice that
VTh(xo, Y(7), Xo) = v,
Leté =0-10.

Let ¢ be any curve in S such that ¢(0) = xy and set 1 = ¢’(0). Note that &, 1 L xg
and & L7

Let ¢(t) = (1 = p)h(c(t), Y, Xo) + yh(c(t), Y, Xo) = h(c(t), Y(), Xo)-

We have

¢’ () = (1 = )Vh(c(®), Y, Xo) + yVh(c(t), Y, Xo) = VA(c(®), Y (), Xo), (1)) =

(1 =)VTh(c(t), Y, Xo) + YVTh(c(t), Y, Xo) — VIh(c(t), Y(), Xo), ().
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Note that ¢’(0) = 0 and

¢"(0) = (1 =)D h(xo, Y, Xo) + YD) h(xo, ¥, Xo) — (D) h(xo, Y(), Xo) )1, n)-

We need that ¢”’(0) > 0.

Let

H(y) = (D)7 h(xo, Y(), Xo))n, ).

We need that H”(y) > 0.

Note that

H" () = (DX({(D) h(xo, (B + &), Xo) )0, )&, ).

We will compute this last quantity.

First we compute
(DY) h(xo, Y (0), Xo) )1, 1)
Set Q = (b — x*(x, Y))*> — (1 — x?)(b* — «2|YP?).
We have
hi = Q7 «*Yih
and
By = QT Y (b — 13k, Y) + Q)

At x = xp,and for Y = Xy + sm we have

QF = xs(1 — x(xo, m))
and
(b= 1%, Yy +Q? = (1 = k)Xol + 2ks(1 — 1(xo, m))
and hence at x = xo, Y = Xy + sm and b = | X;| + ks we have

b= K2 XolYi
b KS(]. - K<x0/ m>)

and
Y 1Xol(1 = 11Xol + 2is(1 — i(xo, m)))

v (KS(l - 1<<x0,m>))3

. Therefore, for || = 1, we get
K 1Xol((@ = k)Xol + 2x5(1 = 1o, YKL M 4 2Xol(Y, x0)
(Ks(l _ K(xo,m)))3 Ks(1 — x(xo, m))

Now, (Y, x0) = |Xo| + s{m, xo) and (Y, 1) = s{m, 1), since 1 L x.

((Dz)Th(xoz Y(v), Xo)n, 1) =
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Also recall 1 — x(m, xo) = x|Xo|t, thus we get

((1 — k%) + 2K?%st)s*(m, 1) 1| Xo| + x5(m, xo)
12| X|s3t3 Kst

<(D2)Th(x0/ Y(’U), Xo)’?/ 17) =

Finally note that since m = %xo + t(v — Xo) with v L xp, we have (m, n) = (v, ) and

hence after simplification we get

(A=) - XP 200,02 1 .
+ -—+
12| Xolst Xol okt
Now we can finish the computation of

(DDA h(xo, Y (B + yE), Xo) ), m))E, E).

Using that n L &, we get

((D*)h(xo, Y (), Xo)n, 1) =

(@@ = 1), m? = 121X, )

(DD hxo, Y(a+7E), Xo) )0, m)é, €9 = )

2 Lye oLzl
(DX E-—(DUEE)

(Xl + VRXP ~ (T~ 1)loP
Recall + = to compute
t 1_ 2

(DARIEE) = =GP = (1= koP) F((1 = )@, £ + (X = (1 = koPIEP).
Hence we get

(1 — x2){v, n)* — x| Xo|
(DD o, Y(@ + yE), Xo) ), )&, &) = ( 12| Xo 2

®)Xol? = (1 = 1) ([v]* = (&,0)?)
(2[Xo? = (1 = K2)[vP)?
Noting that ((1 — k2){v, n)* — K2|X0|2) < 0, the condition

(DY(((D*)Th(xo, Y(@ +7E), Xo) ), m))&, €) 2 0

1
2
<Dv(§)£/ £>+

is equivalent to
KXol = (1 = 1*)(jof = (£, 0)%) K2 Xol?
K2 Xol? = (L= x2){v,m?  (k2IX,)2 = (1 — 2)|ov]P)?
foralln L & with |&],In| =1
Note that (v, £)* + (v, ) < [v]* (with equality in R*) and hence
KXol = (1= k) (I = (€, 0)%) _ 1
KXo - (1 —x2) o, >~

1
2
(Dy()& ) <
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Therefore, we arrive at the necessary condition
2132
| Xol

(12 Xo2 = (1 = x2)[vP)3

1
2 —_—
(Dy(5)e &) <

Notice that we are assuming in Hypothesis D the stronger condition (Dzz,(:—t)é, &<
0 and we have shown in lemma that this sufficient for the estimate in this
lemma.

Next, we will show that there exits a positive constant C depending on structure
such that under the new hypothesis

(2.16) (DAS)E &) <2C

for all & L xp with [£] = 1 the inequality in lemma still holds.
It is easy to prove that the inequality (2.16) implies that

1 1 1 o
32(1—y)s_—f+y§—f—cy(1—y)lv—vl

and hence, that

1
3 > g + g — Cty(1 =)o — 0.
Set K := Cty(1 —y)|o — 9.
We have
2.17) Bs+pfs < SS—S + Ks8

Using (2.17) in place of (2.14) in inequality (2.13), we see that in order for the

estimate to continue holding we need that

(2.18) K§(|Xol(1 —x{xo, M) —h(x,Y, Xo)(1 —x(x, m))) < #_—F'B)Ix —xol?h(x, Y, Xo)
In order to verify we will prove that

(2.19) 0 < 5(1Xol(1 — (o, 17) = h(x, ¥, Xo)(1 = &(x, 17))) < Celx — xo

and that

(2.20) K < 2CIXol(1 = (B + )
We prove (2.18):

Write X = h(x, Y, Xo)x with Y = X + 577.
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We have [X]|+x|X - Y| = [Xo|+x|Xo — Y|, which after simplification can be written

as
2% _ Y2 _ _ 2
1Xol(1 = 1011, o)) — |X|(1 = x(1, X)) = K% X — Xo 2K§(|X| 1Xol)

By lemma (2.3), the left hand side above is non negative and the right hand side

_ 2 — 2
is smaller than KX 2_X0| < Cy b~ %l

S S
and this proves the estimate.

And to prove (2.20), we have

. 1 1-y vy _tyQ=ylo-9P
LGP =G -~ P2 2%

where in the last inequality we have used Taylors theorem. The estimate is proved.
Therefore, in order for (2.18) to hold, we need C|Xj| to be bounded above by a

constant depending on structure.
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