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Abstract. For index of refraction κ < 1, we prove C1+α regularity for the Far Field

Refractor and for the Near Field Refractor using Loepers method.

1. C1,α for the Far Field Refractor

Let 〈m̄, x0〉 ≥ κ and 〈m̂, x0〉 ≥ κ, and let mλ = (1 − λ)m̄ + λm̂, with 0 ≤ λ ≤ 1.
We parametrize the segment [m̄, m̂]x0 which is the intersection of the triangle with
vertices m̄, m̂, x0/κ with the sphere Sn−1. A point m ∈ [m̄, m̂]x0 can be obtained as

the intersection of the line x0/κ + β ξ where ξ = mλ −
1
κ

x0, β ∈ R, with the sphere

Sn−1. Solving for β yields β(λ) =
−〈x0, ξ〉 −

√
〈x0, ξ〉2 − (1 − κ2) |ξ|2

κ|ξ|2
. Therefore, we

obtain the parametrization

(1.1) [m̄, m̂]x0 =
{
m(λ) =

1
κ

x0 + β(λ)
(
mλ −

1
κ

x0

)
, λ ∈ [0, 1]

}
.

Notice that if m ∈ [m̄, m̂]x0 , then we can write

m =
1
κ

x0 + s
(
m̄ −

1
κ

x0

)
+ t

(
m̂ −

1
κ

x0

)
with s, t ≥ 0 and s + t ≤ 1; s = (1 − λ)β(λ), t = λβ(λ).

Lemma 1.1. Let m̄, m̂ ∈ Ω? and x0 ∈ Ω, (Ω ·Ω?
≥ κ). Then for m(λ) ∈ [m̄, m̂]x0 and

for all x ∈ Ω,

max
{1 − κ〈x0, m̄〉

1 − κ〈x, m̄〉
;

1 − κ〈x0, m̂〉
1 − κ〈x, m̂〉

}
≥

1 − κ〈x0,m(λ)〉
1 − κ〈x,m(λ)〉

+ Cλ(1 − λ)|x − x0|
2
|m̄ − m̂|2

where C depends only on κ.
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Proof. Assume

(1.2)
1 − κ〈x0, m̄〉
1 − κ〈x, m̄〉

≥
1 − κ〈x0, m̂〉
1 − κ〈x, m̂〉

,

and let m = m(λ) ∈ [m̄, m̂]x0 . We will show

1 − κ〈x0, m̄〉
1 − κ〈x, m̄〉

≥
1 − κ〈x0,m〉
1 − κ〈x,m〉

+ Cλ(1 − λ)|x − x0|
2
|m̄ − m̂|2.

A calculation shows that

1 − κ〈x0, m̄〉
1 − κ〈x, m̄〉

−
1 − κ〈x0,m〉
1 − κ〈x,m〉

=
κ 〈x − x0, m̄(1 − κ〈x0,m〉) −m(1 − κ〈x0, m̄〉)〉

(1 − κ〈x, m̄〉)(1 − κ〈x,m〉)

Since m = 1
κx0 + s(m̄ − 1

κx0) + t(m̂ − 1
κx0) with s = (1 − λ)β(λ) and t = λβ(λ), we

obtain that 1 − κ〈x0,m(λ)〉 = s(1 − κ〈m̄, x0〉) + t(1 − κ〈m̂, x0〉). Hence

〈x − x0, m̄(1 − κ〈x0,m〉) −m(1 − κ〈x0, m̄〉)〉

= 〈x − x0, m̄ (s(1 − κx0 · m̄) + t(1 − κx0 · m̂)) −
(1
κ

x0 + s(m̄ −
1
κ

x0) + t(m̂ −
1
κ

x0)
)

(1 − κ〈x0, m̄〉)〉

= 〈x − x0, t(m̄(1 − κ〈x0, m̂〉) − m̂(1 − κ〈x0, m̄))〉 +
1
κ
〈x − x0, x0〉(s + t − 1)(1 − κ〈x0, m̄〉).

From (1.2), 〈x − x0, m̄(1 − κ〈x0, m̂〉) − m̂(1 − κ〈x0, m̄)〉 ≥ 0 and since |x|, |x0| = 1, we
have −2〈x − x0, x0〉 = |x − x0|

2, and so

1 − κ〈x0, m̄〉
1 − κ〈x, m̄〉

−
1 − κ〈x0,m〉
1 − κ〈x,m〉

≥
1

2κ
(1 − (s + t)) |x − x0|

2 1 − κ〈x0, m̄〉
(1 − κ〈x, m̄〉)(1 − κ〈x,m〉)

≥ Cκ(1 − (s + t)) |x − x0|
2.

To complete the proof of the desired estimate, we shall prove that 1 − (s + t) ≥
C′κ λ (1 − λ) |m̄ − m̂|2. In fact, notice that s + t = β(λ) and

1 − β(λ) =
κ|ξ|2 + 〈x0, ξ〉 +

√
〈x0, ξ〉2 − (1 − κ2)|ξ|2

κ|ξ|2

=

(
κ|ξ|2 + 〈x0, ξ〉

)2
−

(
〈x0, ξ〉2 − (1 − κ2)|ξ|2

)
κ|ξ|2

(
κ|ξ|2 + 〈x0, ξ〉 −

√
〈x0, ξ〉2 − (1 − κ2)|ξ|2

) .
Next, we have (κ|ξ|2+〈x0, ξ〉)2

−(〈x0, ξ〉2−(1−κ2)|ξ|2) = |ξ|2(κ2
|ξ|2+2κ〈x0, ξ〉+1−κ2) =

|ξ|2(|κξ + x0|
2
− κ2) = |ξ|2κ2(|mλ|

2
− 1). Therefore

1 − β(λ) =
κ(1 − |mλ|

2)

−κ|ξ|2 − 〈x0, ξ〉 +
√
〈x0, ξ〉2 − (1 − κ2)|ξ|2

.
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Since 1 − β(λ) > 0 and |mλ| < 1, for 0 < λ < 1, it follows that −κ|ξ|2 − 〈x0, ξ〉 +√
〈x0, ξ〉2 − (1 − κ2)|ξ|2) > 0 and since |ξ| ≤ 1 + (1/κ), it is bounded above by a

constant depending only on κ.
Finally, since 1 − |mλ|

2 = λ (1 − λ) |m̄ − m̂|2, the proof of the lemma is complete.
�

.

Lemma 1.2. There exists a constant Mκ depending only on κ such that for all x, y with
|x|, |y| ≤ 1 and for all |m| = 1 we have

−Mκ|y − x|2 + 〈
κm

(1 − κ〈x,m〉)2 , y − x〉 +
1

1 − κ〈x,m〉

≤
1

1 − κ〈y,m〉

≤
1

1 − κ〈x,m〉
+ 〈

κm
(1 − κ〈x,m〉)2 , y − x〉 + Mκ|y − x|2.

Set q(x,m) :=
κm

(1 − κ〈x,m〉)2 .

Proof. It follows from Taylor’s formula for
1

1 − κ〈y,m〉
about x. �

The following is the main lemma of this section.

Lemma 1.3. Let B2δ be a geodesic ball in Sn−1 with B2δ ⊆ Ω. Suppose xi ∈ Bδ, mi ∈ Nρ(xi),
i = 1, 2, are such that (mi ∈ Ω?) |m1 −m2| ≥ |x1 − x2|. Then there exists x0 ∈ [x1, x2], the
geodesic segment in Sn−1 joining x1, x2 and contained in Bδ, such that

(1.3) ρ(x) ≥
ρ(x0)(1 − κ〈x0,m(λ)〉)

1 − κ〈x,m(λ)〉
+C1λ(1−λ)|x−x0|

2
|m1−m2|

2
−C2|x1−x2| |m1−m2|

for all m(λ) ∈ [m1,m2]x0 and for all x ∈ Ω, with C1 and C2 positive constants depending
only on κ and Λ.

Proof. We have ρ(x) ≥
ρ(xi) (1 − κ〈xi,mi〉)

1 − κ〈x,mi〉
for all x ∈ Ω, i = 1, 2. It follows by

continuity that there exists x0 ∈ [x1, x2] such that

ρ(x1)(1 − κ〈x1,m1〉

1 − κ〈x0,m1〉
=
ρ(x2)(1 − κ〈x2,m2〉

1 − κ〈x0,m2〉
:= a0.

Hence

(1.4) ρ(x) ≥ max
i=1,2

{
a0(1 − κ〈x0,mi〉)

1 − κ〈x,mi〉

}
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for all x ∈ Ω. Note in particular that ρ(x0) ≥ a0.
We will prove the estimate

(1.5) 0 ≤ ρ(x0) − a0 ≤ C |x1 − x2| |m1 −m2|,

with C depending only on κ and Λ. Let m0 ∈ Nρ(x0), so

ρ(x) ≥
ρ(x0)(1 − κ〈x0,m0〉)

1 − κ〈x,m0〉

≥ ρ(x0)(1 − κ〈x0,m0〉)
( 1
1 − κ〈x0,m0〉

+ 〈q(x0,m0), x − x0〉 −Mκ|x − x0|
2
)

= ρ(x0) + ρ(x0)(1 − κ〈x0,m0〉)
(
〈q(x0,m0), x − x0〉 −Mκ|x − x0|

2
)

(1.6)

where we have used Lemma 1.2 about x0.
For 0 ≤ µ ≤ 1, set xµ = (1 − µ) x1 + µ x2. Since x ·m ≥ κ for all x ∈ Ω and m ∈ Ω∗,

κ ≤ xµ ·m ≤ |xµ|. Since x0 ∈ [x1, x2], there exists 0 ≤ µ ≤ 1 such that x0 =
xµ
|xµ|

.

Pluging in x = x1 in (1.6) and multiplying by 1 − µ, next pluging in x = x2 in
(1.6) and multiplying by µ, by adding the resulting inequalities and moving terms
around we obtain

ρ(x0) ≤ (1 − µ)ρ(x1) + µρ(x2) − ρ(x0)(1 − κ〈x0,m0〉)〈q(x0,m0), xµ − x0〉

+ Mκρ(x0)(1 − κ〈x0,m0〉)
(
(1 − µ)|x1 − x0|

2 + µ|x2 − x0|
2
)
.(1.7)

By direct computation

x1 − x0 =
(|xµ| − 1) x1 − µ(x2 − x1)

|xµ|
(1.8)

x2 − x0 =
(|xµ| − 1) x2 + (1 − µ)(x2 − x1)

|xµ|
.(1.9)

Consequently xµ − x0 =
(|xµ| − 1)xµ
|xµ|

. In addition, (1 − µ) |x1 − x0|
2 + µ |x2 − x0|

2 =

2 (1 − |xµ|), and 0 ≤ 1 − |xµ| ≤
1 − |xµ|2

1 + κ
=

1
1 + κ

|x1 − x2|
2. Using these estimates in

(1.7) yields

(1.10) ρ(x0) ≤ (1 − µ)ρ(x1) + µρ(x2) + C |x1 − x2|
2

with C depending only on κ and Λ.
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On the other hand, from Lemma 1.2
1

1 − κ〈x0,m1〉
≥

1
1 − κ〈x1,m1〉

+ 〈q(x1,m1), x0 − x1〉 −Mκ|x0 − x1|
2,

so
1

1 − κ〈x1,m1〉
≤

1
1 − κ〈x0,m1〉

+ 〈q(x1,m1), x1 − x0〉 + Mκ|x0 − x1|
2.

Therefore,

ρ(xi) =
a0 (1 − κ〈x0,mi〉)

1 − κ〈xi,mi〉
≤ a0+a0(1−κ〈x0,mi〉)〈q(xi,mi), x1−x0〉+a0(1−κ〈x0,mi〉)Mκ|x0−xi|

2,

for i = 1, 2. Multiplying the last inequality when i = 1 by 1 − µ, multiplying the
last inequality when i = 2 by µ, and adding them up yields

(1 − µ)ρ(x1) + µρ(x2)

≤ a0

+ a0
[
(1 − κ〈x0,m1〉)〈q(x1,m1), (1 − µ)(x1 − x0)〉 + (1 − κ〈x0,m2〉)〈q(x2,m2), µ(x2 − x0)〉

]
+ a0 Mκ

(
(1 − κ〈x0,m1〉)(1 − µ)|x1 − x0|

2 + (1 − κ〈x0,m2〉)µ|x2 − x0|
2
)

= a0 + a0 K + L.

We have |L| ≤ C|x1 − x2|
2 with C depending only on κ and Λ. From (1.8) and (1.9)

K =
µ(1 − µ)
|xµ|

〈
x2 − x1, (1 − κ〈x0,m2〉)q(x2,m2) − (1 − κ〈x0,m1〉)q(x1,m1)

〉
+
|xµ| − 1
|xµ|

[
(1 − κ〈x0,m1〉)(1 − µ)〈q(x1,m1), x1〉 + (1 − κ〈x0,m2〉)µ〈q(x2,m2), x2〉

]
= A + B.

Since 0 ≤ 1 − |xµ| ≤ |x1 − x2|
2, we have |B| ≤ C |x1 − x2|

2. To estimate |A|, write

(1 − κ〈x0,m2〉)q(x2,m2) − (1 − κ〈x0,m1〉)q(x1,m1)〉

=
(1 − κ〈x1,m1〉)2(1 − κ〈x0,m2〉)m2 − (1 − κ〈x2,m2〉)2(1 − κ〈x0,m1〉)m1

(1 − κ〈x1,m1〉)2(1 − κ〈x2,m2〉)2 .(1.11)

The numerator of the last fraction equals

(1 − κ〈x1,m1〉)2 ((1 − κ〈x0,m2〉)m2 − (1 − κ〈x0,m1〉)m1)

+ x2(1 − κ〈x0,m1〉x1)m1

(
(1 − κ〈x1,m1〉)2

− (1 − κ〈x2,m2〉)2
)
.

It is easy to see that this expression is bounded in absolute value by C (|m1 −m2|+

|x1− x2|). By assumption |x1− x2| ≤ |m1−m2| and since the denominator of (1.11) is
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positive and bounded below by a constant depending only on κ, we obtain that
|A| ≤ C|x1 − x2| |m1 −m2| with C depending only on κ. Therefore, we have shown
that

(1 − µ)ρ(x1) + µρ(x2) ≤ a0 + C|x1 − x2| |m1 −m2|,

which combined with equation (1.10) and the assumption |x1 − x2| ≤ |m1 − m2|

yields (1.5).
Now from (1.5) we have

ρ(x0)(1 − κ〈x0,mi〉)
1 − κ〈x,mi〉

=
a0(1 − κ〈x0,mi〉)

1 − κ〈x,mi〉
+

(ρ(x0) − a0)(1 − κ〈x0,mi〉)
1 − κ〈x,mi〉

≤
a0(1 − κ〈x0,mi〉)

1 − κ〈x,mi〉
+ C|x1 − x2||m1 −m2|,

i = 1, 2. Therefore

max
i=1,2

{
a0(1 − κ〈x0,mi〉)

1 − κ〈x,mi〉

}
≥ max

i=1,2

{
ρ(x0)(1 − κ〈x0,mi〉)

1 − κ〈x,mi〉

}
− C|x1 − x2||m1 −m2|

and so from (1.4) we obtain

(1.12) ρ(x) ≥ max
{
ρ(x0)(1 − κ〈x0,mi〉)

1 − κ〈x,mi〉

}
− C|x1 − x2||m1 −m2|.

We can now apply Lemma 1.1 to conclude (1.3) for m(λ) ∈ [m1,m2]x0 and the
proof of the lemma is complete. �

Let |m| = 1 and m(λ) from (1.1). Writing

1 − κ〈x0,m(λ)〉
1 − κ〈x,m(λ)〉

−
1 − κ〈x0,m〉
1 − κ〈x,m〉

=
κ〈x − x0,m(λ)(1 − κ〈x0,m〉) −m(1 − κ〈x0,m(λ)〉)〉

(1 − κ〈x,m(λ)〉)(1 − κ〈x,m〉)

it follows that ∣∣∣∣∣1 − κ〈x0,m(λ)〉
1 − κ〈x,m(λ)〉

−
1 − κ〈x0,m〉
1 − κ〈x,m〉

∣∣∣∣∣ ≤ C|x − x0||m −m(λ)|.

with C depending only on κ. This estimate together with (1.3) yields the following
lemma.

Lemma 1.4. Assume ρ is a refractor defined in Ω with 1
Λ
≤ ρ ≤ Λ and let B2δ be a

geodesic ball with B2δ ⊆ Ω. Let xi ∈ Bδ, mi ∈ Nρ(xi) with mi ∈ Ω?, i = 1, 2 and
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|m1 −m2| ≥ |x1 − x2|. Then there exists x0 ∈ [x1, x2], the geodesic segment in Sn−1 joining
x1, x2 and contained in Bδ, such that

ρ(x) ≥
ρ(x0)(1 − κ〈x0,m〉)

1 − κ〈x,m〉

+ C1λ(1 − λ)|x − x0|
2
|m1 −m2|

2
− C2|x1 − x2| |m1 −m2| − C3|x − x0| |m −m(λ)|

for all m(λ) ∈ [m1,m2]x0 , for all x ∈ Ω and for all m ∈ Ω?, where C1,C2 and C3 are
positive constants depending only on κ and Λ.

We now prove the main theorem.

Theorem 1.5. Assume ρ is a refractor from Ω to Ω∗ with 1
Λ
≤ ρ ≤ Λ and let B2δ be a

geodesic ball with B2δ ⊆ Ω. Let x̄, x̂ ∈ Bδ, m̄ ∈ Nρ(x̄) and m̂ ∈ Nρ(x̂) with m̄, m̂ ∈ Ω?.
There exists a constant C depending only on κ, Λ and δ, and a constant K depending only
on κ and Λ, such that if |m̄ − m̂| ≥ C|x̄ − x̂|, then

|m̄ − m̂| ≤ K|x̄ − x̂|α

with α = 1
2(4n−5) .

Proof. If we choose C ≥ 1, then we can apply Lemma 1.4. Therefore there exist
x0 ∈ [x̄, x̂], the geodesic segment, such that

ρ(x) ≥
ρ(x0)(1 − κ〈x0,m〉)

1 − κ〈x,m〉
+ C1|x−x0|

2
|m̄− m̂|2−C2|x̄− x̂||m̄− m̂| −C3|x−x0||m−m(λ)|

for m(λ) ∈ [m̄, x̂]x0 ,with λ ∈ [ 1
4 ,

3
4 ], for all x ∈ Ω and for all m ∈ Ω?

The positive constants C1,C2 and C3 depend only on κ and Λ.
There exists a constant µ0 depending on δ such that the µ0-neighborhood of

[m̄, m̂]x0 is contained in Ω?.

Set t0 =
C3|m −m(λ)| +

√
C2

3|m −m(λ)|2 + 4C1C2|m −m(λ)|3|x̄ − x̂|

2C1|m̄ − m̂|
.

Note that if |x−x0| ≥ t0 then C1|x−x0|
2
|m̄−m̂|2−C2|x̄−x̂||m̄−m̂|−C3|x−x0||m−m(λ)| ≥

0.
Set µ =

√
|m̄ − m̂|3|x̄ − x̂| and assume |m −m(λ)| ≤ µ, then

t0 ≤

C3 +
√

C2
3 + 4C1C2

2C1

√
|x̄ − x̂|
|m̄ − m̂|

.
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Let K =
C3 +

√
C2

3 + 4C1C2

2C1
and take C ≥ 1 and such that K ≤ C δ

2 . Note C

depends only on κ, Λ and δ.
Assume |m̄ − m̂| ≥ C|x̄ − x̂|

Set σ = K
√
|x̄ − x̂|
|m̄ − m̂|

. Note that t0 ≤ σ ≤ δ
2 .

Also note that µ ≤
|m̄ − m̂|2
√

C
≤

4
√

C
≤ µ0, provided C ≥

16
µ2

0

Notice that if m is in the µ neighborhood of
{
[m̄, m̂]x0 : λ ∈ [ 1

4 ,
3
4 ]
}

and |x−x0| ≥ σ,
then

ρ(x) ≥
ρ(x0)(1 − κ〈x0,m〉)

1 − κ〈x,m〉
Since x0 ∈ Bδ and Bσ(x0) ⊆ B2δ ⊆ Ω, we have that there exists x̃ ∈ Bσ(x0) such that

ρ(x) ≥
ρ(x̃)(1 − κ〈x̃,m〉)

1 − κ〈x,m〉

for all x ∈ Ω. This implies that m ∈ Nρ(x̃). Here it is important to know that
m ∈ Ω?

Therefore we have shown that the µ neighborhood of
{
[m̄, m̂]x0 : λ ∈ [1

4 ,
3
4 ]
}

is
contained in Nρ(Bσ(x0)).

Taking surface measure on the sphere, and using that the refractor measure is
dominated by surface measure, we get |m̄ − m̂|µn−2

≤ Cσn−1.
This yields the result. �

2. C1,α for the Near Field Refractor

In this section we will prove C1,α regularity for the near field refractor using
Loeper method.

Recall that the oval is O(Y, b) = {X ∈ Rn : |X| + κ|X − Y| = b}, with κ|Y| < b < |Y|.
A ray emanating from the origin in direction x is refracted at the point X ∈ O(Y, b)

to the point Y provided that 〈
X
|X|
,

Y − X
|Y − X|

〉 ≥ κ which by the equation of the oval

is equivalent to 〈x,Y〉 ≥ b.
The polar equation of the oval is O(Y, b) = {ρ(x)x : x ∈ Sn−1

}where

ρ(x; y, b) =
b − κ〈x,Y〉 −

√
(b − κ〈x,Y〉)2 − (1 − κ2)(b2 − κ2|Y|2)

1 − κ2
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In order to specify a point X0 on the oval, let b = |X0| + κ|X0 − Y| and define the
function h(x,Y,X0) by

h(x,Y,X0) = ρ(x,Y, b)

The point X0 will always be taken satisfying 〈
X0

|X0|
,

Y − X0

|Y − X0|
〉 ≥ κ.

Let Ω ⊆ Sn−1 be open and C1 < C2 be constants.
Let ΓC1,C2 = {rx : x ∈ Ω, C1 ≤ r ≤ C2}.

2.1. Hypothesis on Σ. We now list the hypothesis we put on the target set Σ

Hypothesis A:
We assume that for each point X ∈ ΓC1,C2 , the target can be parametrized as

Σ = {Y : Y = X + sX(m)m, m ∈ Sn−1, 〈m, x〉 ≥ κ}

Notice carefully that 〈
X
|X|
,

Y − X
|Y − X|

〉 ≥ κ for all X ∈ ΓC1,C2 and for all Y ∈ Σ.

We also assume 0 < sX ≤ C for all X ∈ ΓC1,C2

Hypothesis B:
We assume that for each X ∈ ΓC1,C2 , the function sX is Lipschits. That is |sX(m) −

sX(m̄)| ≤ CX|m − m̄| for all m, m̄ ∈ Sn−1 with 〈m, x〉 ≥ κ and 〈m̄, x〉 ≥ κ.
In particular, if Ȳ, Ŷ ∈ Σ are given by Ȳ = X + sX(m̄)m̄ and Ŷ = X + sX(m̂)m̂, then
|Ȳ − Ŷ| ≤ (CX + C)|m̄ − m̂|. The last constant we will assume is uniform in X.
Notice that we also have the reverse inequality

|m̂ − m̄| ≤ 2 min{
1

|Ȳ − X0|
,

1

Ŷ − X0|
}|Ȳ − Ŷ| ≤ C|Ȳ − Ŷ|

where in the last inequality we have used the next Hypothesis.
Hypothesis C:

Let C(κ) =
κ2

(1 + 2κ)(1 + κ2)
.

We assume
|X|
|Y − X|

≤ C(κ)

for all X ∈ ΓC1,C2 and for all Y ∈ Σ.

Notice that |Y − X| ≥
C1

C(κ)
. Therefore sX ≥

C1

C(κ)
for all X ∈ ΓC1,C2

Hypothesis D:
Fix X0 ∈ ΓC1,C2 , and Ȳ, Ŷ ∈ Σ. To simplify notation we will write s instead sX0 .
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Let m̄ =
Ȳ − X0

|Ȳ − X0|
and m̂ =

Ŷ − X0

|Ŷ − X0|

Consider the curve [Ȳ, Ŷ]X0 on Σ given by

[Ȳ, Ŷ]X0 = {Y(λ) = X0 + s(m(λ))m(λ) : λ ∈ [0, 1]}

where m(λ) is the parametrization of [m̄, m̂]x0 as defined in (1.1).
Since 〈m(λ), x0〉 ≥ κ for all λ ∈ [0, 1], the curve is well defined according to

Hypothesis A.
Recall that if m ∈ [m̄, m̂]x0 , then we can write

x0 − κm = β̄(x0 − κm̄) + β̂(x0 − κm̂)

, where β̄ = (1 − λ)β(λ) and β̂ = λβ(λ).
We will assume that

1
s
≥
β̄

s̄
+
β̂

ŝ

Notice that this is the same as saying that
1

s(m(λ))β(λ)
is a concave function of λ

Hypothesis E:
We assume that there exists µ0 and C such that for any X0 ∈ ΓC1,C2 , and Ȳ, Ŷ ∈ Σ,

Hn−1
(
Nµ({[Ȳ, Ŷ]X0 :

1
4
≤ λ ≤

3
4
}) ∩ Σ

)
≥ Cµn−2

|Ȳ − Ŷ|

, for any µ ≤ µ0 and where Hn−1 stands for n − 1 dimensional Hausdorff measure
in Rn and Nµ is the µ neighborhood in Rn.

This finishes the list of hypothesis on Σ.
A word about each Hypothesis:
Hypothesis A and B are to ensure that each point X ∈ ΓC1,C2 has the chance to

being refracted to each point of Σ and to ensure visibility, that is, the ray refracted
at X ∈ ΓC1,C2 intersects Σ at only one point.

Hypothesis C imposes a positive and controlled distance between the refractor
and the target and implies that the ovals to be used in the definition of the refractor
are smooth with controlled derivatives.

Hypothesis D is the crucial AW hypothesis necessary for regularity.
Hypothesis E is a weak form of convexity of Σ with respect to points X ∈ ΓC1,C2
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2.2. example. Before we continue we give an example that shows that a horizon-
tal plane (a part of it properly situated with respect to ΓC1,C2) satisfies Hypothesis
D.

We show that if Σ = {Y : Yn = M} and 〈 X
|X| ,

Y−X
|Y−X| ≥ κ for all X ∈ ΓC1,C2 and all

Y ∈ Σ, then Σ satisfies Hypothesis D.
To see this, fix X ∈ ΓC1,C2 with 0 < Xn < M and let Ȳ = X + s̄m̄ and Ŷ = X + ŝm̂

be in Σ.
For Y = X + sm and Y ∈ Σ we have M = Xn + smn, and hence

1
s

=
mn

M − Xn
.

For m ∈ [m̄, m̂]x, we have m = 1
κx + β̄(m̄ − 1

κx) + β̂(m̂ − 1
κx) and hence,

mn = 1
κxn + β̄(m̄n −

1
κxn) + β̂(m̂n −

1
κxn), which gives

1
s

=
1
κxn(1 − (β̄ + β̂)) + β̄m̄n + β̂m̂n

M − xn
≥

β̄m̄n

M − xn
+

β̂m̂n

M − xn
=
β̄

s̄
+
β̂

ŝ
and we are done.

Let us now study the function h(x,Y,X0) for Y ∈ Σ and X0 ∈ ΓC1,C2 .
Write Y = X0 + sm and recall b = |X0| + κ|Y − X0| = |X0| + κs. It follows that

b − κ2
〈x,Y〉 = |X0|(1 − κ2

〈x, x0〉) + κs(1 − κ〈x,m〉)

and

b2
− κ2
|Y|2 = (1 − κ2)|X0|

2 + 2κs(1 − κ〈x0,m〉)

. Set B =
b − κ2

〈x,Y〉
1 − κ2 and C =

b2
− κ2
|Y|2

1 − κ2 .
We then have

h(x,Y,X0) = B −
√

B2 − C

In order to get to our crucial lemma, first we need three auxiliary lemmas.

Lemma 2.1. Let Ȳ, Ŷ ∈ Σ and X0 ∈ ΓC1,C2 . Then, with the notation as above, we have
B̂ ≥ B̄ −

√

B̄2 − C̄
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Proof. We have, B̄ −
√

B̄2 − C̄ =
C̄

√

B̄2 − C̄
≤

C̄
B̄

.

So, it is enough to show C̄ ≤ B̄B̂ and this amounts to

(1 − κ2)|X0|
2 + 2κs̄(1 − κ〈x0, m̄〉)

1 − κ2 ≤(
|X0|(1 − κ2

〈x, x0〉) + κs̄(1 − κ〈x, m̄〉)
) (
|X0|(1 − κ2

〈x, x0〉) + κŝ(1 − κ〈x, m̂〉)
)

(1 − κ2)2

The above inequality is equivalent to

|X0|
2

(
1 −

(1 − κ2
〈x, x0〉)2

(1 − κ2)2

)
+

2κ|X0|s̄(1 − κ〈x0, m̄)
1 − κ2 ≤

κ|X0|(1 − κ2
〈x, x0〉)

(1 − κ2)2

(
s̄(1 − 〈x, m̄〉) + ŝ(1 − 〈x, m̂〉)

)
+

κ2

(1 − κ2)2 s̄ŝ(1 − 〈x, m̄〉)(1 − 〈x, m̂〉)

The LHS is ≤ |X0|
2 + 2κ|X0|s̄ and the RHS is ≥ κ2

(1−κ2)2 s̄ŝ(1 − κ)2 = κ2

(1+κ)2 s̄ŝ.

Therefore,we need |X0|
2 + 2κ|X0|s̄ ≤ κ2

(1+κ)2 s̄ŝ.
Equivalently,

|X0|

s̄
|X0|

ŝ
+ 2κ

|X0|

ŝ
≤

κ2

(1 + κ)2

and this follows from Hypothesis C.
�

The second auxiliary lemma is as follows,

Lemma 2.2. Consider the function f (B,C) = B −
√

B2 − C on the set 0 ≤ C ≤ B2

and B ≥ 0 Fix (B̄, C̄) and assume f (B̄, C̄) ≤ B. Then f (B,C) ≤ f (B̄, C̄) if and only if
C − C̄ ≤ 2(B − B̄) f (B̄, C̄). In addition, if C − C̄ ≤ 2(B − B̄) f (B̄, C̄) − E for some E ≥ 0

then f (B,C) ≤ f (B̄, C̄) −
E

B +
√

B2 − C − f (B̄, C̄)

Proof. Assume that C − C̄ ≤ 2(B − B̄) f (B̄, C̄) − E, for some E ≥ 0
We have

f (B,C) − f (B̄, C̄) =
C − C̄ − ( f (B,C) + f (B̄, C̄))(B − B̄)

√
B2 − C +

√

B̄2 − C̄
≤

2(B − B̄) f (B̄, C̄) − E − ( f (B,C) + f (B̄, C̄))(B − B̄)
√

B2 − C +
√

B̄2 − C̄
=

( f (B̄, C̄) − f (B,C))(B − B̄) − E
√

B2 − C +
√

B̄2 − C̄
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Therefore,

( f (B,C) − f (B̄, C̄))
(
1 +

B − B̄
√

B2 − C +
√

B̄2 − C̄

)
≤

−E
√

B2 − C +
√

B̄2 − C̄

which implies

f (B,C) ≤ f (B̄, C̄) −
E

B +
√

B2 − C − f (B̄, C̄)

Conversely, assume f (B,C) ≤ f (B̄, C̄), that is B−
√

B2 − C ≤ f (B̄, C̄) and this implies

0 ≤ B − f (B̄, C̄) ≤
√

B2 − C

where the first inequality is by assumption. Hence,

C ≤ 2B f (B̄, C̄) − f (B̄, C̄)2 = 2(B − B̄) f (B̄, C̄) + C̄

�

The third auxiliary lemma says that the oval passing thru X0 is inside the
ellipsoid passing thru X0

Lemma 2.3. Assume 〈x0,m〉 ≥ κ and let Y = X0 + sm s > 0, then {X : |X|+ κ|X−Y| ≤
|X0| + κ|X0 − Y|} ⊆ {X : |X| − κ〈X,m〉 ≤ |X0| − κ〈X0,m〉}.

In particular

h(x,Y,X0) ≤
|X0|(1 − κ〈x0,m〉)

1 − κ〈x,m〉
for all x ∈ Sn−1

Proof. Assume |X| + κ|X − Y| ≤ |X0| + κ|X0 − Y|, then

|X|−κ〈X,m〉 = |X|+κ|X−Y|−κ〈X,m〉+κ|X−Y| ≤ |X0|+κ|X0−Y|−κ
(
〈X,m〉+|X−Y|

)
=

|X0| + κ|X0 − Y| − κ
(
〈X − Y,m〉 + |X − Y|

)
− κ〈Y,m〉 ≤

|X0| + κ|X0 − Y| − κ〈Y,m〉 = |X0| + κ|X0 − Y| − κ〈Y − X0,m〉 − κ〈X0,m〉 =

|X0| + κs − κ〈sm,m〉 − κ〈X0,m〉 =

|X0| − κ〈X0,m〉

�

We are now ready for the crucial lemma
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Lemma 2.4. There exists a universal constant C such that if Ȳ, Ŷ ∈ Σ and X0 ∈ ΓC1,C2

and Y = X0 + sm with x0 − κm = β̄(x0 − κm̄) + β̂(x0 − κm̂) and 1
s ≥

β̄
s̄ +

β̂
ŝ . Then

Cλ(1 − λ)|Ȳ − Ŷ|2|x − x0|
2 + h(x,Y,X0) ≤ max{h(x, Ȳ,X0), h(x, Ŷ,X0)}

for all x ∈ Sn−1

Proof. Fix x ∈ Sn−1 and assume without lost of generality that h(x, Ȳ,X0) ≥ h(x, Ŷ,X0).
We will show

Cλ(1 − λ)|Ȳ − Ŷ|2|x − x0|
2 + h(x,Y,X0) ≤ h(x, Ȳ,X0).

By lemma (2.1), we have B̂ ≥ B̄ −
√

B̄2 − C̄ and hence by lemma (2.2), we have

Ĉ − C̄ ≤ 2 f (B̄, C̄)(B̂ − B̄).

The above means

2κ|X0|
(
ŝ(1 − κ〈x0, m̂〉) − s̄(1 − κ〈x0, m̄〉)

)
≤

2κ f (B̄, C̄)
(
ŝ(1 − κ〈x, m̂〉) − s̄(1 − κ〈x, m̄〉)

)
and equivalently

ŝ
(
|X0|(1 − κ〈x0, m̂〉) − f (B̄, C̄)(1 − κ〈x, m̂〉)

)
≤

s̄
(
|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉)

)
. We will show that

C − C̄ ≤ 2 f (B̄, C̄)(B − B̄) − E

for E to be specify at the end. We need to prove that

|X0|
(
s(1 − κ〈x0,m〉) − s̄(1 − κ〈x0, m̄〉)

)
≤

f (B̄, C̄)
(
s(1 − κ〈x,m〉) − s̄(1 − κ〈x, m̄〉)

)
−

(1 − κ2)E
2κ

Equivalently we will show

s
(
|X0|(1 − κ〈x0,m〉) − f (B̄, C̄)(1 − κ〈x,m〉)

)
≤

s̄
(
|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉)

)
−

(1 − κ2)E
2κ

. We have

s
(
|X0|(1 − κ〈x0,m〉) − f (B̄, C̄)(1 − κ〈x,m〉)

)
=

s
(
|X0|

(
β̄(1 − κ〈x0, m̄〉) + β̂(1 − κ〈x0, m̂〉)

)
− f (B̄, C̄)(1 − κ〈x,m〉)

)
=
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sβ̄
(
|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉)

)
+

sβ̂
(
|X0|(1 − κ〈x0, m̂〉) − f (B̄, C̄)(1 − κ〈x, m̂〉)

)
+

s f (B̄, C̄)
(
β̄(1 − κ〈x, m̄〉) + β̂(1 − κ〈x, m̂〉) − (1 − κ〈x,m〉)

)
Now,

β̄(1 − κ〈x, m̄〉) + β̂(1 − κ〈x, m̂〉) − (1 − κ〈x,m〉) =

(β̄ + β̂ − 1)(1 − 〈x, x0〉) =
1
2

(β̄ + β̂ − 1)|x − x0|
2

And from above we have

sβ̂
(
|X0|(1 − κ〈x0, m̂〉) − f (B̄, C̄)(1 − κ〈x, m̂〉)

)
≤

sβ̂s̄
ŝ

(
|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉)

)
. Therefore, we have

s
(
|X0|(1 − κ〈x0,m〉) − f (B̄, C̄)(1 − κ〈x,m〉)

)
≤

s(β̄ŝ + β̂s̄)
ŝ

(
|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉)

)
− s f (B̄, C̄)

(1 − (β̄ + β̂))
2

|x − x0|
2
≤

(2.13) s̄
(
|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉)

)
− s f (B̄, C̄)

(1 − (β̄ + β̂))
2

|x − x0|
2

where in the last inequality we recall that f (B̄, C̄) = h(x, Ȳ,X0) and hence by lemma
(2.3) we have

|X0|(1 − κ〈x0, m̄〉) − f (B̄, C̄)(1 − κ〈x, m̄〉) ≥ 0

and by hypothesis we have

(2.14) β̄ŝ + β̂s̄ ≤
s̄ŝ
s

Now,define E =
κs f (B̄, C̄)(1 − (β̄ + β̂))|x − x0|

2

1 − κ2 .
We have proved that

C − C̄ ≤ 2 f (B̄, C̄)(B − B̄) − E

. Since by lemma (2.1), we have B ≥ f (B̄, C̄), applying lemma (2.2) we get

f (B,C) +
E

B +
√

B2 − C − f (B̄, C̄)
≤ f (B̄, C̄)
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That is

h(x,Y,X0) +
E

B +
√

B2 − C − f (B̄, C̄)
≤ h(x, Ȳ,X0)

.
Finally, we estimate

E

B +
√

B2 − C − f (B̄, C̄)
from below.

We have

s f (B̄, C̄)(1 − (β̄ + β̂))|x − x0|
2
≥ Csλ(1 − λ)|m̄ − m̂|2|x − x0|

2
≥

Csλ(1 − λ)|Ȳ − Ŷ|2|x − x0|
2

where we have used the constants in Hypothesis A and B.
Also, B+

√
B2 − C− f (B̄, C̄) ≤ B+

√
B2 − C ≤ 2B ≤ |X0|+κs ≤ Cs using Hypothesis

C.
Hence,

E

B +
√

B2 − C − f (B̄, C̄)
≥ Cλ(1 − λ)|Ȳ − Ŷ|2|x − x0|

2

finishing the proof. The constant C is universal. �

We continue with the analysis of the function h(x,Y,X0) for Y ∈ Σ and X0 ∈ ΓC1,C2 .
First we need to bound from below the quantity inside the square root.

Lemma 2.5. There exist a universal constant C such that if Y ∈ Σ and X0 ∈ ΓC1,C2 and
b = |X0| + κ|Y − X0| then

(b − κ2
〈x,Y〉)2

− (1 − κ2)(b2
− κ2
|Y|2) ≥ C

for all x with |x| ≤ 1

Proof. We can write Y = X0 + sm with 〈x0,m〉 ≥ κ and s ≥ C. This is by Hypothesis
A and C. Hence |Y|2 − b2 = |X0 + sm| − (|X0|+ κs)2 = 2s|X0|(〈x0,m〉 − κ) + s2(1− κ2) ≥
s2(1 − κ2), and hence

|Y| − b =
|Y|2 − b2

|Y| + b
≥

s2(1 − κ2)
2|X0| + (1 + κ)s

≥ C

Next note that

(b − κ2
〈x,Y〉)2

− (1 − κ2)(b2
− κ2
|Y|2) = κ2

(
(b − 〈x,Y〉)2 + (1 − κ2)(|Y|2 − (〈x,Y〉)2

)
We minimize the above quantity with |x| ≤ 1.

If the minimum occurs at x with |x| < 1 then b = κ2
〈x,Y〉 which is impossible

since b ≥ κ|Y|
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And if the minimum occurs at x with |x| = 1 then x = Y
|Y| and(

(b − 〈x,Y〉)2 + (1 − κ2)(|Y|2 − (〈x,Y〉)2
)
≥ (|Y| − b)2

≥ C by the above �

Lemma 2.6. There exists C universal such that if Y ∈ Σ, t > 0 and (1 + t)X0 ∈ ΓC1,C2 ,
then 0 ≤ h(x,Y, (1 + t)X0) − h(x,Y,X0) ≤ Ct|X0|

Proof. Note b(t) = (1 + t)|X0| + κ|Y − (1 + t)X0| is increasing in t and b(t) − b(0) ≤
(1 + κ)t|X0|

Let Q(t) = (b(t) − κ2
〈x,Y〉)2

− (1 − κ2(b(t)2
− κ|Y|2)

We can write

h(x,Y, (1+t)X0)−h(x,Y,X0) =
(b(t) − b(0))

(√
Q(t) +

√
Q(0) + κ2(b(t) − 〈x,Y〉 + b(0) − 〈x,Y〉)√
Q(t) +

√
Q(0)

and hence

0 ≤ h(x,Y, (1 + t)X0) − h(x,Y,X0) ≤ C(b(t) − b(0)) ≤ Ct|X0|

�

Lemma 2.7. There exist C universal such that if Ȳ,Y ∈ Σ and X0 ∈ ΓC1,C2 , then
|∇xh(x0,Y,X0) − ∇xh(x0, Ȳ,X0)| ≤ C|Y − Ȳ|

Proof. Let Y = X0 + sm and Ȳ = X0 + s̄m̄ and b = |X0|+ κs A calculation shows that

∂h
∂xi

(x,Y,X0) =
κ2h(x,Y,X0)Yi√

(b − κ2〈x,Y〉)2 − (1 − κ2(b2 − κ|Y|2)
.

In particular, at x = x0, we get

∂h
∂xi

(x0,Y,X0) =
κ2
|X0|Yi√

(b − κ2〈x0,Y〉)2 − (1 − κ2(b2 − κ|Y|2)
=

κ2
|X0|Yi

κs(1 − κ〈x0,m〉)
, where in the last equality we have used that√

(b − κ2〈x0,Y〉)2 − (1 − κ2(b2 − κ|Y|2) = κs(1 − κ〈x0,m〉)

Therefore,

∇xh(x0,Y,X0)−∇xh(x0, Ȳ,X0) = κ|X0|
( Y
|Y − X0|(1 − κ〈x0,m〉)

−
Y

|Ȳ − X0|(1 − κ〈x0, m̄〉)

)
. The estimate thus follows from the estimate |m − m̄| ≤ C|Y − Ȳ|. �
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Lemma 2.8. There exists a universal constant M such that if X0 ∈ ΓC1,C2 , Y ∈ Σ and
x ∈ Sn−1, then

|h(x,Y,X0) − h(x0,Y,X0) − 〈∇xh(x0,Y,X0), x − x0〉| ≤M|x − x0|
2

Proof. This follows from Taylor theorem and the estimate in lemma (2.5) �

Lemma 2.9. There exists a universal constant C such that if X0 ∈ ΓC1,C2 and Ȳ,Y ∈ Σ

and x ∈ Sn−1,then

|h(x,Y,X0) − h(x, Ȳ,X0)| ≤ C|Y − Ȳ||x − x0|

Proof. We have, for some Ỹ ∈ [Ȳ,Y] the straight segment, and for some x̃ ∈ [x0, x],
the straight segment

h(x,Y,X0) − h(x, Ȳ,X0) =

n∑
k=1

∂h
∂yk

(x, Ỹ,X0)(Yk − Ȳk) =

n∑
k=1

( ∂h
∂yk

(x, Ỹ,X0) −
∂h
∂yk

(x0, Ỹ,X0)
)
(Yk − Ȳk)

n∑
k,l=1

∂2h
∂yk∂xl

(x̃, Ỹ,X0)(xl − x0
i )(Yk − Ȳk)

where we have used that h(x0,Y,X0) = |X0|, for all Y and hence, ∂h
∂yk

(x0, Ỹ,X0) = 0
It remains to notice that writing Y = X0 + sm and Ȳ = X0 + s̄m̄, then Ỹ =

(1 − λ)Ȳ + λY for some λ ∈ [0, 1], and hence Y = X0 + (1 − λ)s̄m̄ + λsm = X0 + w

|Y|2 − b2 = |X0 + w|2 − (|X0| + κ|w|)2 = |w|2(1 − κ2) + 2〈X0,w〉 − 2κ|X0||w|

And note

〈X0,w〉 = (1 − λ)s̄〈X0, m̄〉 + λs〈X0,m〉 ≥ (1 − λ)s̄κ|X0| + λsκ|X0| ≥ κ|X0||w|

Thus,

|Y|2 − b2
≥ (1 − κ2)|w|2 ≥ C min{s̄2, s2

} ≥ C

and the estimate follows again by lemma (2.5) �

This ends the study of the function h(x,Y,X0).

We now turn to the definition of refractor and prove our main theorem.
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We say u : Ω→ [C1,C2] is a refractor from Ω to Σ if for each x0 ∈ Ω, there exists
Y ∈ Σ such that

u(x) ≥ h(x,Y,X0)

for all x ∈ Ω, where X0 = u(x0)x0.
If the above holds, we say Y∂u(x0)
Note that we are assuming X = u(x)x ∈ ΓC1,C2 for all x ∈ Ω.
Assume that there is a constant C such that for all balls Bσ such that Bσ∩Sn−1

⊆ Ω,
we have

(2.15) Hn−1(∂u(Bσ) ≤ Cσn−1.

where Hn−1 is the Hausdorff n − 1 dimensional measure in Rn.
We will show u ∈ C1,α(Ω).

The proof will follow from two lemmas.

Lemma 2.10. There exist universal constants K1,K2 such that if B2δ ∩ Sn−1
⊆ Ω, x̄, x̂ ∈

Bδ∩Sn−1, and Ȳ ∈ ∂u(x̄), Ŷ ∈ ∂u(x̂), with |Ȳ−Ŷ| ≥ |x̄−x̂|. Then, there exists x0 ∈ Bδ∩Sn−1

such that, setting X0 = u(x0)x0,if Y(λ) ∈ [Ȳ, Ŷ]X0 ,then

u(x) ≥ h(x,Y(λ),X0) + K1λ(1 − λ)|Ȳ − Ŷ|2|x − x0|
2
− K2|x̄ − x̂||Ȳ − Ŷ|2

for all x ∈ Ω

Proof. Let X̄ = u(x̄)x̄ and X̂ = u(x̂)x̂ We have u(x) ≥ h(x, Ȳ, X̄) and u(x) ≥ h(x, Ŷ, X̂),
for all x ∈ Ω.

There exists x0 ∈ [x̄, x̂], the geodesic segment, such that h(x0, Ȳ, X̄) = h(x0, Ŷ, X̂) =

ρ0

Let X̃0 = ρ0x0 and X0 = u(x0)x0. Note ρ0 ≤ u(x0).
We claim

u(x0) − ρ0 ≤ C|x̄ − x̂||Ȳ − Ŷ|

for some structural constant C.
We will prove the claim at the end. Let us assume the claim.
Then, from lemma (2.6), we get,

h(x, Ȳ, X̄) = h(x, Ȳ, X̃0) ≥ h(x, Ȳ,X0) − C(u(x0) − ρ0) ≥ h(x, Ȳ,X0) − C|x̄ − x̂||Ȳ − Ŷ|
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and

h(x, Ŷ, X̄) = h(x, Ŷ, X̃0) ≥ h(x, Ŷ,X0) − C(u(x0) − ρ0) ≥ h(x, Ŷ,X0) − C|x̄ − x̂||Ȳ − Ŷ|

for all x ∈ Ω.
And, hence, we have

u(x) ≥ max{h(x, Ȳ, X̃0), h(x, Ŷ, X̃0)} ≥ max{h(x, Ȳ,X0), h(x, Ŷ,X0)} − C|x̄ − x̂||Ȳ − Ŷ| ≥

h(x,Y(λ),X0) + K1λ(1 − λ)|Ȳ − Ŷ|2|x − x0|
2
− K2|x̄ − x̂||Ȳ − Ŷ|

, where in the last inequality we have used lemma (2.4) and renamed the resulting
constants.

It remains to prove the claim.

Since x0 ∈ [x̄, x̂], we can write x0 =
(1 − t)x̄ + tx̂
|(1 − t)x̄ + tx̂|

:=
xt

|xt|
, for some t ∈ [0, 1].

Let Y0 ∈ ∂u(x0), then

u(x) ≥ h(x,Y0,X0) ≥ h(x0,Y0,X0) + 〈∇xh(x0,Y0,X0), x − x0〉 −M|x − x0|
2 =

u(x0) + 〈∇xh(x0,Y0,X0), x − x0〉 −M|x − x0|
2.

where we have used lemma (2.8).Therefore,

(1−t)u(x̄)+tu(x̂) ≥ u(x0)+〈∇xh(x0,Y0,X0), (1−t)x̄+tx̂−x0〉−M
(
(1−t)|x̄−x0|

2+t|x̂−x0|
2
)

Recall

x̄ − x0 =
x̄(|xt| − 1) − t(x̂ − x̄)

|xt|

and

x̂ − x0 =
x̂(|xt| − 1) + (1 − t)(x̂ − x̄)

|xt|

and

(1 − t)|x̄ − x0|
2 + t|x̂ − x0|

2 = 2(1 − |xt|) ≤ |x̄ − x̂|2

and thus we get

u(x0) ≤ (1 − t)u(x̄) + tu(x̂) + C|x̄ − x̂|2

Next, we have

u(x̄) = h(x̄, Ȳ, X̃0) ≤ h(x0, Ȳ, X̃0) + 〈∇xh(x0, Ȳ, X̃0), x̄ − x0〉 + M|x̄ − x0|
2 =

ρ0 + 〈∇xh(x0, Ȳ, X̃0), x̄ − x0〉 + M|x̄ − x0|
2

and similarly,

u(x̂) ≤ ρ0 + 〈∇xh(x0, Ŷ, X̃0), x̂ − x0〉 + M|x̂ − x0|
2
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and hence,

(1−t)u(x̄)+tu(x̂) ≤ ρ0+(1−t)〈∇xh(x0, Ȳ, X̃0), x̄−x0〉+t〈∇xh(x0, Ŷ, X̃0), x̂−x0〉+M
(
(1−t)|x̄−x0|

2+t|x̂−x0|
2
)

. The last term is ≤ C|x̄ − x̂|2.
We estimate the middle term. Inserting the expressions above we get

(1 − t)〈∇xh(x0, Ȳ, X̃0), x̄ − x0〉 + t〈∇xh(x0, Ŷ, X̃0), x̂ − x0〉 =

(1 − t)t〈∇xh(x0, Ŷ, X̃0) − ∇xh(x0, Ȳ, X̃0), x̂ − x̄〉+
|xt| − 1
|xt|

(
〈∇xh(x0, Ȳ, X̃0), x̄〉 + 〈∇xh(x0, Ŷ, X̃0), x̂〉

)
. The absolute value of the last term is ≤ C|x̄ − x̂|2.

And the absolute value of the first term is ≤ C|Ȳ− Ŷ||x̄− x̂| by lemma (2.7). Since
|x̄ − x̂| ≤ |Ȳ − Ŷ|, the claim is proved, and the lemma follows.

We now use lemma (2.9), to slightly modify the above.

Lemma 2.11. Under the same hypothesis as in lemma (2.10),there exist universal con-
stants K1,K2,K3 and there exists x0 ∈ Bσ ∩ Sn−1 such that for all Y(λ) ∈ [Ȳ, Ŷ]X0 , for all
Y ∈ Σ and for all x ∈ Ω,

u(x) ≥ h(x,Y,X0) + K1λ(1− λ)|Ȳ − Ŷ|2|x− x0|
2
−K2|Y −Y(λ)||x− x0| −K3|Ȳ − Ŷ||x̄− x̂|

where X0 = u(x0)x0.

Proof. The proof follows directly from lemmas (2.9) and (2.10) �

Now, we prove the main theorem,

Theorem 2.12. Assume B2δ∩Sn−1
⊆ Ω. There exist constants C̃1, C̃2 depending on δ and

structure, such that if x̄, x̂ ∈ Bδ ∩Sn−1 and Ȳ ∈ ∂u(x̄), Ŷ ∈ ∂u(x̂), and |Ȳ− Ŷ| ≥ C̃1|x̄− x̂|.
Then |Ȳ − Ŷ| ≤ C̃2|x̄ − x̂|α. Where α = 1

4n−5

Proof. By lemma (2.12), there exists x0 ∈ [x̄, x̂] ⊆ Bδ, such that for all Y(λ) ∈ [Ȳ, Ŷ]X0

with 1
4 ≤ λ ≤

3
4 , for all Y ∈ Σ and for all x ∈ Ω, we have

u(x) ≥ h(x,Y,X0) + K1|Ȳ − Ŷ|2|x − x0|
2
− K2|Y − Y(λ)||x − x0| − K3|Ȳ − Ŷ||x̄ − x̂|

where X0 = u(x0)x0 and Ki, i = 1, 2, 3 are universal.

Let t0 =
K2|Y − Y(λ)| +

√
K2

2|Y − Y(λ)|2 + 4K1K3|Ȳ − Ŷ|3|x̄ − x̂|

2K1|Ȳ − Ŷ|2
.



22 C. E. GUTIÉRREZ AND F. TOURNIER

Note that if |x−x0| ≥ t0, then K1|Ȳ−Ŷ|2|x−x0|
2
−K2|Y−Y(λ)||x−x0|−K3|Ȳ−Ŷ||x̄−x̂| ≥

0.
Let

µ =

√
|Ȳ − Ŷ|3|x̄ − x̂|

and assume |Y − Y(λ)| ≤ µ, then

t0 ≤

K2 +
√

K2
2 + 4K1K3

2K1

√
|x̄ − x̂|
|Ŷ − Ȳ|

:= K

√
|x̄ − x̂|
|Ŷ − Ȳ|

. Let

σ = K

√
|x̄ − x̂|
|Ŷ − Ȳ|

. Let C ≥ 1 be large enough depending on δ and structure such that
K
√

C
≤
δ
2

and

(diam(Σ))2

√
C

≤ µ0 Set C̃1 := C. Assume |m̄ − m̂| ≥ |Ȳ − Ŷ|, then

t0 ≤ σ ≤
δ
2

and

µ ≤
|Ȳ − Ŷ|2√

C̃1

≤
(diam(Σ))2√

C̃1

≤ µ0

where µ0 is the constant in Hypothesis E.
Let Y ∈ Σ and |Y − Y(λ)| ≤ µ for some 1

4 ≤ λ ≤
3
4 .

We will show that

Y ∈ ∂u(B(x0, σ) ∩ Sn−1)

Notice that B(x0, σ) ∩ Sn−1
⊆ B2δ ∩ Sn−1

⊆ Ω and if |x − x0| ≥ σ and x ∈ Ω, then
u(x) ≥ h(x,Y,X0).

Therefore setting X = u(x)x, we have |X|+κ|X−Y| ≥ |X0|+κ|X0−Y| for |x−x0| ≥ σ

and x ∈ Ω.
It follows that

min{|X| + κ|X − Y| : X = u(x)x x ∈ Ω} = |X̃| + κ|X̃ − Y|

for some X̃ = u(x̃)x̃ with x̃ ∈ B(x0, σ) ∩ Sn−1.
This implies that u(x) ≥ h(x,Y, X̃), for all x ∈ Ω.
That is Y ∈ ∂u(x̃)
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Hence, we have shown that

Nµ({[Ȳ, Ŷ]X0 :
1
4
≤ λ ≤

3
4
}) ∩ Σ ⊂ ∂u(B(x0, σ) ∩ Sn−1)

We now take Hn−1 measure and use Hypothesis E on the left and the Hypothesis
on the refractor on the right to get

C?µ
n−2
|Ȳ − Ŷ| ≤ C?σn−1

. This gives,

|Ȳ − Ŷ| ≤ C̃2|x̄ − x̂|α

, with C̃2 depending on C̃1 and structure. �

We can now show u ∈ C1,α

Theorem 2.13. If Σ satisfies hypothesis A,B,C,D and D and u is a refractor from Ω to Σ

satisfying the measure condition (2.15), then u ∈ C1,α(Ω)

Proof. Let x0 ∈ Ω. First we show ∂u(x0) has only one element. Fix δ > 0 such
that B(x0, 2δ) ∩ Sn−1

⊆ Ω and suppose Y1 and Y0 are in ∂u(x0), with Y1 , Y0. Let
x̄ ∈ B(x0, δ) ∩ Sn−1 and Ȳ ∈ ∂u(x̄).

By theorem (2.12), we have |Ȳ − Y0| ≤ C|x̄ − x0|
α and |Ȳ − Y1| ≤ C|x̄ − x0|

α where
the constant C depends on δ. Hence, |Y1 − Y0| ≤ 2C|x̄ − x0|

α, so if we take x̄ close
enough to x0 we will reach a contradiction.

Let Y ∈ ∂u(x0). First we show that for any η ⊥ x0, we have Dηu(x0) =

〈∇h(x0,Y,X0), η〉, where X0 = u(x0)x0. To see this, let c be any curve such that
c(0) = x0 and c′(0) = η and c(t) ∈ B(x0, δ) ∩ Sn−1 for all t near 0.

We have

u(c(t)) − u(x0) ≥ h(c(t),Y,X0) − h(x0,Y,X0)

for all t near 0.
Let Y(t) ∈ ∂u(c(t)) and let X(t) = u(c(t))c(t), then since u(x) ≥ h(x,Y(t),X(t)) for

all x ∈ Ω, we get

u(x0) − u(c(t)) ≥ h(x0,Y(t),X(t)) − h(c(t),Y(t),X(t))

for all t. Therefore, we have for all t > 0, small

h(c(t),Y,X0) − h(x0,Y,X0)
t

≤
u(c(t)) − u(x0)

t
≤

h(c(t),Y(t),X(t)) − h(x0,Y(t),X(t))
t
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Note that for each t
h(c(t),Y(t),X(t)) − h(x0,Y(t),X(t))

t
= 〈∇h(x̃,Y(t),X(t)),

c(t) − c(0)
t

〉

for some x̃ ∈ [x0, c(t)]
Letting t→ 0, proves the claim. We have used that Y(t)→ Y as t→ 0 thanks to

theorem (2.12) and that
X(t)→ X0 by continuity of u.
Define ũ(X) = u( X

|X| ). We will show that for |x0| = 1, we have ∇ũ(x0) =

∇
Th(x0,Y,X0), where

∇
Th(x0,Y,X0) = ∇h(x0,Y,X0) − 〈∇h(x0,Y,X0), x0〉x0

To prove the claim, let c(t) =
x0 + tei

|x0 + tei|
and note that c(0) = x0 and c′(0) = ei−〈x0, ei〉x0.

And we have
ũ(x0 + tei) − ũ(x0)

t
=

u(c(t)) − u(x0)
t

, thus, letting t → 0 and using
the first part we get

∂ũ
∂xi

(x0) = 〈∇h(x0,Y,X0), ei − 〈x0, ei〉x0〉

and this proves the claim.
Next, let x̄, x̂ ∈ B(x0, δ) ∩ Sn−1.
Let Ȳ ∈ ∂u(x̄) and Ŷ ∈ ∂u(x̂), then

|∇ũ(x̄) − ∇ũ(x̂)| = |∇Th(x̄, Ȳ, X̄) − ∇Th(x̂, Ŷ, X̂)| ≤

C
(
|X̄ − X̂| + |x̄ − x̂| + |Ȳ − Ŷ|

)
≤

C|x̄ − x̂|α.

We have used theorem (2.12) in the last inequality.
We prove the first inequality.
First note

|∇
Th(x̄, Ȳ, X̄) − ∇Th(x̂, Ŷ, X̂)| ≤ 2|∇h(x̄, Ȳ, X̄) − ∇h(x̂, Ŷ, X̂)| + C|x̄ − x̂|

.
Next, we write

|∇h(x̄, Ȳ, X̄) − ∇h(x̂, Ŷ, X̂)| ≤ |∇h(x̄, Ȳ, X̄) − ∇h(x̄, Ŷ, X̄)|+

|∇h(x̄, Ŷ, X̄) − ∇h(x̂, Ŷ, X̄)|+

|∇h(x̂, Ŷ, X̄) − ∇h(x̂, Ŷ, X̂)|
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And we have |∇h(x̄, Ȳ, X̄) − ∇h(x̄, Ŷ, X̄)| ≤ C|Ȳ − Ŷ| by (2.7).
Also, |∇h(x̄, Ŷ, X̄) − ∇h(x̂, Ŷ, X̄)| ≤ C|x̄ − x̂| using mean value in x and

∇h(x̂, Ŷ, X̄) − ∇h(x̂, Ŷ, X̂) =

κ2h(x̂, Ŷ, X̄)Ŷ√
(b − κ2〈x, Ŷ〉)2 − (1 − κ2)(b2 − κ2|Ŷ|2)

−
κ2h(x̂, Ŷ, X̂)Ŷ√

(b̂ − κ2〈x, Ŷ〉)2 − (1 − κ2)(b̂2 − κ2|Ŷ|2)

, where b = |X̄| + κ|Ŷ − X̄| and b̂ = |X̂| + κ|Ŷ − X̂|. Since by assumption Ŷ ∈ Σ and
X̄, X̂ ∈ ΓC1,C2 , it follows using lemma (2.5), that

|∇h(x̂, Ŷ, X̄) − ∇h(x̂, Ŷ, X̂)| ≤ C|X̄ − X̂|

�

2.3. A property of refractors. Let us assume that if Y0 is a point of Σ, then the
tangent plane to Σ at Y0 does not intersect the graph of u.

Let

S? = {Y ∈ Σ : Y ∈ ∂u(x̄) ∩ ∂u(x̂), x̄ , x̂ ∈ Ω}.

We claim Hn−1(S?) = 0.
Define u? : Rn

→ R by

u?(Y) = min{|X| + κ|X − Y| : X = u(x)x, x ∈ Ω}.

It is easy to see that u? is Lipschitz in Rn.
Note that if Ȳ ∈ ∂u(x̄), then for X = u(x)x and X̄ = u(x̄)x̄, we have

|X| + κ|X − Ȳ| ≥ |X̄| + κ|X̄ − Ȳ|

and hence

u?(Ȳ) = |X̄| + κ|X̄ − Ȳ|

and

u?(Y) ≤ u?(Ȳ) + κ|X̄ − Y| − κ|X̄ − Ȳ|,

for all Y ∈ Rn. In particular, if Y0 ∈ S? and say Y0 ∈ ∂u(x̄) ∩ ∂u(x̂), then

u?(Y) ≤ u?(Y0) + κ|X̄ − Y| − κ|X̄ − Y0|,

and

u?(Y) ≤ u?(Y0) + κ|X̂ − Y| − κ|X̂ − Y0|,

for all Y ∈ Rn.
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Assume O ⊆ Rn−1 is open andψ : Rn−1
→ Rn is Lipschitz and such that Σ = ψ(Ō)

and ψ is one to one in Ō.
Let S̃ = ψ−1(S?). We show Hn−1(S̃) = 0.
Let h(Y′) = u?(ψ(Y′)).
h is Lipschitz in Rn−1 and we claim that if Y′ ∈ S̃, the h not differentiable at Y′.
Let Y′0 ∈ S̃ and let Y0 = ψ(Y′0). Assume Y0 ∈ ∂u(x̄) ∩ ∂u(x̂).
Then,

h(Y′) ≤ h(Y′0) + |X̄ − ψ(Y′)| − |X̄ − ψ(Y′0)|

and

h(Y′) ≤ h(Y′0) + |X̂ − ψ(Y′)| − |X̂ − ψ(Y′0)|

If h is differentiable at Y′0 then

∇Y′(|X̄ − ψ(Y′)|) = ∇Y′(|X̂ − ψ(Y′)|)

at Y′ = Y′0.
And therefore,

Dψ(Y′0)T Y0 − X̄
|Y0 − X̄|

= Dψ(Y′0)T Y0 − X̂
|Y0 − X̂|

Set w =
Y0 − X̄
|Y0 − X̄|

−
Y0 − X̂
|Y0 − X̂|

.

So, Dψ(Y′0)Tw = 0. This says that 〈vk,w〉 = 0, for k = 1, ...,n − 1, where vk are the
columns of Dψ(Y′0) and this n − 1 vectors span the tangent plane to Σ at Y0.

Therefore w is normal to the tangent plane to Σ at Y0.

In particular, the line Y0 + t
1
2

( Y0 − X̄
|Y0 − X̄|

+
Y0 − X̂
|Y0 − X̂|

)
is on the tangent plane to Σ at

Y0.
However, this line intersects the straight segment [X̄, X̂], which implies that

either both X̄ and X̂ are on the tangent plane or they are on opposite sides of the
tangent plane. In either case, since they are points on the graph of u, the tangent
plane intersects the graph of u, which is a contradiction to our assumption.

Therefore h is not differentiable at points in S̃ and hence Hn−1(S̃) = 0.
This implies, since ψ is Lipschitz, that Hn−1(S?) = 0 as we wanted to show.

2.4. A pointwise condition. In this subsection we will motivate Hypothesis D.
First, we need a new parametrization of the curve [m̄, m̂]x0 .
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Let

∇
Th(x,Y,X0) = ∇h(x,Y,X0) − 〈∇h(x,Y,X0), x〉x.

Note that for Y = X0 + sm, we get

∇
Th(x0,Y,X0) = κ|X0|

m − 〈m, x0〉x0

1 − κ〈m, x0〉

.
Set v = κ|X0|

m − 〈m, x0〉x0

1 − κ〈m, x0〉
and solve for m, with 〈m, x0〉 ≥ κ and |m| = 1.

First note 〈m, x0〉 =
|v|2 + |X0|

√
κ2|X0|

2 − (1 − κ2)|v|2

κ(|v|2 + |X0|
2 , and thus

1 − κ〈m, x0〉

κ|X0|
=

1 − κ2

κ
1

|X0| +
√
κ2|X0|

2 − (1 − κ2)|v|2

. Note that v ⊥ x0 and |v|2 ≤
κ2
|X0|

2

1 − κ2 Set

t(v) =
1 − κ2

κ
1

|X0| +
√
κ2|X0|

2 − (1 − κ2)|v|2
.

We can write m = 〈m, x0〉x0 + t(v)v and hence

m =
1
κ

x0 + t(v − X0)

.
Given m̄, m̂ ∈ Sn−1 such that 〈m̄, x0〉 ≥ κ and 〈m̂, x0〉 ≥ κ, we let

v̄ = κ|X0|
m̄ − 〈m̄, x0〉x0

1 − κ〈m̄, x0〉
and

v̂ = κ|X0|
m̂ − 〈m̂, x0〉x0

1 − κ〈m̂, x0〉
.

Let vγ = (1 − γ)v̄ + γv̂. We parametrize the curve [m̄, m̂]x0 as follows:

m(γ) =
1
κ

x0 + t(vγ)(vγ − X0)

, γ ∈ [0, 1].
It is important to note that setting (with obvious notation, t := t(vγ))

β̄ =
t(1 − γ)

t̄
, β̂ =

tγ
t̂
,

then

x0 − κm = β̄(x0 − κm̄) + β̂(x0 − κm̂)
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. The Hypothesis D reads
1
s
≥
β̄

s̄
+
β̂

ŝ
,

which is equivalent to
1
st
≥ (1 − γ)

1
s̄t̄

+ γ
1
ŝt̂

. In other words,
1
st

is a concave function of v for v ⊥ x0.
Therefore Hypothesis D is equivalent to

〈D2
v(

1
st

)ξ, ξ〉 ≤ 0,

for all ξ ⊥ x0.
Let us motivate the above condition.
Set (D2)Th(x,Y,X0) = D2h(x,Y,X0) − 〈∇h(x,Y,X0), x〉〉I
Fix Ȳ, Ŷ ∈ Σ and X0 ∈ ΓC1,C2 . Write Ȳ = X0 + s̄m̄ and Ŷ = X0 + ŝm̂. and let

Y(γ) = X0 + s(vγ)m(vγ)

for γ ∈ [0, 1] be a parametrization of [Ȳ, Ŷ]X0

Let

S = {x ∈ Sn−1 : h(x, Ȳ,X0) = h(x, Ŷ,X0)}

For x ∈ S, we want a necessary condition such that

(1 − γ)h(x, Ȳ,X0) + γh(x, Ŷ,X0) ≥ h(x,Y(γ),X0)

holds.
Set ∇Th(x0, Ȳ,X0) = v̄ and ∇Th(x0, Ŷ,X0) = v̂, so v̄, v̂ ⊥ x0.
Notice that

∇
Th(x0,Y(γ),X0) = vγ

Let ξ = v̂ − v̄.
Let c be any curve in S such that c(0) = x0 and set η = c′(0). Note that ξ, η ⊥ x0

and ξ ⊥ η
Let φ(t) = (1 − γ)h(c(t), Ȳ,X0) + γh(c(t), Ŷ,X0) − h(c(t),Y(γ),X0).
We have

φ′(t) = 〈(1 − γ)∇h(c(t), Ȳ,X0) + γ∇h(c(t), Ŷ,X0) − ∇h(c(t),Y(γ),X0), c′(t)〉 =

〈(1 − γ)∇Th(c(t), Ȳ,X0) + γ∇Th(c(t), Ŷ,X0) − ∇Th(c(t),Y(γ),X0), c′(t)〉.
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Note that φ′(0) = 0 and

φ′′(0) = 〈
(
(1 − γ)(D2)Th(x0, Ȳ,X0) + γ(D2)Th(x0, Ŷ,X0) − (D2)Th(x0,Y(γ),X0)

)
η, η〉.

We need that φ′′(0) ≥ 0.
Let

H(γ) = 〈(D2)Th(x0,Y(γ),X0)
)
η, η〉.

We need that H′′(γ) ≥ 0.
Note that

H′′(γ) = 〈D2
v

(
〈(D2)Th(x0,Y(v̄ + γξ),X0)

)
η, η〉

)
ξ, ξ〉.

We will compute this last quantity.
First we compute

〈(D2)Th(x0,Y(v),X0)
)
η, η〉

Set Q = (b − κ2
〈x,Y〉)2

− (1 − κ2)(b2
− κ2
|Y|2).

We have

hi = Q
−1
2 κ2Yih

and

hi, j = Q
−3
2 κ4YiY j

(
b − κ2

〈x,Y〉 + Q
1
2

)
h

At x = x0,and for Y = X0 + sm we have

Q
1
2 = κs(1 − κ〈x0,m〉)

and

(b − κ2
〈x,Y〉 + Q

1
2 = (1 − κ2)|X0| + 2κs(1 − κ〈x0,m〉)

and hence at x = x0,Y = X0 + sm and b = |X0| + ks we have

hi =
κ2
|X0|Yi

κs(1 − κ〈x0,m〉)

and

hi, j =
κ4YiY j|X0|

(
(1 − κ2)|X0| + 2κs(1 − κ〈x0,m〉)

)
(
κs(1 − κ〈x0,m〉)

)3

. Therefore, for |η| = 1, we get

〈(D2)Th(x0,Y(v),X0)η, η〉 =
κ4
|X0|

(
(1 − κ2)|X0| + 2κs(1 − κ〈x0,m〉)

)
〈Y, η〉2(

κs(1 − κ〈x0,m〉)
)3 −

κ2
|X0|〈Y, x0〉

κs(1 − κ〈x0,m〉)
.

Now, 〈Y, x0〉 = |X0| + s〈m, x0〉 and 〈Y, η〉 = s〈m, η〉, since η ⊥ x0.
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Also recall 1 − κ〈m, x0〉 = κ|X0|t, thus we get

〈(D2)Th(x0,Y(v),X0)η, η〉 =

(
(1 − κ2) + 2κ2st)s2

〈m, η〉2

κ2|X0|s3t3 −
κ|X0| + κs〈m, x0〉

κst

Finally note that since m = 1
κx0 + t(v−X0) with v ⊥ x0, we have 〈m, η〉 = t〈v, η〉 and

hence after simplification we get

〈(D2)Th(x0,Y(v),X0)η, η〉 =

(
(1 − κ2)〈v, η〉2 − κ2

|X0|
2

κ2|X0|st
+

2〈v, η〉2

|X0|
−

1
κt

+ |X0|

Now we can finish the computation of

〈D2
v

(
〈(D2)Th(x0,Y(v̄ + γξ),X0)

)
η, η〉

)
ξ, ξ〉.

Using that η ⊥ ξ, we get

〈D2
v

(
〈(D2)Th(x0,Y(v̄+γξ),X0)

)
η, η〉

)
ξ, ξ〉 =

(
(1 − κ2)〈v, η〉2 − κ2

|X0|
)

κ2|X0|
〈D2

v(
1
st

)ξ, ξ〉−
1
κ
〈D2

v(
1
t

)ξ, ξ〉

Recall 1
t =

κ
(
|X0| +

√
κ2|X0|

2 − (1 − κ2)|v|2

1 − κ2 to compute

〈D2
v(

1
t

)ξ, ξ〉 = −(κ2
|X0|

2
− (1 − κ2)|v|2)−

3
2

(
(1 − κ2)〈v, ξ〉2 + (κ2

|X0|
2
− (1 − κ2)|v|2)|ξ|2

)
.

Hence we get

〈D2
v

(
〈(D2)Th(x0,Y(v̄ + γξ),X0)

)
η, η〉

)
ξ, ξ〉 =

(
(1 − κ2)〈v, η〉2 − κ2

|X0|
)

κ2|X0|
〈D2

v(
1
st

)ξ, ξ〉+

κ2
|X0|

2
− (1 − κ2)(|v|2 − 〈ξ, v〉2)

(κ2|X0|
2 − (1 − κ2)|v|2) 3

2

Noting that
(
(1 − κ2)〈v, η〉2 − κ2

|X0|
2
)
≤ 0, the condition

〈D2
v

(
〈(D2)Th(x0,Y(v̄ + γξ),X0)

)
η, η〉

)
ξ, ξ〉 ≥ 0

is equivalent to

〈D2
v(

1
st

)ξ, ξ〉 ≤
κ2
|X0|

2
− (1 − κ2)(|v|2 − 〈ξ, v〉2)

κ2|X0|
2 − (1 − κ2)〈v, η〉2

κ2
|X0|

2

(κ2|X0|
2 − (1 − κ2)|v|2) 3

2

for all η ⊥ ξ, with |ξ|, |η| = 1
Note that 〈v, ξ〉2 + 〈v, η〉2 ≤ |v|2 (with equality in R3) and hence

κ2
|X0|

2
− (1 − κ2)(|v|2 − 〈ξ, v〉2)

κ2|X0|
2 − (1 − κ2)〈v, η〉2

≤ 1
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Therefore, we arrive at the necessary condition

〈D2
v(

1
st

)ξ, ξ〉 ≤
κ2
|X0|

2

(κ2|X0|
2 − (1 − κ2)|v|2) 3

2

.
Notice that we are assuming in Hypothesis D the stronger condition 〈D2

v(
1
st

)ξ, ξ〉 ≤
0 and we have shown in lemma (2.4) that this sufficient for the estimate in this
lemma.

Next, we will show that there exits a positive constant C depending on structure
such that under the new hypothesis

(2.16) 〈D2
v(

1
st

)ξ, ξ〉 ≤ 2C

for all ξ ⊥ x0 with |ξ| = 1 the inequality in lemma (2.4) still holds.
It is easy to prove that the inequality (2.16) implies that

1
st
≥ (1 − γ)

1
s̄t̄

+ γ
1
ŝt̂
− Cγ(1 − γ)|v̄ − v̂|2

and hence, that
1
s
≥
β̄

s̄
+
β̂

ŝ
− Ctγ(1 − γ)|v̄ − v̂|2.

Set K := Ctγ(1 − γ)|v̄ − v̂|2.
We have

(2.17) β̄ŝ + β̂s̄ ≤
s̄ŝ
s

+ Ks̄ŝ

Using (2.17) in place of (2.14) in inequality (2.13), we see that in order for the
estimate to continue holding we need that

(2.18) Ks̄
(
|X0|(1−κ〈x0, m̄〉−h(x, Ȳ,X0)(1−κ〈x, m̄〉)

)
≤

1 − (β̄ + β̂)
4

|x−x0|
2h(x, Ȳ,X0)

In order to verify (2.18) we will prove that

(2.19) 0 ≤ s̄
(
|X0|(1 − κ〈x0, m̄〉 − h(x, Ȳ,X0)(1 − κ〈x, m̄〉)

)
≤ Cκ|x − x0|

2

and that

(2.20) K ≤ 2C|X0|(1 − (β̄ + β̂))

We prove (2.18):
Write X = h(x,Y,X0)x with Y = X0 + s̄m̄.
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We have |X|+κ|X−Y| = |X0|+κ|X0−Y|, which after simplification can be written
as

|X0|(1 − κ〈m̄, x0〉) − |X|(1 − κ〈m̄, x〉) =
κ2
|X − X0|

2
− (|X| − |X0|)2

2κs̄
By lemma (2.3), the left hand side above is non negative and the right hand side

is smaller than
κ|X − X0|

2

2s̄
≤ Cκ

|x − x0|
2

s̄
and this proves the estimate.
And to prove (2.20), we have

1 − (β̄ + β̂) = t(
1
t
−

1 − γ
t̄
−
γ

t̂
) ≥

tγ(1 − γ)|v̄ − v̂|2

2|X0|

where in the last inequality we have used Taylors theorem. The estimate is proved.
Therefore, in order for (2.18) to hold, we need C|X0| to be bounded above by a

constant depending on structure.

Department ofMathematics, Temple University, Philadelphia, PA 19122

E-mail address: gutierre@temple.edu
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