KREIN SPACE UNITARY DILATIONS OF HILBERT SPACE
HOLOMORPHIC SEMIGROUPS

S.A.M. MARCANTOGNINI

ABSTRACT. The infinitesimal generator A of a strongly continuous semigroup
on a Hilbert space is assumed to satisfy that Bg := A—f3 is a sectorial operator

of angle less than T for some 8 > 0. If By is dissipative in some equivalent

scalar product then the Naimark-Arocena Representation Theorem is applied
to obtain a Krein space unitary dilation of the semigroup.

1. INTRODUCTION

A Krein space unitary dilation of a strongly continuous semigroup {T'(¢)} on
a Hilbert space $ was built up by B. McEnnis under the assumption that the
numerical range of the infinitesimal generator A lies on a sector of semi-angle
0 < 6 < 7 around the real line [10]. McEnnis’ construction follows the one given
by C. Davis for uniformly continuous semigroups [5]. Both constructions lean on
the existence of a selfadjoint operator G such that

L\renlP = (@r o Tn), Sy n? = @) T

for all t > 0 and all h € $H. The key element in McEnnis’ is the convexity
of the numerical range (the Haussdorfl-Toeplitz Theorem) which grants the m-
f-dissipativeness of A — (3 for some [ > 0 and, in consequence, a contractive
holomorphic extension of {e=#*T(t)} within the sector |arg(z)| < & — 6.

The sectoriality of the numerical range can be replaced by sectoriality of the
spectrum together with some norm estimates of the resolvent. The latter condi-
tions allow a functional calculus which, in turn, gives a one-to-one correspondence
between the type of closed operators A satisfying those constraints and the bounded
holomorphic strongly continuous semigroups {7'(z)} (see, for instance, [8]). On the
other hand, if the calculus is H°°-bounded then the operator A is dissipative in
some equivalent Hilbert space inner product (refer to [8] for details). In sum, McEn-
nis’ result can be achieved under the weaker conditions that combine sectoriality
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(of the spectrum) with bounded H°-calculus. We apply the Naimark-Arocena
Representation Theorem to obtain the Krein space unitary dilation, though. So
this note serves as a slightly more general result than the one by McEnnis as well
as an alternate of its proof.

Apart from the present section, which functions as a brief introduction, this note
comprises two other sections: Section 2 includes some preliminaries while Section 3
presents the results.

2. PRELIMINARIES

In the sequel we assume that all Hilbert spaces are complex and separable.

Given a Hilbert space (9, (-,-)), we denote by £() the linear space of all
bounded linear operators on $). When A is a linear operator which is not ev-
erywhere defined on $), we write D(A) for its domain. The symbol R(A) stands
for the range of A. The numerical range of A is the set

v(A) i= {(Az,3) | = € D(A), |lz] = 1},
If A: D(A) — 9 is a closed linear operator then
p(A):=={AeC|(A-A)" € £®)}, o(A):=C\p4)

and
RO A) = (A= A)7 (A€ p(A))
are its resolvent set, spectrum and resolvent, respectively.

2.1. Holomorphic semigroups. References on semigroup theory abound; [11] is
amongst the classical textbooks on the subject. We recall that a strongly continuous
(one-parameter) semigroup on a Hilbert space (£, (-,-)) is a family {T'(¢)} C £(9)
parameterized by t > 0 that satisfies the following conditions:

(i) T(0) =1 and T(s+t) = T(s)T(t) for all s, > 0.

(ii) T(t) converges strongly to 1 as t — 0.

When ||T'(¢)]| <1 for all t > 0, {T'(¢t)} is said to be a contraction semigroup.

The infinitesimal generator A of a strongly continuous semigroup {7'(¢)} is de-
fined as Az := lim;_ o+ t~1(T(t) — 1)z being the domain D(A) of A the set of
those x € $ for which the limit exists. A is known to be a densely defined closed
operator.

We also recall that a linear operator A on a Hilbert space $ with domain D(A) is
said to be dissipative if Re(Ax,x) < 0 for all € D(A), that is, if v(A) is contained
in the closed left half-plane. A dissipative operator A is called m-dissipative if A
is closed and R(1 — A) = 9.

Proposition 2.1. The following assertions are equivalent:
(a) A is m-dissipative.
(b) A is a densely defined closed operator and A* is m-dissipative.
(c) A is a densely defined closed operator, o(A) C {A € C: ReX < 0} and
IR\, A)|| < (ReX)™t for all Re A > 0.
(d) A generates a strongly continuous contraction semigroup.
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(a) & (d) and (c¢) < (d) are the renowned Lumer-Phillips Theorem and Hille-
Yosida Theorem, respectively.
Let 0 <w < 7. An £($)-valued function T on the additive semigroup

X(w):={2€C:2z#0, |arg(z)| < w} U {0}
is called a strongly continuous holomorphic semigroup if:
(i) z+— T(z) is holomorphic in X (w).
(i) T(0)=1and T(z + ') = T(2)T() for all 2,2’ € X(w).
(iii) For each 0 < ¢ < w, T'(z) converges strongly to 1 as z — 0 within X (¢).
The holomorphic semigroup {7'(z)} on X (w) is said to be bounded when:
(iv) sup{||T(2)| : z € X(¢)} < oo for each 0 < ¢ < w.
Above and in the following, arg(z) is to be set in the interval (—m, =] for z €

C\ {0}.
Let 0 < # < 7. A linear operator A on $ with domain D(A) is said to be
0-dissipative if v(A) lies in the sector

Sog:={AeC:A#0, |arg(\)| > 7 — 0} U {0}.
A O-dissipative operator A is m-0-dissipative if A is m-dissipative.

Proposition 2.2. The following assertions are equivalent:
(a) A is m-0-dissipative.
(b) A generates a strongly continuous holomorphic semigroup {T(z)} on
X (5 —0) satisfying ||T(2)|| <1 for all z € X(5 —0).

We point out that A is said to be (6 -) accretive if —A is (0 -) dissipative. The (m
-) B-accretive operators were extensively studied by T. Kato [9]. He called them (m -
) sectorial operators but nowadays the term “sectorial” is referred to a different type
of operator. In the following we will call A a sectorial operator if o(A) C Sy¢ for
some 0 < § < 7 and, for each 0§ < ¢ < 7, sup{|[AR(X, A)|| : A € C\Sp 4} < 00. We
will restrict ourselves to sectorial operators of angle 0 < 6§ < 5. A comprehensive
account of sectorial operators is [8]. Therein the definition of sectorial operator is
different from the one we adopt, though. Roughly, our corresponds with —A being
sectorial in the above mentioned monograph.

The most famous result on the numerical range is the Toeplitz-Hausdorff The-
orem which asserts that the numerical range of any (perhaps unbounded and not
densely defined) linear operator on a complex or real (pre-)Hilbert space is convex.
The convexity of the numerical range is one of the key elements in showing the
following result from [9] (cf. [10]).

Proposition 2.3. Let A be the infinitesimal generator of a strongly continuous
semigroup {T'(t)} C £(9). If v(A) lies in the sector

Sap:={AeC: A#aqa, largA—a)|>7—0}U{a}

of verter o > 0 and semi-angle 0 < 6 < 3, then there exists 3 > 0 such that A — 3
18 m-0-dissipative.
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By combining Proposition 2.3 with Proposition 2.2 we get that, under the as-
sumption that

V(A) C Sap (a>0,0<6<7/2), (2.1)

there exists 8 > 0 such that {e#*T(z)} is a contraction holomorphic semigroup
on X (5 —0). Hence, if we consider only real ¢, we obtain that

|T(t)|| < et forallt>0 (2.2)
and
d
AMT(t) = dt—nT(t) for every t > 0 and n € N. (2.3)

Holomorphic semigroups are somehow in between the general class of strongly
continuous semigroups and the particular class of uniformly continuous semigroups
(for which the infinitesimal generator is bounded). The functional calculus for
sectorial operators gives a one-to-one correspondence between sectorial operators A
with 0 < 6 < ¥ and bounded holomorphic strongly continuous semigroups {7'(z)}
on X(5 —0) (see [8]). Therefore (2.3) is granted under the weaker condition of
sectoriality. On the other hand, (2.2) holds if A — 3 is m-dissipative.

We replace (2.1) by the following hypothesis: there exist § > 0 such that A — (3
is sectorial of angle 0 < @ < % and Re(Ax,z)o < (||| for all z € D(A), with
(-,)o an equivalent scalar product on . This happens, for instance, if A — 3 is
sectorial and has bounded H*-calculus with H>-angle less than 7 (the reader is
referred to [8] for the definitions). We remark that it is not always the case that
a sectorial operator A on a Hilbert space, with sectorial angle less than 7, has
bounded H*°-calculus.

2.2. Krein spaces. As familiarity with operator theory on Krein spaces is pre-
sumed, only some notation is introduced. We emphasize that the common Hilbert
space notation is carried over into the Krein space setting.

Given a fundamental decomposition & = & ® &~ of the Krein space (&, (,)),
we write |R| for & viewed as the Hilbert space relative to the fundamental de-
composition. Therefore, if J is the corresponding fundamental symmetry, that is,
Jz =zt — = whenever z = 2 + 2~ with 2% € &%, then (z,y)q = (Jx,y) and
(z,y) = (Jx,y)|q for all z,y € R

By £(8) we mean the space of all everywhere defined continuous linear operators
on the Krein space 8 The space £(R) has the structure of a Banach space de-
pending on the choice of a fundamental decomposition and the associated Hilbert
space |R]. The corresponding operator norm for £(f) is the norm | - || of £(]K]).
We point up that any two operator norms for £(R) are equivalent and provide its
topology. If 8 and & are two Krein spaces, £(R,®) and the operator norm are
defined likewise.

For each A € £(R,®) there is a unique A* € £(&,R) so that (Ax,y)s =
(x,A*y)g for all z € R and y € .

We say that (i) P € £(R) is a projection if P2 = P = P*; (ii) U € £(R) is a
unitary operator if U*U =1 =UU*.
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The regular subspaces of R are those that are the ranges of projections. If § is
a regular subspace of R we write Py to indicate the orthogonal projection from K
onto §.

Standard references on Krein spaces and operators on them are [2], [3] and [4].
We also refer to [6] and [7] as authoritative accounts of the subject.

2.3. Naimark-Arocena Representation Theorem. The Naimark Theorem char-
acterizes those operator-valued Toeplitz kernels which have Hilbert space unitary
representations. The theorem has an extension to the Krein space setting due to
R. Arocena [1].

Theorem 2.4. Let T' be a group and denote by e its neutral element. Let (9, (-, "))

be a Hilbert space. Let f : T — £(9) be a Hermitian function such that f(e) = 1.

Assume that there exists a kernel k : T' x T' — £(£)) with the following properties:
(i) k(e,e) =1.

(ii) k is a majorant of f, in the sense that there exists v > 0 such that

Y (T s)h(s) AE)| < 7 Y (k(s,D)h(s), h(D))

s,tel s,ter

for every function h : T' — $ with finite support.

(iii) There exists R > 0 such that, for any h : T — § with finite support such
that 3, 1er(k(s,t)h(s), h(t)) > 0, there exists another function h' : I' — §
with finite support satisfying > _ . (k(s,t)h'(s),h'(t)) > 0 and

s, tel’

2 <f(t‘18)h(3),h’(t)>‘

_>R.

|

( %F<k(s,t)h(s),h(t)>> ( %F%(&t)h'(s)»h’(t)))
(iv) There exists a function p: T — (0,00) such that

> (k(Es, )h(s), h(t)) < p(€) D (k(s, )h(s), h(t))

s,tel s,tel

for all h : T — § with finite support and all € € T'.

Then there ezist a Krein space (&, (-,-)g) containing (9, (-,-)) as reqular subspace
and a unitary representation U(s) of T' in & such that:

1) f(s) = PaU()|g for alls €T, and
2) R=\V{U(s)$ : s e}, that is, R is the space generated by U(s)9H, s € I
Conversely, if there exist a Krein space (8, (-,-)g) containing (9, (-,-)) as reqular

subspace and a unitary representation U(s) of ' in R such that 1) and 2) hold, then
there exists a kernel k satisfying (i), (%), (ii) and (iv).
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3. THE DILATION

Hereafter {T'(¢)} is a strongly continuous semigroup of bounded linear operators
on a Hilbert space (), (-, -)) with infinitesimal generator A.
Let (-,-) 4 be the graph scalar product on D(A):

<.13, y>A = <x,y> + <A$,Ay> (a:,y € D(A))

By the Riesz-Fréchet Representation Theorem, there exists a bounded linear oper-
ator R on (D(A),(-,-)a) such that

(Az,y) + (x, Ay) = (x, Ry)a = (Ra,y)a for all z,y € D(A).

Since A is a densely defined closed operator on (), (-, -)), the von Neumann Theorem
(see [12]) assures that A* A, AA* are selfadjoint and 1+ A*A, 1+ AA* are invertible.
Let h € $ and write h = (1 + A*A)y, y € D(A). For all z € D(A),

(Rz,h) = (Rx,(14+ A*A)y) = ((1+ A*A)Rx,y) = (Rx,y)a = (x, Ry)a
(z,(14+ A*A)Ry) = (z, (1 + A*A)R(1 + A*A)~1h).
If (S, D(S)) is the operator on (£, (-, -)) given by D(S) := D(A) and Sz := Rz, then
it follows that D(S*) = § and S* = (1+A*A)S(1+A*A)~!. Thus ((1+A4*A)S)* D
S*(1+ A*A)=(1+ A*A)S.

We then get that H := (1 + A*A)S is a symmetric operator on (9, (-,-)) with
D(H) = D(A) such that

(Hzx,y) = (Az,y) + (z, Ay) for all x,y € D(A). (3.1)

Lemma 3.1. If there exists 3 > 0 such that A— (3 is sectorial of angle 0 < 0 < 3
and dissipative then the symmetric operator H in (3.1) satisfies

(Hz,z) < 28||z||*> for all z € D(A)

and
%||T(t)h||2 = (HT(t)h, T(t)h) for allt >0 and h € §.

Proof. Since B := A — (3 is dissipative, it comes that, for all € D(A), (Hzx,z) =
2Re(Bz,z) + 20||z||?> < 28||z||*>. On the other hand, B is m-dissipative, for B is
sectorial of angle 0 < § < 7 and dissipative. Therefore, B generates a strongly
continuous bounded holomorphic semigroup {S(z)} on X (5 —0) such that ||S(t)| <

1 in the real semi-axis t > 0. As T'(t) = ¢”*S(t) for all t > 0, the result follows. [

The arguments applied to A can be reproduced on the infinitesimal generator A*
of the adjoint semigroup {T'(¢)*} to obtain a symmetric operator H, on (), (-,-))
with D(H,) = D(A*) such that

(Hyu, vy = (A*u,v) + (u, A*v) for all u,v € D(A"). (3.2)

Lemma 3.2. Under the hypotheses of Lemma 3.1 one has that the symmetric
operator H, in (3.2) satisfies

(Hou,u) < 26||ul|®>  for all u € D(A¥)
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and

%||T(t)*h|\2 — (HT@®) R, T() B for allt >0 and h € 9.

Proof. Notice that B* (= (A — 3)*) is sectorial of the same angle 0 < 0 < 7 as B
[8]. Besides, B* is m-dissipative, according with Proposition 2.1. O

We get two densely defined symmetric sesquilinear forms bounded from above
with upper bound 23 by setting
z,y € D(A)=D(H) — (Hz,y) and wu,v € D(A") =D(H.)— (H.u,v).
Both forms are closable [9]. Their corresponding closures g[-, -] and g.[-,] are
densely defined closed symmetric sesquilinear forms such that g[z,z] < 24| z|?
for all z € D(g) and g.[u,u] < 28||ul|? for all u € D(gs) [9]. The Friedrichs
Theorem for symmetric forms (cf. [9]) gives two selfadjoint operators G, G, which
are bounded from above by 24 and satisfy
G TR = (GT(Oh, T()h), FIT @) hl]* = (G.T(&)*h, T(t)"h)
forallt>0and h € 9.
A relevant fact established in [9] yields G = G..

Consider the polar decomposition G = J|G|, where J is a selfadjoint partial
isometry and |G| is selfadjoint and nonnegative with D(|G|) = D(G). Then write
Gr=Gtx+G z, |Glsr=Gtz—-G 2z (ze€DG)=D(G|)

where G* D (G £1G|) = £(J £1)|G].

(3.3)

Lemma 3.3. The following assertions hold true:
(a) Every x € D(G) satisfies Jx € D(G), GJx = JGz = |G|z and |G|Jz =
J|Glx = Gz.
(b) [{Gz,z)| < {(|Glz,x) for every x € D(G).
(c) For allz € D(G), (G=x,x) <0 and 0 < (GTx,z) < 20|z|

The proof is omitted.

Now we are ready to apply the Naimark-Arocena Representation Theorem to
obtain a unitary dilation of {T'(t)}. First we suppose that the infinitesimal gener-
ator A is as in Lemma 3.1. To comply with the hypotheses of the theorem, take
I' =R and define f : R — £(9) by

| T(s) ifs>0
f(s) = { T(—s)* if s <0
It follows that f is Hermitian and f(0) = 1. Hence the kernel (s,t) — f(s —t) is
an operator-valued Toeplitz kernel on R.

Let h : R — § be a function with finite support. Write supp(h) U {0} =
{O’j}?=0 U{m}_o withog < -+ <01 <og=0=19 <7 < < 7p. Define
(= zn) and y(= yn) by

z(s) := ZT(S —t)*h(t) (s<0) and y(s):= ZT(t —s)h(t) (s>0).

t<s t>s
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Then
z(s) if s <og
h(s) = z2(s) = T(s—o0j)*z(0;) ifoj<s<o;_1,1<j<Q (3.4)
) y(s) = T(m — s)y(m) frp_1<s<m, 1<k<P ° ’
y(s) ifs>r7p

In particular,
2(0) = T(=01)"2(01) = h(0) = y(0) = T(71)y(m1)
whence
2(0) + T'(m1)y(m1) = y(0) + T(—01)"2(01).
If v(= vp,) is given by

z(s) if s <0

v(s) = 2(0) +T(r1)y(m) =y(0) + T(—01)*2(01)  ifs=0 (3.5)
y(s) if >0

then, via the map h — v, we get that

ERU(S —t)h(s), h(t))
Q
; (1=T(0j-1 —0j)T(0j-1 — ;)" )v(0),v(05)) + [[v(0)]]?
+ Z(( T(7 — T,—1)"T (7% — Th—1))v(7k), (k)

Therefore, by (3.3),

Q gj—1
=2 / (=G)T(u—0;)"v(0;), T(u— ;) v(0;)) du + [[v(0)]|*

27
w
w
—

o
~

So, from Lemm

2. (f(s = t)h(s), h(t)

s,teR
Q Oj—1
<3 [ O o) 0(0), T = 0)"v(o,) du + [0(O)]
+ 3 [ 61T = W), T~ wpot)
Q i
=3 [Tt - 0 v P du+ o)
v 3 [ 10T~ w2 du

k=1J7r_1
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with C' := |G|%. Straightforward computations give

Z “IIOT(ufJ»*v(ajanu

B S;O t§)<(f vt DIGIT (u — s)* du) h(s), k(1))
O = 5 tz~;<T<*t>T<*s>*h<s>’h<t>> - o)
+ 3 3 (s = Oh(s), h(0) + L 5 (T(0)*T(s)h(s), ht)
and .
Z 1T (e~ wjo ()| du
=25 (e wieme - wa e

As a result, by setting
[0 T(u—t)|GIT(u— s)* du+T(—t)T(—s)* st <0

sVt

T(t—s)* §<0,t>0
k(s,t) :== ,

T(sft) $§>0,t<0

—|—f5/\t T(t—u)*|G|T(s — u)du §>0,t>0
we get an operator—valued kernel on R such that k£(0,0) = 1 and

Y (fls = Dh(s),h(E)| < D (k(s,t)h(s), h(t)

s,teR s,teR

for every h : R — $) with finite support.
It is worth noticing that, for A : R — §) with finite support and the corresponding
v:R — § as defined in (3.5), we have that:

(1) IfO’j §U<O'j_1, 1 <j<Q, then

T(u—oj)v ZTu—s = v(u).

s<u

(2) U1 <u <7k, 1 <k <P, then
T(1, —u)v(r) = Z T(s —u)h(s) = v(u).

s>u

Here, as before, 0g < --- <01 <09g=0=17) <7 <--- <7p are the real points
in supp(h) U {0}. Accordingly,

Q Oj—1
> (f(s=1)h(s),h(t)) = Z/ (=G)v(u),v(u)) du+ [[0(0)]?

s,teR

<.
—
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If > (k(s,t)h(s),h(t)) >0, set
s, teR
V(1) = Ju(u) if either u <0 or u >0
1 v(0) ifu=0 ‘
A function b’ : R — $) with supp(h’) = supp(h) is uniquely determined by v’ from
(3.4). Matter-of-factly, b’ is given by

v'(0q) if s=o0q

v'(05) = T(0j = 0j4+1)"v'(041) ifs=0;,1<j<Q-1
R(s)=< v'(0) —T(—01)*v' (1) = T(m)v'(11) ifs=0

V(1) — T(7hr1 — 76)V (Tht1) ifs=m, 1<k<P-1

'L)I(Tp) if s =Tp

Then the above discussion and Lemma 3.3 (a) yield

D (fls=0h(s), W () = D (k(s,t)h(s),h() = > (k(s, )R (s), 1 (1))

s,teR s,teR s,teR

This shows that, for each h : R — $) supported on a finite set and satisfying that

> (k(s,t)h(s), h(t)) > 0, there exists ' : R — $ with finite support such that
s,teR

S (k(s, )k (s), B (t)) > 0 and

s,teR

> (f(s = t)h(S),h’(tD‘

s,teR
=1.

{ 2 <k(5,t)h(8),h(t)>} { 2 <k(5,t)h’(8),h’(t)>}

s,t€ER s,tER

It remains to verify that there exists a function p : R — (0, c0) such that

> (k(s+ &t +8h(s),h(t)) < p(&) X (k(s,t)h(s),h(t))
s,t€R s,t€R (3.6)
for all h : R — $ with finite support and all £ € R.

Given h : R — $ with finite support, set
he(s) i=h(s—€) (s €R)

and

S(h,€) == 3 ((s+ &t + E)h(s), h(t)),

s,teR
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so that

S(h,&) =Y (k(s,t)he(s), he(t)) = S(he, 0).

s, teR

As before, 0g < - < 01 <09 =0=171 <7 < - < Tp are the points in

supp(h) U {0}.
We first consider the case £ > 0.
The difference between the expressions for S(h,&) and S(h,0) depends on the

set supp(h) N [=¢,0).
Particular case: 01 < —£ <0, i.e., supp(h) N [—¢,0) is either {01} (01 = —&) or
0 (o1 < —€). We obtain that

Q

S(h€) = 3 J7HIGIT (= o) v(e3), Tlu = 03) (o) du
~[S{GIT(u — o1 — €)*v(01), T(u — o1 — €)*v(01)) du
H|T (o1 = €)"v(01) + T(E)y(0)]2
+[SGIT (u — €)y(0), T(u — €)y(0)) du

+ é):l JI AGIT (e = wo(y), Ty — w)v(mh)) du

where y(0) = Y T(t)h(t) = v(0) — T(—01)*v(0o1). Since |G|z = 2GTz — Gz
>0
(x € D(Q)), from (3.3) it follows that

S(h,¢) = =2 [T I(GF)ET(~t — o1)*v(o)|? dt
+2f0 || (GH)ET(£)y(0)* dt
= =2 [FI(GF)ET(~t — 01)*v(on)|? dt
+2f0 || (GF)ET(£)(v(0) — T(—01)*v(01))]| dt
(

< — 2 JEI(GH)ET(~t — a1)*v(on) |2 dt
+4f0 || (GT)>2 T(t)v(0)||2dt
+4 S (GHET(OT (=01 v(o) || dt

S(h,0) + 4[5 [(GF) 3T (t)v(0)||* dt
+4 [5 [(GHFT()T(~01) v(o)]|? dt.

IN

We apply Lemma 3.3 (¢) and get

3
(GH)ET(t)w(0)|* dt < 8 T(t)v(0)|* dt <8 20t at ) [|v(0)]|?
1 [ 1@ a<ss [ rawo)ra s ﬁ(/ : )nv( I
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and
4[5 I(GHET(OT(~01) v(on)| dt
=4[5 [(GHETOT ()" T(~t — 01)"v(on)|? dt
< 86 J5 0T ()" T(~t — o1)"v(o) | dt
= 8ﬁfE ¢ e2PUGT(s)*T(—t — o1)*v(01), T(8)*T(—t — o1)*v(01)) ds dt
—83 [y 2P| T(—t — o) "v(on)|? dt
<86 [y [3 *PHUGT ()" T(~t — 01)*v(01), T(5)* T(~t — 01)*v(0)) ds dt
=80 [ 4 e2PUGT (s —t — 01)*0(01), T(s — t — 01)*v(01)) ds dt
=383 fog Jy P (GT(—y — 01)*v(o1), T(—y — 1) v(01)) dy dz
<8 (5 ¥ da) (Jy 10T (—y = on)v() |2 dy)
=86 (J5 = dz) (L ICT(w = o1) (o) |2 du)
It thereby follows that

13 0
S(h, &) — S(h,0) < 86 (/O 2Pt dt) <||v(0)||2 + /—5 CT (u — 01)*0(01)||2du> .

Since

(
T(-

£ 13
84 / 2Pt dr < 83 / BBt dr = e3¢ — 1
0 0

and 0
oI + [ 10Tt = 01)70(o0)? du < 5(0,0)

it comes that
S(h,€) < *7S(h,0). (3.7)

We already mentioned that the cases to be considered are linked up with the
points in supp(h) N [—E£,0). Next we will see that all cases can be reduced to the
particular one.

If o3 < —§ < 01 then S(h,&) = S(h,(§ +01) —01) = S(h—o,,€ + 01) Where
o9 — o1 < —(£ + 01) < 0, which is to say that supp(h_,,) N [—(§ + 01),0) is either
{oa — o1} (02 = =&) or 0 (o2 < —€). Therefore, h_,, and £ + oy in the sum
S(h—g,,& + 01) are like in the particular case. Whence

S(h_g,,&+o1) < e3BEFIG(h_,  0) = P& S(h, —oy).

Since h and —oy in the sum S(h, —o1) accord with the particular case as well, we
get S(h, —o1) < e~ 89715(h,0), hence (3.7). The case 03 < —¢ < 09 can be carried
over into the previous one and so on.
The case £ < 0 can be handled in a similar way. We get that
S(h,€) < e78%5(n,0).

Therefore (3.6) holds with p(¢) := 38I¢.
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We have proved the following result.

Theorem 3.4. Let {T'(t)} be a strongly continuous semigroup of bounded linear
operators on a Hilbert space ($),(-,-)). Let A be the infinitesimal generator of
{T(t)}. Suppose that there exists B > 0 such that A — [ is sectorial of angle
0 < 6 < % and Re(Az,z) < Bl|z||? for all x € D(A). Then there exist a Krein
space (R, (-, -)g) containing (9, (-,-)) as a regular subspace and a strongly continuous
unitary group {U(t)} C L£(R) such that:

(a) T(t) = PaU(t)|s and T(t)* = PyU(—t)|g for allt > 0 (dilation property).

(b) V{U®)$ : t € R} is dense in R (minimality condition).

It is all set for the result we announced in the introduction.

Theorem 3.5. Let {T'(t)} be a strongly continuous semigroup of bounded linear
operators on a Hilbert space ($),(-,-)). Let A be the infinitesimal generator of
{T'(t)}. Suppose that there exists > 0 such that A — (3 is sectorial of angle
0 <6 <% and Re(Az,z)o < B|z||§ for all z € D(A), with (-,-)o an equivalent
scalar product on $. Then there exist a Krein space (&, (-,-)q) containing (9, (-, -))
as a regqular subspace and a strongly continuous unitary group {U(t)} C £(R) such
that:

(a) T(t) = PaU(t)|s and T(t)* = PyU(—t)|s for allt >0 .

(b) V{U(®)$ : t € R} is dense in R.

Proof. By Theorem 3.4 we already have a Krein space (£, (,")g,) containing
(%, (:,-)0) as a regular subspace and a strongly continuous unitary group {Up(¢)} C
£(Ro) such that (Ro, {Up(t)}) is a minimal unitary dilation of {T'(¢)} C £($).

We can choose a fundamental decomposition of £y such that $ C Rg‘ , say
fo=(H@MT)® Ky . Consider the linear space R := &y with the scalar product

(h+b. 1 +V)g = (W) + (b,6)g, (b1 €9H,bb Mt @ Ry).

Tt is clear that (&, (-, -)g) is a Krein space containing (9, (-, -)) as a regular subspace
for a fundamental decomposition can be chosen to be

R=HoMmh) oK.
The corresponding Hilbert space scalar product is
(h4 b, b +b) g = (b By + (b, ) gy (R, € 9,00 €M™ @ Ry ).

There exist d, D > 0 such that d||h|lo < ||h]| < D||h||o for all h € $. Thus, there
exists a linear operator A on §) such that

(h,h'y = (Ah,h')o for all h,h € §
and
d?||n||3 < (Ah, h)o < D?||h|j2 for all h € 6.

Besides, A is (-,-)-positive (hence, bounded in the norm || - ||). Therefore A is
positive, bounded and boundedly invertible in both Hilbert spaces (), (-, -)o) and
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(9,(-,-))- A can be extended to a linear operator A on all of & = R by putting
Ah:=Ah (h € $H) and Ab:=b (be M @ K, ). It follows that

(kK'Y g = (Ak, K'Y g, = (k, AK') g, for all kK € & = Ro

and

Also, with respect to the decomposition & = & = H & (M @ &), A can be

represented in the form
F_[A 0] _[As 0] [AZ 0
S0 1) o 1[0 1]’

Thus, if L := { J then L is positive, bounded and boundedly invertible in

both Krein spaces ( ,{,s) and (Ro, (-, ) a,)-
Define U(t) := L™1Uy(t)L (t € R). It can be seen that {U(t} C £(fK) is a
strongly continuous unitary group with the desired properties. O
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