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ABSTRACT. We prove several results asserting that the action of a Banach-Lie group
on Hilbert spaces of holomorphic sections of a holomorphic Hilbert space bundle over
a complex Banach manifold is multiplicity-free. These results require the existence of
compatible anti-holomorphic bundle maps and certain multiplicity-freeness assumptions
for stabilizer groups. For the group action on the base, the notion of an (S, c)-weakly
visible action (generalizing T. Koboyashi’s visible actions) provides an effective way to
express the assumptions in an economical fashion. In particular, we derive a version for
group actions on homogeneous bundles for larger groups. We illustrate these general
results by several examples related to operator groups and von Neumann algebras.
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1. INTRODUCTION

A unitary representation (m, ) of a group G on a complex Hilbert space H is called
multiplicity-free if its commutant, the von Neumann algebra 7(G) of continuous G-inter-
twining operators, is commutative. Multiplicity-free representations are special in the sense
that one may expect to find natural decompositions into irreducible ones based on direct
integrals over the spectrum of the commutant. We refer to [Kob05] and the reference
therein for a survey of multiplicity free theorems and its applications in the context of
finite dimensional Lie groups.

The main results of this paper consist in propagation theorems for the multiplicity-free
property (MFP) from the representation of a stabilizer group in a fiber Hilbert space to
Hilbert spaces of holomorphic sections of holomorphic Hilbert bundles. Our results extend
those of T. Kobayashi concerning finite-dimensional bundles [Kob13] to Hilbert bundles
over Banach manifolds. More specifically, the fibers are complex Hilbert spaces and the
groups act as fiberwise isometric holomorphic bundle automorphisms. We apply these
propagation theorems to branching problems of representations of infinite dimensional
groups constructed by holomorphic induction. Here an essential part is that the isotropy
representations are not finite dimensional, hence in general not direct sums of irreducible
representations. As we shall see, this difficulty can be overcome by working systematically
with the commutant as a von Neumann algebra.

A variant of the propagation theorem is formalized as in [Kob13] in terms of so-called
visible actions. The G-action on M is called (S, o™ )-weakly visible if S C M is a subset for
which the closure of G.S has interior points and ¢ is an anti-holomorphic diffeomorphism
of M preserving all G-orbits through S and leaving S invariant. If o™ lifts to an anti-
holomorphic bundle endomorphism o which is compatible with the G-action with respect
to an automorphism % of G satisfying ¢V(g.v) = 0%(g).c", then one can formulate
a variant of the propagation theorem (Theorem 3.11) asserting the multiplicity-freeness
of the G-representation on H C I'(V) if, for every s € S, the anti-unitary operator o,
commutes on Vg with the hermitian part of the commutant of the Gs-action. A third form
of the propagation theorem is obtained in the setting where the bundle V.= G x, 5 V is
associated to a homogeneous H-principal bundle G — M = G/H by a norm continuous
unitary representation (p, V') of H. We plan to use this formulation for concrete branching
problems in the representation theory of Banach—Lie groups.

In the infinite dimensional context there are no general results on the existence of solu-
tions of J-equations that can be used to verify integrability of complex structures on Banach
manifolds and in particular on vector bundles. Here |[Nel3| provides effective methods to
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treat unitary representations of Banach—Lie groups in spaces of holomorphic sections of
homogeneous Hilbert bundles. For a real homogeneous Banach vector bundle V=G xgV
over G/H associated to a norm continuous representation of H, compatible complex struc-
tures are obtained by extensions 5 : q — gl(V) of the differential dp: h — gl(V) to a
representation of the complex subalgebra q C gc¢ specifying the complex structure on M
by Tyg M =~ gc/q.

Another particularity of the infinite dimensional context is that in general self-adjoint
operators are not conjugate to operators in a given maximal abelian subalgebra. This is
well known for the algebra of bounded operators acting on a Hilbert space, see [BPW16]
for the case of Hilbert-Schmidt operators and the example after [AK06, Thm. 5.4] for
operators in a finite von Neumann factor. In the fundamental examples the group action is
derived from the two-sided action of the unitary group U(M) on the algebra M endowed
with a scalar product derived from its trace, and the slice S is derived from the hermitian
operators in a maximal abelian subalgebra. That the closure of .S has interior points
comes from an approximate Cartan decomposition which follows from diagonalizabity on
a dense subset. Also, since the isotropy representations in the infinite dimensional context
may not be discretely decomposable as in the finite dimensional case treated in [Kob13]
we do not impose this condition in the propagation theorems.

The structure of this paper is as follows. Section 2 contains some preliminary results
on equivariant holomorphic Hilbert bundles and representations in Hilbert spaces of holo-
morphic sections. In Section 3 we start with our First Propagation Theorem 3.2, which
asserts the multiplicity-freeness of a unitary representation of a group G in a Hilbert space
of holomorphic sections, provided there exists an anti-holomorphic bundle map satisfying
certain compatibility conditions formulated in terms of stabilizer representations in points
m belonging to a subset D C M.

For the sake of easier application of this result in the infinite dimensional context, we
slightly extend T. Kobayashi’s notion of a visible action (|[Kob05]). We call the action
of the group G on a complex manifold M by holomorphic maps (S, o™ )-weakly visible if
S C G is a subset for which the closure of G.S has interior points and o™ : M — M is an
anti-holomorphic diffeomorphism fixing S pointwise and preserving the G-orbits through S.
For a visible action one requires in addition that G.S is an open subset of M, but this is not
satisfied in many interesting infinite dimensional situations, where the weak visibility can
be verified. This leads us to our Second Propagation Theorem 3.11, where the assumptions
are formulated in terms of a weakly visible action.

We then turn to the special case where the bundle V is a homogeneous bundle over a
homogeneous space G/H of a Banach-Lie group G. In Section 4 we discuss G-invariant
complex structures on such bundles and anti-holomorphic isomorphisms. This is used in
Section 5 to obtain a propagation theorem for the multiplicity-freeness of the representation
of a subgroup K C G on Hilbert spaces of holomorphic sections of V (Theorem 5.1).

In Section 6 we eventually discuss various concrete situations in the Banach context,
where the results of this paper apply naturally. In particular we exhibit several kinds of
weakly visible actions on infinite dimensional spaces and state some corresponding propa-
gation theorems. A thorough investigation of these particular representations and concrete
branching results are the topic of ongoing research.
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2. PRELIMINARIES

2.1. Equivariant holomorphic Hilbert bundles. Let ¢ : V =[], ,c2/ Vin — M be a
holomorphic vector bundle over a connected complex Banach manifold M whose fibers are
complex Hilbert spaces. We write I'(V) for the space of holomorphic sections of V — M.
We further assume that G is a group (at this point no topology on G is assumed) which
acts on V by isometric holomorphic bundle automorphisms (,)gsec. We denote the action
of G on the base space simply by m — g.m for ¢ € G. In particular, we obtain for each
m € M a unitary representation

Pm 2 G — U(Vy)

of the isotropy subgroup G,, := {g € G : g¢.m = m} on the fiber V,,. Finally, the action
of G on the bundle V — M gives rise to a representation § of G on I'(V) by

(2.1) (648)(m) :=,(s(g"*.m)) for g€ G and seT(V).

2.2. Reproducing kernels for Hilbert bundles. Let ¢ : V — M be a holomorphic
Hilbert bundle on the complex manifold M. A Hilbert subspace H C I'(V) is said to have
continuous point evaluations if all the evaluation maps

eV : H — Vi, s+ s(m)
are continuous and the function m — || evy, || p(3,v,,) is locally bounded. Then
Q(m,n) = (evy,)(evy)* € B(V,, Vi),
defines a holomorphic section of the operator bundle
BV):= J[  B(Va Vi) =M x M,
(m,n)eM x Mop

where M°P is the complex manifold M endowed with the opposite complex structure. This
section is the reproducing kernel of H.

Definition 2.1. We call a Hilbert subspace H C I'(V) with continuous point evalua-
tions G-invariant, if H is invariant under the action defined by (2.1) and the so obtained
representation 7 of G on H is unitary. In this case we say that (7, H) is realized in I'(V).

Lemma 2.2. (1) For j = 1,2, let Q; be the reproducing kernels of the Hilbert spaces
Hj C T(V) with inner products (-,-)y;. If Q1 = Q2, then the subspaces H1 and Ha
coincide and the inner products (-,-)y, and (-,-)y, are the same.

(2) If M is connected and Q1(m,m) = Qa(m,m) for all m in a subset D which is
dense in a non-empty open subset of M, then Q1 = Qo.

Proof. We can represent holomorphic sections of the bundle ¢ : V — M by holomorphic
functions on the total space of the dual bundle V* which are linear on each fiber via the
G-equivariant embedding

U:T(V) - O(VY), V(s)(am)=am(s(m)) forse(V), am €V},

where O(V*) is the space of holomorphic functions on V*, see [Nel3, Remark 3.2]. For
a reproducing kernel Hilbert space H C I'(V) with reproducing kernel ¢ we obtain a
reproducing kernel Hilbert space of holomorphic functions W(#H) C O(V*) with reproducing
kernel

K(am, Bn) = eva,, evy € B(C,C) ~C for a;, €V, B, €V,.
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Since
evq,, oV = apoevy,, for a, eV,
we obtain for f := U(s) € U(H), s € H, the relation
Vay, (f) = am(evm (T (),

so that

K(amv /671) = CVa, eVEn = (am O €V O\P_l)(ﬁn oevy O\Il_l)*

= amevmevy, B, = anQ(m,n)s;.

Therefore, if a,, = (-, vm)v,, for v, € Vy, and 5, = (-, wy)y, for w, € V,, then

K(amz Bn) = <Q<m7 n)wm Um>Vm .

If M is connected, then the total space V* is also connected and if D is dense in an open
subset of M, then [[,..p V;, is dense in an open subset of V*. The first assertion now
follows from general facts about reproducing kernel spaces [Ne00, Lemma 1.1.5] and the

second by the discussion in [Ne0O, Lemma A.IIIL.8].

Lemma 2.3. If (w,H) is realized in T'(V), then the kernel Q of H satisfies

Q(g.m,g.n) = (yglwm)Q(m,n)(’yg\Vn)*l for m,neM,geQqG.

In particular the hermitian operators Q(m,m) commute with pp,(Gy,) for every m € M.

Proof. Since
(ﬁ(g)fls)(m) =v4-1(s(gm)) for seH,geGmeM

we have
€Vgm = 79|Vm C €V Oﬂ-(g)il‘

Therefore

*

Q(g.m,g.n) = eVgm Vg, = ((7g|vm) eV W(g)_l)(w(g) eV:(Wan)_l)
= (Yglv,, ) Q(m, 1) (vglw,) "

3. COMPLEX GEOMETRY AND MULTIPLICITY-FREE PROPERTY

In this section we prove the propagation of the multiplicity-freeness from the isotropy

representations to the representation on Hilbert spaces of holomorphic sections of equi-
variant holomorphic vector bundles. This result is proved through the construction of an
anti-unitary operator J on the representation space which implements a conjugation in the

commutant of the representation, from which the multiplicity-free property of the repre-
sentation follows. Then we introduce the concept of (S, ™ )-weakly visible action to prove
a second version of the Propagation Theorem where the conditions are imposed on a slice

of the group action on a dense subset in an open subset of the base space.
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3.1. Propagation of the multiplicity-free property from fibers to sections. The
following lemma captures the key idea that is mostly used to show that a commutant is
commutative. We refer to [FT99] for one of the first systematic applications of this idea.

Lemma 3.1. Let M C B(H) be a von Neumann algebra. The following conditions are
equivalent:

(a) M is commutative.

(b) There is an anti-unitary J on H such that JAJ ' = A* for Ae M.

(¢) There is an anti-unitary J on H which commutes with the self-adjoint part My, of
M, ie., J € (M), where (-)® denotes the real linear commutant.

(d) There is an anti-unitary J which commutes with the positive invertible operators

m M.

Proof. (a) = (b): We decompose H into cyclic representations of M. Hence H = P,-; H;
where H; = LZ(XZ»,M) for compact spaces X; and regular probability measures p; on
X; and M|y, = L°°(X;, ;) acts as multiplication operators on H; = L2(X;, ), see
[Fal6, Thm. 11.32]. We define J(Djicrfi) = Dierfi and the assertion follows since My, |y,
are real valued functions on Xj.

(b) & (c): Since the map M — M, A — JAJ~! is anti-linear, it coincides with the
antilinear map A — A* if and only if it does on the subspace M, of hermitian elements.

(b) = (a): For A, B € M we have

AB = J YAB)*J =J 'B*JJ 'A*J = BA,

so that M is commutative.

(¢) = (d): This is trivial.

(d) = (c): Assume that A € M;, and choose ¢ € R such that B = A + cid is positive
and invertible. Since B = J~!B.J we obtain

A=B-cid=J"'BJ —cid=J (B —cid)J = J*AJ O

Theorem 3.2. (FIRST PROPAGATION THEOREM) Let a group G act by automorphisms on
the holomorphic Hilbert bundle q : V — M. Assume that there exists an anti-holomorphic
bundle endomorphism (¥, 0™) and a G-invariant subset D C M with D° # 0, such that
for any m € D there is g € G such that g.m = o™ (m), and (yylv,,) Loy, commutes with
the hermitian part pm(Gm)}, of pm(Gm)'. Then any unitary representation (w,H) of G

realized in T'(V) is multiplicity-free.

Note that the group G is not assumed to be a Banach-Lie group. Also note that the

existence of an anti-unitary operator (v,ly,,) 1oy, commuting with p,(Gp,)) implies by

Lemma 3.1 that the representation py, : G, — U(V,,) is multiplicity-free.
Proof. First step. We define a conjugate linear map
(3.1) J:T(V)=T(V), s—(0") tosooM,

We will prove that J : H — H is an anti-unitary operator for any unitary representation
(m,H) realized in I'(V).
Consider the Hilbert space H := J(H) C I'(V) equipped with the inner product

<J81, J82>ﬁ = <82, Sl>7—[ for 81,89 € H,
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S0 t~hat J:H — His an anti-unitary operator. Denote by év,, : H— Vo, the evaluations
of H. Since
&m(Js) = (o)) L(s(e™(m))) for seH,me M,

we get
&m = (o0) o VM (1m) oJ 1,
so that
Qg (m,n) = évpev, = (o))~ €V M (1) J (T €V oM (1) o))
= (0,) " Qu(o™ (m), 0" (n))a,.
-1V

We fix m € D. By assumption there is g € G such that o™ (m) = g.m and (7,v,,) o
commutes with the hermitian part p,(G}L)) of pm(GL,)". Since Q(m,m) € py(Gn)j, by
Lemma 2.3,

Qz(m,m) = (a3,) ' Qu(c™(m), ™ (m))ay,
= (o) 'Qulg-m,g.m)ay,
= (o) " (Yglv, ) Q2 (m, m) (Yglv,,.) Loty = Quu(m,m),
)

with H and
(3.2) (Js1,Js2)n = (Js1,Js2) 75 = (s2,51)% for s1,s0 € H.
Second step. Assume that A € 7(G)’ is positive and invertible. We define a compatible
inner product on H by
(s1,52)2, = (As1, s2).

The space H with the new inner product will be denoted by H 4. For s1,s0 € Hand g € G
we have

(m(9)s1,m(g)s2)3, = (Am(9)s1,m(g)s2)n = (7(9)As1,m(g)s2)m = (As1, S2)u = (51,52)31,-

Therefore 7 also defines a unitary representation on H 4 and we can apply (3.2) to Ha to
obtain

(As1,82)n = (s1,82)m,4 = (Js2, Is1)u, = (A2, Js1)n = (Js2, Ads1)n
= (Js2, JJ_IAJ81>H = <J_1AJ81, S9)%.

Hence A = J~'AJ, i.e., J commutes with A, and by Lemma 3.1 the von Neumann algebra
(@) is commutative. O

3.2. Discretely decomposable representation on the fiber. The following lemma
shows how the commuting condition in the First Propagation Theorem can be expressed
in the classical context where the isotropy representation decomposes discretely.

Lemma 3.3. Let M C B(H) be a commutative von Neumann algebra, so that H = @;crH,;
and the action of M’ on H; is irreducible for each i € I. Then the following conditions on
an anti-unitary J acting on H are equivalent:

(a) J commutes with My,.
(b) J(Hi) CH,; foriel.

Proof. As My, = @j¢; Ridy, by Schur’s Lemma, J € (Mp,)"® is equivalent to J(H;) C H;
forieI. ]
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Proposition 3.4. If, form € M, the isotropy representation on the fiber V,, restricted to a
subgroup G, C G, is multiplicity-free with irreducible decomposition V., = Dicr Vﬁﬁ} and
there exists a g € G such that ('yg]Vm)*laX(V%)) =v{ for alli € I, then the anti-unitary

operator (Yglv,,) Loy, commutes with pm(Gm)}, .

Proof. We apply Lemma 3.3 with M = p,,,(GL,), J = (v4lv,,) " toy, and H; = v and
conclude that the anti-unitary operator (v4|v,,) 'o,, commutes with p,,(GL,)}, and hence

also with p,(Gm)},.- O

Using Proposition 3.4, we obtain a special case of Theorem 3.2 which is an infinite
dimensional version of [Kob13, Theorem 2.2].

Theorem 3.5. Let a group G act by automorphisms on the holomorphic Hilbert bundle
q:V — M. Assume that there exists an anti-holomorphic bundle endomorphism (o, o™)
and o G-invariant subset D which is dense in a non-empty open subset of M such that for
anym € D:

(F) The isotropy representation on the fiber V., restricted to a subgroup G}, C G, is
maultiplicity-free with irreducible decomposition V,,, = @,; V%).
(C) There exists g € G such that (’yg\vm)*laX(V%)) =v{ foralliel.
Then any unitary representation (w,H) of G realized in T'(V) is multiplicity-free.
3.3. Weakly visible actions on complex manifolds.

Definition 3.6. If a group G acts by holomorphic maps on a connected complex manifold
M we say that the action is (S, o™ )-weakly visible if S is a non-empty subset of M and
o™ is an anti-holomorphic diffeomorphism of M satisfying

(WV1) D = G.S is dense in an open subset of M.
(WV2) oM|g =id.
(WV3) oM preserves every G-orbit in D.

Remark 3.7. Since S meets every G-orbit in D, there exists a subset Sg C S which meets
every G-orbit in a single point. Then Sy also satisfies (WV1-3).

Remark 3.8. Condition (WV3) in Definition 3.6 follows from conditions (WV1/2) if there
is an automorphism o of G such that
G (g).0M( Mgm) for geG,meD.

g).c(m)=o0c

Definition 3.9. A bundle endomorphism (UV,UM) is said to be compatible with the G-
action and the automorphism o@ of G if ¢V is an intertwining map between the action ~

g

and the action vy o ¢, i.e., on V we have

(3.3) Vol(g) = o' oq,0(c)t for geQG.
This implies in particular

(3.4) c%(g).cM(m) = cM(g.m) for ge G,me M.

Proposition 3.10. If the anti-holomorphic bundle endomorphism (0¥, o) is compatible
with the G-action and with an automorphism o© of G, then the representation § of G on
(V) satisfies

o =J 64, for geG,

where J is the anti-linear operator defined in (3.1).

Proof. This is immediate from (2.1), (3.1) and (3.3). O

8y (
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3.4. Conditions on a slice S. By using the concept of a weakly-visible action we give a
second form of the propagation theorem where the conditions are imposed on the slice S
instead on all of D.

Theorem 3.11. (SECOND PROPAGATION THEOREM). Let q:V — M be a G-equivariant
holomorphic vector bundle with an anti-holomorphic vector bundle endomorphim (o, ™)
which is compatible with the G-action and the automorphism o© of G. Assume also that

(B) The action on M is (S, oM)-weakly visible.

(F) For any s € S the anti-unitary operator o commutes with ps(Gs)},.

Then any unitary representation (w,H) of G realized in I'(V) is multiplicity-free.

Proof. We set D := G.S which is dense in an open subset of M since the action on the
base space is (S, 0™ )-weakly visible. By Remark 3.7 we may assume that each G-orbit
intersects S only once. Then for m € D we get m = g.s for some g € G and a unique
ses.

If we define ¢4 : G = G, £ glg™, then Yglv, : Vo = Vy, satisfies

V, —>V,,
Ps (ﬁ)l l/’m(cg(g))
Yg

Vs ——=Vp,

for ¢ € G,. Hence, since G, = ¢4(Gs) we get

(3.5) ((om (G)))™ = (vl ) (05 (Gs))i) ™ (vglv,) -
For ¢' := 0%(g9)g~" € G we have
oM(m) =M (g.s) = 0%(g).0M(s) by (3.4)
=0%g).s by (WV2) in Def. 3.6

=0%g)g g.s =g .m.
Using (3.3) we obtain

-1V _

\% \% -
(’79/|V7n) Om = (79|V.s>(70c(g_1)|V0M(m))0m = (79|Vs)o-s (79|Vs) !

Y%

S
pm(Gm)},- Hence all the assumptions of Theorem 3.2 hold and the conclusion follows. [

Since oY commutes with p,s(G;)} we conclude with (3.5) that (v,|v,,) lo,, commutes with

Remark 3.12. Choosing g = e for m € S in Proposition 3.4 we can replace condition (F)
in Theorem 3.11 by the weaker condition:
(F’) For s € S, the isotropy representation on the fiber Vy restricted to a subgroup
Gl C G, is multiplicity-free with irreducible decomposition V, = DBicr Vgi) and
UE/(VQ)) =V for any i € I.

We thus obtain a special case of Theorem 3.11.

4. ASSOCIATED BUNDLES

In this section we recall from [Be05| and [Nel3| how to define complex structures on
associated Banach bundles. Based on these complex structures, we prove that certain
vector bundle endomorphisms are anti-holomorphic.

Let G be a Banach—-Lie group with Lie algebra g and H C G be a split Lie subgroup,
i.e., the Lie algebra h of H has a closed complement in g. Hence the homogeneous space



10 MULTIPLICITY FREENESS IN SECTIONS OF HOLOMORPHIC HILBERT BUNDLES

M := G/H has a smooth manifold structure such that the projection qp; : G — G/H, g —
gH is a submersion and defines a smooth H-principal bundle.

Let ¢ : V= G xg V. — M be a homogeneous vector bundle defined by the norm
continuous representation p : H — GL(V) on a Banach space V. We associate to each
section s : M — V the function 5: G — V specified by s(¢H) = [g,5(g)] for g € G. Then
a function f: G — V is of the form s for a section s of V if and only if

(4.1) f(gh) = p(h)_lf(g) for ge G,heH.

We write C*°(G, V), for the set of smooth functions f : G — V satisfying (4.1).
For every g € GG, we then have isomorphisms

lg * V—>VgH = [gav]v v = [g>v]

and the group G acts in a canonical way on V — M by bundle automorphism ~4([¢’,v]) =
lg¢’,v] and g.¢'H = g¢'H for g,g’ € G and v € V.

4.1. Complex structures on associated bundles. We assume that the coset space
M := G/H carries the structure of a complex manifold such that G acts on M by biholo-
morphic maps. Let mg := qa(e) € M be the canonical base point and q C g¢ be the
kernel of the complex linear extension of the map g — T,,,(G/H), so that q is a complex
linear subalgebra of g¢ invariant under Ady. We call q the subalgebra defining the complex
structure on M = G/H because specifying q means to identify T,,,(G/H) ~ g/bh with
the complex Banach space gc/q, and thus specifying the complex structure on M. The
subalgebra q satisfies ¢ +q = gc, N g = he and Adg(q) = q. See [Be05] for further
information on complex structures on homogeneous Banach manifolds.

We want to define complex structures on vector bundles V = G xg V over Banach
homogeneous spaces M = G/H associated to a norm continuous representation p : H —
GL(V) of the isotropy group on a complex Banach space V. Suppose that H C G is a
split Lie subgroup and, as above, q C g¢ is a closed complex Ad(H )-invariant subalgebra
containing hc and specifying the complex structure on G/H. If p : H — GL(V) is a
norm continuous representation on the Banach space V, then a morphism g : q — gl(V)
of complex Banach—Lie algebras is said to be an extension of d p if

(4.2) dp=8ly and B(Ad(h)zx) = p(h)B(z)p(h)~" for he H,z€q.

We associate to each = € g the left invariant differential operator L, on C*°(G, V') given
by

(Lef)lo) = 5| flgexp(ea))
t=0
and by complex linear extension we define the operators
(4.3) Lytiy:=L;+1iL, for z,y€cg.
For any extension 3 of p, we write C°°(G,V), 3 for the subspace of those elements of
C>(G,V), satistying
(4.4) Lyf=—-pBw)f for weaq.
We recall the following theorem from [Nel3, Thm. 2.6].

Theorem 4.1. Let V be a complex Banach space and p : H — GL(V') be a norm contin-
uous representation. Then, for any extension 5 : q — gl(V') of p, the associated bundle
V =G xg V carries a unique structure of a holomorphic vector bundle over M = G/H,
which is determined by the characterization of holomorphic sections s : M — V as those
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for which s € C*(G,V), 3. Any such holomorphic bundle structure is G-invariant in the
sense that G acts on V by holomorphic vector bundle automorphisms. Conversely, every
G-invariant holomorphic vector bundle structure on 'V is obtained from this construction.

4.2. The endomorphism bundle. Let V=G xg V — M be a G-homogeneous Hilbert
bundle as in Theorem 4.1, where the representation p is unitary. Then the complex man-
ifold M x M°P is a complex homogeneous space (G x G)/(H x H), where the complex
structure is defined by the closed subalgebra q @ q of gc @ gc. On the Banach space B(V)
we consider the norm continuous representation

p:HxH— GL(B(V)) given by p(h1, ha)A = p(h1)Ap(ha)* = p(h1)Ap(ha) ™"
and the corresponding extension 3 : q & § — gl(B(V)) by

Blar, w2)A = B(x1)A + Ap(T2)".

We write £ := (G X G) X(gxm) B(V) for the corresponding holomorphic Banach bundle
over M x M°P. For every pair (g1,92) € G X G we have an isomorphism

Vgr.g2) P BV) = B(Vay(02): Varr(a)r - Vigrg) (Alg2, 0] = 91, Av].
This defines a map
v:GxGxBV)=»BV)= [ BVi,Va), (91,92, 4) = Y(g1.95)(A)-
m,neM
For hy,he € H, we have

Y(g1h1, g2ha, p(h1, ha) "L A)[ga, v] = Y(g1h1, gaha, p(h1, ha) "t A)[gaha, p(ha) ~'0]
= [g1h1, p(h1) " Av] = [g1, Av] = v(g1, g2, A)[g2, V]

so that v factors through a bijection 7 : £ — B(V). This provides a description of the
bundle £ as the endomorphism bundle of the Hilbert bundle V, see [BRO7].

4.3. Holomorphic morphism of equivariant principal bundles. Let ¢; : V;, = G; xp,
Vi = M; = G;/H; for i = 1,2 be homogeneous vector bundles defined by norm continuous
unitary representations p; : H; — U(V;) on Hilbert spaces V;.

Let A : G1 — G2 be a homomorphism of Banach-Lie groups satisfying A(H;) C Ha, so
that there is an induced map A\M : M; — M, defined by gH; — Ag)Hs. Let ¢ : Vi =V,
be an operator such that

(4.5) p2(A(h))otp = opi(h) for he Hi.
We say that (A, ) is a morphism between the representations p; and ps. These conditions
imply that the map

A VL= Vo, (g, 0] = [A9), 9 (v)]
is well defined. It is a lift of the map AM and it is complex linear on each fiber. If we
differentiate (4.5) we obtain

dpa(dA(w)) op =podpi(w) for w € bhy.

If the M; = G;/H; carry complex structures defined by subalgebras q;, then AM is holomor-
phic if and only if the complex linear extension d Ac : gi1.c — g2,c satisfies d Ac(q1) C qo.
Assume further that ¢; : V; — M; have complex bundle structures defined by extensions
Bi : qi — gl(V;) of d p; for i = 1,2. If the intertwining operator 1 also satisfies

(4.6) Ba(dA(w)) oy = o pi(w) for w € qy,
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then we say that (\,) is a morphism between the representation (p1,51) of (H,q) on V3
and the representation (pg, 82) on Va.

Proposition 4.2. Assume that (\, 1) is an intertwiner for the H-representations (p1, V1)
and (p2,Va). Then (XN, 4) is a morphism between the representation (p1,51) of Vi and
the representation (pa, B2) of Vo if and only if XM : My — My, gHy — Mg)Hs and
AV Vi — Vy are holomorphic.

Proof. The condition d Ac(q1) C g2 holds if and only if the induced map MMM — Mo,
gH, — \(g)Hy is holomorphic. Assume that this is the case. We represent AV in local
trivializations

Q; UZ X ‘/’L — Vi’Uia (ng)v) = [g,E(g)v] for = 1)2)
where U; C M, are open subsets and

F;: ¢y} (U) — GL(V)

satisfies

Fy(gh) = pi(h) "' Fi(g) for g€ qy (U;),h € H;
(4.7) LuFy = —Bi(w)F; for weq,
(see the proof of [Nel3, Thm 2.6]). Observe that

(9H1,v) | lg, F1(g)v]
] [
(A(g)Hz, F2(A\(9)) "W Fi(g)v) == [Mg), ¥(F1(g)v)]
so that in these trivializations the map is given by
(gH1,v) = (Mg)Ha, F2(A(9)) "WFi(g)v) for gHy € U n(AM)"H(Us),v e V.
Since the map F : ¢y, (Uz) — GL(V2) satisfies (4.7) we have
(4.8) Ly(Fa 0 A) = La @) (F2) o A = =fa(d A(w)) (F2 0 A).

The map gH; ~ A(g)H> is holomorphic and the map Fy(\(g)) v Fi(g): Vi — Vo is
complex linear. We have to prove that the map gH; — Fy(A(g)) ‘v Fi(g) € B(V1,V?)
for gH; € Uy N (AM)~1(Uy) is holomorphic, i.e., that the map g — Fy(A(g)) ' Fi(g) is
annihilated by the differential operators L, for w € qi, if and only if (4.6) holds. Observe
that

Luy((Fa o \) TN (W F)) =Lu((F2 o )" (WFL) + (Fy 0 \) 7' Ly (9 F1)
— (F2 o A) ' Ly(Fy o \)(F2 0 A) (Y F1) + (Fa 0 A) ' Ly (Y Fy)
— (F2 0 A) " (=Ba(d Mw)))(Fa 0 A)(Fy 0 ) (¥ F1)
+ (Fy o N YLy FY) by (4.8)
— (Fy 0 A) " H=B2(d AM(w)) (¥ FY))
+ (Fa o \) (= (w) Fy) by (4.7)

=(Fy 0 )" (Ba(d A(w))yp — (B1(w))) Fy

Therefore Ly, ((Fz 0o \)7 (3 Fy)) = 0 if and only if B2(d AM(w))y — ¢ (B1(w)) = 0 for w € q1.
g
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Remark 4.3. It is easy to check that the correspondence between morphisms of repre-
sentations and holomorphic bundle morphisms is functorial. In particular one has for a
smooth Banach G-module W the following linear bijection, which is a variant of Frobenius
reciprocity:

[': Homg (W, C)%(G,V)) — Hom, g(W, V), @+ eveo .

Here the intertwining operators are assumed to be continuous and the space C’;’OB(G, V)
carries the locally convex topology of pointwise convergence. Then the inverse of IT' is

simply given by T~ (i) (w)(g) = (g™ Jw).

4.4. Opposite complex structure on associated bundles. Given an associated vector
bundle ¢ : V = G xy, V — M = G/H endowed with a complex structure defined in
Subsection 4.1 by a subalgebra q C gc and an extension 8 of d p, we can define a bundle
q : VP — M°P with the same underlying real spaces and opposite complex structures on
the total and base spaces.

Proposition 4.4. If p : H — U(V°P) is the complex conjugate representation of p then
the map B : § — gl(V°P) given by B(w) := B(w) for w € § is an extension of dp. The
bundle q : V° = G x5z VP — M = G/H with the complex structure defined by
the subalgebra § C gc and the extension B of dp has the same holomorphic sections as
q:V=Gxp,V - M=G/H, so it carries the opposite complez structure on total and
base space, respectively.

Proof. The algebra q defines the opposite complex structure on M = G/H. Since 3 is a
complex linear Lie algebra homomorphism and since

dp(w) =dp(w) = B(w) = B(w) = B(w) for weHh
we get dp = Sl Also,
B(Ad(hyw) = B(Ad(h)w) = B(Ad(h)w) = p(h)B(@)p(h)~" = p(h)B(w)p(h) ™"

for h € H and w € §, so that 3 :q — gl(V°P) is an extension of dp.
For a map f: G — V we write f : G — V°P for the same map to V with the opposite
complex structure. Then

f(gh) =p(h)""f(g) for feC®(G,V),p.9€GheH,

and

Lyf=Lgf=-pw)f=—-BWw)f=—-PFw)f for weq.
Therefore C(G, V), = C*(G, V), 5, and the bundles ¢ : V. — M and ¢ : VP — M°P
have the same holomorphic sections. As both bundles have the same sections and M°P and
V°P carry the complex structure opposite to the one M and V, respectively, the bundle
VOP carries the complex structure opposite to V. O

4.5. Anti-holomorphic automorphisms of equivariant principal bundles. Assume
that there is an automorphism o of G which stabilizes H and such that the complex
linear extension dogc : gc — gc of do satisfies doc(q) =, i.e., the induced map o o
M = G/H defined by gH +— o(g)H is anti-holomorphic. The condition p o o ~ p, where
p: H — U(V°P) is the complex conjugate representation, holds if and only if there is an

anti-unitary operator ¢ : V. — V satisfying
(4.9) p(o(h))oyp =1 op(h) for heH.

n
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This condition implies that the endomorphism of V given by
o' V=V, g,0] = [o(g), ¥ (v)]

is well-defined. Tt is a lift of the anti-holomorphic map o™ : M — M, gH + o(g)H and
it is anti-unitary on each fiber.
If the anti-unitary map ¥: V — V also satisfies

(4.10) Bdo(w))op =9 of(w) for weEq,

then (0,%) is a morphism between (p,3) and (p,). If we consider the endomorphism
(0¥, 0M) of V as a morphism

¥
V—— VP

|l

g

M —— M°P,
then Propositions 4.2 and 4.4 lead to:

Proposition 4.5. If (0,%) intertwines the representations (p,3) and (p,[), then
oMM — M, gH + o(9)H and 0" : V =V, [g,v] = [0(g),%(v)] are anti-holomorphic.

5. A PROPAGATION THEOREM FOR ASSOCIATED BUNDLES

Based on the constructions of the previous section we give a formulation of the prop-
agation theorem for infinite-dimensional associated holomorphic vector bundles, which is
best suited for specific examples.

Let K be a subgroup of the connected Banach—Lie group G. For g € G, the isotropy
group of m = gH for the action of K on M = G/H is K;, = KNGy = KNgHg™!. We
define a homomorphism

co1 i Ky — H, kg kg

gfl .
with range K g) := c,-1(Kyn) = g 'KgNH C H. If ¢ is an automorphism of G such that

o(K) =K and o(H) = H, for g € G° we get 0(K(y)) = K(y).

Theorem 5.1. (THIRD PROPAGATION THEOREM). LetV = G xg,V — M be a G-
equivariant holomorphic vector bundle with o complex subalgebra q and an extension

B:q— gl(V) of dp defining a complex structure on it. Let K C G be a subgroup and o
be an automorphism of the Banach—Lie group G stabilizing K and H such that (o,v) is a

morphism between the representations (p, ) and (p,3). Suppose that there is a subset B
of G° such that:

(B) The closure of the subset K BH C G has interior points.
(F) For every b € B the anti-unitary operator 1 commutes with p(Ky))j,.

Then any unitary representation (w,H) of K realized in T'(V) is multiplicity-free.

Proof. Since (o,) is a morphism between the representations (p, ) and (p, 5), by Propo-

sition 4.5 the bundle endomorphisms (¢V, ™) given by

o' ([g,v]) = [09(g),%(v)] and oM(gH)=0(g)H for geGuveV

is anti-holomorphic.
The anti-holomorphic vector bundle endomorphim (UV, oM ) is compatible with the K-
action and with the automorphism ¢ := o|x of K since for k€ K, g€ G andv €V

oM(k.gH) = o(kg).H = % (k).o(g).H = c% (k).cM (gH),
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and
Yoy © 0 )([g:0]) = Yo iy ([0(9), 1 (0)]) = [0% (K)o (g), ¥ (v)]
= ([o(kg),v(v)]) = " ([kg,v]) = (¢ o W) ([g,])-

Since K BH is dense in an open subset of G, the K-invariant subset D := KBH/H C
G/H is dense in an open subset of M = G/H. We set

S:=BH/H C D,
so that K.S = D. Then oM |g = id because B C G°. For s € S we have
oM (K.s) = o® (K).cM(s) = K.s.

Therefore the K-action on the base space is (S, 0™)-weakly visible and condition (B) in
Theorem 3.11 is satisfied.

Let m = gH for g € G. Via the bijection ¢, : V.= Vi, v + [g,v] and the group
o1+ Ky — K(g) the isotropy representation py, : Kp, — U(V,,) factors
through the representation p[f ,, : K45 — U(V), namely

homomorphism c

\%4 —>L: Vi
p(cgl(k))l iﬂm(k)
V —>V,.,
tg

and thus
LQP(K(Q))L;1 = pm(Km).
Let s€ S and b € B with s = bH. Observe that
La(g) % = O'EIH ol for gedg,

and o (b) = b, so that oy = yp1pe; '. Since 1) commutes with p(K));, we conclude that o) =
Wiy ' commutes with (pr(K(b))Lb_l)’h = ps(Ks)}, so that condition (F) in Theorem 3.11
holds as well. O

Remark 5.2. Note that
N :=Zgru(B)={ke KNH :kb=0bk for be B} Cb 'KbnH = Ky for beB.
Since the commutant of p(N)} is contained in the commutant of p(K(y))),, we obtain a
corollary of Theorem 5.1 by replacing condition (F) by:

(F’) The anti-unitary operator ¢» commutes with p(N)}, for N = Zgnu(B).

Remark 5.3. In the previous formulation of the theorem, if the subset B is bigger, con-
dition (B) becomes weaker and condition (F’) stronger.

Proposition 5.4. If po o ~ p as representations of H, with the isomorphism given by
an anti-unitary 1, the restriction p|x1 to a subgroup K' C H is multiplicity-free with
irreducible decomposition p|x1 ~ @,c; v onV = DBicr VO and 79 o 0 ~ v as repre-
sentations of K, then ¢ commutes with p(K')j.

Proof. Since 79 oo ~ v(?) as representations of K, there are anti-unitary K'-intertwining
operators v¥; : VW — V@ for ; € I. Then the unitary operator ¥ := ¢! o Dicr ¥
commutes with the representation p|z1 ~ €@ el v which is multiplicity-free. Therefore
U(VW) = V) for every j € I, which implies that (V@) = V) for j € I. By Lemma
3.3, this means that the anti-unitary operator ¢ commutes with p(K')j}. O
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Remark 5.5. With Proposition 5.4, we obtain a special case of Theorem 5.1 where the
representations on the fibers are discretely decomposable by changing condition (F) to:

(F”) For every b € B the restriction of p to a subgroup K (1b) C K is multiplicity-free
with irreducible decomposition 'O|K<1b) ~ Dicr I/lsi) onV =@, Vb(i) and ﬁéi) 00

Véi) as representations of K (1b).

By Proposition 5.4 and Remark 5.2 we obtain the following reformulation of Theo-
rem 5.1.

Theorem 5.6. Let V=G xpg,V — M be a G-equivariant holomorphic vector bundle with
a complex subalgebra q and an extension B :q — gl(V) of d p defining a complex structure
on it. Let K C G be a subgroup and o be an automorphism of the Banach—Lie group G
stabilizing K and H such that (o,1) is a morphism between the representations (p, ) and
(P, B). Suppose also that there is a subset B of G° such that:

(B) The subset KBH of G satisfies KBH # 0.

(F) For N = Zgnp(B) the restriction p|n is multiplicity-free with irreducible decom-
position p|n ~ P,c; v on V = DBicr VO and 7D oo ~ v for i € I as
representations of N.

Then any unitary representation (w,H) of K realized in T'(V) is multiplicity-free.

6. EXAMPLES OF WEAKLY VISIBLE ACTIONS AND PROPAGATION THEOREMS

In this final section we discuss various concrete situations in the context of operator
algebras and Hilbert spaces which fit into the setting developed above. In particular we
exhibit several kinds of weakly visible actions on infinite dimensional spaces and state some
corresponding propagation theorems.

6.1. Propagation theorem for linear base spaces. Let H be a complex Hilbert space
and let F(H) € O(H) be the Fock space on H with reproducing kernel K (z,y) = ¥
for z,y € H. Let (e;)jes be an orthonormal basis of H. Then the polynomial functions
Pm:H—C

_ 1 m (7)
Pm(2) = T g](z, e;j)™ for m e Ny
J

form an orthonormal basis of F(#), where NE)J) is the set of finitely supported tuples
indexed by J and m! =[], ; m;!. The Hilbert subspace of 7 (#) of homogeneous functions
of degree n € Ny has reproducing kernel K, (z,y) = %(x, y)" for z,y € H.

Let 0 : H — U(H) be a norm-continuous representation of a Banach-Lie group H and
let G :=H x5 H,sothat M :=G/H ~H. Let p: H— U(V) be another norm-continuous
representation, so we can define an associated (trivial) vector bundle

q:V=Gx,gV = G/H~H.

Its space of holomorphic sections I'(V) can be identified with the space of holomorphic
functions O(H, V'), where a section of the bundle

s: (2, 1)({0} x H) = [(2,1), f(2,1)]
is defined by a holomorphic function f': H — V, f'(z) = f(z,1) for z € H.
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With the representation § : H — U(H) we define a representation ¢’ : H — U(F(H)),
(07,9)(2) = g(6p-12) for h € H, g € F(H) and z € H. We can realize the representation
0’ ® p of H in the space of holomorphic sections of the bundle via the embedding

FH)QV = O(H, V) ~T(V)

fRv— (2 f(2)v).
For z € H we haveev, : F(H) @V =V, f@v— f(z)vand (ev,)*: V - F(H)®V,
(ev.)*(w) = e"#w so that the reproducing kernel is given by

Q(y, 2) := (evy)(ev,)* = (evy)et idy = ¥ idy .

Theorem 6.1. Let o be an involution on H, and let o™ be an anti-unitary operator on H

such that
Og(h) = oo b0 (c)7t

9

and ¥ be an anti-unitary operator on V such that
Py =W opuoty™"  for heH.

Suppose further that there is a subset S in the fized point set of o™t such that:

(B) The closure of §(H)S in H has interior points.

(F’) The operator 1 commutes with the hermitian operators in the commutant p(Z(S))’,

where Zp(S) :={h € H : (Vs € S) 0,(s) = s} is the pointwise stabilizer of S in H.
Then the representation &' @ p of H on F(H) @V is multiplicity-free.
Proof. For the subset B = S x {1} C H x {1} C G, the relations (b,1)(0,h) = (b, h) and
(0,h)(b,1) = (dpb,h) for h € H and b € B lead to
Zg(B)={he€ H:0,(b)=0 for be B}.

If B is in the fixed point set of ¢, HBH is dense in an open subset of G (which is
equivalent to H.B® # () in #), and ) commutes with the hermitian operators in p(Zy(B))’,
then Theorem 5.1 with condition (F’) in Remark 5.2 implies that the representation ¢’ ® p

of H on F(H)® V is multiplicity-free. O
Corollary 6.2. Let o be an involution on H, o™ an anti-unitary operator on H such that
do(h) © ot =Mooy,

Suppose further that S C H™ is such that the closure of 6(H)S in H has interior points.
Then the representation &' of H on F(H) is multiplicity-free.

6.2. Hilbert-Schmidt operators. In Section 5.6 of [Kob05]| finite dimensional examples
of visible actions on linear spaces are presented. We extend some of these results to the
context of Hilbert—Schmidt operators. We denote by By(Hi,Hs2) the Hilbert—Schmidt
operators from H; to He and by

Us(H) :=U(H) N (1 + B2(H))

the unitary Hilbert—Schmidt perturbations of the identity. The first result is about torus
actions and the remaining results involve an approximate Cartan decomposition in this
context.

The two sided action of the group Us(#H) x Ua(H) on GLa(#H) or Ba(H) is weakly
visible. We take an orthonormal basis (e,)neny of H and define a conjugation on H by
J(3>>, anen) = >, Gne, and an automorphism of GLy(H) by o(g) = JgJ. If we define



18 MULTIPLICITY FREENESS IN SECTIONS OF HOLOMORPHIC HILBERT BUNDLES

S as the subset of positive diagonal operators in GLy(#), the Cartan decomposition and
a finite-dimensional approximation argument imply that D := (Ua(H) x Us(H)).S =
Uy(H)S Ug(H) is dense in GLy(H) and also in Be(#H). Furthermore the Ug(H) x Ug(H)-
orbits are o-invariant since o(Uz(H)) = Uz(#H), and o(s) = s for s € S. Therefore the
action is (9, o)-weakly visible.

Example 6.3. A particular case is the multiplication action of the abelian Banach—Lie
group

2(N,R)/ZN = exp(il?(N,R)) C Us(£3(N,C)) = U(/3(N,C)) N (1 + By(£3(N,C))

on 2(N,C). It is (S,0)-weakly visible if we take S = ¢?(N,R) and o is conjugation
on (2(N,C). Here the finitely supported sequences f : N — C are contained in D :=
exp(il?(N,R))./2(N,R), so that this subset is dense in £(N,C). The sequence f(n) =
5 is contained in ¢*(N,C) but not in D because (—i,—i,—4,...) is not contained in
exp(il?(N,R)).

Assume H := exp(if*(N,R)) and ¢*(N,C) are endowed with the canonical involu-
tions. Corollary 6.2 implies that the representation of H on F(¢?(N,C)) C O(¢*(N,C)) is
multiplicity-free. This is the fact that in the Taylor expansion of a function f € F(¢2(N, C))
each monomial appears exactly once. In the finite-dimensional context this is the most

basic example of a multiplicity-free representation (see the introduction of [Kob05]).

Remark 6.4. Let H = L?(X, u) with a o-finite measure space (X, i). Then the multipli-
cation algebra A = L>°(X, 1) is maximal abelian in B(L?(X, u)). If o(f) = f is complex
conjugation on L?(X,p) and S = L?(X, u; R) denotes the subspace of real-valued func-
tions, then the action of the unitary group U4 of A on L?(X,pu) is (S, o)-visible. If u is
infinite, then the action of the subgroup exp(iL?(X, u;R)) C U4 is (S, o)-weakly visible.

Example 6.5. Let H; be a closed subspace of the Hilbert space Ho and take an orthonor-
mal basis (¢;);er, of H1 and an orthonormal basis (e;);er, of Ho such that I; C I5. Consider
the action § of H := Uy(H1) x Uy(Ha) on M = By(H1,Hz) given by

(w1, u2) () = ugzuy .

Consider the subset
S = {A S BQ(Hl,HQ) : (Vj S Il) A(ej) S Rei}

and the conjugations of H1 and Hs given by J2(Zj612 ajej) = Z]EIQ aje; and Ji = Jo|y,
respectively. Define a conjugation on Bo(Hy,Hs) by o™ (z) = JoxJy. Tt is easy to verify
that the action (6.5) is (S, 0™ )-weakly visible and compatible with the automorphism of
Us(H1) x Ug(He) given by o(ui,ue) = (JiugJy, JougJs). Corollary 6.2 implies that the
representation of H on F(Ba(H1,H2)) € O(Ba(H1,H2)) is multiplicity-free.

Example 6.6. Let H; be a closed subspace of the Hilbert space Ho and take an orthonor-
mal basis (¢;);er, of H1 and an orthonormal basis (e;);er, of Ho such that I; C I5. Consider
the action § of Ua(H1) x Ua(Hz) on M := By(H1,Ho & C) =~ By(H1,Ha) & Hi given by

O(ur,u2)(x,§) = (uy:ufl,ulf),

the subset
S :=S@®H]", where H':={¢cH : i&E=¢}
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with S as in Example 6.5, and the conjugation on By(Hi,Hs) @ Hi given by o(x,&) =
(JoxJ1, J1€). The action is (S’, o)-weakly visible since the action of the subgroup

{(u, (u,idH%)) € Ua(H1) x Ua(H2) :(Vj € I) u(ej) € Te;}

fixes S and rotates the vectors in a dense subset of H; into ?—[‘1]1. Corollary 6.2 implies that
the action of H on

F(B2(H1, H2) & Hi) = F(B2(H1, H2)) ® F(H1) € O(B2(H1, H2) & Ha)
is multiplicity-free.

Remark 6.7. Example 6.5 can be interpreted as the isotropy representation of the group
Us(H1) x Ug(Hz) on the tangent space at the base point of the restricted Grakmannian

Gres(H1 @ Ha) = Ua(H)/(Uz(H1) x Ua(Ha)).

Example 6.8. Assume the context and notation of Example 6.5, and for simplicity we set
H1 = Ha = H. The action 0 of H := Uy(H) x Ua(H) on K := Ba(H) given by

d(ur,uz)(x) = uqul_l

is a unitary representation 6 : H — U(K). As uniformly bounded isotropy representations,
we can take for example the representations
mj

p(ur,ug) := p1(ur) @ p2(uz), where p;:= @An“-
k=1

Here, for n € N the representation A" : Ua(H) — U(A™H) is defined by
A (u)(vp Ao Avy) = uvr A A uoy,.
Consider the group
N = Zy(B) = {(u,u) € Ua(H)?: (Vi € I) ule;) € Te;},
where
B={x € By(H,H): (Vjel)z(ej) € Rej}.
Since
A" (diag(tj)jer)(ejy Ao Nej,) =t ...t (ej, A... Nej,),

if the nj for j = 1,2 and k = 1,...,m; are all distinct, p|n is multiplicity-free. We can
take the canonical anti-unitary operators given by complex conjugation on

AM(2(0)) € R (T) = (™).
Theorem 6.1 implies that the representation &' ® p of H = Ua(H) x Ua(H) is multiplicity-
free.

Example 6.9. For a Hilbert space H, let Uy(H) := U(H) N (14 B1(H)) denote the group
of unitary operators which are trace class perturbations of the identity. In the previous
example we can take instead of Uy(H) x Ua(H) the group Uy(H) x Uy(H) to construct
isotropy representations from the operator determinant. The isotropy representation is
p(u1,uz) = p1(u1) @ p2(uz), where

mj

pj = @(detU1(H))nj’k'
k=1
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If the njj, for j = 1,2 and k = 1,...,m; are all distinct, then p|y is multiplicity-free,
where

N =Zy(B) = {(u,u) € Ui(H1) x U(Ha) : (V5 € I) u(ej) € Te;}.

6.3. Finite von Neumann algebras. Some basic examples of type II; factors have rep-
resentations such that the Hilbert space where the factor M acts can be endowed with an
anti-unitary operator J such that

(6.1) JMJI =M and JzJ =z forxe A,

for a maximal abelian *-subalgebra A of M (a masa for short), see Examples 6.13 and 6.15.
We are going to use Theorem 6.1 to construct examples of representations of the product
H := Upq x Upq of the unitary group of a finite factor M, where the base is the GNS
construction of M, the slice S consists of the hermitian operators in a masa, and the
conjugations are constructed from the conjugation J.

We denote by L?(M) the GNS Hilbert space, which is the completion of M, endowed
with the inner product (z,y) = 7(xy*) for x,y € M, where 7 is the trace of the algebra M.
Let the unitary representation & : H — U(H) of H = Upq x Upg on H = L?(M) given by

6(u1,u2)(z) = upzuyt for  wuy,ug € Upgyz € M C LAH(M).

Let J be asin (6.1). If we define o(x) = JzJ for z € M, then o extends to an anti-unitary
involution oZ*M) on L?(M) compatible with the involutions on Uy and H = Upq x Upg
given by o(u) = JuJ for u € Upnq, and o(h) = (J,J)h(J,J) for h € H = Upq X Uy,
respectively. In fact, for u1,us € Upq and 2 € M C L?(M), we have

(o(u1), o(u2)).0" M (2) = o(ug)o” M (2)o(uy ) = (JurJ)JzJ (Juy 'J)
= Jupzuy ' J = ULQ(M)(ulxugl) = O'LQ(M)((U17U2)..T).

Note that oZ*M) fixes § := Ap, pointwise. To prove that the action of Upq x Upq on
L2(M) is (S, oL M))weakly visible it remains to show that D := UpxApUpry is dense in
L?*(M). This is a consequence of the following proposition.

Proposition 6.10. Let M be type IIi-factor with trace 7, let A C M be a masa, and
denote the cone of positive invertible elements in A by AT. Then D = UpATUp is
dense in L*(M)

Proof. For a self-adjoint operator x € M there exists a unique Borel probability measure
mg on R such that

/+00 A'dmg(N) = 7(2") for n e {0}UN.

—0o0
If, conversely, m is a compactly supported probability measure on R, then there is a self-
adjoint operator z € A with spectral measure m, = m, see [AK06, Prop. 5.2|. The norm
closure of the unitary orbit O(x) = {uzu~! : u € Uy} of a self-adjoint © € M consists of
the selfadjoint operators in M with the same spectral measure as = ([AK06, Thm. 5.4]),
so the spectral measure is a complete invariant of approximate unitary equivalence.

Then the polar decomposition implies that D := Uy ATUp, is dense in the unit group
M of M. In [Ch70, Thm. 5] it is shown that a von Neumann algebra M has dense unit
group in the norm topology if and only if M is of finite type. Therefore, if M is a finite
type factor, then D is norm dense in M. Since on M C L?(M), the Hilbert space norm
is dominated by the uniform norm, D := Uy ATUy, is dense in L?(M) with its Hilbert
space topology. O
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Remark 6.11. As the example after [AK06, Thm. 5.4] shows, there exist selfadjoint
operators with the same spectral measure which are not unitarily equivalent.

Set S := Ay, so that
N =Zg(Sx{1}) ={(t,t) € Upm x Upq : t € Un}.

If there is a unitary representation p : Upg X Upg — U(V') on a Hilbert space V, and there
is an anti-unitary involution ¢ on V such that

® poyop=1pop, for heH.

e 1) commutes with the hermitian operators in p({(t,t) € Upy x Upg 1 t € Ua})
then Theorem 6.1 implies that the representation &’ ®p of H = Upqx Upq on F(L*(M))@V
is multiplicity-free.

We now turn to examples of factors M C B(H) for which there exists an anti-unitary
operator J such that JMJ = M and JzJ = x for selfadjoints = in some masa A C M.

Definition 6.12. There are two types of masas A in a II; factor M specified in terms
of the algebra generated by the normalizer of the masa. The normalizer of the masa is
defined by

N(A) ={u e Up : vAu™ = A}.

The masa A is called regular or Cartan if N(A)” = M, and it is called singular if N(A)" =
A, see the first paragraph of [SS08, 3.3].

Example 6.13. (von Neumann algebras of CAR type). Let M3(C) be the 2 x 2 complex
matrices with diagonal masa D. For each k € N let M} be a copy of My(C) with a copy of
D as diagonal masa Dy. The algebra M,, = ®@}_; M}, ~ M~ (C) has a masa A, = ®}_, Dj.
We have embeddings M, < My 11,  — x®id g, (c) which preserve the normalized traces.
Therefore J7” | ®}F_; M}, is a *-algebra with trace

o
T(@piak) = [ ] tr(an),
k=1

where all but finitely many z; are equal to the identity of Ms(C). The weak closure M
of the GNS representation of | J;2 | ®}_, M}, is a copy of the hyperfinite II;-factor and the
weak closure A of | ;7 ; ®7_, Dy, in this representation is a Cartan masa, see the first part
of Subsection 3.4 in [SS08]. The canonical complex conjugation on J;”; ®F_, My, yields a
complex conjugation J on the GNS space such that JMJ = M, JzJ = x for z € A;, and

T(JxJ) = 7(x).

Remark 6.14. In [St80] it is shown that there is, up to conjugacy, a unique real von
Neumann algebra R in the hyperfinite factor M of type IIy, i.e. R is a x-algebra over
the reals such that R + v—1R = M and R N v/—1R = {0}. It follows that any two
involutive antilinear automorphisms of this factor are conjugate under Aut(M). This
contrasts with the situation in B(#), where there are two distinct conjugacy classes of such
automorphisms, induced by conjugation with anti-unitary operators .J satisfying J? = +1.

Example 6.15. (Group-measure space construction). See Subsection 8.6 in [KR97| for de-
tailed information on this construction. Let I' ~ (X, ) be a probability measure preserving
action of a countable discrete group I'. We consider the unitary Koopman representation

a:T = ULA(X, ), (asf)(z) = f(stx) for sel,feLl*X,u),zcX.
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Let A : T — U(£3(T)) be the left regular representation. We regard L= (X) ~ L®(X)®1 C
B(L*(X) ® £2(T)). For s € I' we consider the unitaries us = as ® Ay € U(L*(X) ® £2(T)).
The crossed product von Neumann algebra is defined as

LX) %[ = {Zau Ly € LOO(X)}N C B(L2(X) @ (4(I)).
sel

The trace is given by the extension of

T(Zasus> :/Xaedu.

sel

The action is called free if A := L°°(X) is maximal abelian in L>°(X) x I', and in this case
L>(X) is a Cartan subalgebra. The von Neumann algebra L>°(X) x I is a II; factor if
and only if the action I' ~ X is ergodic, i.e., L>(X, u)' = C1.

Let .J be the complex conjugation on L?(X)®/?(I") ~ L?(X xT). Observe that JaJ =@
for a € L*°(X) and JusJ = ug for s € I'. Therefore J(L>®(X) xT')J = L*(X) x I' and

JxJ = x for x € Ap. Note that 7(JzJ) = 7(x) for x € L=°(X) x T

6.4. Symmetric spaces. In Subsections 5.3 and 5.4 of [Kob05] finite dimensional exam-
ples of visible actions on symmetric spaces are presented. The action of K on G/H for
a vast class of symmetric spaces is studied in [Kob08]. We begin by presenting weakly
visible actions on Grafimannians and symmetric domains modeled on Banach spaces. We
first present a weak visibility result for the group of bounded invertible operators acting
on a Hilbert space to illustrate the approximate Cartan decomposition which is involved
in the subsequent arguments.

Example 6.16. Let H be a Hilbert space with orthonormal basis (e;);cr and define a
complex conjugation on H by J(3_; aje;) = >, @je; and an automorphism on GL(H)
by o(g) = JgJ. If we define S as the set of positive diagonal operators in GL(#) then
D := (U(H) x U(H)).S = U(H)SU(H) is dense in GL(H): For g € GL(H) we have the
polar decomposition g = up, with v € U(H) and an invertible p > 0. Given € > 0 we
can use the measurable functional calculus of p to find a positive invertible ¢ with finite
spectrum such that ||¢ —p|| < e. Since ¢ has finite spectrum, there is a unitary v such that
s:=wvqu~! € S. Hence
lg = (wo™")svll = |lup — ug|| <e.

Furthermore the U(H) x U(H)-orbits are preserved under o since o(U(H)) = U(H), and
o(s) = s for s € S, so the action is (S, o)-weakly visible.

Example 6.17. Let 1 and Hs be complex Hilbert spaces. We consider the identical
representation of U(K) on the complex Hilbert space K = H; @ Hz. Then the subgroup
Q :={g € GL(K) : gH1 = H1} is a complex Lie subgroup of GL(K) and the Graffmannian
Gry, (K) :== GL(K)H1 ~ GL(K)/Q carries the structure of a complex homogeneous space
on which the unitary group G = U(K) acts transitively and which is isomorphic to G/H
for H := U(K)y, ~ U(H1) x U(Hz2). Here we use that, for £ := g#H;, the orthogonal
space £1 is the image of Hy under (g~ ')*. Hence there exists a unitary isomorphism
E®EL — Hy @ Ha mapping £ to Hi. Writing elements of B(H) as (2 x 2)-matrices
according to the decomposition K = H1 @ Ha, we have

q= { (g Z) ta € B(H1),be B(Hz, Hi),d € B(Hz)}-
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and q ~ p™ x hc and gl(K) = q ® p~ holds for

- 0 0\ +_ =
p _{(C 0).063(’)—[1,?{2)} and pT=p-.

Assume that Hy := H & {0} and Hy := {0} & H for a Hilbert space H. We fix an
orthonormal basis (e;);er in H. We can define a conjugation J on H by J(3_;c; aje;) =
> je1 @je; and define Ji(v, w) := (Jv, Jw) on K. Let o(u) = JuJk be the corresponding
involution on U(K) and o™ (uH;) = JuH; = o(u)H1 be the corresponding involution on
the Grakmannian Gry, (K).

Counsider the embedding

0 A
T:B(H) =g, A>—><_A* 0),

the diagonal real subalgebra of B(#) given by
Ar = {A S B(H) : (Vj S I) A(ej) S Rej},

and let B := exp(7(Agr)), where exp : g — G is the exponential map of U(K). Observe
that B C G° and that

Zu(B) = {(u,u) € UH)?: (V§ € I) u(e;) € Te;}.

To prove that the action of K = H = U(H)? on Gry, (K) is (B,o™)-weakly visible it
remains to show that

U(H)Z exp(7(Ar)) UH)2" # 0.
Observe that
HBH = U(H)? exp(7(U(H)Ar U(H))) U(H)>.
For £ > 0, the argument used to prove the approximate Cartan decomposition of Exam-
ple 6.16 leads to

U(H)(Ar N B j2(e1)) U(H) = B:2lel],
where B, /5(e1) and B, ;[e1] are open and closed metric balls in B(#). We choose € > 0
small enough to ensure that 7(B,/2(¢1)) is contained in a neighborhood of 0 on which exp
is a local diffeomorphism, and the result follows.

Example 6.18. Let K = H & H, Hi = H & {0}, and Hy := {0} & H for a Hilbert
space H. We fix an orthonormal basis (e;);cr in H. We can define a conjugation J on H
by J(3 o er @vjej) = D er je; and define Jic(v, w) := (Jv, Jw) on K.
We endow the Hilbert space K with the indefinite hermitian form given by
h((v1,v2), (w1, w2)) = (v1, w1) — (v2, wa).
We can write D := {z € B(H) : ||z|]| < 1} as G/H, where G is the pseudo-unitary group
G =U(H1,Hs) = {g € GL(K) : h(g.v,g.v) = h(v,v) for all v e K},

and H = U(H1)xU(Hz) = U(H)? is the subgroup of diagonal matrices in G. In fact, G acts
transitively on D by fractional linear transformations (2%).z = (az 4 b)(cz 4+ d) ™!, where
the (2 x 2)-block matrix is written according to the decomposition of K. The stabilizer of
0 € D is the group H.

A conjugation on Z := B(H,H) is given by 0% (x) = Jx.J. Let

0 A
T:B(H) — g, A»—><A* 0).
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Consider the diagonal real subalgebra of B(H) given by
Ar ={A € B(H): (Vj € I) A(ej) € Rej},

and let B := exp(7(AR)), where exp(X) => > % is the operator exponential. Observe
that B C GG9 and that

Zu(B) = {(u,u) € UMH)? :(Vj € I) u(e;) € Te;}.

To prove that the action of K = H = U(#H)? on D is (B, o™)-weakly visible it remains to
show that

U(H)2. exp(7(Ag)). U(H)2 # 0.
This follows from an argument as in the last part of Example 6.17. The action is also
compatible with the automorphism of U(#1,Hz) given by o(u) = JeuJx.

Example 6.19. Let I be a complex Hilbert space which is a direct sum K = Hi @& Hs.

b
Byes(K) := { <Z d) € B(K) : c € By(H1,H2),b € BQ(HQ,Hl)}
is a complex Banach-x-algebra. Its unit group is

GLyes(K) = GL(K) N Bres(K).
The restricted unitary group is

Uses(K) = U(K) N GLyes(K).

The homogeneous space Gryes := Ures(KC)/(U(H1) x U(H2)) is the restricted Grakmannian.
There is an isomorphism

Us(K)/(Ua(H1) x Ug(Ha)) = Ures(K)o/(U(H1) x U(Ha)),

where Upes(K)p is the connected component of Uyes(K) given by operator (2 x 2)-block
matrices in Upes(K) with diagonal operators with Fredholm index equal to zero.

As in the previous example we assume that H; := H & {0} and Ha := {0} & H for a
Hilbert space H. Let

—A* 0
Consider the diagonal real subalgebra of By(H) given by
Ar = {A S BQ(H) : (Vj S I) A(ej) S Rej},

and let B := exp(7(Ar)), where exp : g — G is the exponential map of Uy(#). Observe
that B C GG9 and that

Zu(B) = {(u,u) € Us(H)?: (Vj € I) u(e;) € Te;}.

To prove that the action of K = H = Uy(H1) x Ua(Hz2) on the restricted Gafmannian is
(B, oM)-weakly-visible it remains to show that

Uy (H)2. exp(T(Ag)). Uo(H)2" # 0.

T:By(H) — g, A|—>< 0 A).

Observe that
HBH = Us(H)? exp(7(Us(H) Ar Ua(H))) Ua(H)2.

A finite dimensional approximation argument leads to

Uz(H)Ar U2(H) = Ba(H),

and the result follows.
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Example 6.20. The restricted pseudo-unitary group is
G = Ures(,Hl, Hz) = U(Hl, 7‘[2) N GLreS(H).

It acts transitively on
D= {Z € BQ(HQ,H]_) : ”Z” < 1}

by fractional linear transformations. The stabilizer of 0 in G is H = U(H;) x U(H2).
We can adapt the previous example to this restricted group context as we did with both
examples of positively curved symmetric spaces.

6.5. Approximate triunity. In [Kob04] three multiplicity-free results are shown to stem
from a single geometry. The basic result is the following, which we state in a form suited
to our infinite dimensional context.

Lemma 6.21. If G is a topological group with subgroups K, B and H, then the following
conditions are equivalent:

(1) KBH is dense in G.
(2) HBK 1is dense in G.
(3) diag(G)(B x B)(K x H) is dense in G x G.

Proof. The equivalence of (1) and (2) is trivial. If (3) holds, then the image K BH of
diag(G)(B x B)(K x H) under the continuous map 7: G x G — G, 7(g,h) := g 'h is
dense in G, which is (1).

Now we assume that (1) and (2) hold. From (hbk,e) = (h,h)(b,e)(k,h~') we conclude
that

HBK x {e} C diag(G)(B x B)(K x H).
From a similar equation we conclude that
{e} x KBH C diag(G)(B x B)(K x H),
so that (1) and (2) imply (3). O

The next theorem was proved in [Kob04, Thm. 3.1]:

Theorem 6.22. Let ny +no +ng = p+ q = n, and consider the naturally embedded
groups K := U(ny) x U(na) x U(ns) and H := U(p) x U(q) in G := U(n). We define an
automorphism o of G by 0(g) =g and let B := G° = O(n). Then G = KBH is equivalent
to min(p, q) < 2 or min(ny, no,ng) < 1.

Note that BH/H ~ Gr,(R") is the real Grafmannian of p dimensional subspaces in R"
and that BK/K ~ By, n,+4n,(R™) is the real flag manifold of pairs of subspaces (F, Fy)
of dimension n; and n; + ng respectively such that Fy C F,. Using a finite dimensional
approximation argument we can prove a version of Theorem 6.22 in the case of groups of
operators which are Hilbert-Schmidt plus identity.

Theorem 6.23. Let [{ Ul Ul = JyUJy = I be partitions of a countable infinite index set
I, let (ei)icr be an orthonormal basis of a Hilbert space H and denote Hj := span{e;}jes
for J C I. Consider the naturally embedded groups K := Us(Hy,) x Ua(Hr,) x Ua(Hiy,)
and H := Uy(Hy,) x Ua(Hy,) in G := Ua(H). We define an automorphism o of G by
o(u) = u = JuJ, where J is the canonical complex conjugation on H = (*(I), and let
B := G° = Oy(H). Then KBH is dense in G if and only if min(|J1|,|J2|) < 2 or
min(| 1|, [I2], |[I3]) < 1, where |I| denotes the cardinality of a set I.
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Example 6.24. For a Hilbert space H, we write P(H) for its projective space, i.e., the set
of all 1-dimensional subspaces of H. The standard action of exp(i¢/?(N,R)) on P(¢/?(N, C))
is weakly visible if we take S = P(¢*(N,R)) and the canonical complex conjugation on
¢%(N,C). This follows from the density of KBH in G, whith G = Uy(¢3(N,C)), H =
U(1) x Ug(£2(Ns1,C)), K = exp(il*(N,R)) C U(¢*(N,C)) and B = G°. Here o(u) =u =
JuJ, where J is the canonical complex conjugation on /2(N, C).

Lemma 6.21 can be used to prove multiplicity-free branching rules for representations
realized on spaces of holomorphic sections of line bundles over flag manifolds as in Sec-
tion VII of [Ne04| or [Nel2]. Lemma 6.21(3) can be used to prove the multiplicity-free
property of tensor product representations by taking the diagonal action of a group G on
a product of line bundles over spaces G/H and G/K as in Example 2.4 of [Kob04].
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