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Abstract

We study the set C consisting of pairs of orthogonal projections P, ) acting in a Hilbert
space H such that PQ is a compact operator. These pairs have a rich geometric structure
which we describe here. They are parted in three subclasses: Cy which consists of finite
rank projections, C; of pairs such that @ lies in the restricted Grassmannian (also called
Sato Grassmannian) of the polarization H = N(P) @ R(P), and C. Belonging to this last
subclass one has the pairs

Pif=xif. Quf = (xof)" Je L@,

where I, J C R™ are sets of finite Lebesgue measure, x, x; denote the corresponding char-
acteristic functions and ", denote the Fourier-Plancherel trasnsform L?(R?) — L?(R?) and
its inverse. These pairs have been widely studied by several authors in connection with
the mathematical formulation of the Uncertainty Principle. We apply known results on the
Finsler geometry of the Grassmann manifold of H to establish that if H is the logarithm of
the Fourier transform in L?(R"), then

[H, Pr]|| > /2.
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1 Introduction

The study of pairs of subspaces of a Hilbert space H or, more generally, pairs of orthogonal
projections in a C*-algebra started in the early times of spectral theory with Dixmier [13]. Some
efforts towards finding more transparent proofs of Dixmier’s theorems are due to Davis [11],
Pedersen [27], Halmos [19], Raeburn and Sinclair [30], Avron, Seiler and Simon [4], Amrein and
Sinha [1], among many others. The excellent survey of Bottcher and Spitkovsky [6] contains a
complete description and bibliography. A part of this theory is concerned not only with two
projections P, @ in B(H) (the algebra of bounded linear operators in ) but also with the
products PQ and PQP. This paper is an addition to this part of the theory, where PQ or PQ
are supposed to be compact. The interest in this type of products is not new. Consider the
following example:



Example 1.1. Let I, J C R™ be Lebesgue-measurable sets of finite measure. Let Pr, Qs be the
projections in L?(R", dx) given by

Pif=xif and Quf = (xsf)",

where X denotes the characteristic function of the set L. Equivalently, denoting by Ur the
Fourier transform regarded as a unitary operator acting in L?(R",dx), then

Pr=DM,, and Q; =UrP,Ur.
In fact, PQ is Hilbert-Schmidt [14].

An intuitive formulation of Heisenberg’s uncertainty principle says that a nonzero function
and its Fourier transform cannot be (simultaneously) sharply localized (see [16], page 207).
More precisely, it says that if f is essentially zero outside a finite measure set I and its Fourier
transform f is essentially zero outside J (also of finite measure), then

||| > 1.

See [14], page 906 for a modern presentation.

Probably, the idea of using projections P; and (); to obtain a form of the uncertainty
principle is due to Fuchs [17], and it was developed later in a series of papers by Landau, Pollack
and Slepian [23], [24], [32]. See the survey by Folland and Sitaram [16].

By a clever modification of the meaning of support of a function, Donoho and Stark [14]
significantly extended this mathematical version of the uncertainty principle. Namely, they
proved that if f € L?(R") with ||f|2 = 1 and I,J C R™ have finite Lebesgue measure and
satisfy that

/ F(®)Pdt < ¢; and / Fw)Pdw < e
R —1 R —J
then
1[]7] = (1= (e1 + €))%

Donoho and Stark showed several applications of these ideas to signal processing (and the
obstruction to the existence of an instantaneous frequency). Later Smith [33] generalized these
results to a locally compact abelian group G where I C G and J C G’, the dual group of G. The
books by Havin and Joricke [20], Hogan and Lakey [21], and Grochenig [18] among many others,
contain further applications, generalizations and history of the different uncertainty principles.

The proof of the theorem by Donoho and Stark can be divided into the following steps.
Define the projections P;r and @); as above. If I and J have finite measure then P;Q; is a
Hilbert-Schmidt operator (thus compact). Next they prove that

[PrQull > 1 —er—ey.
The fact that ||PrQ| < ||[PrQu|/zs (the Hilbert Schmidt norm) is well known. Finally, the
proof that

1P1Qullas = VIIIIJ|
is an elementary computation using Fubini’s theorem. They observe that any bound ¢ such that

|PrQsl <c<1



is an expression of the uncertainty principle ([14], page 912).
Our main goal in this paper is the study of the geometry of the sets

C ={(P,Q) : P,Q are orthogonal projections and PQ is compact}

and, for each projection P,
C(P) ={Q : PQ is compact}.

An application of these geometrical results is a form of the uncertainty principle (see Theorem
8.5 below) Let us describe the contents of the paper.

In Section 2 we state elementary properties of pairs P, Q in C: the spectral description of the
entries of ), written as a 2 X 2 matrix in terms of P, and the partition of the class C in three
subclasses Cy,C1 and Cy. In Section 3 we recall the Halmos’ decomposition of H given by a pair
of subspaces, and specialize it to the case where the corresponding pair of projections lies in C.
In Section 4 we introduce the action of the restricted unitary group induced by P on projections
Q@ € C(P). In Section 5 we study the class C;, on which an index is defined, and prove that the
connected components of C; are parametrized by this index. In Section 6 we study the class
Cs, and prove that it is connected. In Section 7 we prove that the sets C and C(P) are (non
complemented) C*>-differentiable submanifolds of B(#). We apply known results [29], [10], [2]
on the Finsler geometry of the Grassmann manifold of H to the special case of pairs Pr, (). For
instance we prove that if H is the logarithm of the Fourier transform in L?(R"), and I C R" is
a set of finite Lebesgue measure, then

I[H, Pl = [|[H, Q|| = 7/2.
Also it is shown that for any pair of sets I, J C R™ of finite measure, one has
N(P;)+ N(Qy) = L*(R"),

where the sum is non-direct (the subspaces have infinite dimensional intersection).

2 Elementary properties

Let ‘H be a Hilbert space, B(H) the algebra of bounded linear operators in H, K(H) the ideal of
compact operators and P(H) the set of selfadjoint (orthogonal) projections. Given P € P(H),
operators acting in H can be written as 2 x 2 matrices. For instance, any projection () such
that PQ is compact is of the form
a
o= (1)

where the fact that () is a projection is equivalent to the relations

xr* = a — a?

r*r=b-b> | (1)

ar +xb=2x

with 0 < a < 1gp), 0 < b < 1y(py and [Jz]| < 1/2. The fact that PQ is compact means
that a € B(R(P)) and = € B(N(P), R(P)) are compact. Here and throughout R(T") and N (7))
denote the range and the nullspace of T

Let us show another example of pairs of projections with compact product:



Example 2.1. Let H = L x S and K : § — L a compact operator. Consider the idempotent
FE = Ex given by the matrix
(1 K
b=l K.

Then P = Pgp) = Pr and Q = Py(g) verify that PQ is compact. Indeed, straightforward
computations show that R(E) = £ and that

B o1 [ KK*(1+ KK*)-1 —-K(1+ K*K)™!

Then
KK*(1+KK*)™! —K(1+K*K)™!
PQ = 0 0 )

which is clearly compact. The singular values of PQ are the square roots of the eigenvalues of

* *\—1
PQP:<KK (I—BKK) 8)’

i.e. those of KK*(1+ KK*)~!, which have the same asymptotic behaviour near zero as the
singular values of K.

Let us collect several elementary properties of pairs in C. First note that b (in the matrix
expression of @ in terms of P) may not be compact. It is positive and b — b? is compact. This
implies that it can be diagonalized, and that its spectrum consists of eigenvalues which can only
accumulate (eventually) at 0 or 1, plus 0 and 1 which may not be eigenvalues. All eigenvalues
different from 0 or 1 have finite multiplicity.

Moreover, there is a relationship between eigenvalues of ¢ and b, which we state in the
following Lemma:

Lemma 2.2. If A # 0,1 is an eigenvalue of b, then 1 — X is an eigenvalue of a, and the operator
x‘N(b—AlNuv)) maps N (b— M (py) isomorphically onto N(a—(1—X)1g(py). Thus, in particular,
these eigenvalues have the same multiplicity. Moreover,

PN (b-Ay(p) = PN(a—(1-N1pp) T

Proof. Let £ € H, £ # 0, such that b§ = A¢ (with A # 0,1). Then by the third relation in (1)
one has

€ = axé + xb€ = axf + \x€, ie. ;axf = (1 — N)z€.
Also note that

N(z) = N(z"z) = N(b— b2) = N(b) & N(b — Ly(p),
and thus z€ # 0 is an eigenvector for a, with eigenvalue 1 — A\, and the map z| N(b-Aly is
injective from N (b — Ay (p)) to N(azx — (1 — A\)1g(p)). Therefore

P))

By a symmetric argument, using * (and the relation bz* + x*a = x), one obtains equality of
these dimensions.



Pick now an arbitrary £ € N(P), § = {1+82, with & € N(b—Aly(p)) and & L N(b—Aly(p))-

Then
PN (b2 ()€ = TE1-
On the other hand
PN(a—(1-M\1pp)T&1 = 21,

by the fact proven above. Let us see that Py(q—(1-a)1 A P))Cl?fg = 0, which will prove our claim.
Since & L N(b— Mpypy), &2 = lez m + no + m, where 7, I > 2, are eigenvectors of b
corresponding to eigenvalues )\; different from 0, 1 and A, no € N(b), m € N(b— 1x(p)) (where
these two latter may be trivial). Note then that ng,n; € N(x), and thus

ver =Y,

>2

where the (non nil) vectors xn; are eigenvectors of a corresponding to eigenvalues 1 — );, different
from 0,1 and 1 — A. Thus Py(g—(1-x)15p)) 252 = 0. ]

Remark 2.3. This result implies that we may write a and b as

a:ZnZl )\nPn+E1 (2)
b=3 11 = 2)F, + Ey

where 1 > A\, > 0 is a decreasing set, which may be finite or a sequence converging to 0,
r(P,) =7(P)) <oo,E; = PN(a—lR(p)) with r(E;) < oo, and Ej = PN(b—lN(p))'
Accordingly, the decomposition of the (non selfadjoint) operator z in singular values is
kn
7= an(d_ & ®E):
n>1  j=1

where o, = /A, — A2, and {&,;: 1 < j < k,} and {{,/m :1 < j <k,} are orthonormal systems
which span R(P,) and R(P)), respectively.

It is also useful to describe the pairs (P,Q) € C by means of the homomorphism onto the
Calkin algebra
m:B(H) — B(H)/K(H).

Put p = 7(P), ¢ = m(Q) and write the matrix of ¢ in terms of p. Apparently

/(00
q_oq/7

where ¢’ is a projection (i.e. a selfadjoint idempotent) in B(N(P))/K(N(P)), the Calkin algebra
of N(P). In the Calkin algebra there are three (unitary) equivalence classes of projections: 0, 1
and e # 0,1 (e = n(F) for any F with R(F) and N(F) infinite dimensional).

Remark 2.4. Fix P € P(H). Denote
C(P)={Q € P(H) : PQ is compact}.

According to the above classification, relative to P there are three classes of projections ) such
that PQ is compact:



1. If ¢ =0:
Co=Cop(P)={Q € P(H) : dim(R(Q)) < oo}.
In the spectral picture given above, this means that the sequence {\,} is finite and that
dim(R(E1)) < co. Apparently this class does not depend on the particular P.

2. If ¢ = 1:
GP)={QePH):m((1-P)(1-Q)(1~P)) =n(1-P)}.
This means that dim(NN (b)) < co. We shall describe this class below. It is the restricted

Grassmannian induced by the decomposition H = N(P) & R(P) (in the usual description
of the restricted Grassmannian: N (P) plays the main role).

3. If ¢ is a proper projection in B(N(P))/K(N(P)):

Coo(P) ={Q € P(H) : m((1 = P)(1 = Q)(1 = P)) # 7(1 = P),0}.

We shall call this the class of essential projections relative to P. We shall see that the
pairs in Example 1.1 belong to this class.

3 The Halmos decomposition

Given orthogonal projections P and @ , we shall call the Halmos decomposition [19] (though it
was certainly used before) the following orthogonal decomposition of H:

Hin = R(P)NR(Q), Hoo=N(P)NN(Q), Hio=R(P)NN(Q), Hor=N(P)NR(Q)

and Hg the orthogonal complement of the sum of the above. This last subspace is usually called
the generic part of the pair P, Q. Note also that

NP-Q)=Hu®Ho, NP—Q—-1)="Hy and N(P—Q+1) = Hor,

so that the generic part depends in fact of the difference P — Q.

Halmos proved that there is an isometric isomorphism between Hy and a product Hilbert
space £ x L such that in the above decomposition (putting £ x £ in place of Hy), the projections
are

10
P—l@O@l@O@(O 0)

and

2
Qzl@OEBOEBlEB( ¢ CS),

cs S?
where C' = cos(X) and S = sin(X) for some operator 0 < X < 7/2 in £ with trivial nullspace.

Let us describe the pairs in C in terms of this decomposition. It should be noted that the
operator X and the space £ are uniquely determined up to unitary equivalence.

Proposition 3.1. The pair (P,Q) belongs to C if and only if Hq1 is finite dimensional and
C = cos(X) is compact.



Proof. By direct computation,

2
PQ:1@0@0@0@<% CE)S)

If C is compact, then C? and CS are compact. If additionally dim #Hi; < oo, then it is clear
that P() is compact.
Conversely, if PQ is compact, then clearly dim Hq1 < oco. If the matrix operator

c? CS
0 0
is compact, then its 1,1 entry is also compact. The square root of a positive compact operator

is compact (recall that C > 0), thus C is compact. O

Remark 3.2. If (P,Q) € C, then the spectral resolution of X can be easily described. Since
0 < cos(X) is compact, it follows that

m
n

where 0 < 7, < 7/2 is an increasing (finite or infinite) sequence which accumulates eventually
at w/2. For all n, dim R(P,) < oo, and

R(E) S5 (@nle(Pn)) =L.

From the spectral picture of X above, one obtains the following, which states that in their
generic part, all pairs in C are obtained as in Example 2.1

Proposition 3.3. The pair (P, Q) belongs to C if and only if the following conditions are sat-
isfied:

1. H1y is finite dimensional.
2. The subspaces of the generic part Hy, M = P(Hgy) and N = Q(Ho) satisfy

M & N =Hy.

3. The idempotent E = Py corresponding with this decomposition has matriz form, in

terms of its range M,
1 K
(0 %)

Proof. The sufficiency of these conditions, in order that (P, Q) € C, is clear. Also that condition
dim(H11) < oo is necessary. Denote by Py and (g the reductions of P and @ to their generic
part. In Halmos’ model Hy = £ x L, it is apparent that sin(X) is invertible in £. Then
(reasoning with matrices in terms of Ho = L x L)

for K : N — M a compact operator.

s Cs s 0
o=@ = < Cs _52) and thus (PO_Q°)2:< 0 52>

7



is invertible. Then Py — Qo is invertible. This means that M ®& N = H, (see [7]). Moreover, by
a formula in [7], and after straightforward computations,

_a-1
E = Pyyn = Po(Py— Qo)™ = ( Loy ) :

0 0

Note that —C'S~! is compact in L. O

We shall describe the different subclasses of C in terms of the Halmos decomposition and
the spectral resolution of X. The class Cp is easiest to describe. Recall that (P,Q) € Cp if
dim R(Q) < oo. Then apparently

Proposition 3.4. Let (P,Q) € C. Then (P,Q) € Cy if and only if the sequence {~,} is finite,
dim Ho; < 00 and dim R(E;) < oo.

4 Unitary actions

We shall use two unitary actions to describe the structure of C. The full unitary group U(H)
acts on pairs in C by joint inner conjugation:

U-(P,Q) = (UPU*,UQU*), U€cU(H), (P,Q)eC.

We shall make use of another local unitary action, on pairs in C with the first coordinate Py
fixed. Recall the definition of the restricted unitary group, where the restriction is given by the
decomposition H = R(FPy) & N(FP),

Unes(Py) = {U € UH) : [U, Bo] € K(H)}.

In matrix form, in terms of the given decomposition, these unitaries are of the form

U_ ( u Ui )
U1 U22
where u1s and wg; are compact operators. Elementary matrix computations, involving the
fact that U is unitary, imply that ui; and wuge are Fredholm operators in R(FPy) and N(Fp),

respectively, and that
ind(UQg) = —ind(un).

The integer ind(u1) is usually called the index of U. It is known that this index parametrizes the
connected components of Uy.s(FPp): two unitaries U, W € U,.s(Pp) belong to the same connected
component if and only if ind(U) = ind(W) (see for instance [28] or [§]).

Let us prove that U.s(Pp) acts by inner conjugation of the classes C,(Fp) (z =0, 1, 00).

Proposition 4.1. Let Q € C,(Py) (x =0,1,00) and U € Upes(Po). Then UQU™ € Ci(F).

Proof. Straightforward matrix computation:

* *
u u a X u u
U1 U2 r oy Uy Ugo



The 1,1 entry of this product is
uprauyy + uipruyy + unruyy + ugbul,,
where a,z and uis are compact, therefore the 1,1 entry is compact. The 1,2 entry is
uirauy, + ujexus; + ur1xus, + ujgbus,y,
which is compact by a similar argument. Then PoaUQU™ € K(H). O

We shall mainly use U2, (P,), the connected component of the identity (or zero index com-

ponent). This component is an exponential group, namely (see [8], [28])
uO

Tes

(Py) =exp{iX € B(H): X* = X,[X, Py] € K(H)}.

Note that Uyes(Fp) is the unitary group of the C*-algebra Ap,(H) of operators T" in H such that
[T, o) € K(H).

Remark 4.2. Clearly, if Q,Q’ € Cy (of finite rank) lie in the same connected component, then
they have the same rank. Indeed, being homotopic in Cy, in particular they are homotopic in
P(H), and this implies equality of the rank. On the other hand, if @ and @’ have the same
(finite) rank, let J be the (finite dimensional) linear subspace spanned by R(Q) and R(Q').
Apparently @ and Q' are reduced by J (and act trivially on J+), and Q|7 and Q'|7 have the
same rank. Therefore there exists a unitary operator Uy = €'*° in J (X, selfadjoint in J) such
that eX0Q|7e~¥0 = Q'| 7. Then X = X @0 is a finite rank operator acting in J & J+ which
verifies

¢XQe X — ',
Note that e'* € exp(K(H)) C UL, (Py), and therefore @ and Q' are homotopic in Cy (for

instance, consider the path Q(t) = e®*Qe~"X in Cy).

5 The restricted Grassmannian

Let us recall some elementary facts concerning the restricted Grassmannian of a decomposition
of H. Given a projection Py and the decomposition H = N(Py) ® R(Fp), the main role will be
played by Ny = N(FP). Denote by Ej the orthogonal projection onto Ajp.

Definition 5.1. [31]:
A projection Q belongs to the restricted Grassmannian Pyes(Noy) with respect to the decom-
position H = Ny @NOJ‘, or more precisely, with respect to subspace Ny, if and only if

1.
EoQlr(o) : R(Q) — Ny € B(R(Q), No)

is a Fredholm operator in B(R(Q),Nop), and

(1 - E0)QlrQ) : RQ) = N~ € B(R(Q), Ny)

18 compact.



The index of the first operator characterizes the connected components of Pyes(Np). The
following result is elementary:

Lemma 5.2. Let Q € P(H) with matriz (in terms of H = Ny ® Ng-)

a
(2 3)
Then Q € Pres(No) if and only if a is Fredholm in B(Ny), and b and x are compact.

Proof. The proof is based on the following elementary facts:

o A € B(Hi,Hs) is a Fredholm operator if and only if AA* is a Fredholm operator in H;
and N(A) is finite dimensional.

o A€ B(Hi,H2) is compact if and only if A*A € B(H;) is compact.
Suppose first that Q € Pres(No). Then EpQ € B(R(Q), Np) is Fredholm, and thus

EoQ(EoQ)"|n, = EoQEo|ny = a

is Fredholm in Ny. Also (1 — Ep)Q € B(R(Q),Ng-) is compact, and thus
(1= Eo)Q(1 = Eo — Q)| = (1 = Eo)Q(1 — Eo)|pe = b

is compact in NOJ-. The fact that Q is a projection implies the relation b — b> = z*z, and thus
T is compact.

Conversely, by the last computations, if x and b are compact, then (1—Ep)Q € B(R(Q),Ng")
is compact. Similarly, EyQ(EoQ)*|ax; = a is Fredholm, thus EyQ, as an operator in B(R(Q), Np),
has closed range (equal to the range of a) with finite codimension. Let us prove that its nullspace
is finite dimensional. Let £ = &4 + & = Q¢ such that Epé = 0, (&4 € N, && € NgH). This
implies that

§y = aly + a6

& =2 b
and £ = 0. The second equation then reduces to £ = b{_, i.e. £_ lies in the l-eigenspace of
the compact operator b. Thus {_ lies in a finite dimensional space. It follows that N(EoQ|r(q))
is finite dimensional. O

Corollary 5.3. Let P € P(H) (with N(P), R(P) infinite dimensional). Then C1(P) coincides
with the restricted Grassmannian of H induced by the decomposition H = N(P) @ R(P).

Proof. In the description of the classes C;(P) at Remark 2.4 (given in matrix form in terms
of the decomposition H = R(P) & N(P), note the reversed order), a projection @ belongs to
Ci1(P) if and only if, in the Calkin algebra, its 2,2 entry is the identity and all other entries are
nil. By the above Lemma, this means that @ belongs to the restricted Grassmannian of the
decomposition H = N(P) @ R(P). O

From now on we shall refer this set of projections as the restricted Grassmannian of N (Fp).

Remark 5.4. The group U (Py) acts transitively on the connected components of C;(Fp),

which are parametrized by the Fredholm index defined in the restricted Grassmannian of N (F).

10



Let us denote by
Cl :{(PvQ) GC:Qecl(‘P)}’

the union of C1 (P) for all P € P (H), where P (H) denotes the (connected) space of projections
in ‘H with infinite dimensional range and nullspace.

Theorem 5.5. The connected components of C1 are parametrized by the Fredholm indez.

Namely, (P,Q), (P',Q’") € Cy lie in the same connected component if and only if the index
of Q in the restricted Grassmannian of N(P) coincides with the index of Q' in the restricted
Grassmannian of N(P').

Proof. There exists a unitary operator U € U(H) such that U*P'U = P. Consider the pair
U*-(P,Q) = (P,U*Q'U). Apparently (P,U*Q'U) belongs to the restricted Grassmannian of
N(P), and it has the same index as (P’,Q’). Since U(H) is connected, this means that one is
reduced to the case P = P’ where the result is valid due to the above Corollary. O

Remark 5.6. One can prove, in a similar fashion, that the connected components of Cy are
parametrized by the rank of Q).

Note that the class C; can be described in terms of the Halmos decomposition:
Proposition 5.7. Let (P,Q) € C. Then the following are equivalent:
1. (P,Q) € Cy.
2. dim Hgg < 00.
3. dim N (b) < co.
In this case, the index of Q in the restricted Grassmannian of N(P) is given by
dim Hgp — dim Hqp.

Proof. The (five space) Halmos decomposition induces a (four space) decomposition of H which
reduces both P and (). Namely

7‘[27'[00@7'[11697'[/@7'[0,

where H' = Hi10® Ho1. By Lemma (5.2), the part of @ which acts on N(P) must be a Fredholm
operator. By the above reduction, this amounts to show that both 0 acting in Hgg and S? acting
in the space £, are Fredholm operators (recall notations from Section 3). The first assertion
means that dim Hog < co. With respect to the second,

5% = sin*(X) = Z sin*(y) Py + E

is always a Fredholm operator (recall that N(S) = N(X) = {0}), since 0 < sin?(y,) is a finite
set or a sequence increasing to 1. If Q € C;(P), then b is Fredholm in N(P), and thus N(B) is
finite dimensional. Conversely, the fact that @@ € C(P) implies that the spectral decomposition
of b is of the form

b= (1-\,)P,+ E,

n>1

11



with 1 > A\, > 0 a finite set or a strictly decreasing sequence converging to 0. If N(b) is finite
dimensional, then apparently b is a Fredholm operator, and thus () belongs to the restricted
Grassmannian of N(P), i.e. Q € C1(P).
If @ lies in the restricted Grassmannian, it is well known that the index of ) with respect
to N(P) is
dim(R(Q) N N(P)) — dim(N(Q) N R(P)) = dim Ho1 — dim H1p.

O

Note that if the projection @) has finite rank, then the subspace Hgg is infinite dimensional
(recall that P € P (H)).

Example 5.8. There is a classical example, in the framework of the main application of the
restricted Grassmannian [31], to the parametrization of solutions of the KdV equation. In our
case we may state it in the following manner. Let

H = L*(T,dt)
where T is the 1-torus, and consider the decomposition

H=H_OH,y,
where H is the Hardy space. If ¢ : T — C is a continuous non-vanishing function, then ¢H_
belongs to the restricted Grassmannian of H_, and therefore the pair (P, , Py%_) belongs to
C1. The index of the pair coincides with the winding number of the function ¢ (28], [31]).
6 Essential projections
Following the notation of the previous section, denote

Coo ={(P,Q) €C: Q € Cc(P)},

the union of Coo(P) for all P € Poo(H). Let (P, Q) € Cx. Write @ as a matrix in terms of P as

before,
a T
o= (1 7)

witha =3 <) \Pp+ Erand b=} (1 — A\;) P, + Ej. Define

0, (B 0
=\ 0 S PL+E )
Apparently Qg is a projection; it is also clear that Qg € Poo(H). Indeed, since r(E;) < oo,
it follows that dim N(Qg) = oo. If the sequence {\,} is finite, the facts that they have finite

multiplicities and that b is a Fredholm operator, imply that r(F}) = oo. If the sequence is
infinite, then (>, P)) = co. In any case, 7(Qq) = oc.

Lemma 6.1. B=Q + Qg4 — 1 is invertible in H.

12



Proof. Note that, writing 1gp) = E1+ N + 3, 5 Py, and 1ypy = E1 + N + 37 - Py, where
where N and N’ denote the orthogonal projections onto the nullspaces of a and b in R(P) and
N(P), respectively, one has

5o TaziGn - VP +E - N x
* S (1= A)P, + E| — N’

The diagonal entries of B are invertible in R(P) and N (P). Indeed, they are diagonal operators
with non nil eigenvectors that accumulate (eventually) at —1 and 1, respectively. The codiagonal
entries of B are compact. It follows that B is of the form invertible plus compact. Thus it is
a Fredholm operator, and in particular it has closed range. Therefore, since B is selfadjoint, it
suffices to show that it has trivial nullspace. Note that B is a difference of projections, namely

B=Q—(1-Qa)

It is an elementary fact that the nullspace of a difference of projections is

N(B) = (N(Q)NN(1—-Qq) ® (R(Q) NR(1 - Qa)) = (N(Q) N R(Qa)) & (R(Q) N N(Qa))-
Let us see that N(Q) N R(Qq) = {0}. Let £ +n € R(P)® N(P)="H in N(Q) N R(Qq). Then

Ex¢=¢ and Y P+ Einp=n. (3)

n>1

This implies that P,£ = 0 for all n, N¢ = 0 and N'np = 0. Also one has

0=a"{+ anl(l — ) Byn + E'n.

Recall that R(z) = @,>1R(P,) which is orthogonal to R(E7). Thus £ = 0 and zn = 0. Since
the nullspace of z is R(N') @ R(E]), one has that n = N’ + E{n. Combining this with the
second equality in (3), yields N'n = 0 and E'n = n (and P)n = 0 for all n). Using these facts in
the second equation of (4), one obtains n = 0.

The fact that R(Q) N N(Qq) = {0} is proved in a similar fashion. O

Remark 6.2. Buckholtz [7] proved that a difference of projections P; — P; is invertible if and
only if [|[P; + P, — 1|| < 1. In our case, this implies that

1Q — Qall < 1.

Lemma 6.3. The unitary part U of B in the polar decomposition B = U|B| belongs to U°,.(P).

Proof. As remarked in the above proof, the off-diagonal entries of B (in its matrix in terms of
P) are compact. Therefore B is an invertible element in the C*-algebra Ap(#). It follows that
its unitary part is a unitary element of this algebra, namely U,.s(P). We need to show that
it has index zero. The index is in fact defined in the whole invertible group of Ap(H), and it
coincides with the index of the 1,1 entry. As it was also pointed out in the proof above, the 1,1
entry of B is invertible in R(P), and thus it has trivial index. O

13



Remark 6.4. It is well known (see for instance [10]) that if an invertible operator intertwines
two selfadjoint projections, then its unitary part in the polar decomposition also does. In our
case,

BQ = QQq = QaB.

Therefore UQ = QuU, or UQU™ = Q.
Note also the fact that since B is selfadjoint, U is a symmetry (i.e., a selfadjoint unitary:
S* =871 =9), so that UQU = Qq.

Lemma 6.5. Let E, F be two projections in Coo which commute with P. Then they are unitarily

equivalent with a unitary operator in U, (P).

Proof. In terms of P, one has

([ E 0 ([ F 0
E-( 0 E2> and F—( 0 F2>,
where F; and F have finite rank in R(P) and Ey and F; have infinite rank and nullity in N (P).
By means of a unitary operator of the form

1R(p) 0
0 |

one is reduced to the case Ey = Fy. Clearly this unitary operator belongs to /°

res(P). In order
to prove that F and F are conjugate with a unitary in U2 (P), it suffices to show that any of

these projections, for instance F, can be conjugated with

Consider the following orthonormal bases:

e {¢,: 1 <n} an orthonormal basis of R(E3) (in N(P)).

e {e;:1 <} an orthonormal basis of N(P) © R(E3).

o {fi:1 <k} an orthonormal basis of R(P), with fi,..., fy spanning R(E}).
Consider U defined as follows:

e Ulep) =frnif 1 <n < N,and U(e,) =e,_n if n >N+ 1.

o Ule)) = e, -

o U(fy)=¢€; if1<k<N,and U(f;) = frif n>N+1.

It is straightforward to verify that U is a unitary operator. Note also that U is not the identity
only on a finite number of fi, and thus UP and PU are of the form P plus compact. Therefore
[U, P| is compact, i.e. U € Ues(P). For the same reason, on R(P), U is the identity plus a finite
rank operator, and thus U has index zero. Finally, by construction,

U(R(Ey)) = R(E1) and U(N(Eo)) = N(En).

14



From these facts, the main result of this Section follows:
Theorem 6.6.

1. Let Py € Poo(H), then the action of U2, (Py) is transitive in Coo(Py). In particular, Coo(Po)
is connected.

2. Cx 1s comnected,

Proof. Let @ and R be elements of Coo(Py). By the first two lemmas above, Q is U (Py)-
conjugate to Qg and R is U, (Py)-conjugated to Ry. Ry and Qq are UL, (Py)-conjugate by the
third lemma.

To prove the second assertion, suppose that (P, Q) and (P, Q') belong to Co. Since by
hypothesis P, P’ € Py (H), there exists a unitary operator W = e (X* = X) such that
W PW?* = P'. Apparently, the pairs (P, Q) and (P', WQW™) are homotopic in Cx, (for instance,
by means of the curve (X Pe=#X ¢®XQe~#"X)). Thus it suffices to show that (P', WQW*)
and (P’,Q’) are homotopic in Coo. This is the first assertion. O

Note that in particular, this implies that if @ € Co(P), then also Q4 € Cs(P). This fact
could have been obtained directly from the definition of Qg .

Remark 6.7. Consider the example at the beginning of Section 1, namely let I, J be measurable
subsets of R" of finite measure, and put Pr,Q; € P(L*(R",dz)) given by

Pif =xif and Quf = (xuf)".

Lenard proved [25] that N(Pr) N N(Q) is infinite dimensional. Therefore the matrix of Qs
in terms of P; (whose first column and row are compact) has the 2,2 entry which is not a
Fredholm operator. Clearly it is not compact (which would mean that (; has finite rank).
Therefore (Pr, Q) € Coo.

From the above result it follows that all pairs constructed in this way can be joined by a
continuous curve inside Co.

The above Remark, showing that pairs in the example by Lenard belong to Co, can be
generalized. Recall the characterizations of Cy and C; in terms of the Halmos decomposition:

Proposition 6.8. Let (P,Q) € C. Then (P,Q) € Co if and only if dim R(Q) = oo and
dim Hgg = o0.

Remark 6.9. Apparently, (P,Q) € C if and only if (Q,P) € C: PQ is compact if and only
if QP is compact. There is a however an abuse of notation in this assertion, because we have
supposed from the beginning that the first coordinate of the pair must belong to Ps. Assume
thus that also @ € Pxo.

Note that if furthermore (P, Q) € C1, then also (@, P) € Cy. This follows in a straightforward
manner from the definition of the restricted Grassmannian, by taking adjoints. Also it is clear
that the index of the reversed pair changes sign.

As a consequence (since the class Cy is explicitly excluded), it follows that (P,Q) € Coo
implies that (Q, P) € Coo.
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7 Regular structure

Let us recall some basic facts on the differential geometry of the set P(H) (see for instance [10],

[29]).

Remark 7.1.

1.

The space P(H) is a homogeneous space under the action of the unitary group U(H) by
inner conjugation. The orbits of the action coincide with the connected components of
P(H), which are: Py, o(H) (projections of nullity n), Pso n(H) (projections of rank n) and
Poo(H) (projections of infinite rank and nullity). These components are C'*°-submanifolds

of B(H).

. There is a natural linear connection in B(#H). If dimH < oo, it is the Levi-Civita connection

of the Riemannian metric which consists of considering the Frobenius inner product at
every tangent space. It is based on the diagonal - codiagonal decompositon of B(H).
To be more specific, given Py € P(H), the tangent space of P(H) at Py consists of all
selfadjoint codiagonal matrices (in terms of Py). The linear connection in P(#H) is induced
by a reductive structure, where the horizontal elements at Py (in the Lie algebra of U(H):
the space of antihermitian elements of B(#)) are the codiagonal antihermitian operators.
The geodesics of P which start at Py are curves of the form

5(t) — eitXpoef’itX’ (5)

with X* = X codiagonal with respect to Py. It was proved in [29] that if Py, P, € P(H)
satisfy || Po— Pi|| < 1, then there exists a unique geodesic (up to reparametrization) joining
Py and P;. This condition is not necessary for the existence of a unique geodesic.

. In [2] a necessary and sufficient condition was found, in order that there exists a unique

geodesic joining two projections P and (). This is the case if and only if

R(P) N N(Q) = N(P) N R(Q) = {0}.

. If dimH = oo, the Frobenius metric is not available. If one endows each tangent space of

P(H) with the usual norm of B(#), one obtains a continuous (non regular) Finsler metric.
In [29] it was shown that the geodesics (5) remain minimal among their endpoints for all

t such that
T

21X

2| <

. It is sometimes useful to parametrize projections using symmetries S (S* = S, S? = 1),

via the affine map
P<+— Sp=2P —1.

Some algebraic computations are simpler with symmetries. For instance, the condition
that the exponent X (of the geodesic) is Py-codiagonal means that X anti-commutes with
Sp,. Thus the geodesic (5), in terms of symmetries, can be expressed

Sé (t) _ eitXSPOefitX _ e?itXSPO — SPOefZitX.
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Fix Py € Poo(H). We shall see first that C(F) is a differentiable manifold. If A is a
C*-algebra, denote by Ay the space of selfadjoint elements of A.

Lemma 7.2. If Q,Q' € C(Py) and ||Q — Q'|| < 1, then there exists U € U (Py) such that

UQU* = @Q'. This unitary operator U can be chosen as an explicit smooth formula in terms of
Q and Q. In particular, @ and Q' lie in the same (class and) connected component of C(P).

Proof. 1If ||Q — @'|| < 1, then there exists a unique geodesic joining @ and @’ in P(H): Q' =
X Qe X for X* = X Q-codiagonal with || X|| < /2. As remarked in [10], the fact that X is
(Q-codiagonal implies that X anti-commutes with 2¢) — 1. Then

2Q" — 1= (2Q — 1)e ™ = 2X(2Q — 1).
Thus '
2N = (2Q' - 1)(2Q — 1),

Since ||2i X || < , the spectrum of (2Q' —1)(2Q — 1) is contained in the subset {e¢? : t € (—m, 7)}
of the unit circle, and thus X can be recovered as a continuous (in fact holomorphic) logarithm
of (2Q" - 1)(2Q - 1), _

i

X =~ log((2Q' ~ 1)(2Q ~ 1))

Note that both (2Q" —1)(2Q — 1) Py and Py(2Q" — 1)(2Q — 1) are of the form Py plus compact.
It follows that [(2Q" —1)(2Q — 1), Py] is compact, and thus (2Q" — 1)(2Q — 1) € Uyes(Py). This
implies that the exponent X belongs to Ap, (recall that the exponential map is a diffeomorphism
between exponents X* = X in Ap, of norm less than 7 and unitaries U in Upes(Pp) such that
U —1| < 2). O

Remark 7.3. In particular, the above result provides a way to parametrize elements Q' € C(P)
in the vicinity of a given @ € C(Fp). Namely, let

Vo=1{Q €C(R): Q" - Qll <1}.

For each Q' € Vg, there exists a unique X = Xg(Q'), X*, ||X|| < 7/2, which is @-codiagonal
and belongs to Ap,, such that X Qe X = (.

Conversely, to each X as above, there corresponds an element Q' = e!X Qe™*X € C(P), with
|Q" — Q|| < 1. Apparently both maps

Q —X and X — Q’

are smooth maps, and each one is the inverse of the other. Thus one has defined a local chart
Vo for any @ € C(Fy), which is modelled in an open ball of (Ap,)s.

Corollary 7.4. For any Py € Pso(H), the set C(Py) is a smooth manifold modeled in Ap,(H)p,.
Let us prove now that the whole set of pairs C is also a smooth manifold:

Theorem 7.5. The set
C={(P,Q): P € Px(H),PQ is compact}

is a smooth differentiable manifold.
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Proof. Fix a pair (Py, Qo) € C. We shall exhibit a local chart for C near this pair. Let (P, Q) € C
such that |P — P|| < 1. Then, as remarked above, there exists X = X (P) (a smooth map in
terms of P, with X (Py) =0), X* = X, || X|| < 7/2 and X is Py-codiagonal, such that

P = eiXPoe_iX.
Then the pair e X (P, Q)e'™ = (Py, e~ X Qe belongs to C(Py). Let (P,Q) be close enough to

(P, Qo) so that e~ QeX lies in the local chart Vg, for C(Fy) around Qq constructed above.
Note that if P — Py, then €' — 1, so that

le”* Qe — Qol| < [le”* Qe — Q| + [|Q — Qo
is arbitrarily small if (P, Q) is close to (Py, Qo). The chart for (FPy, Qo) is the open set
Vipogo) = {(P,Q) €C:||P — Pyl| <1 and e X Qe™ € Vg, }.

If e~ X Qe € Vg,, then there exists a unique Y = Xg, (e "X Qe™X) in Ap,, Y* =Y, ||Y| < 7/2,
which is Qg-codiagonal, such that

e*iXQeiX _ eiYQOefiY.

Denote Bp, = {X € By(H) : || X|| < 7/2 and X is Py — codiagonal} (and accordingly consider
Bg,). Consider the map

v = \I/(P07QO) : V(PO»QO) — Bp, X (BQO N (APo)h) C By(H) x (APo)h

given by
¥(P,Q)=(X,Y).

The inverse of ¥ is the map
\IJil(X, Y) — (eiXpoefin eiyeiXQoefiYefiX)'
It is straightforward to verify that these maps are each other inverses. O

Let us return to C(F) for a fixed Py € C, and the fact stated in Remark (7.3). This remark
says a bit more about the geometry of C(F) as a submanifold of P(?). Recall from the facts
pointed out at the beginning of this section, that two projections at distance less than one are
joined by a unique minimal geodesic.

Corollary 7.6. Let Q,Q" € C(Py) such that ||Q — Q'|| < 1. Then the unique geodesic of P(H)
remains inside C(F).

Proof. If Q,Q" € C(Py) with ||Q — Q’|| < 1, then then the unique (selfadjoint, Q-codiagonal)
exponent X = X¢(Q') with || X|| < /2 such that eXQe™™ = @', belongs to Ap,. O

Recall from Remark 7.1, the fact that if a weaker condition holds, namely
R(Q)NN(Q) = N(@Q)nR(Q") = {0},

then there exists a unique X as above. A natural question is the following. Suppose that this
condition for uniqueness holds, but ||Q — Q'|| = 1, does the unique geodesic (t) = e'* Qe
belong to C(P)?

18



8 Pairs P, )y

In [2] it was characterized when two projections P, Q) are joined by a geodesic, and furthermore
when this geodesic is unique. Namely, there exists a geodesic of P(H) joining P and @ if and
only if (in the notation above)

dim H19 = dim Ho; -

The geodesic is unique if and only if Hip = Ho1 = {0}. Also it was noted the the exponent X
of the geodesics joining P and @) is both P and Q-codiagonal.
Lenard proved in [25], that for the projections P;, Qs € P(L*(R"™,dz)) given by

Pf=xif and Qf=(xsf)"
for I, J be measurable subsets of R” of finite measure, one has
R(Pr)NN(Qy) = R(Qy) N N(Pr) ={0}.

Moreover, ||P; — Q|| = 1.
Putting these facts together one obtains the following

Theorem 8.1. Let I,J be measurable subsets of R™ of finite measure, and Pr, (Q; the above
projections. Then there exists a unique selfadjoint operator Xy j satisfying:

1. || X1, =7/2.

2. X1,j is Pr and Qj codiagonal. In other words, X; j maps functions in L?(R™, dz) with
support in I to functions with support in R™ — I, and functions such that f has support in
J to functions such that the Fourier transform has support in R™ — J.

3. eiXI"JpjeiiXI’J =Qy.

4. If P(t), t € [0,1] is a smooth curve in P(H) with P(0) = Pr and P(1) = Q) , then
1
(P) = [ 1P@]dt = /2.
0
Proof. The fact that |[P; — Q|| = 1 means that || X7 || = 7/2 (which is the length of the

minimal geodesic joining these projections [2]). O

Remark 8.2. It is known [16] that A\, = || P;Q,Pr|| = || PrQs]|?> < 1, and moreover /A1 equals
the cosine of the angle between the subspaces R(Pr) and R(Q).

One can also relate this number A\; with the operator X; ;. Using Halmos’ decomposition
(recall that it consists only of Hgp and the generic part Hg in this case),

c? 0
PIQJPJ—OEB< 0 O>
and thus A\; = ||cos(X)||?. We shall see below that the spectrum of X is a strictly increasing

sequence of positive eigenvalues v, — 7/2, with finite multiplicity. Moreover, since P;Q jPy
belongs to B1(H), it follows that C' € B2(L). Thus

{cos(yn)} € £2.
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Theorem 8.3. Let I, Iy, J be measurable subsets of R™ of finite Lebesque measure, with |[INIy| =
0. Let Py = Pr,. Then the selfadjoint operator Xy j has closed infinite dimensional range, in
particular it is not compact. The commutant [ X1 5, Py] is compact.

Proof. Easy matrix computations ([2]) show that, in the decomposition H = Hoy @ (L x L),

X7, is of the form
0 —iX
X[,J—O@<Z.X 0 >

Note that the spectrum of this operator is symmetric with respect to the origin. Indeed, if V'

0 1
vors(01),

then apparently VX7 ;V = — X7 ;. Also note that

X2 0

equals the symmetry

Therefore the spectrum of Xy ; is
o(Xr7) ={0}U{yn:n>1}U{~—v :n>1},

with 0 of infinite multiplicity, and the multiplicity of +,, equal to the multiplicity of —v,, and
finite. What matters here, is that the set {7, : n > 1} is infinite, and is therefore an increasing
sequence converging to m/2. This holds because otherwise, the operator C' would have finite
rank, and therefore PrQ ;Pr would be of finite rank, which is not the case (see [25]). Thus Xy ;
has closed range. of infinite dimension.
Note that Pr and @ belong to Coo(Fp). Indeed PrPy =0 and Q Py = Q. P, is compact.
Reasoning with symmetries, the fact that P;, Qs € C(Py) implies that

Spr,5q, € Ap,-
Since Sg, = ei2XI»JSpI, this implies that
e'2X1. S APO-

By the spectral picture of X7 ; it is clear that X7 ; can be obtained as an holomorphic function
of e2X1.7 Since Ap, is a C*-algebra, this implies that X; ; € Ap,. O

Let us relate the operator X; ; with the mathematical version of the uncertainty principle,
according to [14] and [16].

Let A € B(H) be an operator with closed range, the reduced minimum modulus v4 of A is
the positive number

74 = min{[[A€]| : € € N(A)", €]l = 1} = min{[A| : A € o (A4), A £ 0}.

Donoho and Stark [14] underline the role of the number ||Q;Pr|| and consider any constant c
such that ||QPr| < ¢ a manifestation of the (mathematical) uncertainty principle. By the
above Remark, we have
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Corollary 8.4. With the current notations,

Qs Pr|| = cos(vx;.,)-

Proof. Indeed, in the above description of the spectrum of X7 ;, the reduced minimum modulus
vx; , of X7 j coincides with 7. ]

This co-diagonal exponent X ; (with respect both to Py and @) has interesting features
when I = J.

If we pick I = J (with |I| < 00), and denote by X; = X ;, we have two unitary operators
intertwining Py and Q7. Namely, the Fourier transform Uz and the exponential ¢*X7,

UrPUr = Qp = X1 Pre™%1,

Let H = H* be the natural logarithm of the Fourier transform, e’ = Uz. Namely, writing E1,
FE_1, E; and E_; the eigenprojections of Ur,

s ™
H=-7nFE_1+ §Ez - §E—z

Note that ||H|| = w. Thus one obtains a smooth path joining P; and Q;:
go(t) — e_ithjeitH.
Indeed, apparently ¢(1) = Q.

Theorem 8.5. For any Lebesgue measurable set I C R™ with |I| < oo, one has
IH, Pr]l| = [[[H, Qr]l| = /2.

Proof. The geodesic d; with exponent X is the shortest curve in P(H) joining P; and Q7. Its
length is /2. Then

1 1
7T/ZSf(sO)Z/O IISb(t)HdtZ/0 e [H, Prle”"||dt = ||[H, Pr]|.

Note that

UrH, P|lUr = [H,UxPUr| = [H, Q]
because Ur and H commute. ]
Remark 8.6.

1. We may write H in terms of Ur using the well known formulas

1 1 1
E_| = Z(1—UJE+U3T—U§’E), E; = Z(1—z’UF—U]%ﬂ'UJ?’r), E_;= Z(1+z'U]s—U}‘T—w;”;),
and thus -
H= {1+ 1+)Ur - Uz + (1 +4)U3}.
Then

T , .
[H, Pr] = {(+3)[UF, P = [UF, Pi] + (1 +4)[U%, Pr]}
The inequality in Corollary 8.5 can be written

I(1+8)[Ur, Pr] — [U%, Pr] + (1 +0)[UZ, Pr]|| > 2.
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2. In the special case when the set I is (essentially) symmetric with respect to the origin, Py
commutes with U]2_-, so that

[U%,Pf] =0 and [U%, P;] = [Ur, PfJU% = U%[Ur, Py
one has
(1+d)m
4
The operator U% f(z) = f(—z) is a symmetry, then 3(1+U%) is the orthogonal projection

E, onto the the subspace of essentially even functions (f(z) = f(—z) a.e.). Then one can
write

[H, P[] = Uz, P|(1+UZ).

(1+4)m
2

I+

[H7PI]: 2

[Ur, P E. = Ec[UgF, Prl.

Corollary 8.7. Suppose that I is essentially symmetric, with finite measure.

1
1
E[Ur, Pl)|| = | E[UF, P)E.| > —.
|Ee[Ur, Prll| = || EelUF, Pr]Ec|| 7
V2’

where E.Pr = PrE. and E.Q; = Q1E. are orthogonal projections.

|EePr — EcQrl| >

Proof. Recall that E. and Ur commute. Then
E.[Ur,P1|E, = E.(UrP; — PiUr)E, = UrE.(P; — UrPiUr)E,
= U]:Ee(PI - QI)Ee-
where F., as well as Uz, and thus also Q; = UrPiUr commute with E.. O

The ranges of these two orthogonal projections E.P; and E.(Q); consist of the elements of
L? which are essentially even and vanish (essentially) outside I, and the analogous set for the
Fourier transform.

Let us return to the general setting (I not necessarily equal to J). The ranges and nullspaces
of Pr and @)y have several interesting properties. First we need the following lemma:

Lemma 8.8. Let P,Q be orthogonal projections such that |P — Q|| = 1. Then one and only
one of the following conditions hold:

1. N(P)+ R(Q) = H, with non direct sum (and this is equivalent to R(P) + N(Q) being a
direct sum and a closed proper subspace of H).

2. R(P)+ N(Q) = H, with non direct sum (and this is equivalent to N(P) 4+ R(Q) being a
direct sum and a closed proper subspace of H).

3. R(P)+ N(Q) is non closed (and this is equivalent to N(P) + R(Q) being non closed).
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Proof. By the Krein-Krasnoselskii-Milman formula (see for instance [22])

1P = Q| = max{[[P(1 = Q)[|, [Q(1 = P)II},
we have that one and only one of the following hold:
L PA-@Q)l <land Q- P) =1,
2. [P1-Q)||=1and [|Q(1 —P)|| <1,or
3. P -Q) =1and [|[Q(1 - P)|| = 1.

This alternative corresponds precisely with the three conditions in the Lemma. It is known [12]
that for two orthogonal projections E and F, | EF|| < 1 holds if and only if R(E)NR(F) = {0}
and R(F) + R(F) closed. The sum M + N of two subspaces is closed if and only if the sum
ML+ Nt is closed (see [12]). Therefore, ||[EF|| < 1 is also equivalent to N (E) 4+ N(F) = H.

If we apply these facts to £ = P and F = 1 — (), we obtain that the first alternative is
equivalent to R(P) N N(Q) = {0} and R(P) + N(Q) closed, or to N(P) + R(Q) = H.

Analogously, the second alternative is equivalent to R(Q) N N(P) = {0} and R(Q) + N(P)
closed, or to N(Q) + R(P) = H.

Note that in the first case, R(P) + N(Q) is proper, otherwise its orthogonal complement
would be N(P) N R(Q) = {0}, which together with the fact that N(P) + R(Q) = H (closed!),
would lead us to the second alternative.

Analogously in the second alternative, N(P) + R(Q) is proper.

If neither of these two happen, it is clear that R(P) + N(Q) (nor, equivalently the sum of
the orthogonals N(P) 4+ R(Q)) is closed. O

We have the following:
Theorem 8.9. Let I, J C R™ with finite Lebesgue measure. Then

1. R(Pr)+ R(Qy) is a closed proper subset of L>(R™), with infinite codimension. The sum is
direct (R(Pr) N R(Qy) = {0}).

2. N(P;) + N(Qy) = L3(R"), and the sum is not direct (N(P;) N N(Q) is infinite dimen-
sional).

3. R(P;) + N(Qy) and N(Pr) + R(Qy) are proper dense subspaces of L*(R"™), and R(Pr) N
N(Qs) = N(Pr) N R(Q) = {0}

Proof. By the cited result [12], two projections P, @, satisfy that R(P) + R(Q) is closed and
R(P)NR(Q) = {0} if and only if ||PQ|| < 1. It is also known (see above, [16]) that ||PrQs|| < 1.
The intersection of these spaces is, in our case (using the notation of the Halmos’ decomposition)

R(P;) N R(Qy) = Hi1 = {0}.

As remarked above, Lenard proved that Hi1 = Hi9 = Ho1 = {0}, and Hgp is infinite dimensional.
The orthogonal supplement of this sum is

(R(Pr) + R(Qy))" = N(Pr) N N(Qy) = Hoo-
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Thus the first assertion follows.
In our case ||Pr — Q|| =1 ([16], [25]) thus we may apply the above Lemma.
The first condition cannot happen:

(N(Pp) + R(Q)* = R(P) N N(Qy) = Hio = {0}.

By a similar argument, neither the second condition can happen. Thus R(P;) + R(Q) is non
closed, and its orthogonal supplement is trivial. Thus the second and third assertions follow. [

Remark 8.10. It is known (see for instance [15]), that if P, Q) are projections with PQ compact
and R(P) N R(Q) = {0}, then
| PQI < 1.

In [9], the second named author and A. Maestripieri studied the set of operators T € B(H)
which are of the form T = PQ. Among other properties, they proved that T may have many
factorizations, but there is a minimal factorization (called canonical factorization of T ), namely

T - PTT)PN(T)L’

which satisfies that if T = PQ, then R(T) C R(P) and N(T)* C R(Q) (or equivalently N(Q) C
N(T)). Following this notation,

Proposition 8.11. The factorization PrQ; is canonical.

Proof. Put T' = P;Q ;. Using Halmos’ decomposition in this particular case (H = Hoo® (L x L)),
apparently

C 0
PIQJP1—0@< 0 O)’

and thus R(P;Q P;) = 0@ (R(C) x 0). Recall that C? > 0, and thus C? has dense range. It
follows that

R(T) = R(P1Qy) = R(P1QsPr) =0® (£ x 0),
which is precisely the range of P;: R(T) = R(P;). Note the following elementary fact:
N(PQ) = N(Q) ® (R(Q) N N(P)).
For the factorization T' = PrQ it is known ([25]) that R(Qs) N N(Pr) = 0. Thus
N(T) = N(PQs) = N(Q,)

and the proof follows. O
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