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I. ABSTRACT. In this note, we prove several multiplicative products of the 1 -dimensional
Hankel transform. In fact the following formulae:

w{5® e} {50 o} = o s T wean b am
H{5®) (P)}.H{s®(P)} = CH{(S(HZJFHT?Q)(P)} , o (Iv,9)

H{6®) (|21%) ) 15O (j2[?)} = CH{5(’“+“HT_2>(Im|2)} ;o (VD)

We observe that the above results were inspirated in a non-edited paper due to Manuel
Aguirre Téllez (cfr. [8]).

I1. Introduction.

We begin with some definitions. Let = = (x1,22,...,2,) be a point of the n-
dimensional Euclidean space IR". Consider a non-degenerate quadratic form in n

variables of the form

P:P(:z:):a:§+~~—|—a;12,—acl2)+1—~~—:cf,+q, (I1,1)

where n=p+gq.

We define the two following distributions, as follows

PN if P
P = { it P>0, (I1,2)
0 if P <0;

* Address: IAM-CONICET - Saavedra 15-3er.Piso-(1058), Buenos Aires. TE: 4954-6781/82 - FAX:
4954-6782 - e-mail: trione@iamba.edu.ar



and
P =

0 if P >0,
{ (11,3)

(-P)* if P<O.
H denotes the distributional Hankel transform. Let ¢(t) be definedin IR : {t,¢ > 0} .

By the Hankel transform of the function ¢(¢) we mean the function g(s), 0 < s < oo,
defined by the formula

o) = H{olo)) = | " ()], (xt)V/atdt | (T, 4)
or, equivalently,
1 [ ws
o) = (H{o0D) = 5 [ GOFT Ropa (Vo) (11,5)
Rm(x) = JZZ?SC) ) (IL 6)

and J,,(x) is the well-known Bessel function defined by the formula

RN G VA € I
Im (@) _VZ:OI/!F(m—f-I/—f—l) '

(I1,7)

It is well known (cfr.[1], p. 240) that if ¢(t) satisfies adequate conditions, for
example if ¢(t) belongs to Sp+ , the following formula is valid:

1

o) = (HlgD = [ o)™ Raa (Vo (1,

Let Sp+ designate the space of functions f € S defined in the positive half line
IRt = {t,t >0}. By S’r+ we designate the dual of Sy, + .

Let U(t) € S'p+. The Hankel transform of U(t) will be, by definition, the
distribution v(s) € S'R+ , defined by the formula

(H{U@), o(s)}) = (U (#), (H{d(s)})) , (IT, 9)

for every ¢ € S+ .

There are other definitions of the Hankel transform of distributions (cfr. [2]) but,
here we use the definition which appears in [3], Appendix I, p. 64, especially, Theorem
26, p. 72. In fact, we have that

H(T) ={T}" , (I1, 10)
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here T is the image of T belongs to S~ in S, defined by the formula
(T, 6(1)) = (T,6(r%)) , (IL, 11)

for every ¢ € Sp+ .

We designate S%gn~ the family of functions f(z) belongs to Sk~ and, further,
invariable by rotations. Moreover, S'%r» designates the dual of S%g~ .

Following strictly the definitions of [8], we shall define the k-th derivative of Dirac
delta in u(xy,x2,...,n,).

Let ¢; denote a distribution of one variable ¢. Let u € C*°(IR™) be such that

(n—1)-dimensional manifold w(z1,z2,...,7,) = 0 has no critical point. By ¢,) (cfr.
[9], page 102) we designate the distribution defined on IR"™ by

<¢u(x),90('r)> = <¢t7w(t>> ) (IL 12)

where

b(t) = / e d) (I1,13)

and ¢ € C§°(IR™) is the set of infinitely differentiable functions with compact support

and w, is a (n —1)-dimensional exterior differential form on u defined as follows:
du Ndw =dxy N\... Ndzy, , (11, 14)

and the orientation of the manifold u(z) =1t is such that w,(x,dz) > 0.

On the other hand (cfr. [10], p. 230, form. (6)), we have

<6(k)(G($177mn)7gp(Ila,xn)) = (_1)k/ wk;((ﬂ) s (II, 15)
G(z)=0
k=0,1,...; where z = (z1,...,2,), G(x1,...,2z,) is such an infinitely differentiable
function that . .
dG=——,...,— I, 1

wi () o {D(i)gp,(ul,...,un)}dul...dun, (IL, 17)

— ok
ouy

wo = p.w , (I, 18)
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U2 = T2,
(I1, 19)
Up = Tn,
and
T uw\ - 1
Ox1
with -
—>0. 11,21
8%1 > ( ) )
Otherwise, from [10], p. 211, form.. (8),
5(k)<(G(x))7 90> = <_1)k /G ff/f) (07 Uz, . .. 7un)du27 s 7dun ) (IL 22)
where
f(ul,u2,...,un):gpl(ul,...,un)D(i) , (11, 23)
@1(“17“27"'7“%):Sp(wlvx%'“;xn) 9 (11724)

and D(?) is defined by (IL,20).

x
u

ITII. The multiplicative product of the Hankel transform of the k-th deriva-

tive of the Dirac delta in u(zq,z2,...,2,).

In this paragraph we shall obtain the following formula

H {5(k)(u(a:))} H {5<f> (u(x))} — DH {5<k+f+"7‘2>(u(x))} , (111, 1)

where D is a constant given by (IIL8).
Taking into account the formula (26), p. 4 of [8], we know that

{60 @)} = H {5 (s, w2, ) } = By, v, 5a)) T
(111, 2)



where 6 (u(xq,...,2,)) is given by the formula (II,22) and

1
i = i r (2 1 )

(111, 3)

w(Y1,Y2, -+, Yn) € C°(IR™) besuch that the (n—1)-dimensional manifold u(yi,...,yn) =

0 has no critical points.

Then, we have

H {60 () b 1 {50 ()} = Bron () =+ Boa(u(y) 5

I11,4
— Bin-Bon(u(y)) T tHHT 4 -

The passage from the second to the third equality of (I11,4) is licit. Indeed, we can
multiplicate [u(y)]*.[u(y)]* first, as locally integrable functions for Re A > 0, Reyu > 0,

and then, by analytical continuation, for every A\, u € .

Otherwise, we know (cfr. form. (III,2)) that
H {60 T (w(a) | = By yppnse , (uly) T T (111, 5)

From (II,4) and (II1,5), we have
B

(h++252) _ Rt g f k) ©
H {5 : (u(x))} 55 {5 (u(m))} H {5 (u(a:))} . (IIL,6)
That is,
H {5k+’f+”7‘2>(u(x))} — DM {6(k)(u(w))} H {5<Z>(u(x))} , (IIL, 7)
here B
k+e+252n
D= -——""2" I11
Bk,n-Bﬁ,n , ( ’8)
or, equivalently,
F(2+k)C(2+¢
_renrie) -
227 I'n+k+£¢—-1)
Otherwise, by remembering the Pochhammer symbol, defined as
I'(a+n) I'(l—a)
= = (1) I11, 10
(a) I'(a) (=1) I'(l—a—n) ( )
where a is an arbitrary complex and
a)=1,
(@)o (ITT, 11)

(@) = ala+1)---(a+n—1),
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n =1,2,...; we can express the constant D (form. (II1,9)) in the equivalently form

(5), T(5)(5), (111, 12)

Finally, we note that, taking into account the theorem of identity for Hankel trans-

forms and the formula (II1,2), the following formula is valid:
M) [u(zy, 2, ..., 2n)] = BenH {[u(acl, Ta, ... 7xn)]"772+k} , (111, 13)

where By, ,, is the constant given by (IIL,3).

IV. The multiplicative product of the Hankel transform of the k-th deriva-
tive of the Dirac delta in P(z).

In this paragraph we obtain the multiplicative product of the Hankel transform of
the k-th derivative of the Dirac delta in P(z).

H {5<k>(P)} H {5@)(13)} — OH {5<’f+f+"T‘2>(P)} , (IV, 1)

where C' is the constant given by (IV,9).
We know (cfr. [4], form. (36), p. 279) that

1 =2k
H{é("') P } - =tk IV, 2
(P)} = perrp e O (v,2)
here
Q=vi+ +Us— VU1~ —VYorg (IV,3)
where p+qg=n.
Also, we note by
Q ifQ >0,
Q-l— = . (IV74)
0 if@<0.
Therefore, we obtain the following equation
n=2 k "_—2+g
Q 2 + Q 2
HsE(P) L H W (P)} = s s . IV, 5
{ ( >} { ( )} 223 T (24+k) 225 T (2 +0) ( )
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By taking into account the Theorem 2, p. 23 of [5], we can write, equivalently, the
formula (IV,5) as

Q"T*Q+k+"7*2+e
(k) (o) — +
H{5 (P)} 'H {‘5 (P>} Q2MEFHUET T (2 4 k)T (2 +0) (IV.6)
Otherwise, we have
B QHT_2+k+£+nT_2
H{se) (p)) = A . (IV,7)
92(k+e+"52)+5 (2 + &+ £+ 752)
From (IV,6) and (IV,7), we arrive at the following formula
H {(5(’“)(P)} H {M(P)} — OH {5(k+4+”7’2>(13)} , (IV,8)
where C' is the constant given by
22 2T (n4+k+0-1) IV 9)

D(2+k) (249

V. The multiplicative product of the Hankel transform of the k-th derivative
of the Dirac delta of |z|?.

We know that P = P(x) = |z|* if p=n and ¢ =0 in the formula (IL,1), so the

formula (IV,8) arrives at
H{o® ()} H {0 () | = cr {6t ()} (V. 1)

where C' is the constant given by (IV,9).
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