On the causal and anticausal n-dimensional convolution equation

related to the Diamond kernel of Marcel Riesz.
SusaANA ELENA TRIONE*

ABSTRACT. In this Note we extend the Theorem 4.1 ([3], p. 37) due
to A. Kananthai which says that “Given the linear differential equation

of the form
(e“tORS) « u(t) = LPu(t) = ; (I, 1)

then
u(t) = e"‘t(—l)kSgk * Rop(t), (I,2)

is an elementary solution of (I,1) or, equivalently, of the Diamond ker-
nel of Marcel Riesz of (I,1), where Syi(t) and Ror(t) are defined,
respectively by (2,1) and (2,3) of [1] with v = 2k.

Our main result is the Theorem V.1, formula (V,3) which expresses
that: “Given the linear partial differential equation of the form

a—mn

(et ORe) x (P +i0) = = L*(P 410)

o —

> =4. (1,3)

Here L is the partial differential operator of Diamond type defined by
(IV,2). Then

(P £i0)"2" = e (—=1)% - Sop (P’ £ i0) * Roy(P % i0), (L, 4)

is an elementary solution of (I,3) where Sox (P’ +i0) and Roy(P +1i0)
are defined by (II,10) and (II,7), respectively.

1. Introduction

From [1], Theorem 3,1, the equation {*u(t) = § has (—1)¥Sax(t) * Rox(t) as an
elementary solution and is called the Diamond kernel of Marcel Riesz where Sok(t)
and Rk (t) are defined by the formulae (2,1) and (2,3) respectively of [1], with v = 2k,
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where ~ is nonnegative and ¥ is the Diamond operator iterated defined by (II,6).
Otherwise, S.E. Trione ([2]) has proved that (—1)*Sar(P’ % i0) * Rop(P +140), which
are defined by (II,10) and (I1,7), where k= 1,2,...; n integer > 2; is the elementary

a—n

solution of the operator {F(P +i0) = .

The purpose of this Note is extend the Theorem 4.1, due to A. Kananthai, ([3], p.
37), which says that “Given the linear differential equation of the form

(et ORS) x u(t) = LPu(t) =6, (I, 1)

then
u(t) = e®*(—1)%Sap * Rop(t) (1,2)
is an elemantary solution of (I,1) or, equivalently, of the Diamond kernel of Marcel Riesz
of (I,1), where So;(t) and Rax(t) are defined, respectively by (2,1) and (2,3) of [1] with
v =2k.
Our main result is the Theorem V.1, formula (V,3) which expresses that: “Given

the linear partial differential equation of the form

o —

= LF(P+i0)"7 =. (1,3)

a—n
2

(et ORS) (P £ 40)

Here L is the partial differential operator of Diamond type defined by (IV,2). Then

2k—n

(P4i0) 2 = e (=1)" - Sy (P 4 i0) * Ry (P + i0) (1,4)

is an elementary solution of (I,3) where Soi (P’ £i0) and Rax(P £ i0) are defined by
(I1,10) and (II,7), respectively.

Definitions.

Let x = (z1,x2,...,%,) be apoint of the n-dimensional Euclidean space. Consider
a non-degenerate quadratic form in n variables of the form

P:P(IL'):l'%+"'+xp2—$12)+1—"'—{1312)_|_q, (IL]->

where p4+q=n.
The distributions (P +i0)* are defined by

(P +1i0)* = lirr(l){Pj:i5|x|2})‘, (I1,2)

where ¢ >0, [z]? =23+ ---+22, A e C.

The distributions (P 4i0)* are an important contribution of Gelfand ([4], p. 274).
The distributions (P 4 i0)* are analytic in A everywhere except at A = —2 — k,
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k = 0,1,..., where they have simple poles ([4], p. 275). The case A\ = -4 — k,
k=0,1,..., has been evaluated by S.E. Trione ([11]).

By causal (anticausal) distributions we mean distributions of the form (P 4 i0)*,
where

n

P=Px)=234+a3+ - +22_ | —22. (1L, 3)
The causal distributions are particularly important when n = 4 because they

appear frequently in the quantum theory of fields.

We defined the n-dimensional ultrahyperbolic operator, iterated k-times (k inte-
ger > 1) by

k
0? 0? 0? 0?
k
O =|\zs+.. .+ —"55——"""— 55— IL, 4
(890% ot dxZ Ol 8x§+q> ’ (I, 4)
ptg=n.
Also, we define the n-dimensional Laplace operator iterated k-times (k integer
>1) by
ik 0% \"
Ar=(——S+... 4+ . IL, 5
(830% Tt 8x%) (I1,5)
The Diamond operator iterated k-times is defined by
) k
0? 0? 0? 0?
oF — (_+...+_) ) e
x? Ox2 O,y o2, ,
k=0,1,...,and p+qg=n.
We shall write, by definition, P’ = P'(z) = 2% — 2% — .- — 22.
We designate I'; the interior of the forward cone I'y = {z € IR"/z1 > 0,P > 0}
and designates T'y its closure. Similarly, T'_ designates the domain I'_ = {z €

IR",zy <0,P >0}, and I'_ designates its closure.
Now, we define the following functions introduced by S.E. Trione ([5], form. 4, p.
150):

Ra:}%U%tw):{(PiﬂD?— ifzely, (IL7)
0 ifegly.

R, (P £1i0) is called the generalized ultra-hyperbolic kernel of Marcel Riesz

In the formula (I1,7) « is a complex parameter, n the dimension of the space and
K, () is the constant due to Y. Nozaki ([6], p.72) defined by

% T (25721 (459) T(a)
Q(#g=e)r(e5e)

Kn(a) = (IL, 8)

3



p is the number of positive terms of

P=Pl)=ai+ao;+ =T =~ Ty (11, 9)

ptgqg=n
R, (P £ i0) is an ordinary function if Rea > n, and is a distribution of « is
Rea < n and supp R, (P +1i0) C Ty .

Now, we define the causal (anticausal) distributions S, (P’ £i0) as follows:

1T iiﬂqr n—o a—mn
So =8 (P i0) = C T CF) gy (11, 10)
207 7T (3)
where av € @',
P =P(z)=a22 25— — 22, (I1,11)

and ¢ is the number of negative terms of the quadratic form P . The distributional
functions S, (P’ +1i0) are the causal (anticausal) analogues of the elliptic kernel of M.
Riesz ([7]), and have analogous properties ([8]).

Section 1.

Lemma III.1. S, (P’ £i0) and R,(P £i0) are homogeneous distributions of
order o« —n. Moreover, they are tempered distributions.

Proof.  The Lemma 2.1, p. 34 of [3], in the generalized case of our thesis, is valid
taking into account the following comment:

We know that (cf. form. (II.2))
(P +i0)* = lim { P(z) + ie|z|?}*, (IT1, 1)

SO

(Piz’O)Azgi_r)r%](lJris) [m%+---+a¢§—x§+1—---—I?H_q]/\ : (I11, 2)

Therefore, by taking the limit when e tends to zero, the formula of the thesis is
valid because the expression which appears between the clap is true by A. Kananthai
([3], Lemma 2.1, 34-35)

Lemma III.2.  S,(P’'+10) and R,(P £1i0) are tempered distributions.

Proof. By following A. Kananthai ([3]) we know that W.F. Donoghue ([9], 156-159)
establishes that every homogeneous distribution is a tempered distribution. "
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Lemma ITI.3.  The convolution S, (P'+i0)xR,(P+i0) exists and is a tempered
distribution.

Proof.  Taking into account the formula (I1,3;11”), p. 41 of [8] and [10], the convolution
Sy (P +140) x R, (P £140) exists.

Otherwise, by Lemma II1.2, S, (P'+i0) and R+ (P=+i0) are tempered distributions.
Therefore, the convolution S, (P’ % i0) * R, (P £10) is a tempered distribution.

Then, the Lemma II1.3 is proved. "
Section II.
Lemma IV.1.
et OFs = LF§ | (IV,1)
where t = (t1,t2,...,t,) is a variable, a = (a1, 9, ..., ;) Is a constant and both are

the points in the n-dimensional Euclidean space IR"™, k=0,1,....

In the thesis (IV,1), &F is defined by (I1,6) and L is the partial differential operator
of Diamond type and is defined by

def i
L= <>+Za H —222 (araﬂat iﬁtﬁzﬁ%)

r=11i=1
n  ptq 83
23, ) ( oo, T Yo, 6t2>
r=1j=p+1
n  ptgq 82
ZZO""O‘J at ot, -2 Z Y5 ot,
r=111=1 r=1j=p+
n p p+q (IV72)
-2 o Zai(% 2 a”at
r=1 i=1 Jj=p+1
p+q p+q n P
+ Zaf— Z a2 A—2 Za - Z a2 -Z:Ozra—t7
Jj=p+1 Jj=p+1 r=1
p+q n
+ Zaf— Z a2 af,
Jj=p+1 r=1

where

= j=



is the n-dimensional ultrahyperbolic operator, iterated k-times (k integer > 1) de-
fined by (I1,4), p+ q=n, n is the dimensional of the space and

AF = (Z %) , (IV,4)

is the n-dimensional Laplace operator iterated k-times (k integer > 1) defined by
(IL,5).
The formula
O=0A (IV,5)

is valid, by immediately calculation, and e“*{}*§ is a tempered distribution of order
4k .

Proof. By taking into account the definitory formula (1,1), p. 28 of [1], and remem-
bering (II,2) we can evaluate L(P +1i0). Noting that L is defined by (IV,2) and

(P +i0)* = lim (1 + ie) [+ +a)—ah — o~y (IV, 6)
we arrive at our thesis (following A. Kananthai [3]).

Section III.

We note, by taking into account the Lemmaa IV.1, that the following formula is

valid:
(e2tOF8) % (P +i0)" 7 = LFo« (P +i0)"7 = LF(P+i0)"7 | (V,1)
where L is defined by (IV,2).
Now we can state our main theorem
Theorem V.I. Given the linear partial differential equation of the form
(et OF8) (P +i0)" 7 = LF(P+i0)7 =6 . (V,2)
Then,
(P +i0)"7 = e (—1)*So (P £ i0) * Rop(P £ i0) , (V,3)

is an elementary solution of (V,2) or, the same, of the Diamond kernel of Marcel Riesz
solution of (V,2), where Soi(P’ £ i0) and Rai(P £ 1i0) are defined by the formulas
(I1,10) and (I1,7), respectively, with v = 2k .
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Proof. By S.E. Trione ([2]), (—1)*Sai (P’ £i0) is an elementary solution of the
homogeneous ultrahyperbolic operator iterated k-times

Lk_<6_2_8_2 ..... 8_2)’“

2 2 2
Ox{ 0z5 0x?

and also by Trione [5], Rox(P £ i0) is an elementary solution of the n-dimensional
ultrahyperbolic operator O* iterated k-times, here

k
def 82 82 82 82
o*F=E—+.. . +=——-——— - — — 4
(89@% ot dxZ  0x3 oxZ ) (V,4)

p+q=n, k= integer > 1.

We know, by an elementary calculation that

O =0OA. (V,5)
Therefore, by iteration, we obtain immediately that
OF = oFAFx . (V,6)
Now, we consider
e (OFA*S) * Rop (P £140) =6 . (V,7)

By Lemma II1.3, with v = 2k, (—1)¥Sox(P’ % i0) * Roi(P £ i0) exists and is a
tempered distribution.

By convolving both sides of the equation (V,7) by e [(—1)*Sax (P’ +i0) * Roy (P =+
i0)], we obtain

(e¥18) % (P +i0)"7 = e®*(=1) Sy (P’ £ i0) * Ry (P +i0) . (V,8)
It follows that
(P +i0)"7 = e (—1)*So(P" £ i0) * Rop(P £ i0) , (V,9)
formula (V,9) is identical to (V,3) which is the thesis to our main Theorem. So this
finishes the proof of Theorem (V,I). .
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