ON PRINCIPAL EIGENVALUES FOR PERIODIC PARABOLIC STEKLOV PROBLEMS
T. GODOY, E. LAMI DOZO, AND S. PACZKA

ABSTRACT. Let Q be a C2* domain in RNV, N > 2,0 <~y < 1. Let T'> 0 and let L be a uniformly parabolic

operator Lu = %—;‘—Zm a% (aij 597“]) +Zj bj%fi—&—aou , ag > 0., whose coefficients, depending on (z,t) € Q xR,

are 1" periodic in ¢ and satisfy some regularity assumptions. Let A be the N x N matrix whose 7, j entry is a;;

and let v be the unit exterior normal to 9. Let m be a T periodic function (that may change sign) defined
1

1
on Q x R whose restriction to 9Q x R belongs to W;ia’liz (09 x (0,T)) for some large enough ¢. In this
paper we give necessary and sufficient conditions on m for the existence of principal eigenvalues for the periodic
parabolic Steklov problem Lu = 0 on Q xR, (AVu,v) = Amu on O xR, u (z,t) = u(x,t +T),u>0on QxR.
Uniqueness and simplicity of the positive principal eigenvalue is proved and a related maximum principle is
given.

1. INTRODUCTION

Let Q be a C?*7 and bounded domain in RY, N > 2,0 <~y < 1,let T > 0, let {aij}lgij§N7
{b;}1< j<n be two families of real functions defined on 2 x R satisfying a;; € Cr2 (Q x R),
b; € C! (ﬁ X R) , ajj = ajj, and % eC (ﬁ X R) for 1 <4,7 < N. Assume also that

Z aij (z,1) &5 > o |€]

i,J
for some positive constant a and all (2,t) € Q x R, & = (&1,...,&y) € RY and that each
ai; (z,t),bj (x,t) is T periodic in ¢. Let A be the N x N matrix whose ¢, j entry is a;;, let
b= (by,...,bn), let ag be a nonnegative and T periodic function belonging to Cr/2 (ﬁ X R)
and let L be the parabolic operator given by
(1.1) Lu = u; — div (AVu) + (b, Vu) + apu
where (,) denotes the standard inner product on R,

For ¢ > 1, 7 > 0, let W2'(Qx (0,7)) be the Sobolev space of the functions
ue L1(Qx(0,7), uv=u(zxt), = (r,,,,.zx5) such that%—?,g—;‘j and azglxj belong to
L1 (Q x (0,7)) for 1 <14,j < N. We are interested in the periodic parabolic Steklov eigen-
value problem

Lu=01in Q x R,
(1.2) (Py) (AVu,v) = dmu on 092 x R
u(z,t) T periodic in t

where v denotes the unit exterior normal to 02 and the solution u is taken such that

uoxor € Wi (2% (0,7)) for a fixed and large enough ¢. The weight function m is

BRI
assumed 7' periodic and such that mpaxr) € W; T (02 x (0,T)) (the fractional

Sobolev space defined e.g., as in [6], chapter 2, paragraph 3).



2 T. GODOY, E. LAMI DOZO, AND S. PACZKA

Steklov introduced this eigenvalue problem in the elliptic case in connection with the
study of the map, nowadays called Dirichlet to Neumann map (see e.g. [7], chapter VI
of part B, p 395-404) which is also of interest in the inverse problem of reconstructing the
coefficients of L from this map.

We say that \* € R is a principal eigenvalue for the weight m if (Py«) has a positive (i.e.
a nonnegative and non trivial) solution.

In this paper we give necessary and sufficient conditions, on a weight m as above, for
existence of a positive principal eigenvalue. Uniqueness and simplicity of this positive
principal eigenvalue is proved and a related form of the maximum principle is given.

We remark that this weighted eigenvalue problem includes the corresponding elliptic case
where the coefficients are time independent.

In section 2, for given T periodic functions f and ® defined on €2 x R and 92 x R respec-

tively and satisfying fioxor) € L2 (2 x (0,T)), ®aaxor) € W;_g’l_% (092 x (0,7)), we
study existence of T' periodic solutions u : xR — R such that ujpox01) € qu (Qx (0,7))
for the problem

Lu= fon QA xR
bou + (AVu,v) = ® on 92 x R
u(z,t) T periodic in t.

We prove that, under suitable hypothesis on ay and by, this problem has a unique solution.
and we state the boundedness (with respect to the natural topologies involved) of the
corresponding solution operator u = Sy, (f,®) (see Theorem 2.5). We prove also (see
Theorem 2.6) the compactness and the strong positivity of the operator ® — S, (0, P).

In section 3 we study the following one parameter family of principal eigenvalue problems:
given A € R we prove that there exists a unique principal eigenvalue y = p,, (A) for the
problem

Lu=0o0on 2 xR
(AVu,v) — dmu = pu on 02 x R
u (z,t) T periodic in t.
u>0on xR,

we show that pu,, (A) is concave and real analytic in A and its behavior near zero and at
infinity is studied.

In section 4, using properties of the function pu,,, we prove that, for the case ag > 0, the
condition P (m) := fOT max,com (x,t) dt > 0 is a necessary and sufficient condition for the
existence of a positive principal eigenvalue for the weighted problem (1.2) and that, for the
case ag = 0, there exists a positive principal eigenvalue for (1.2) if and only if P (m) > 0 and
fo(QT) Um < 0 where V is a positive (unique up a multiplicative constant and belonging

to C#+l+3 (ﬁ X R)) for the T periodic problem

I G + div (AVV) + (b, V) + div (b) ¥ = 0 on Q x R
AT o\ L /hH A\ — N0 A A0 o TR
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2. PRELIMINARIES

We recall the following well known facts concerning Sobolev spaces (see e.g. [6], Lemma
3.3, p 80 Lemma 3.4, p. 82)
(i): if w e W2 (2% (0,7)), ¢ > 1, 7 >0 then

1

2— 1 1—5
Ulpgax(0,r) € Wq ! (aQ X (077_))

and the restriction map (understood in the trace sense) is continuous.
(ii): For 7 > 0 and ¢ large enough, it holds that

(2.1) W2 % (0,7)) € CH*75 (Q % [0,7))

with continuous inclusion.
(iii): For 7 > 0 and ¢ large enough, it holds that

2_171_
q

(2.2) W2 T (90 x (0,7)) € CHE (90 x [0, 7))

with continuous inclusion.
We fix, from now on, 7 > 7" and a large enough ¢ such that (ii) and (iii) hold.H

We recall also the following

Lemma 2.1. Let by € W;
Y € W;% (Q) and ® € W; ‘
(2.3) bo (-,0) o + (AVp,v) = ®(.,0) on 9N

15 fulfilled, then the problem

_1q_1

2q
_1q_1
2

(0Q2x(0,7)), bg > 0. Suppose also that fe L1 (Q2x(0,71)),
7 (02 x (0,7)) and that the compatibility condition

1
67
1

)

Lu= fonQx(0,7)
(2.4) bou + (AVu,v) = & on 9 x (0,7)
u(.,0) =¢ on

has a unique solution u € W' (Q x (0,7)). Moreover, there exists a positive constant c
independent of f,o and ® such that

(2.5) HuHqu’l(Qx(O,T))

<c (HfHLq(Qx(o,T)) + H(DHW;éJzZ(aQX(O’T)) + ||90‘|W§3(Q)) '

For a proof of Lemma 2.1, see [6], (Theorem 9.1, p. 341, concerning to the Dirichlet
problem and its extension, to our boundary conditions, indicated there, at the end of
chapter 4, paragraph 9, p. 351).

For regular data, the following result holds (see e.g. [6], Theorem 5.3, p. 320):

Lemma 2.2. Suppose that by € cls (092 x [0,7]), by > 0. Suppose that f €

P B -~ DU WSV, DL SV SIS s s A N N S N T T T O
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Moreover, there exists a positive constant ¢ independent of f, ¢ and ® such that
(2.6) HUHCQJr%lJr% (Dx[0.7])
< ¢ (17l em (o) + 180 cno 2 ) + 1Ml
Remark 2.3. If in addition to the hypothesis of Lemma 2.1 we have also that f €
C72 (2 x [0,7]), then the solution u of (2.4) satisfies
(2.7) u e CHte (Q x [6,7])

for all 6 > 0. Moreover, for such a ¢, there exists a positive constant c; independent of f
and ¢ such that

29 Hurlczﬂ,l%mﬂ)
< P 52 )
< s (Il oty * 1202 40 0 1901 )
Indeed, let h € C*(R) be such that 0 < h < 1, h(t) = 0 for t < 4, h(t) = 1 for

t >3 et U (x,t) = u(x,t)h(t), let f(z,t) = u(x,t) B (t)+ f (z,t) h () and let  (z,t) =
® (z,t) h(t). Then
Li= fonQx(0,7)
(2.9) bou + (AVu,v) = ® on 9Q x (0,7)
% (.,0) =0 on €.
By Lemma 2.1 this problem has a unique solution in W2 (Q x (0,7)). Since f €

C72 (2 x [0,7]) and ® € O (99 x [0, 7]), Lemma 2.2 says that it has also a unique
solution & € C*™1%2 (Q x [0,7]) and so, since h = 1 on [§, 7], we obtain (2.7).
Also,
|

for some constant ¢ independent of ® and so, using (2.5) and the definition of fwe get
that
H Qx [0, 7'

<c! y + || P 2_11_7 + 0 2
<& (s ey + 190,k W9l i

for some positive constant ¢ independent of f,®. Then (2.6), applied to problem (2.9),
gives (2.8).1

<GNP aay
oY 7 (00%[0,17)) w, 7 2 (09x(0,7))

Let by € W;_a’l_fq (092 x (0,7)), by > 0. For s > 1+%, let W, 5 (€2) be the Banach space
of the functions ¢ € W () satisfying by (.,0) ¢ + (A (.,0) Ve, ) = 0 on 9.

2

W; _Bg (©) and Wq2 Tl (02 x (0,7)) provided with their natural orders are ordered

—— - -— 3 o o £ s
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As usual, for f: Q xR — R (respectively f: 02 xR — R, f: Q — R) we will write
f>0to mean f (x,t) > O and f non identically zero.

Let U : WqB Q) — W (Q) be defined by Uy = u (., T) where u € W2 (Q x (0, 7))
is the solution (given by Lemma 2.1) of

Lu=0onx (0,7)
(2.10) bou + (AVu,v) =0 on 92 x (0,7)
u(.,0) =¢ on 2
We have

1 1
Lemma 2.4. Suppose that by € W;_E’l_fq (092 x (0,7)), bp > 0. Then U is a compact
operator. Moreover, if either ag > 0 or by > 0 in their respective domains, then U 1is a
strongly positive operator with positive spectral radius p < 1.
Proof. From Lemma 2.1, the solution wu of (2.10) satisfies

(2.11) [l 0,1y < CHSOHWz%

Let h,u, fvand ® be as in remark 2.3, taking there f = 0, ® = 0. From (2.11) and (2.1)

Q)

we have (@<0.1) < c|l¢| Wit and so (2.8) applied to (2.10) implies
. 5 < 2
212 (Dl ey < el 1,

for some positive constant ¢ independent of . Now, (2.12) implies the compactness asser-
tion of the lemma. s

Suppose now that for some ¢ > 0 in Wq Bq (©), the minimum of Uy = u (.,T) is non
positive. then the minimum of u on Q x (0,7 is non positive and it is achieved at some
(w0,t0) € Q x (0,T]. If 3y € Q, the parabolic maximum principle (as stated e.g., in [4],
Proposition 13.3, p. 33) implies that u is a constant on Q x [§, 7] for all § > 0, so ¢ is a non
positive constant, contradiction. If xy € 0€), the same principle states that (AVu,v) < 0 at

(20, to) contradlctmg bo (o, to) u (g, to) + (AVu, v) (20, t9) = 0. So U is a strongly positive

operator on W 7(Q2). Now, Krein Rutman Theorem ( as stated e.g. in [1], Theorem
3.1) gives that its spectral radius p is a positive eigenvalue with positive eigenfunctions.

Let ¢, € W (Q) such eigenfunction. To see that p < 1, we proceed by contradiction.
Suppose p > 1. Then U (¢,) = pp, > ¢,, i.e., the solution of (2.10) (taking there ¢ = ¢,)
would satisfy w(.,7) > ¢,, but the maximum principle states that u is a constant or
maxgq, 57 ¢ (7, 1) is attained at some (g, %) € 92 x [0,T] and so ag = 0 or by (z9, %) < 0
respectively.ll
1 1

Let W;% (Q x R) (respectively Wz;al_z (092 x R)) be the Banach space of the T periodic

functions v : {2 X R — R such that

viax(o.r) € Wot (% (0,T))

(respectively vgnxor € Wy % (90 x (0,T))), equipped with the norm [v]lyyz 0 1)
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Theorem 2.5. Let by, d € WZ?J_% (OQXR), by > 0. If a9 > 0 or by > 0 and if
[ QxR —Ris T periodic and satisfles fioxor) € L (2 x (0,T)) then the problem

Lu= fon QxR
(2.13) bou + (AVu,v) = ® on 90 x R
u(x,t) T periodic in t

has a unique solution u € W;:,{ (Q x R). Moreover, there exists a positive constant ¢ inde-
pendent of f and ® such that

2.14 . o ) |
219 ulbgaany S (190 s g o+ o)

If in addition to the above hypothesis we have f € CV2 (QXR) then u € C*Hrl+s (QXR)
and

(215) HUHC2+%1+% (QXR)

d 2_;1_f + gy
< (1912 b+ e o))

for some constant c independent of f and P
2
Proof. Let us start constructing a function ¢; € W* 4 (Q) satisfying

(216) b() (,0) g01—|— <A (,0) Vgpl,u> = @(,0)
and such that

2.17 2, < c|P > li )

(2.17) lorllye-t) < Il obonds oo o

for some constant ¢ independent of ®. To do so, consider F'(Z,s) =T — sA(Z,0) v (T) on
0 x (—e,¢). Since T(x) = x for x € 9Q and A (Z,0) v (Z) is non tangential to I at
Z € 00, F defines a diffeomorphism onto a neighborhood V of 92 in RY for some ¢ > 0.
So we have F~! (z) = (Z (z),s(x)) for x € V.

Then we solve the (non characteristic) Cauchy problem

{ bo (T (z),0)w+ (A(ZT(x),0) Vw,v (T (z)) = (T (x),0), z€V
w = 0 on 0f2

the solution is, for x =7 — sA (Z,0) v (T),

w(x) =@ (7, O)/O ebo@00=9) gy reV

Thanks to a cut off function A associated to V, we can extend w to {2 by ¢ = hw which
satisfies (2.16) and (2.17).
Let u; € W21 (Q x (0,7)) be the solution, given by lemma 2.1, of the problem

I Luy = f on Q x (0,7)

(9 1) honro L/ ANTa. o\ — B ~n AO ~ (O ~)
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Thus, taking into account (2.17) and the estimate given by Lemma 2.1 we obtain

(2.19) HulHWqQ’I(Qx(O,T))

I f q )
2

Since by is T periodic we have uy (., T)—uq (.,0) € WZ;E (). Let o € qug () be defined
by

(2.20) 0o =T —=U)"(ur (,T) —ui (.,0))

from (2.19) we get

2.21 b 2 () 2_; 1oL q

221) PN (LTS I Py

with the constant ¢ independent of ® and f. Let uy € W' (€ x (0,T)) be the solution of
the problem

Luy =0 on € x (0,7)
(2.22) boug + (AVug, v) =0 on 02 x (0, 7)
u(.,0) = ¢y on €

taking into account (2.21), lemma 2.1 gives

(2.23) HuQHWqQ’l(Qx(O,T))

< P 1 q .
T

Thus u := uy + uy solves (2.13) on Q x (0,7). From (2.20), u satisfies u (.,0) = u (., 7).
Also, (2.19) and (2.23) give (2.15). Moreover, it is easy to see that u (z,t) —u(z,t +7T)
is identically zero for 0 < t < 7 — T. So, the T periodic extension of u (still denoted by
u) solves (2.13) on 2 x R. The uniqueness assertion of the lemma follows easily from the
maximum principle.

Observe also that if f € C72 (2 x R), then, taking into account Remark 2.3, the peri-
odicity of u implies that u € C**!*3 (Q x R). From (2.14) we have

. @ 1 0l .
oGOl g <€ (190240 o+ 00

and so, remark 2.3 applied to (2.13) gives

i Ty < (100 oo oo+ Wl )

So, by the periodicity of u, the same estimate holds for u (.,0). Then (2.15) follows from
the estimate given in Lemma 2.2.1

Theorem 2.6. Let ag, by and ® be as in Theorem 2.5 and let
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be the operator deflned by Sp,® = ujpoxr, where u is the T periodic solution of

Lu=0o0n Q2 xR
(2.25) bou + (AVu,v) = ® on 00 x R
u T periodic in ¢
gwen by Theorem 2.5. Then Sy, is a compact strongly positive operator.
Proof. Theorem 2.5 gives

(2.26) HUHC2+%1+%(§X[0,T]) =S¢ ‘|(I)HW;_‘11’121(1(89><(0,T))

From this estimate it follows the compactness of S, and, taking into account the regularity
of the solution of (2.25), the assertion about the strong positivity of Sy, follows easily from
the stated hypothesis on ag and by and the maximum principle.ll

Corollary 2.7. Let ay, by, Sy, be as in Theorem 2.6 and let p be the spectral radius of Sy, .
Then p 1s positive and it is an algebraically simple eigenvalue of Sy, with positive associated
etgenfunctions. Moreover, no other eigenvalue of Sy, has positive associated eigenfunctions

Proof. Follows from Theorem 2.6 and the Krein Rutman Theorem.H

3. A ONE PARAMETER EIGENVALUE PROBLEM

2—gil-5y L :
Let m € W ;" (002 x R), fixed from now on. In order to study principal eigenvalues

. . . 1
for the weighted problem (1.2) we can assume, without lost of generality that ||m|| < 3.

For € positive and small enough (i.e. such that 1 —e (1 — ||m/||,) > 0) and A > —¢, let
2-11

Syt W27 7 (D X R) — W, % (90 x R)

be the operator defined by Sy, ® = upaxr Where u € W;% (2 x R) is the solution of the
problem

Lu=0o0n Q2 xR
(3.1) u+A(1—m)u+ (AVu,v) = ® on 00 x R
u (z,t) T periodic in ¢
and let g, (\) be defined by
1
L+ X+ pm (N) — Pam
where p) ,, is the spectral radius of S) .

Remark 3.1. From corollary 2.7 it follows that u,, (A) can be characterized as the unique
real number p such that the problem

LU)\ =0on QxR
(3.3) (AVuy,v) = Amuy + puy on 02 x R
uy (x,t) T periodic in ¢

(3.2)

has a positive solution u) € W;% (2 x R). Since Am = (=) (—m), the above characteriza-
tion of p,, (\) implies that g, (=) = p_, (A) for A € (—¢,¢). We extend p,, to the whole

/% \
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Observe also that, for fixed A € R, the solution space in W; L (2 x R) of the problem

Lu=0o0on 2 xR
(3.4) (AVu,v) = dmu + iy, (A) uw on 092 x R
u (x,t) T periodic in ¢

is one dimensional and it is contained in C**71*2 (Q x R). Moreover, by Corollary 2.7,
positive solutions have a positive minimum on Q x R.N

From the above characterization of u,, (\), our problem P, on principal eigenvalues is
equivalent to find the zeroes of the function .

Lemma 3.2. Suppose v € C?t71+32 (Q x R) such that

Lv>0on QxR
(AVv,v) > dmov + fiv on 02 x R
v>0o0n QxR
v (x,t) T periodic in t

(3.5)

for some A\, € R. Then pi, (\) > 1. If in addition either Lv > 0 or (AVov,v) > Amv+ v
then fi, (A) > @

Proof. We proceed by contradiction. Suppose that p, (A\) < . From (3.5) we have, for
r large enough

Lv>0on QxR
(r+A(1—m))v+ (AVuo,v) > (r+ A+, (A)v >0o0n 002 xR
v (x,t) T periodic in t

Then the maximum principle implies that v is bounded from below for some positive
constant. Let uy be a positive solution of (3.4). It follows that there exists a positive
constant ¢ such that 1y < cv on Q x R. Take ¢ minimal with respect to this property and
let w = cv—uy. Then Lw > 0, (r+ A(1 —m))w + (AVw,rv) > 0 on 92 x R. Now, the
maximum principle implies that ming, o w > 0 and this leads to a contradiction with
the choice of c. Finally, note that the above argument gives also the last assertion of the
lemma.H

Lemma 3.3. u,, is a concave function.
Proof. Let M\, A1 € R and let wuy,,uy, be positive solutions of (3.4) for A = Ao, \

respectively. For § € (0,1), let ug = uf\ouil_e, S0 ug € C*Hrlts (QxR), ug is T periodic

and ug (x,t) > 0 for all (z,t) € Q x R. For w € RY and (z,t) € Q x R, let HwHZ(I,t) =
(A (z,t)w,w). We recall that for regular u,v € C%!(Q x R) — R such that u(x,t) > 0

1T N - N Lt 11T U — Yy T 1T =T L1 1T 41 T A RN A RA—_1 T
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definition of .|| 4, ;. a direct computation shows that

(Lug) (z,t)
ﬁv Qv 2
(5% 2 U\, Uy, \°> VUy,
oaca[(m) 7 T ()T
Yo Uy, U Uy, A(z,t)

for (z,t) € 2 x R and so Luy > 0 on 2 x R. Another computation shows that
(AVug,v) = (Ao + (1 — 0) A\y) mug + (Operm, (Mo) + (1 — 0) i (A1) ug
on 0f) x R. Then the lemma follows from lemma 3.2.1

Remark 3.4. Lemma 3.3 implies that p,, is continuous. Moreover, taking into account
Corollary 2.7, we can apply ([3] lemma 1.3) (proceeding e.g. as in [5], Remark 3.9 and
Lemma 3.10) to obtain that p,, (A) is real analytic in A for A > —& for some small enough
positive e, and since pu, (—A) = p_n, (A) get that p,, is real analytic on the whole real line.

Moreover, a positive solution uy for (3.4) can be chosen such that A — wypax(0.r) is a real
1

analytic map from R into Wz;q’l_ﬁ (02 x R).

Observe also that if ap = 0 then p,, (0) = 0 and that, in this case, the eigenfunctions
associated for (3.4) are the constant functions. Finally, for the case ag > 0, applying Lemma
3.2 with v =1, A =0 and i = 0 we obtain that p,, (0) > 0 if .1l

Lemma 3.5. Let my, mg € WZ;E’I_% (092 x R) . Suppose that my < mg. Then fiy,, (A) >
Ly (A) for all A > 0.

Proof. Since for ¢ € R—{0} fiem; (N) = pim, (2), j = 1,2, we can assume, without
lost of generality, that ||m;]|, < %, j = 1,2. For A > 0, let Sy,,, be defined as at the

beginning of the section. Let ® € W;;E’l_% (092 x R) such that ® > 0, let u; = Sy, ®
j=1,2 and let v = u; — us. A computation shows that v satisfies Lv = 0 on €2 x R and
(AVo, ) + A (1 —mq)v = X (my —mg) v on 02 X R, thus Theorem 2.6 implies v < 0. Then
Sxamy < Sxmy, this gives pxm, < Pam, and 8o fiy, (A) > i, (A) .1

In order to make explicit the dependence on L, let us denote by S, the operator Sy ,,
defined at the beginning of this section. We will denote also by p, 1 the function p,,. Let
Ly be the operator defined by Lyu = % — div (AVu) + (b, Vu) . We have

Lemma 3.6. Suppose ag # 0. Then umL ()\) > UL, (A) for all A € R.

Proof. Suppose that A > 0. Let ® € W IR (02 x R), with @ > 0, Let k& > [|m||,
let w = Spam®, let up = Sp, A m® and let v = u — ug. Then Lyv = —apu < 0 on Q2 x R,
(A(k—m)+1)v+ (AVu,v) = 0 on 92 x (0,7) and v (x,t) T periodic in t. Thus the
maximum principle gives v < 0. So Spam < Sryam. This implies p.r (A) > timz, (A).
Since pimr (A) = p—m.r (—A) (and similarly for Lg), the case A < 0 reduces to the previous
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Remark 3.7. Suppose that ap = 0. Let k € R, k> 3,y [|b5]]  , let

1

Se: W T (0 X R) — Wyt H (90 x R)

be defined by (2.14) and (2.15) taking there by = k and let p; be its spectral radius. Since
® =1 is a positive elgenfunctlon associated to the eigenvalue ¢, 1 the Krein Rutman Theorem
asserts that p, = k. Thus, also by Krein Rutman, there ex1sts a positive eigenvector
U for the adjoint operator S; satisfying S;¥ = W. Moreover, such a ¥ is unique up a
multiplicative constant.ll

Lemma 3.8. Suppose that ay = 0 and let S,V be as in remark 3.7. Then u,, (0) =
(W,m)

o
Proof. For X\ € R, let uy be a solution of (3.4) such that A — wu, is real analytic and such

that vy = 1.

LU)\ =0on QxR
kuy + (AVuy, v) = (Am + i, (A) + k) uy on 0Q x R
uy (x,t) T periodic in ¢

we get uy = ASk (muy) + (i (A) + k) Spuy and so
AU, muy) + e (A) (W, uy) = 0.

Taking the derivative with respect to A at A = 0 and using that u,, (0) = 0 and that uy = 1,
the lemma follows.l

141 _1q_1 !
For &, f€W, """ (9QxR), let (i (), £)= [0 0.0y ® - S0 i(®) € (W%Tq’ % (anR)).
We have

Lemma 3.9. Suppose ag =0 and let k, S,V be as in remark 3.7. Then

(i): for f € WqT T (0Q x R) we have S;f = i(vjpaxr) where v is the T periodic
solution of the problem

%"‘dw(AVU) + (b,Vv)+div(b)v =00n Q2 x R
(3.6) (AVv,v) + (k + (b,v))v = f on 00 x R
v (z,t) T periodic in ¢

(i) U € C*172 (@ x R) and ming,, U > 0. Moreover, U can be characterized as the
(unique up a multiplicative constant) solution of the T periodic problem

2+ div (AVY) + (b, V¥) +div (D) ¥ =0 on Q@ x R
(AVU, V) + (b,v) ¥ =0 on 002 x R
U (z,t) T periodic in t.

Proof. Observe that, for f € W ol (092 x R), (3.6) has a unique T periodic solution

P VRS B A = —\ - . e 4 N P - O N
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that (i (v),®) = fmx(oj) S(®) f, i.e., that

(3.7) / vd = / fu,
o0x(0,T) o0x(0,T)

where u is the T periodic solution of the problem

% — div (AVu) + (b, Vu) = 0 on Q x R
(3.8) ku+ (AVu,v)y = ® on 02 x R
u (x,t) T periodic in ¢

Multiplying equation (3.6) by u, equation (3.8) by v, adding, and integrating on 2 x (0,7)

we get,
0— / 0 (uv)
axor) Ot

+/ [div (uAV V) — div (VAVY) + v (b, Vu) + u (b, Vv) + uvdiv (b)]
Qx(0,1)

The first integral vanishes by the periodicity. Taking into account the boundary conditions
of (3.6) and (3.8), an application of the divergence theorem gives (3.7). To prove (ii),
consider the operator

~ 211 211

S W, o (8Q><R)—>WQT (8Q><]R)

defined by §f = Upoxr Where v is the solution of (3.6). Note that, via the change of

variable ¢ = T" — 7, Theorem 2.6 gives that S is a compact and strongly positive operator
. Thus S has a positive spectral radius which is an eigenvalue with a positive T' periodic
eigenfunction h associated, that, by Theorem 2.5, belongs to C217:1+3 (ﬁ X R) . Moreover,
ming, g b > 0. Let ¥ be as in Remark 3.7. By Lemma 3.9 h is a positive eigenvector for

S* and so, by Krein Rutman, we get ¥ = ch for some positive constant ¢ > 0. Thus (ii)
holds.H

We set
T
(3.9) P(m) = maxm (x,t) dt,
0 xedf)
T
(3.10) N (m) = min m (x,t) dt
0 z€f)

Proceeding as in [2] it can be shown that if P (m) > 0 then there exists a 7" periodic
curve I' € C? (R, 9N2) such that
/ m ( t)dt >0

For p € (9(2 let T, (89) denotes the tangent space to 0f) at p and let exp, : T, (09) —

1 /S N\ 1 1 1 1 / x 7\

we fix, from now on, such a I'.
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satisfying o, x (0) = p, - (0,,x (s)) = X. Since 0% is of class C*™7, exp, is a well defined
map..

Lemma 3.10. For d positive and small enough, there exists
Aec! ((—5, Y xR, RN“)

such that A is a difieomorphism from (—0, 5)N xR onto an open neighborhood W5 C RN xR
of the set {(T (t),t) : t € R} satisfying

(1) A(( 5,61 % (0,6) xR) — W5 (Q x R)
(2) A (( 5N % {0} x R) = W5 N (9Q x R)
(3) A (07 t) - (F (t> 7t)

(4) A(.,t) is T periodic in t.

Moreover, A : (=6, 6)N X R — Wy and its inverse © : Wy — (=4, (5)N x R are of class

C?1 on their respective domains.
Proof. The map t — v (I'(¢)) is T periodic and belongs to the class C**7 (R, RY).

Then there exists a C'™ and T periodic map t — A (t) from R into SO (N) such that
A)v(T(0) =v(I'(#),t € R. Let {X19,..., Xn_10} be a basis of Ty (02) and let
X;(t)=A(t) X0, =1,2,...N —1. Thus each X is a T periodic map, X; € C’”7 (R, RN)
and for each ¢, { X7 (¢),..., Xn_1(¢)} is a basis of Tp (092) . For § positive and small enough,
and for (s,t) € (—=6,0)" x R, let

(3.11) x(s,1)

= exPr(y) Z s;Xj (t) | — snv | expry Z s; X, (t)
1<j<N-1 1<j<N-1

and let
(3.12) A(s,t) = (x(s,1),1)

From well known properties of the exponential map it follows easily that, for § small enough,
(s,t) — A (s,t) is a C*! map which satisfies the properties required by the lemma.Hl

Let §, A, O, W; be as in Lemma 3.10, © (x,t) = (01 (x,1),...,On41 (2,1)). Observe that,
since Oy vanishes identically on W5 N (92 x R), we have

(3.13) VOy = —gv on WsnN (GQ X R)
for some g € Ct (W;N (0 x R)) satisfying ¢ (x,t) # 0 for all (z,t) € W5 N (02 x R) .

Moreover,
e' (' (t),t) A (0,t) = Id

(where A’ and ©' denotes the respective (N + 1) x (N 4+ 1) jacobian matrix of A and ©
respectively), thus, considering the (N, V) entries in this equality and using (3.13) and that

%QJJVVKO p ="V (T'(t)) we get
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Lemma 3.11. Suppose that P (m) > 0. Then limy_ o iy, (A) = —00

Proof. Let 6, A,©, W5 be as in Lemma 3.10. Let Q75 = (—0, 5)N_1 x [0,9) x (0,T) and
let Drs = A(Qrs) CQx (0,T).1If f: Ds — R (respectively f: Ds N (9Q x R) — R) let
7 :Qrs — R (resp. f#: (=9, 6)N "% {0} x (0,T) — R) be defined by f# = foA.

For )\ > 0, let uy, € C*™ H 2 (1 x R) be a positive T' periodic solution of (3.4), since
U\ = u/\ 0 © on Dy, the equation Luy = 0 on Dy gives

ou’ ,
(3.15) a—tA — div (A#Vuf) + <b#, Vuf> + a#uf =0on Qr;
where A% is the N x N symmetric and positive matrix whose (4, j) entry is
00, 00,
(3.16) a0 = D anr(A(s1) 5 (A s, 0) 5 (A(s,)

1<l.r<N

and where b7 = (bfé, e bﬁ) with each b}% belonging to C' (Qr,4,R) and independent of .
If v(x,t) = (v1(x,t),...,un (z,t)), the boundary condition
(AVuy, vy = dmuy + fim (A) uy on (02 x (0,7))N Dy
transforms into

(3.17) Z aij (A (s,1)) %Zj (s,t) g% (A(s,1)) vi (A(s,1))
- = xm? (s,t)ul (s,t) + pm (N ul (s,1)

for all (s, ) € (=6,0)" ' x {0} x (0,T).
Let g be given by (3.13). Taking into account (3.16) and (3.13), from (3.17) we get

(3.18) <A#Vuf,ezv> —xm*gtul — p, (\) gFul
n (4,0 x {0} x (0,T)

where V denotes the gradient in the variables 31, ...,sy and e N = (O 50,1).

Observe that fo m? (0,t) dt = fo fo t)dt > 0 and thus, by

(3.15) g7 (0,t) = 1. Since m# and g are contmuous on (—d, 5)N 1 x {0} x R we have, for
1 small enough

(3.19) /OT / (m*g%) (0,0,t) dodt > 0

{ceRN~1:|o|<n}

and

T
(3.20) / / g7 (0,0,t) dodt > 0
0

{ceRN-1:|o|<n}

Tr . - A \ 1 1 o YA ST\ 1T 1 S MN e T 4 7 / <\ “4 e B A 1 / <\ '~



ON PRINCIPAL EIGENVALUES FOR PERIODIC PARABOLIC STEKLOV PROBLEMS 15

(3.19) and (3.20) it is easy to see that we can pick 3 small enough such that

(3.21) /OT / (G*m*g*) (0,0,t) dodt > 0

{oeRN~1:|o|<n}

and

(3.22) /OT / (G*g™) (0,0,t) dodt > 0

{ceRN-1:|o|<n}
Let Byr = {(s,t) € RN x (0,T): |s| <7, sy >0}. We multiply (3.15) by & and then,
Ux

integrating on B, r and taking into account that ut (.,0) = u}# (.,T) and that G does not
depends on t, we get

(3.23) /B

Let v} = —logu}. Thus v} € C*>' (B, 7). A computation gives that

#
Uy Uy

—gdz’v (A#Vuﬁ) + %i <b#, Vuf> + a#GQI =0

— div (GQA#VUf) _9 <A#wa, VG> . <A#wa, Gw@ on By 1
Also,

GQ
o

1 _
(v, vuf) = 2 <GA#va, 5G (4%) 1b#> on By,
so, from (3.24) the divergence theorem gives

(3.24) /T / o2 <A#vzﬂf, u>

{ceRN-1:|o|<n}
1 _
= —2/ <GA#VUf,VG+§G (A%) 1b#>
B, r

[ /7 )\ [ Ao
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For w € RY and (s,t) € B, let [wl] g#(5.0) = (A# (s,t)w,w) . Taking into account the
boundary condition (3.19) and that G (s) = 0 for |s| = n from (3.24) we get

Lo () /O ' / (G*¢™) (0,0,t) dodt

{ceRN~1:|o|<n}

T
= - / / (G*g#*m*) (0,0,t) dodt
0

{ceRN~1:|o|<n}
2

1
- / |<VG+—A#Gb#> (s,1) dsdt + / alf G?
B, r 2 A#(s,t) B, r

T
) / / (G*g*m™) (0,0,t) dodt
2

{ceRN~1:|o|<n}
+ / dsdt + / all G,
Bn,T A#(S,ﬁ) Bn,T

From this inequality, (3.21) and (3.22) the lemma follows.H

2

dsdt
A#(s,t)

(Gva + VG + %G (A%)7 b#> (s, )

<VG + %A#Gb#> (s,1)

4. PRINCIPAL EIGENVALUES FOR PERIODIC PARABOLIC STEKLOV PROBLEMS

Let P (m) and N (m) be defined by (3.9) and (3.10) respectively. We have

Theorem 4.1. Suppose either ag > 0 and P (m) > 0 (respectively ag > 0 and N (m) <
0) or ag=0,P(m) >0 and (¥,m) <0 (resp. ap =0, N(m) <0 and (V,m) > 0) with
U deflned as in remark 3.7. Then there exists a unique positive (resp. megative) principal
eigenvalue for (1.2) and the associated eigenspace is one dimensional.

Proof. Suppose ag =0 and P (m) > 0, (¥, m) < 0. Since p,, (0) = 0 and, by Lemma 3.8,
. (0) > 0 the existence of a positive principal eigenvalue A = A\; (m) for (1.2) follows from
Lemma 3.11. Since p,, does not vanish identically, the concavity of yu,, gives the uniqueness
of the positive principal eigenvalue.

Moreover, if u,v are solutions in C?t71+2 (ﬁ X R) for (1.2), then, by the facts stated
in remark 3.1, u = cv on 92 X R for some constant c. Since L (u — cv) = 0 on Q x R,
u—cv = 0on 2 xR, and u—cv is T periodic it follows easily from the maximum principle
that u = cv on 2 x R.

If ag > 0 then (by remark 3.4) p,, (0) > 0 and so the existence follows from Lemma 3.11.
The other assertions of the theorem follows as in the case ay = 0. Taking into account that
tm (—A) = pi_pm (A) and that N (m) = —P (—m), the assertions about negative principal
eigenvalues follow from the previous cases.ll

Lemma 4.2. Suppose that ay = 0. Then for all X\ > 0 we have

™ 7/ \ ey |
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Proof. We consider first the case m > 0. Let A > 0 and let u) be a positive solution of
(3.4) normalized by ||uy||,, = 1. From

a“A — div (AVuy) + (b, Vuy) =0 on Q x (0,7,
(4.1) (AVu,\, vy = Amuy + iy (A) uy on 9Q x (0,7)
Uy (-7 O) = Uux (7T)

and since (b, Vuy) = div (upyb) — updiv (b) , integrating (4.1) on Q x (0,7) and taking into
account the periodicity of uy and the boundary conditions, the divergence theorem gives

fn (N) / U
20 (0.7)

= —)\/ mU)\—F/ uy (b, v) —/ updiv (b)
00x(0,T) o0x(0,T) Qx(0,T)

Since m > 0 and |uy| < 1 we have fan(O rymux < P (m) |052], also [uxdiv (b)] < [|div (b)
and |uy (b, v)| < |b]|,, . Thus

(0. 9]

109 i (A) > 1 (V) / s
90x (0,T)

> =AP (m) [0Q] = T [0Q] |[bll, — [ldiv (D)]| [T

so the lemma holds for m > 0. For the general case, pick k € R, k > ||m]|,, taking into
account that P (m + k) = P (m) + kT and that g, (A) = py (A) — kX the lemma follows
from the previous case applied to m + k instead of m.H

Corollary 4.3. Suppose ag = 0. Then limy o p.. (N) > —@.

Proof. Suppose that P (m) # 0, then Lemmas 3.11 and 4.2 imply that limy . p,, (A) =
+o00. Also, p,, is concave, thus there exists limy_ ¢, (). Then the L’Hopital rule gives
lm) oo i, (A) = limy o0 & mA()‘) > — ( ) the last inequality by Lemma 4.2. If P(m)=0
and if p,, (A\) < 0 for some A > 0 then since p,, (0) = 0, the concavity of u,, implies that
limy o0 ttm (A) = —oo and the above argument applies. If p,, (A\) > 0 for all A > 0 the
concavity implies that /. (\) > 0 for all A > 0 and so the corollary is also true in this

case.l

Lemma 4.4. Suppose ag = 0 and let ¥ be as in remark 3.7. Then P(m) < 0 implies
(U, m) < 0.

Proof. Suppose P (m) < 0. By corollary 4.3 we have lim) . x4, (A) > 0 Then, since p,,
is concave we have p;, (0) > 0 and so (¥, m) < 0.1

Lemma 4.5. Suppose ay = 0. Then p,, vanishes identically if and only if P (m) =
(U, m) = 0.

Proof. Suppose that p,, vanishes identically. Lemma 3.8 gives that (¥, m) = 0. Also, by
Lemma 3.11, we have P (m) < 0. Suppose P (m ) < 0 and let m (t) = maxgegom (x,1).
Smce m e C (8(2 X ]R) it follows easﬂy that the m € C [0 T] Take e such that 0 < T <

o~ 1 S~ N\
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2.4, (U, m*) < 0. Thus .. (0) > 0 and then, since m < m*, for A positive and small enough
we have i, (A) > - (A) > 0 contradicting our original assumption.

Suppose now that P (m) = (¥, m) = 0. Then u/ (0) = 0 and also, by corollary 4.3,
limy o0 i, (A) > 0. Then the concavity of p, implies that p,, vanishes identically on the
positive axis, and so, since g, (0) = 0 the same is true for p,, and since u,, is analytic,
vanishes on the whole line.ll

Theorem 4.6. Suppose ay = 0 and that pu,, does not vanish identically. Then the
conditions P (m) > 0 and (¥, m) < 0 (respectively N (m) < 0 and (¥,m) > 0) are
necessary for the existence of a positive (resp. negative) principal eigenvalue for (1.2).

Proof. Suppose that p,, (A1) = 0 for some A\; > 0. Since p,, (0) = 0 and p,, is concave
we must have p) (0) > 0 and so (¥,m) < 0. To see that P(m) > 0 we proceed by
contradiction. Suppose P (m) < 0. Corollary 4.3 implies that limy .z (A) > 0 and so,
since p,, is concave, we have i/, (\) > 0 for all A > 0 and then, since y/, (0) > 0, p,, cannot
vanish on the positive axis.li

Theorem 4.7. Suppose ag > 0. Then the condition P (m) > 0 (respectively N (m) < 0)
is necessary for the ezistence of a positive (resp. negative) principal eigenvalue for (1.2).

Proof. For A > 0, by lemmas 3.5 and 3.6 we have f,,1 (A\) > pmr(A) > tar, (A).
Suppose that P (m) < 0. Corollary 4.3 gives limy_.oc 175, 7, (A) > 0 and so i1, (A) > 0
for all A > 0. Since p,, (0) > 0 the concavity of pu,, implies that pu,, cannot vanish on the
positive axis.ll

Theorem 4.8. Let A € R such that p,, (A) > 0. Then for all h € I/ngpa’l_E (092 x R)
the problem

(4.2) Lu=01in Q x R,
(AVu,v) = dAmu+h on 002 x R
u(z,t) T periodic in t

has a unique solution. Moreover h > 0 implies thal ming, ) u > 0.

Proof. Let k, S km and px xm be as in remark 3.1. Since p,, (A) > Olwe have py k.m < ﬁ
and so , since Sy ., is a strongly positive operator, (ﬁ[ — S,\,hm)_ is a well defined and

positive operator. (4.2) is equivalent to u = (Ak + 1) Sy pmu + S kmh, i.e. to

1 1 -1
_ N I—S.) &
U= ST ()\kr+1 Sxk )

So the theorem follows.l

Let Ay (m) (respectively A_j (m)) be the positive (resp. negative) principal eigenvalue
for the weight m with the convention that A; (m) = 400 (resp. A_1(m) = —o0) if there
not exists such a principal eigenvalue. From the properties of p,, we obtain, as immediate

P
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Corollary 4.9. Assume that ay > 0. Then the interval (A_1 (m),\ (m)) does not con-

tains eigenvalues for problem (1.2). If ag = 0, the same is true for the intervals (A_1 (m),0)
and (0, A1 (m)) .
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