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Abstract

In this paper, the asymptotic distribution of one–step Newton– Raphson estimates is es-
tablished for a regression model with random carriers and heteroscedastic errors under mild
conditions. We also include, the robust estimates defined as the solution of an implicit equa-
tion, such as the MM–estimates.

1 Introduction.

This paper will deal with heteroscedastic regression models where the variance func-
tion has a given parametric form, i.e., the model can be written as:

yi = x′iβ + εiσG (xi,λ,β) , (1)

where, as usual, (xi, yi), 1 ≤ i ≤ n, xi ∈ IRp, are i.i.d. random vectors, with
εi and xi independent and β, λ and σ are unknown parameters and G(x,λ,β) =
exp{λ′ h(x,β)}.

Some of the most common models for the function G are G(xi,λ,β) =
(1 + |x′iβ|)λ which has been introduced by Box and Hill (1974), G(xi,λ,β) =
exp{λ|x′iβ|} considered by Bickel (1978) and G(xi,λ,β) = exp{λ′ h(xi)}. All these
models have in common that the ratio

[

∂
∂λ G(xi,λ,β)

]

/G(xi,λ,β) does not depend
on λ.

In order to obtain bounded influence estimates, Giltinan, Carroll and Ruppert
(1986) generalized homoscedastic GM–estimates to heteroscedastic regression mod-
els by considering both Mallows–type and Krasker–Welsch optimal weights. Al-
though, these estimates fail to have high breakdown point when the dimension of
the carriers increases. One–step estimates were considered for location–scale models
by Bickel (1975), Davies (1992) and Lopuhaä (1992), among others. They have been
adapted to homoscedastic regression models with fixed carriers by Simpson, Ruppert
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and Carroll (1992). To solve the problem of low breakdown point, Bianco, Boente
and di Rienzo (2000) considered a one–step version of GM–estimates based on a high
breakdown point estimates of the regression parameters. As in the homoscedastic
setting, these estimates inherit the breakdown point of the initial estimate. More-
over, in this paper we will show that using Newton–Raphson estimates one can reach
final high–breakdown point root–n estimates with the same asymptotic distribution
as the related GM–estimates, even if the initial regression estimates have a lower
convergence rate. In Section 2.3, consistency results will be derived while in Section
2.4, the asymptotic distribution of the Newton–Raphson estimates when the initial
regression estimates have order nτ with τ ∈ (1/4, 1/2] is considered. Theorem 1
states the asymptotic normality of the estimators requiring only consistency to the
matrix which estimates the scale of the carriers and a uniform second order condition
to the variance function h(x,β) and to its derivative ∂

∂βh(x,β).

The asymptotic results given in Section 2.4, also include estimates, as MM–
type estimates, defined through an implicit equation modified to take into account
heteroscedasticity. Their asymptotic behavior is derived in Theorem 2, when the
initial estimates are consistent. Remark 6 comments on the order of convergence of
the reweighted estimate.

Some technical Lemmas are stated in Section 2.2 and their proofs may be found
in the Appendix where the notion of uniform-entropy is described.

2 Main Results

2.1 Definitions and Assumptions.

High breakdown point estimates should be considered in heteroscedastic regression
models since GM–estimates, as their relatives in the homoscedastic case, have a
breakdown point which decreases with the dimension of the carriers.

Consistent estimates can be obtained by ignoring heteroscedasticity and by esti-
mating β through a high breakdown point estimate for homoscedastic models such as
the LMS, the S–estimates, the MM–estimates, the τ−estimates or the P–estimates
proposed by Rousseeuw (1984), Rousseeuw and Yohai (1984), Yohai (1987), Yohai
and Zamar (1988) and Maronna and Yohai (1991), respectively. The disadvantage
of such estimates is that they are not efficient under heteroscedasticity.

Denote βh = βh,n a high breakdown point estimate of β, computed as if the
regression model was homoscedastic, and ̂σ the related scale estimate. Besides, let
Sh be such that Wn = S−1

n S−1t
n is an estimate of the scale matrix of the carriers

{xi} with high breakdown point. Possible choices are the minimum volume estimate
(Rousseeuw and van Zomeren (1990)) or the Donoho (1982)–Stahel (1981) estimate.
Finally, let λh also be a high breakdown point estimate of λ and denote σh =
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κ−1med (|yi − x′iβh|/G (xi,λh,βh)) with κ a standardizing constant (for normally
distributed errors the usual choice is 0.6745).

Consider any score function χ, as those usually used for the scale parameter
in robust estimation, and w3 a weight function. When λ ∈ IR and G (x, λ,β) =
exp{λh (x,β)}, one can define λh as the solution of

n
∑

i=1
χ




yi − x′iβh
̂σG (xi, λ,βh)



w3 (h (xi,βh))h (xi,βh) = 0 ,

which has the asymptotic breakdown point stated in Bianco, Boente and di Rienzo
(2000).

The one–step Newton–Raphson estimate is defined as

βN = βh + σhA−1
n gn , (2)

with An and gn given by

An =
n
∑

i=1
Ψ′1





yi − x′iβh
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi x′i
G2 (xi,λh,βh)

gn =
n
∑

i=1
Ψ1





yi − x′iβh
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi
G (xi,λh,βh)

.

On the other hand, a reweighted estimate can also be defined as

βR = βh + σhB−1
n gn , (3)

where

Bn =
n
∑

i=1
w1





yi − x′iβh
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi x′i
G2 (xi,λh,βh)

,

with w1(t) = Ψ1(t)/t and gn is defined above.

In Bianco, Boente and di Rienzo (2000) it was shown that both estimates have
a breakdown which is at least the minimum between the breakdown points of the
initial estimates. Therefore, consistent and high breakdown point estimates can be
obtained through this procedure. The Newton–Rahphson estimate reaches a root–n
order of convergence even if the initial estimate has a lower order. However, as in
the homocedastic case (see He and Portnoy (1992)), the reweighted estimate does
not improve the order of the initial high breakdown point used in the procedure.

In order to include other estimates, we will also study the asymptotic distribution
of the estimates ̂β defined as solution of

n
∑

i=1
Ψ1





yi − x′iβ
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi
G (xi,λh,βh)

= 0 , (4)

where σh, λh, βh and Sh are defined as in (2). This approach follows the MM–
approach given in Yohai (1987).
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Let θ0 = (β0, σ0, λ0)
′ be such that θh = (βh, σh, λh)′ p−→ θ0 and S0 be such that

Sh
p−→ S0, where p−→ stands for convergence in probability. For the sake of sim-

plicity, we will assume throughout this paper λ ∈ IR, G (x, λ,β) = exp{λh (x,β)}
and S0 = I.

The consistency and the asymptotic distribution of βN and ̂β will be derived
under the following set of assumptions:

A1. Px, the conditional distribution of y − x′β0 given x, is symmetric around 0 for
all x.

A2. Ψ1 is an odd, bounded and continuous function,

A3. Ψ1 is twice continuously differentiable with bounded derivatives Ψ′1 and Ψ′′1,
such that η1(t) = tΨ′1(t) is bounded.

A4. w2(x) = Ψ2(|x|) |x|−1 > 0 with Ψ2 a bounded and continuously differentiable
function with derivative Ψ′2.

A5. The function η2(t) = tΨ′2(t) is bounded.

A6. Ψ2 is twice continuously differentiable with second derivative Ψ′′2 such that the
function η3(t) = t2Ψ′′2(t) is bounded.

A7. There exists 0 < δ0 < 1 such that, for any K > 0 the function

α(x) = sup
|β−β0|≤δ0

|h(x,β)|

is bounded in {|x| ≤ K}.

A8. The function h(x,β) is equicontinuous as a function of β, for all
|β − β0| ≤ δ0, in any compact set {|x| ≤ K}, i.e., given ε > 0 there exists
δ > 0 such that

|h(x,β)− h(x, ˜β)| < ε

for |β − ˜β| < δ, |β − β0| ≤ δ0, | ˜β − β0| ≤ δ0 and |x| ≤ K.

A9. There exists δ0 > 0 such that

E





 sup
|θ−θ0|≤δ0

|x|
G (x, λ,β)





 <∞ .

A10. There exists δ0 > 0 such that

E





 sup
|β−β0|≤δ0 , |λ−λ0|≤δ0

Ψ2





|x|
G (x, λ,β)





|x|2

G2 (x, λ,β)





 <∞ .
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A11. The matrix

A = E


Ψ′1





y − x′β0

σ0G (x, λ0,β0)



 w2





x
G (x, λ0,β0)





x x′

G2 (x, λ0,β0)





is non–singular.

A12. The function h(x,β) is continuously differentiable as a function of β, for each
fixed x and E

(

γ2(x)
)

<∞ where

γ(x) = sup
|β−β0|≤δ0

|h(x,β)|+ | ∂
∂β

h(x,β)| .

Remark 1. A2 to A4 are standard conditions on the score functions in regression
models. Condition A7 is obviously fulfilled if h(x,β) is a continuous function as it
is the case for the variance functions described in the Introduction. This continuity
assumption implies A8.
Assumptions A9 to A11 are moment conditions necessary to ensure the asymp-
totic order and asymptotic normal distribution of the estimates. However, A10 is
necessary only if the initial estimates have order of convergence τ < 1

2 .

Remark 2. A4 and A5 imply that there exists c > 0 such that

|w2(x)− w2(z)| ≤ c
|z− x|

[min(|x|, |z|)]2
. (5)

2.2 Technical Lemmas.

In this section, we state some technical Lemmas whose results are necessary to
derive the asymptotic distribution of the Newton–Raphson estimates. Their proofs
are given in the Appendix.

For the sake of simplicity, we will begin by fixing some notation. Let us denote

r(x, y,θ) =
y − x′β

σ G (x, λ,β)

r1(x, y,θ) =
y − x′β0

σ G (x, λ,β)

z (x, λ,β) =
x

G (x, λ,β)
H (x, y,θ) = ϕ (r(x, y,θ)) w2 (z (x, λ,β)) z (x, λ,β)
H1 (x, y,θ) = H (x, y,θ) H (x, y,θ)′

H2 (x, y,θ) = H (x, y,θ) H (x, y,θ0)
′

H3 (x, y,θ,S) = ϕ (r(x, y,θ)) w2 (S z (x, λ,β)) z (x, λ,β) z (x, λ,β)′

H4 (x, y,θ,S) = ϕ (r1 (x, y,θ)) w2 (S z (x, λ,β)) z (x, λ,β)
H5 (x, y,θ) = H4 (x, y,θ, I) ,
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where ϕ(t) is a bounded function. Later on, the function ϕ(t) will be taken as Ψ1(t),
Ψ′1(t) or tΨ′1(t).

For any matrix B, |B| denotes
[

∑

k,l
(

Bkl
)2
] 1

2 where Bkl stands for the (k, l)−th
coordinate of the matrix B. For any symmetric and positive definite matrix B,
‖B‖ denotes the maximum eigenvalue of the matrix B. Both norms are equivalent,
that is, there exist constants cp and Cp depending only on the dimension, such that
cp‖B‖ ≤ |B| ≤ Cp‖B‖. However, we distinguish between them in order to simplify
the proofs.

In what follows, denote V and S neighborhoods of θ0 and S0 = I respectively,
such that for any θ ∈ V and S ∈ S we have that |θ − θ0| < δ0, where δ0 is given
in A7, and C−1 < σ < C, |β| < C, |λ| < C and max

(

‖S−1‖, ‖S‖
)

≤ C for some
positive constant C.

Lemma 1. Under A4, A7 and A8, if ϕ is a bounded and continuous function, we
have that,

a) lim
θ→θ0

E (Hj (x, y,θ)) = Aj j = 1, 2

b) sup
θ∈V
|1
n

n
∑

i=1
Hj (xi, yi,θ)− E (Hj (x, y,θ)) | p−→ 0 ,

which entails that for any weakly consistent estimate ̂θ of θ0

1
n

n
∑

i=1
Hj

(

xi, yi, ̂θ
) p−→ Aj ,

where Aj = E (Hj (x, y,θ0)) for j = 1, 2.

Lemma 2. Under A4, A5 and A7 to A9, if ϕ is a bounded and continuous
function, we have that,

a) lim
θ→θ0,S→I

E (H3 (x, y,θ,S)) = A3

b) sup
θ∈V,S∈S

|1
n

n
∑

i=1
H3 (xi, yi,θ,S)− E (H3 (x, y,θ,S)) | p−→ 0 ,

which entails that, for any weakly consistent estimates ̂θ of θ0 and ̂S of the scatter
matrix of the carriers

1
n

n
∑

i=1
H3

(

xi, yi, ̂θ, ̂S
) p−→ A3 ,

where A3 = E (H3 (x, y,θ0, I)).

Remark 3. The conclusion of Lemma 1 also holds for the functions H (x, y,θ) and
H∗3 (x, y,θ,S), where

H∗3 (x, y,θ,S) = ϕ (r(x, y,θ)) w2 (S z (x, λ,β)) z (x, λ,β) .
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Moreover, Lemmas 1 and 2 still hold when r(x, y,θ) is replaced by either

r1(x, y,θ) =
y − x′β0

σ G (x, λ,β)
or

r2(x, y, λ,β) =
y − x′β0

σ0G (x, λ,β)
.

Furthermore, if we consider a weakly consistent estimate, ξn, of β0 and

r3(x, y,θ, ξ) =
y − x′ξ

σ G (x, λ,β)
,

we also get that
1
n

n
∑

i=1

˜H3
(

xi, yi, ̂θ, ̂S, ξn
) p−→ A3 ,

where

˜H3 (x, y,θ,S, ξ) = ϕ (r3(x, y,θ, ξ)) w2 (S z (x, λ,β)) z (x, λ,β) z (x, λ,β)′ .

The Maximal Inequality given in Kim and Pollard (1990) for manageable classes
of functions and stated in van der Vaart and Wellner (1996) (Theorem 3.14.1, page
239) provides a useful tool in order to get convergence rates under mild conditions.
From this inequality, we will obtain the following two Lemmas using the measura-
bility and entropy conditions described in the Appendix.

Lemma 3. Under A1, A4, A5, A8 and A12, if in addition, ϕ is an odd,
continuously differentiable and bounded function with derivative ϕ′ such that η(t) =
tϕ′(t) is bounded, we have that for any weakly consistent estimate ̂θ of θ0

Jn
(

̂θ
) p−→ 0 , (6)

where
Jn(θ) =

1√
n

n
∑

i=1
(H5 (xi, yi,θ)−H5 (xi, yi,θ0)) .

Lemma 4. Under A1, A4, A5, A8 and A12 if, in addition, ϕ is an odd and
bounded function we have that for any weakly consistent estimate (̂θ, ̂S) of (θ0, I)

Jn
(

̂θ, ̂S
) p−→ 0 , (7)

with
Jn(θ,S) =

1√
n

n
∑

i=1
(H4 (xi, yi,θ,S)−H4 (xi, yi,θ, I)) .
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2.3 Consistency Results

Proposition 1. Under A1 to A8 and A10, we have that for any initial consistent
sequence of estimates (βh, σh, λh,Sh)

βN
p−→ β0 .

Proof. Using Lemma 2 with ϕ(t) = Ψ′1(t), we obtain that An
n

p−→ A. On the
other hand, using Remark 3 with ϕ(t) = Ψ1(t) we get that gn

n
p−→ g, where

g = E


Ψ1





y − x′β0

σ0G (x, λ0,β0)



 w2





x
G (x, λ0,β0)





x
G (x, λ0,β0)



 . (8)

From A1 and A2 we get that g = 0, which together with A10 and the consistency
of βh and σh entail the desired result.

Proposition 2. Let ̂β be the solution of

n
∑

i=1
Ψ1





yi − x′iβ
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi
G (xi,λh,βh)

= 0 ,

where (βh, σh, λh,Sh) is any initial consistent sequence of estimates.

Under A1 to A8 and A10, we have that

̂β p−→ β0 .

Proof. For any β∗ ∈ IRp denote

Ln (S,θ,β∗) =
σ
n

n
∑

i=1
Ψ1





yi − x′iβ
∗

σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β)

L(1)
n (S,θ,β∗) =

1
n

n
∑

i=1
Ψ′1





yi − x′iβ
∗

σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β) z(xi, λ,β)′ .

Using a first order Taylor’s expansion around β0, we get

Ln
(

S,θ, ̂β
)

= Ln (S,θ,β0) + L(1)
n (S,θ, ξ) (β0 − ̂β)

with ξ an intermediate point between ̂β and β0. This implies that

( ̂β − β0) =




˜An

n





−1

Ln (Sh,θh,β0) , (9)

where ˜An = L(1)
n (Sh,θh, ξ). Using A8, the boundness of Ψ′1 and of Ψ2, we obtain

that ˜An
n is bounded in probability. On the other hand, using Remark 3 with ϕ(t) =

Ψ′1(t) and ϕ(t) = Ψ1(t), we obtain Ln (Sh,θh,β0)
p−→ σg, where g is defined in (8)

and equals 0. Therefore, as in Proposition 1, from A1, A2, A10 and the consistency
of βh and σh we obtain the desired result.
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2.4 Asymptotic Distribution

In this section we will assume that the initial estimates βh have rate of conver-
gence nτ with τ ∈ (1/4, 1/2]. Theorem 1 is derived under A12, by requiring only
consistency to λh, σh and Sh. On the other hand, Theorem 3 does not need as-
sumption A12, but requires, to the estimates Sh, an order of convergence nν, with
ν ∈ (1/4, 1/2]. Using similar arguments to those given in Simpson, Ruppert and Car-
roll (1992), we will obtain the asymptotic distribution of one–step Newton–Raphson
estimates in the following Theorem.

Theorem 1. Under A1 to A5 and A7 to A12 , we have that
√
n (βN − β0)

D−→ N(0,Σ) ,

where Σ = σ2
0A
−1BA−1 with A defined in A11 and

B = E
(

Ψ2
1 (r(x, y,θ0)) w2

2 (z(x, λ0,β0)) z(x, λ0,β0) z(x, λ0,β0)
′) ,

for any initial consistent estimates (βh, σh, λh,Sh) such that βh has order nτ with
τ ∈ (1

4 ,
1
2 ].

Proof. Denote

Ln (S,θ,β∗) =
σ
n

n
∑

i=1
Ψ1





yi − x′iβ
∗

σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β) .

Using a second order Taylor’s expansion around βh, we get

Ln (S,θ,β0) =
σ
n

n
∑

i=1
Ψ1





yi − x′iβh
σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β)

+
1
n

n
∑

i=1
Ψ′1





yi − x′iβh
σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β)z(xi, λ,β)′ (βh − β0)

+
1

2nσ

n
∑

i=1
Ψ′′1





yi − x′i
˜β

σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β)×

×z(xi, λ,β)′ (βh − β0)z(xi, λ,β)′ (βh − β0) ,

with ˜β an intermediate point between βh and β0. This implies that

Ln (Sh,θh,β0) = gn
σh
n

+
An

n
(βh − β0) + Rn , (10)

where

Rn =
1

2σh

1
n

n
∑

i=1
Ψ′′1





yi − x′i
˜β

σhG (xi, λh,βh)



 w2 (S z(xi, λh,βh)) z(xi, λh,βh) ×

×{z(xi, λh,βh)′ (βh − β0)}
2 .

From (10) and the definition of βN , we get

Ln (Sh,θh,β0) =
An

n
(βN − β0) + Rn . (11)
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Using Lemma 2 with ϕ(t) = Ψ′1(t), we obtain that

An

n
p−→ A .

On the other hand, since we can write

Ln (Sh,θh,β0)− Ln (I,θ0,β0) = Ln (Sh,θh,β0)− Ln (I,θh,β0)
+ Ln (I,θh,β0)− Ln (I,θ0,β0)

from Lemmas 3 and 4 and the consistency of Sh and θh, we have that
√
n (Ln (Sh,θh,β0)− Ln (I,θ0,β0))

p−→ 0 .

Thus,
An

n
√
n (βN − β0) +

√
nRn

has the same asymptotic distribution as Zn =
√
nLn (I,θ0,β0). Since Zn is asymp-

totically normally distributed with zero mean and covariance matrix σ2
0B, it only

remains to prove that √
nRn

p−→ 0 . (12)

It is easy to see that

|Rn| ≤
‖S−1

h ‖
2σh

‖Ψ′′1‖∞
1
n

n
∑

i=1
Ψ2 (|Sh z (xi, λh,βh) |) |z (xi, λh,βh) |2|βh − β0|2 .

Thus, from A10 we obtain that Rn = Op
(

|βh − β0|2
)

, which implies (12) since
τ ∈ (1

4 ,
1
2 ].

Remark 4. When τ = 1/2, one can only require to the score function Ψ1 continuous
first differentiability, by using a first order Taylor’s expansion. Besides, A10 will
not be necessary.

Theorem 2. Let ̂β be the solution of

n
∑

i=1
Ψ1





yi − x′iβ
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi
G (xi,λh,βh)

= 0 , (13)

where (βh, σh, λh,Sh) is any initial consistent sequence of estimates.

Under A1 to A5 and A7 to A12 , we have that
√
n
(

̂β − β0

) D−→ N(0,Σ) ,

where Σ = σ2
0A
−1BA−1 with A defined in A11 and

B = E
(

Ψ2
1 (r(x, y,θ0)) w2

2 (z(x, λ0,β0)) z(x, λ0,β0) z(x, λ0,β0)
′) .
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Proof. As in Theorem 1, denote

Ln (S,θ,β∗) =
σ
n

n
∑

i=1
Ψ1





yi − x′iβ
∗

σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β) .

Using a first order Taylor’s expansion around β0, we get

Ln
(

S,θ, ̂β
)

= Ln (S,θ,β0) +

+
1
n

n
∑

i=1
Ψ′1





yi − x′iξ
σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β)z(xi, λ,β)′ (β0 − ̂β) ,

with ξ an intermediate point between ̂β and β0. This implies that

( ̂β − β0) =




˜An

n





−1

Ln (Sh,θh,β0) , (14)

where

˜An =
n
∑

i=1
Ψ′1





yi − x′iξ
σhG (xi,λh,βh)



w2





Shxi
G (xi,λh,βh)





xi x′i
G2 (xi,λh,βh)

.

Using Remark 3 with ϕ(t) = Ψ′1(t), we obtain that

˜An

n
p−→ A .

Since as in Theorem 1, we have that
√
n (Ln (Sh,θh,β0)− Ln (I,θ0,β0))

p−→ 0 ,

√
n ( ̂β − β0) has the same asymptotic distribution as

(

˜An
n

)−1
Zn, where Zn =

√
nLn (I,θ0,β0). Finally, the desired result follows from the fact that Zn is asymp-

totically normally distributed with zero mean and covariance matrix σ2
0B.

The following Theorem requires an entropy condition, as given in van der Vaart
and Wellner (1996, page 127) and described in the Appendix. Its proof is also given
in the Appendix.

Theorem 3. Assume that A1 to A11 hold. If in addition,

a) the estimates Sh have order of convergence nν with ν ∈ (1/4, 1/2],

and

b) the class of functions

F = {fθ(x, y) = Ψ1 (r1 (x, y,θ)) Ψ2 (|z (x, λ,β) |) −
− Ψ1 (r1 (x, y,θ0)) Ψ2 (|z (x, λ0,β0) |) , θ ∈ V}

with enveloppe F = 2 ‖Ψ1‖∞ ‖Ψ2‖∞, has finite uniform–entropy,

11



c) the class of functions

G = {gθ(x, y) = Ψ1 (r1 (x, y,θ)) η2 (|z (x, λ,β) |) −
− Ψ1 (r1 (x, y,θ0)) η2 (|z (x, λ0,β0) |) , θ ∈ V}

with enveloppe G = 2 ‖Ψ1‖∞ ‖η2‖∞, has finite uniform–entropy,

we have that √
n (βN − β0)

D−→ N(0,Σ) ,

where Σ = σ2
0A
−1BA−1 with A defined in A11 and

B = E
(

Ψ2
1 (r(x, y,θ0)) w2

2 (z(x, λ0,β0)) z(x, λ0,β0) z(x, λ0,β0)
′) ,

for any initial consistent sequence of estimates (βh, σh, λh,Sh) such that βh has
order nτ with τ ∈ (1

4 ,
1
2 ].

An analogous result can be obtained for the solution ̂β of (13).

The following Proposition, whose proof is given in the Appendix, gives a condition
under which the class F defined in Theorem 3 has finite uniform–entropy.

Proposition 3. Assume that there exists a monotone function m(t) such that the
class of functions {m (h(x,β)) : |β − β0| < δ0} has finite dimension and that Ψ1

and Ψ2 are bounded and bounded variation functions, then the class of functions
defined by

F = {fθ(x, y) = Ψ1 (r1 (x, y,θ)) Ψ2 (|z (x, λ,β) |) −
− Ψ1 (r1 (x, y,θ0)) Ψ2 (|z (x, λ0,β0) |) , θ ∈ V}

has finite uniform–entropy.

Remark 5. Note that, for instance, when h(x,β) = h(x), Theorem 3 and Proposi-
tion 3 entail that the one–step Newton–Raphson estimate has the same asymptotic
distribution as the related GM–estimate, without requiring any moment condition
to the variance function h(x), if Ψ1, Ψ2 and Ψ′2 are bounded variation functions.
This latter condition is fulfilled for most score functions used in robust estima-
tion. Proposition 3 also includes the variance functions G(x, λ,β) = (1 + |x′β|)λ
or G(x, λ,β) = exp{λ|x′β|} which were introduced by Box and Hill (1974) and by
Bickel (1978), respectively.

Remark 6. From the definition of the reweighted estimate given in (3) and using
(10), one can obtain that

βR − β0 =


I−
(Bn

n

)−1 An

n



 (βh − β0) +
(Bn

n

)−1

Ln (Sh,θh,β0)−
(Bn

n

)−1

Rn .

12



Similar arguments to those used in Theorems 1 and 3, entail that the reweighted
estimate has the same order of convergence as the initial high breakdown point
estimate, if the matrix

B = E


w1





y − x′β0

σ0G (x, λ0,β0)



 w2





x
G (x, λ0,β0)





x x′

G2 (x, λ0,β0)





is non–singular and if B−1A is not the identity matrix, where A is defined in as-
sumption A11 .

3 Appendix

3.1 Proofs of Lemmas 1 to 4

Proof of Lemma 1. We will begin by proving (a). The boundness of ϕ and Ψ2

entails that |Hj (x, y,θ)−Hj (x, y,θ0) | is bounded. Thus, from A8, the continuity
of ϕ and Ψ2 and the Dominated Convergence Theorem, we have that

lim
θ→θ0

|E (Hj (x, y,θ))− E (Hj (x, y,θ0)) | = 0

concluding (a).

(b) From Theorem 3, Chapter 2 of Pollard (1984) it will be enough to show that
for each η > 0 there exists a finite class Hη such that, for each θ ∈ V there exist
functions Hη,l and Hη,u in Hη such that

Hkl
η,l(x, y) ≤ Hkl(x, y,θ) ≤ Hkl

η,u(x, y) (15)

and
E
(

Hkl
η,u(x, y)−Hkl

η,l(x, y)
)

≤ η , (16)

where H denotes either H1 or H2.

Given K ∈ IN , denote K1 = [ K (|β0|+ σ0C1) ] + 1, where [ t ] stands for the
integer part of the real number t, C1 = sup|θ−θ0|<δ0,|x|≤K G (x, λ,β) and define the
sets

AK = {(x, y) : |x| ≤ K , |r (x, y,θ0) | ≤ K} and BK = {|x| ≤ K , |y| ≤ K1} .

Note that AK ⊂ BK .

Let K ∈ IN , be such that
P (AK) > 1− η1 , (17)

where η1 = η/
(

5M 2
)

with M = ‖ϕ‖∞‖Ψ2‖∞.

From A7 , C2 = inf |θ−θ0|<δ0,|x|≤K G (x, λ,β) is positive. Hence, for (x, y) in BK
and θ in V we have that |r(x, y,θ)| ≤ B1 and |z(x, λ,β)| ≤ B2, where B1 =
(K1 +K C)C/C2 and B2 = K/C2.
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Since the functions ϕ(t) and w2(z)z are continuous, they are uniformly continuous
in CK = {|t| ≤ B1 , |z| ≤ B2}. Therefore, there exists δ > 0 such that

|ϕ2(t)w2
2(z) z z′ − ϕ2(u)w2

2(v) v v′| ≤ η
10

(18)

and
|ϕ(t)w2(z) z − ϕ(u)w2(v) v | ≤ η

10M
(19)

for |t− u| < δ, |z− v| < δ and (t, z) and (u,v) in CK .

From A7 and A8, in BK , we have that r(x, y,θ) and z(x, λ,β) are equicontinuous
functions of θ, for θ in V , i.e., there exists δ1 > 0 such that for |θ − ˜θ| < δ1, θ and
˜θ in V, (x, y) in BK , we have

|r(x, y,θ)− r(x, y, ˜θ)| < δ (20)

and
|z(x, λ,β)− z(x, ˜λ, ˜β)| < δ . (21)

Let (Vi)1≤i≤N be a finite collection of balls centered at points θi ∈ V with radius
smaller than δ1 such that V ⊂ ∪Ni=1Vi.
Given θ ∈ V , let i be such that θ ∈ Vi. Define

Hkl
η,l(x, y) = Hkl(x, y,θi)−D(x, y)

Hkl
η,u(x, y) = Hkl(x, y,θi) +D(x, y) ,

where
D(x, y) =

η
10

+ 2M 2 IAcK(x, y) .

For the sake of simplicity, we have omitted the subscript i in the functions Hkl
η,l and

Hkl
η,u.

Using (18) to (21) and the fact that |θ − θi| < δ1, it is easy to see that

|Hkl(x, y,θ)−Hkl(x, y,θi)| ≤ D(x, y) .

Therefore, Hkl
η,l(x, y) and Hkl

η,u(x, y) satisfy (15).

It remains to show (16). Since

E
(

Hkl
η,u(x, y)−Hkl

η,l(x, y)
)

= 2E (D(x, y)) =
η
5

+ 4M2 (1− P (AK)) ,

(16) follows from inequality (17).

Proof of Lemma 2. We will just point the differences with the proof of Lemma
1.

(a) Note that from Remark 2 there exists c > 0 such that

|w2(x)− w2(z)| ≤ c|z− x|/[min(|x|, |z|)]2.

14



Then, for any θ ∈ V , V ∈ S and W ∈ S, we have that

|H3 (x, y,θ,W)−H3 (x, y,θ,V) | ≤ cC2 ‖ϕ‖∞‖W −V‖ sup
|θ−θ0|<δ0

|z (x, λ,β) | .

On the other hand, since

|H3 (x, y,θ,S)−H3 (x, y,θ0,S) | ≤ 2C ‖ϕ‖∞ ‖Ψ2‖∞ sup
|θ−θ0|<δ0

|z (x, λ,β) | ,

using A8, A9, the continuity of ϕ and Ψ2 and the Dominated Convergence Theorem,
after some algebra we obtain (a).

(b) As in Lemma 1, it will be enough to show that for each η > 0 there exists a
finite class Hη such that, for each θ ∈ V and S ∈ S there exist functions Hη,l and
Hη,u in Hη such that

Hkl
η,l(x, y) ≤ Hkl

3 (x, y,θ,S) ≤ Hkl
η,u(x, y) (22)

and
E
(

Hkl
η,u(x, y)−Hkl

η,l(x, y)
)

≤ η . (23)

Let K ∈ IN be such that

E





 sup
|θ−θ0|<δ0

|z (x, λ,β) | IAcK(x, y)





 < η1 (24)

where AK is as in Lemma 1 and η1 = η/ (5CM) with M = ‖ϕ‖∞ ‖Ψ2‖∞.

From the continuity of T (z,S) = Sz, we have that w2(Sz)z is a continuous
function of (z,S) for any nonsingular S. Thus, as in Lemma 1, we have that ϕ(t)
and w2(Sz)z are uniformly continuous in CK × {max

(

‖S−1‖, ‖S‖
)

≤ C} with CK =
{|t| ≤ B1 , |z| ≤ B2}, where as above B1 = (K1 +K C)C/C2 and B2 = K/C2.
Then, there exists δ > 0 such that

|ϕ(t)w2(Sz) z z′ − ϕ(u)w2(Wv) v v′| ≤ η
10
, (25)

for |t − u| < δ, |z − v| < δ, ‖S − W‖ < δ and (t, z,S) and (u,v,W) in
CK × {max

(

‖S−1‖, ‖S‖
)

≤ C}.
Let (Sj)1≤j≤N1

be a finite collection of balls centered at points Sj ∈ S with radius

smaller than δ such that S ⊂
N1
⋃

j=1
Sj.

Since r(x, y,θ) and z(x, λ,β) are equicontinuous functions of θ in BK = {|x| ≤
K , |y| ≤ K1} with K1 defined as in Lemma 1 for θ in V , we obtain that there exists
δ1 > 0 and a finite collection of balls (Vi)1≤i≤N2

centered at points θi ∈ V with radius

smaller than δ1 such that V ⊂
N2
⋃

i=1
Vi and

|r(x, y,θ)− r(x, y, ˜θ)| < δ (26)
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and
|z(x, λ,β)− z(x, ˜λ, ˜β)| < δ , (27)

for |θ − ˜θ| < δ1, θ and ˜θ in V, (x, y) in BK .

Given θ ∈ V and S ∈ S, let (i, j) be such that θ ∈ Vi and S ∈ Sj. Define

Hkl
η,l(x, y) = Hkl

3 (x, y,θi,Sj)−D(x, y)

Hkl
η,u(x, y) = Hkl

3 (x, y,θi,Sj) +D(x, y) ,

where
D(x, y) =

η
10

+ 2M C IAcK(x, y) sup
|θ−θ0|<δ0

|z(x, λ,β)| .

Using (25) to (27) and the fact that |θ − θi| < δ1 and that ‖S − Sj‖ < δ, it is
easy to see that

|Hkl
3 (x, y,θ,S)−Hkl

3 (x, y,θi,Sj)| ≤ D(x, y) .

Therefore, Hkl
η,l(x, y) and Hkl

η,u(x, y) satisfy (22).

It remains to show (23). Since

E
(

Hkl
η,u(x, y)−Hkl

η,l(x, y)
)

= 2E (D(x, y))

=
η
5

+ 4M C E





IAcK(x, y) sup
|θ−θ0|<δ0

|z(x, λ,β)|






using (24), (23) follows.

The notion of IP− measurability of a class of functions F can be found in van
der Vaart and Wellner (1996, page 110) and it is needed in order to guarantee the
measurability of a supremum over F . In particular, if the class of functions F
contains a countable subset G such that for every f ∈ F there exists a sequence
gm in G such that gm(x) → f(x) for every x, then, F is IP−measurable for every
probability measure IP .

Let F be a class of functions with enveloppe F and lQ a probability measure.
Remind that given two functions f and g, the bracket [f, g] is the set of all func-
tions l with f ≤ l ≤ g and an ε−bracket is a bracket [f, g] with ‖g − f‖ıq,2 < ε,

where ‖f‖ıq,2 =
(

Eıq(f 2)
) 1

2 . Denote N[ ]
(

ε,F , L2(lQ)
)

the bracketing number, more
precisely, the minimum number of ε−brackets needed to cover F . As above, the
upper and lower bounds need not to belong to the class F , but they should have
finite ‖.‖ıq,2 norms.

Define the bracketing integral

J[ ](δ,F) =
∫ δ

0

√

1 + log
(

N[ ] (ε ‖F‖ip,2,F , L2(IP ))
)

dε .
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The function J[ ] is increasing, J[ ](0,F) = 0 and J[ ](1,F) < ∞ and J[ ](δ,F) → 0
as δ → 0 for classes of functions F which satisfies the bracketing entropy condition,
i. e.,

∫ ∞

0

√

log
(

N[ ] (ε ‖F‖ip,2,F , L2(IP ))
)

dε <∞ . (28)

In particular, classes of monotone functions and classes of functions which are
Lipschitz in a parameter satisfy (28) if, for instance, the parameter set is bounded
and has a finite covering number (see van der Vaart and Wellner (1996) page 164).

Maximal Inequality for bracketing numbers. Let X1, . . . ,Xn be i.i.d. random
vectors with common distribution IP . Let F be a IP−measurable class of functions
with an enveloppe F such that ‖F‖ip,2 =

[

Eip(F 2)
]1

2 <∞. For a given δ > 0, set

a(δ) =
δ ‖F‖ip,2

√

1 + log
(

N[ ] (δ ‖F‖ip,2,F , L2(IP ))
)

.

Then, if ‖f‖ip,2 < δ ‖F‖ip,2, for every f ∈ F , there exists a constant D2 not de-
pending on n, such that

‖ sup
f∈F
|Tnf | ‖ip,1 ≤ D2 J[ ] (δ,F) ‖F‖ip,2 +

√
nEip

(

F I{F>√na(δ)}
)

≤ D2 J[ ](1,F) ‖F‖ip,2 ,

where

Tnf =
√
n




1
n

n
∑

i=1
(f(Xi)− E (f(X1))



 .

Proof of Lemma 3. In order to obtain (6) we will again use the maximal in-
equality for bracketing numbers. Let us show that for all θ and ˜θ in V , there exists
a constant C1 such that

|H5 (x, y,θ)−H5
(

x, y, ˜θ
)

| ≤ C1 max(γ(x), 1) |θ − ˜θ| . (29)

Using that

∂
∂λ
ϕ (r1 (x, y,θ)) = −η (r1 (x, y,θ))h(x,β) ,

∂
∂β

ϕ (r1 (x, y,θ)) = −λ η (r1 (x, y,θ))
∂
∂β

h(x,β)

and
∂
∂σ
ϕ (r1 (x, y,θ)) = − 1

σ
η (r1 (x, y,θ)) ,

we obtain that

|ϕ (r1 (x, y,θ))− ϕ
(

r1
(

x, y, ˜θ
))

| ≤ |η (r1 (x, y,θ∗)) | |h(x,θ∗)| |λ− ˜λ|+

+ |λ∗| |η (r1 (x, y,θ∗)) | | ∂
∂β

h(x,β∗)| |β − ˜β|+ 1
σ∗
|η (r1 (x, y,θ∗)) | |σ − ˜σ| , (30)
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where θ∗ = (β∗, σ∗, λ∗)′ is an intermediate point between θ and ˜θ.

From (30), the boundness of η implies that

|ϕ (r1 (x, y,θ))− ϕ
(

r1
(

x, y, ˜θ
))

| ≤M1 max{|γ(x)|, 1} |θ − ˜θ| , (31)

where M1 = ||η||∞(2C + 1).

Analogously, we obtain

|Ψ2 (|z (x, λ,β) |)−Ψ2
(

|z
(

x, ˜λ, ˜β
)

|
)

| ≤ |η2 (|z (x, λ∗,β∗) |) | |h(x,β∗)| |λ− ˜λ|+

+ |η2 (|z (x, λ∗,β∗) |) | |λ∗| | ∂
∂β

h(x,β∗)| |β − ˜β|

≤ M2 γ(x) |θ − ˜θ| , (32)

where η2(t) = tΨ′2(t) is bounded by A5 and M2 = ||η2||∞(C + 1).

Thus, from (31) and (32) we get

|H5 (x, y,θ)−H5
(

x, y, ˜θ
)

| ≤ |ϕ (r1 (x, y,θ))− ϕ
(

r1
(

x, y, ˜θ
))

| |Ψ2 (|z (x, λ,β) |) |+
+ |ϕ

(

r1
(

x, y, ˜θ
))

| |Ψ2 (|z (x, λ,β) |)−Ψ2
(

|z
(

x, ˜λ, ˜β
)

|
)

|
≤ ||Ψ2||∞ |ϕ (r1 (x, y,θ))− ϕ

(

r1
(

x, y, ˜θ
))

|+
+ ||ϕ||∞|Ψ2 (|z (x, λ,β) |)−Ψ2

(

|z
(

x, ˜λ, ˜β
)

|
)

|
≤ C1 max{γ(x), 1}|θ − ˜θ| ,

where C1 = M1||Ψ2||∞ +M2||ϕ||∞ which entails (29).

Fix 1 ≤ k ≤ p. Let F = {fθ(x, y) = Hk
5 (x, y,θ)−Hk

5 (x, y,θ0) , θ ∈ V}, where
Hk

5 denotes the k−th coordinate of H5. Note that from A1, E
(

fθ(x, y)
)

= 0.

A natural enveloppe for F is 2 ‖ϕ‖∞ ‖Ψ2‖∞. However, since |θ − θ0| < δ0 < 1,
from (29) we can take F (x) = C1 max{γ(x), 1}.

Since V is separable and A4, A8 and the continuity of ϕ entail that H5 (x, y,θ)
is a continuous function of θ, we have that the class F is IP−measurable for every
IP . From (29), and using Theorem 3.7.11 of van der Vaart and Wellner (1996),
we conclude that N[ ]

(

2 ε ‖F‖ip,2,F , L2(IP )
)

≤ N(ε,V , | . |) and so F satisfies the
bracketing entropy condition given in (28).

In order to obtain (6), it will be enough to show that

lim
δ→0

limn→∞E





 sup
|θ−θ0|<δ

|Jkn(θ)|




 = 0 , (33)

since, using that ̂θ is a consistent estimate of θ0, for any ε > 0 and δ > 0, we have
that for n large enough

P
(

|Jkn(̂θ)| > ε
)

≤ P
(

|̂θ − θ0| > δ
)

+ P
(

|Jkn(̂θ)| > ε , |̂θ − θ0| < δ
)

≤ δ + P





 sup
|θ−θ0|<δ

|Jkn(θ)| > ε






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≤ δ +
1
ε
E





 sup
|θ−θ0|<δ

|Jkn(θ)|




 .

Given any δ > 0, we will apply the maximal inequality for bracketing numbers
to the subclass Fδ = {fθ(x, y), θ ∈ V and |θ − θ0| < δ}. Thus, we get

E





 sup
|θ−θ0|<δ

|Jkn(θ)|




 ≤ D2 J[ ] (δ,F)
[

E
(

F 2(x)
)]1

2 +
√
nE

(

F (x) I{F (x)>
√
na(δ)}

)

≤ D2 J[ ] (δ,F)
[

E
(

F 2(x)
)] 1

2 +
1
a(δ)

E
(

F 2(x) I{F (x)>
√
na(δ)}

)

. (34)

Using that E
(

F 2(x)
)

< ∞, we obtain that the second term of the inequality (34)
converges to 0 as n→∞ and so, we have

lim
n→∞E





 sup
|θ−θ0|<δ

|Jkn(θ)|




 ≤ D2 J[ ] (δ,F)
[

E
(

F 2(x)
)] 1

2 .

Now, (33) follows from the fact that J[ ] (δ,F)→ 0 as δ → 0.

Proof of Lemma 4. In order to obtain (7) we will use the maximal inequality for
bracketing numbers.

As above, let V be a neighborhood of θ0 and S a neighborhood of I such that for
any (θ,S) in V ×S we have that ‖S− I‖ < δ0 and |θ−θ0| < δ0, with δ0 given in A7
and |β| < C, |λ| < C, C−1 < σ < C and max

(

‖S−1‖, ‖S‖
)

≤ C for some positive
constant C.

As in Lemma 2, using (5) it is easy to show that

|H4 (x, y,θ,W)−H4 (x, y,θ,V) | ≤ cC2 ‖ϕ‖∞‖W −V‖
≤ cC2 ‖ϕ‖∞‖(θ,W)− (θ,V)‖ , (35)

where ‖(θ,W)‖ = max{|θ|, ‖W‖}.
As in the proof of Lemma 3 it is easy to show that for all θ and ˜θ in V , W ∈ S

there exists a constant C1 such that

|H4 (x, y,θ,W)−H4
(

x, y, ˜θ,W
)

| ≤ C1 max(γ(x), 1) |θ − ˜θ| . (36)

and so (35) and (36) entail that for some constant C

|H4 (x, y,θ,W)−H4
(

x, y, ˜θ,V
)

| ≤ C (1 + max(γ(x), 1)) ‖(θ,W)− (˜θ,V)‖ , (37)

Fix 1 ≤ k ≤ p. Let F = {f(θ,S)(x, y) = Hk
4 (x, y,θ,S) −Hk

4 (x, y,θ, I) , (θ,S) ∈
V × S}. Note that A1 and the oddness of ϕ entail E

(

f(θ,S)(x, y)
)

= 0 and so,

E
(

Jkn(θ,S)
)

= 0.
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A natural enveloppe for F is 2C ‖ϕ‖∞ ‖Ψ2‖∞. However, since ‖(θ,S)−(θ0, I)‖ <
δ0 < 1, (37) entails that we can take F (x) = C(1 + max(γ(x), 1)).

Since V × S is separable and A4, A8 and the continuity of ϕ entail that
H4 (x, y,θ,S) is a continuous function of (θ,S), we have that, for every IP , the
class F is IP−measurable. From (37) and A12, and using Theorem 3.7.11 of
van der Vaart and Wellner (1996), we conclude that N[ ]

(

2 ε ‖F‖ip,2,F , L2(IP )
)

≤
N(ε,V × S, | . |) and so F satisfies the bracketing entropy condition given in (28).

In order to obtain (7), it will be enough to show that

lim
δ→0

limn→∞E





 sup
|(θ,S)−(θ0,I)|<δ

|Jkn(θ,S)|




 = 0 , (38)

since, using that (̂θ, ̂S) is a consistent estimate of (θ0, I), for any ε > 0 and δ > 0,
we have that for n large enough

P
(

|Jkn(̂θ, ̂S)| > ε
)

≤ δ + P





 sup
‖(θ,S)−(θ0,I)‖<δ

|Jkn(θ,S)| > ε







≤ δ +
1
ε
E





 sup
‖(θ,S)−(θ0,I)‖<δ

|Jkn(θ,S)|




 .

Given any δ > 0, we will apply the maximal inequality for bracketing numbers
to the subclass Fδ = {fθ,S(x, y), (θ,S) ∈ V × S and ‖(θ,S)− (θ0, I)‖ < δ}. Thus,
we get

E





 sup
‖(θ,S)−(θ0,I)‖<δ

|Jkn(θ,S)|




 ≤ D2 J[ ] (δ,F)
[

E
(

F 2(x)
)] 1

2 +

+
√
nE

(

F (x) I{F (x)>
√
na(δ)}

)

≤ D2 J[ ] (δ,F) C1 , (39)

for n large enough. And so, we have

lim
n→∞E





 sup
|(θ,S)−(θ0,I)|<δ

|Jkn(θ,S)|




 ≤ C1D2 J[ ] (δ,F) .

Now, (38) follows from the fact that J[ ] (δ,F)→ 0 as δ → 0.

3.2 Proof of Theorem 3

Before proving Theorem 3, we recall some definitions which can be found, for in-
stance, in van der Vaart and Wellner (1996). Let F be a class of functions with
enveloppe F and lQ a probability measure. Denote N

(

ε,F , L2(lQ)
)

the covering
number, i.e., the minimum number of balls B(ε, g) = {h : ‖h− g‖ıq,2 < ε} of radius
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ε needed to cover F , where ‖f‖ıq,2 =
(

Eıq(f 2)
) 1

2 . The centers of the balls need not
to belong to the class F , but they should have finite ‖.‖ıq,2 norms.

Define the integral

J(δ,F) = sup
lQ

∫ δ

0

√

1 + log
(

N
(

ε ‖F‖ıq,2,F , L2(lQ)
))

dε ,

where the supremum is taken over all discrete probability measures with ‖F‖ıq,2 > 0.

The function J is increasing, J(0,F) = 0 and J(1,F) < ∞ and
J(δ,F)→ 0 as δ → 0 for classes of functions F which satisfies the uniform– entropy
condition, i. e.,

∫ ∞

0
sup
lQ

√

log
(

N
(

ε ‖F‖ıq,2,F , L2(lQ)
))

dε <∞ . (40)

In particular, Vapnis-Cervonenkis classes of functions satisfy (40).

Maximal Inequality for covering numbers. Let X1, . . . ,Xn be i.i.d. random
vectors with common distribution IP . Let F be a IP−measurable class of functions
with an enveloppe F such that Eip(F 2) <∞. Suppose that 0 is in F . Then, there
exists a constant D1 = D1(q) not depending on n, such that

‖ sup
f∈F
|Tnf | ‖ip,q ≤ D1 ||J (δn,F)





1
n

n
∑

i=1
F 2 (Xi)





1
2

||ip,q

≤ D1 J(1,F) ‖F‖ip,max(2,q) ,

where ‖Y ‖ip,q = [Eip(Y q)]
1
q ,

Tnf =
√
n




1
n

n
∑

i=1
(f(Xi)− E (f(X1))





and

δ2
n =

sup
f∈F

1
n

n
∑

i=1
f 2(Xi)

1
n

n
∑

i=1
F 2(Xi)

.

It is worthwile noting that the same function J can still be used independently
of the subclass F0 if the same enveloppe F is used for F0. More precisely, if F0 ⊂ F
and the enveloppe F is used for F0, then J(δ,F0) ≤ J(δ,F) and thus one still has

‖ sup
f∈F0

|Tnf | ‖ip,q ≤ D1 ||J (δn,0,F)




1
n

n
∑

i=1
F 2 (Xi)





1
2

||ip,q

≤ D1 J(1,F) ‖F‖ip,max(2,q) ,

21



with

δ2
n,0 =

sup
f∈F0

1
n

n
∑

i=1
f 2(Xi)

1
n

n
∑

i=1
F 2(Xi)

.

Lemma 5. Under A1, A4, A7 and A8, if in addition,

a) ϕ is an odd, continuous and bounded function,

and, in addition,

b) for each 1 ≤ k ≤ p, (40) holds for the class of functions

Fk = {fθ(x, y) = Hk
5 (x, y,θ)−Hk

5 (x, y,θ0) , θ ∈ V}

with enveloppe F = 2 ‖ϕ‖∞ ‖Ψ2‖∞,

we have that for any weakly consistent estimate ̂θ of θ0

Jn
(

̂θ
) p−→ 0 , (41)

where
Jn(θ) =

1√
n

n
∑

i=1
(H5 (xi, yi,θ)−H5 (xi, yi,θ0)) .

Proof. Fix 1 ≤ k ≤ p. From A1, E
(

fθ(x, y)
)

= 0. Since V is separable, A4,
A8 and the continuity of ϕ entail that H5 (x, y,θ) is a continuous function of θ, we
have that the class Fk is IP−measurable for every IP .

As in Lemma 3, in order to obtain (41), it will be enough to show that

lim
δ→0

lim
n→∞E





 sup
|θ−θ0|<δ

|Jkn(θ)|




 = 0 , (42)

Given any δ > 0, we will apply, component–wise, the maximal inequality for
covering numbers to the subclass Fδ of Fk defined as Fδ = {fθ(x, y) ∈ Fk,θ ∈ V
and |θ − θ0| < δ}. Thus, we get

E





 sup
|θ−θ0|<δ

|Jkn(θ)|




 ≤ D1E


J (δn,Fk)




1
n

n
∑

i=1
F 2(xi, yi)









≤ DE (J (δn,Fk)) , (43)

where D = D1M , M = 2 ‖ϕ‖∞ ‖Ψ2‖∞ and

δ2
n =

1
M 2 sup

|θ−θ0|<δ

1
n

n
∑

i=1
|fθ(xi, yi)|2 .
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From Lemma 1, we have that

sup
|θ−θ0|<δ

|1
n

n
∑

i=1
|fθ(xi, yi)|2 − E

(

|fθ(x, y)|2
)

| p−→ 0 .

Therefore, since limδ→0+ J(δ,Fk) = 0 it will be enough to show that

lim
δ→0

sup
|θ−θ0|<δ

E
(

|fθ(x, y)|2
)

= 0 ,

which is equivalent to show that

lim
θ→θ0

E
(

|fθ(x, y)|2
)

= 0 (44)

Using A8, the continuity of ϕ and w2, the fact that |fθ(x, y)| ≤M and the Domi-
nated Convergence Theorem, we obtain (44), concluding the proof.

Proof of Theorem 3. As in the proof of Theorem 1, denoting

Ln (S,θ,β∗) =
σ
n

n
∑

i=1
Ψ1





yi − x′iβ
∗

σ G (xi, λ,β)



 w2 (S z(xi, λ,β)) z(xi, λ,β)

and using a second order Taylor’s expansion around βh, we get

Ln (Sh,θh,β0) =
An

n
(βN − β0) + Rn , (45)

where

Rn =
1

2σh

1
n

n
∑

i=1
Ψ′′1





yi − x′i
˜β

σhG (xi, λh,βh)



 w2 (S z(xi, λh,βh)) ×

× z(xi, λh,βh) {z(xi, λh,βh)′ (βh − β0)}
2 .

Using Lemma 2 with ϕ(t) = Ψ′1(t), we obtain that

An

n
p−→ A .

On the other hand, we have that

Ln (Sh,θh,β0)− Ln (I,θ0,β0) = U1n + U2n ,

where

U1n = Ln (Sh,θh,β0)− Ln (I,θh,β0)
U2n = Ln (I,θh,β0)− Ln (I,θ0,β0) .

From Lemma 5 and the consistency of Sh and θh, we have that
√
nU2n

p−→ 0 .
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Thus, if we had √
nU1n

p−→ 0 , (46)

we would obtain that
An

n
√
n (βN − β0) +

√
nRn

has the same asymptotic distribution as Zn =
√
nLn (I,θ0,β0). Since, as in The-

orem 1, Zn is asymptotically normally distributed with zero mean and covariance
matrix σ2

0B and √
nRn

p−→ 0 ,

the proof would be concluded.

Let us show (46). Consider the function defined by g(W) = Ln (W,θh,β0).
By using a second order Taylor’s expansion of g(Sh) around I we get that g(Sh) =
g(I)+T1n+T2n, where T1n and T2n are the first and second order term respectively.
Therefore, we have that

T1n =
2
n

n
∑

i=1
Ψ1 (r1 (xi, yi,θh)) ϕ1

(

|z(xi, λh,βh)|2
)

z(xi, λh,βh) ×

× {z(xi, λh,βh)′ (Sh − I) z(xi, λh,βh)}
and

|T2n| ≤ 2 p4C2
p ‖Sh − I‖2 1

n

n
∑

i=1
|Ψ1 (r1 (xi, yi,θh)) | |z(xi, λh,βh)| ×

×
{

|ϕ2
(

| ˜S z(xi, λh,βh)|2
)

| ‖z(xi, λh,βh) z(xi, λh,βh)′ ˜S‖2

+ ϕ1
(

| ˜Sz(xi, λh,βh)|2
)

‖z(xi, λh,βh)z(xi, λh,βh)′‖
}

,

where

ϕ1(t) =
t−1

2

(

Ψ′2(t
1
2 )− t−

1
2 Ψ2(t

1
2 )
)

ϕ2(t) =
t−2

2

(1
2
t

1
2 Ψ′′2(t

1
2 )− 3

2
Ψ′2(t

1
2 ) +

3
2
t−

1
2 Ψ2(t

1
2 )
)

.

Note that |T1n| ≤ 2p2|Sh − I| |Vn(θh)| where

Vn(θh) =
1
n

n
∑

i=1
Ψ1 (r1 (xi, yi,θh)) ϕ1

(

|z(xi, λh,βh)|2
)

×

× (z(xi, λh,βh)z(xi, λh,βh)′)⊗ z(xi, λh,βh)
= V1n(θh) + V2n(θh) ,

with

V1n(θh) =
1

2n

n
∑

i=1
Ψ1 (r1 (xi, yi,θh)) η2 (|z(xi, λh,βh)|)





xi
|xi|

x′i
|xi|



⊗ xi
|xi|

V2n(θh) =
1

2n

n
∑

i=1
Ψ1 (r1 (xi, yi,θh)) Ψ2 (|z(xi, λh,βh)|)





xi
|xi|

x′i
|xi|



⊗ xi
|xi|

.
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Using that the covering number for the family Hk` =











fθ(x, y)








x
|x|

x′

|x|



⊗ x
|x|





k`










can be bounded by the covering number of the family F , similar arguments to those
used in Lemma 5 allow us to conclude that

√
n (V2n(θh)−V2n(θ0))

p−→ 0.

Since assumption (c) implies that the family Gk` =











gθ(x, y)








x
|x|

x′

|x|



⊗ x
|x|





k`










has finite entropy and η2 is a continuous bounded function, as in Lemma 5 we can
get that

√
n (V1n(θh)−V1n(θ0))

p−→ 0. Therefore,
√
n (Vn(θh)−Vn(θ0))

p−→ 0 , (47)

which entails that
√
nVn(θh) is bounded in probability. On the other hand, denoting

cϕ =
1
2

(1
2
‖η3‖∞ +

3
2
‖η2‖∞ +

3
2
‖Ψ2‖∞

)

, assumption A6 and A4 imply that

|ϕ2(|z|2)|z|5| ≤
1
2

(1
2
|η3(|z|)|+

3
2
|η2(|z|)|+

3
2
|Ψ2(|z|)|

)

≤ cϕ (48)

Denote C1 = cϕ + ‖η2‖∞ + ‖Ψ2‖∞. Since
√
n|U1n| =

√
n| (g(Sh)− g(I)) |

≤ 2p2|Sh − I| |
√
nVn(θh)|+ 6p4C2

pC
7 ‖Ψ1‖∞C1

√
n‖Sh − I‖2

from (47), (48) and the assumption (a) made we obtain (46)

Proof of Proposition 3. Note that since

fθ(x, y) = Ψ1 (r1 (x, y,θ)) Ψ2 (|z (x, λ,β) |) −Ψ1 (r1 (x, y,θ0)) Ψ2 (|z (x, λ0,β0) |) ,

it will be enough to show that ˜F = {fθ(x, y) = Ψ1 (r1 (x, y,θ)) Ψ2 (|z (x, λ,β) |),
θ ∈ V} has finite uniform–entropy.

Since for any class of functions F such that F = {f = f1+f2 : fi ∈ Fi , i = 1, 2},
we have that

N
(

ε,F , L2(lQ)
)

≤ N
( ε

2
,F1, L2(lQ)

)

. N
( ε

2
,F2, L2(lQ)

)

,

we only need to obtain the result when Ψ1 and Ψ2 are bounded increasing functions.

On the other hand, ˜F ⊂ ˜F1 . ˜F2 where
˜F1 = {f1,θ(x, y) = Ψ1 (r1 (x, y,θ)) , θ ∈ V}
˜F2 = {f2,θ(x, y) = Ψ2 (|z (x, λ,β) |) , θ ∈ V}

and so N
(

ε, ˜F , L2(lQ)
)

≤ N
(

ε, ˜F1 . ˜F2, L2(lQ)
)

. According to Corollary 2.6.12 and
Lemmas 2.6.13 and 2.6.20 of van der Vaart and Wellner (1996), the desired conclu-
sion can be derived from the fact that the classes of functions ˜F1 and ˜F2 are bounded
VC–major classes of functions. Since ˜F1 and ˜F2 can be bounded by ‖Ψ1‖∞ and
‖Ψ2‖∞, respectively, and any finite dimensional vector space of measurable func-
tions is a VC–major class, the result follows easily by applying Lemma 2.6.19 of van
der Vaart and Wellner (1996).
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