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Abstract

We study the set of nilpotents ¢ (t* = 0) of a type II; von Neumann algebra A which verify that "~ + ¢*
is invertible. These are shown to be all similar in 4. The set of all such operators, named by D.A. Herrero very
nice Jordan nilpotents, forms a simply connected smooth submanifold of A in the norm topology. Nilpotents

are related to systems of projectors, i.e. n-tuples (p1, ..., p,) of mutually orthogonal projections of the algebra
which sum 1, via the map

Qp(t) = (Pkerta f)kert2 — Prerts s f)kert"—1 - Pkert"—Qv 1- Pkert"_l)‘
The properties of this map, called the canonical decomposition of nilpotents in the literature, are examined.
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1 Preliminaries

D.A. Herrero introduced the class of very nice Jordan operators as a solution to many
aproximation problems in operator theory ([9]). For example, the problem of existence
of similarity local cross sections. A very nice Jordan nilpotent operator t of order n of a
C*-algebra A is an element ¢ € A such that t* = 0, "1 £ 0 and t" ! 4+t* is invertible.
The typical example of a very nice Jordan nilpotent occurs when A = M,,(C): consider
the n x n Jordan cell @), given by

Qn=Fio+FEoz+ ...+ E,_1,

where Ej; ; is the elementary matrix with 1 in the ¢, j entry and zero elsewhere. Let
us transcribe the abstract characterization of these operators [9], Lemma 7.20:
Let A be a unital C*-algebra and t € A a nilpotent of order n. Then the following

are equivalent:

1. " + Y is invertible for all j = 1,...,n — 1.

2. "7 +t* js invertible for some j = 1,...,n — 1.

3. There exists a faithful unital *~homomorphism « : M, (C) — A and an invertible

element s € A such that o(Q,) = sts™'.

4. For every faithful representation p : A — B(H), one has ker p(t/) = R(p(t""7))
forall j=1,....,n—1.
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In this paper we study the set of very nice Jordan nilpotents of a type I algebra
A. We show that they are all similar. We also consider the subset consisting of very
nice Jordan nilpotents which are partial isometries. These are shown to be all unitarily
equivalent. Both sets are first considered in the norm topology. It is shown that they
are smooth simply connected submanifolds of A. Next they are considered in the
strong operator topology. Here a stronger assumption on A is required, namely that
A be a I factor with the scaling trace property [12]. For these algebras we study
fibrations relating very nice Jordan nilpotents to systems of pojections of A [7].

Let us establish some preliminary facts.

If A is a finite von Neumann algebra, one can find such nilpotents. This is clear for
matrix algebras. If A is of type 1, pick a projection p with Tr(p) = 1/n, where T'r
is the center valued trace of A. Then there exist equivalent projections p = py, ..., p,
which are mutually orthogonal and sum 1. Let v;, ¢ = 1,...,n — 1 be partial isometries
such that v; : pj11 ~ p;, i.e. v7v; = piy and v;v7 = p;. Then

Lemma 1.1 The element a = X' v; 15 a very nice Jordan nilpotent and a partial

1sometry with kernel p and range 1 — p.

The proof follows from elementary computations. Also note that for each 0 < 7 < n—1,
a’p, is a partial isometry with initial space p,, and final space Pn—j-

The so called canonical decomposition of a nilpotent operator will be useful. Given
t a nilpotent of order n acting on H, one has the proper inclusions

kert C kert’ C ... C kert" ' C kert" = H.

Put Hy; = kert, Hy = kert?6kert, ..., H; = ker t/ &ker t/~!. The orthogonal subspaces
Hy,...,H, decompose H, and if one regards the n x n block matrix form of ¢ in
this decomposition, it is strictly upper triangular. We shall prefer to deal with the
projections instead of the spaces, and will call the n-tuple (pg,, ..., py, ) the canonical
decomposition of ¢, denoted by ¢(t). Note that if a is the operator defined above, then
p(a) = (p1, -, Pn)-

The canonical decomposition considered as a map was studied in [3], where the
points of norm continuity of ¢ were characterized.

In this paper we shall consider the set V},(.A) of very nice Jordan nilpotents of order
n in the norm as well as in the strong operator topology. Continuity properties, both
in the norm and strong operator setting, will follow from an explicit formula for ¢(t)
for the case when ¢ is very nice Jordan. In the strong operator topology though, one
has to restrict to operators which are uniformly norm bounded. Let us end this section
with the formula for ¢.

Proposition 1.2 Let A be a C*-algebra and t € V,,(A). Then
Pkert’f _ tn—kt*n—k[(tn—k + t*k)(t*n—k 4+ tk)]_l,
fork=1,...,n—1.

Proof. Since t" % + ¢** is invertible, and ¢* has closed range, the operator given by
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see that this expression defines a projection in A. It is selfadjoint, because " *¢*—*
commutes with ("% 4 ¢*F)(¢F 4 k) = gn-kpm—k 4 pktk - Moreover, (£7 7 F)?2 =
tn—kt*n—k(tn—kt*n—k 4 t*ktk) — tn—kt*n—k(tn—k 4 t*k)(t*n—k 4 tk) Therefore

(tn—kt*n—k[(tn—k + t*k)(t*n_k + tk)]—l)Q — (tn—kt*n—k)Z[(tn—k + t*k)(t*n—k 4+ tk)]—Q —

tn—kt*n—k[(tn—k + t*k)(t*n_k + tk)]_l.
O

Note that P rtiorertt = Prertitt — Peerge. Therefore the statement above gives an
explicit formula for ¢(¢) in terms of the powers of ¢ and ¢*. In particular,

0 :Vo(A) = Py(A) ={(q1, - qn) € A" 1 4iq; = 0i ¢, ¢ =4, q1 + ... + ¢ = 1}

1S norm continuous.

2 Similarity and unitary equivalence in V,(A)

In this section we shall prove that if A is a type II; von Neumann algebra, then all
very nice Jordan nilpotents of A of order n are similar in A. Also we will prove that
all very nice Jordan nilpotents of order n, which additionally are partial isometries,
are unitarily equivalent. The proof of the first fact proceeds in two steps.

Proposition 2.1 Let A be a type 117 von Neumann algebra with center valued trace
7. If t € V,,(A), then T(p(t);) = 1/n,i=1,..n.

Proof. By the characterization of V,,(A) transcribed before, there exists a unital in-
jective *-homomorphism a : M,(C) — A and an invertible element s € A such
that «(Q,) = sts”!. The canonical decomposition of @, is (E11,..., En,). Then
o(sts™) = p(a(Qy)) = (a(E11), .., a(En,)), which are projections which are equiva-
lent in A. Therefore 7(¢(sts™1)); =1/n, i =1,...,n. We claim that the n-tuples ()
and ¢(sts™!) are unitarily equivalent in A (i.e. there exists a unitary element u € A
such that , up(t)u* = p(sts™1);, i = 1,...,n) and this clearly ends our proof. Indeed,
since the invertible group of A is connected, there is a norm continuous path of invert-
ibles joining 1 and s. Since ¢ is norm continuous, this induces a norm continuous path
joining o(t) and ¢(sts™1) in P,(A). In [7] it was shown that if the unitary group Uy is
connected, then the connected components of P, (A) coincide with the unitary orbits
of the elements of P,(A). It follows that o(¢) and ¢(sts™!) are unitarily equivalent.
O

Recall that we have fixed an n-tuple (p1,..,p,) with 7(p;) = 1/n and an element
a € V,(A) with o(a) = (p1,...,pn). Let us define the following element of A, for
t e Vo(A),

n—-1 . :
pu(t) =Y t'ppa™.
i=0

Proposition 2.2 Suppose that t € V,(A) with o(t) = (p1,...,pn). Then u(t) is in-
vonvtihls A Ad ontiotdoo F1i(+N — 1, (+) ~
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Proof. Suppose A acting in H. First note that t'p,a* are operators with closed
ranges which are in direct sum. Indeed, for i = 0,...,n — 1, t'p, = (' + " )p,,
because R(p,) = (kera™ 1t = (kert" 1t = R(t)* = kert*, i.e. t*"'p, = 0 for
i < n. Since p,a* is a partial isometry and t’ + ¢*"~* is invertible, this implies that
t'ppa* has closed range. Let us see that R(t'p,a*) N R(t'p,a®) = {0} if i # j.
Indeed, suppose i > j and suppose that t'p,& = t/p,n, then 0 = t""Fip,n, ie.
pan € kert" 079 C kert"'. On the other hand R(p,) = (kert" ")*. Therefore
pan = 0. Therefore p(t) = X1 t'p,a* has closed range. Moreover, it has trivial
kernel: u(t)€ = 0 implies, t'p,a*'¢ = (t' + t*")p,a*'¢ = 0, which implies p,a*¢ = 0,
because t* + t*"~* is invertible. Then ¢ is orthogonal to the ranges of the partial
isometries a'p,, which sum H, i.e. £ = 0. Since the algebra A is finite, it follows that
p(t) is invertible.

Let us prove now that tu(t) = u(t)a. tu(t) = X0 tHp,a* = Xt 1p,a*. On
the other hand, u(t)a = X1 t'ppa*’a. We claim that p,a*'a = p,a*' for i > 1
and p,a = 0. These two facts clearly imply the equality tu(t) = p(t)a. The second
fact is apparent, R(a) = kera"™! = kerp, (R(p,) = (kera*"~1)+). Let us prove that
pna*ia = ppa*~! for i > 1. Recall that a = Z?;ll v; where v;, are a partial isometries
such that v; : piy1 ~ p;. Then a'p, = v,_iVp_it1...Un—1. It follows that

ES
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pnata =0, 1.0 (v + . FU1) =0 U U,

*

because v;,_,v; = 0 if j # n — 4. The right hand term above equals

* * % ) Lk * - *1—1
Un—l"vn—zvn—l — Un—l"'vn—l+1pn_l — /Un_l.../Un_(Z_l) — pna )

and the proof is complete. O

With these two results we can prove our result on similarity.

Theorem 2.3 Suppose that A is a type I[I; von Neumann algebra. Then all the
elements of V,,(A) are similar in A.

Proof. It suffices to show that if t € V,,(A), then ¢ is similar to a. By the lemma
above, ¢(t) and p(a) are unitarily equivalent. Indeed, ¢(t); and ¢(a); have the same
trace, therefore there exists a partial isometries w; : ¢(t); ~ ¢(a);, i = 1,...,n. Since
both the ¢(t); and ¢(a); sum 1, then w = X! ; w; is a unitary operator such that
wp(t);w* = @(a). Note that wkert’ = ker wt'w*, therefore wo(t)w* = p(wtw*). By
the proposition above wtw* and a are similar. Therefore ¢ and a are similar. O

Remark 2.4 Note that in particular, this result implies that the set V,,(A) is connected
when A is flnite.

Let us consider now elements of V,,(A) which are partial isometries. Note that the
element a € V,,(A) is one of these.

Theorem 2.5 Let A be a type 11; von Neumann algebra, t € V,,(A) and a as above.
The following are equivalent:

1 + /I.(‘ Val /nn/r“/‘nn] /fon/rno'/‘/r’/u /;}D'I'/IIYDD/Y] (]IQY‘ +\J‘ f”)’]f] D('I'\)



2.t + "1 is a unitary element.

3. There exists u € Uy such that t = vau*

Proof. Suppose first that ¢ + ¢**~! is unitary. Since (kert)t = R(t*) = ker t*"~! it
follows that ¢ = (t + ¢*"~1) Py e is a partial isometry.

On the other hand, if ¢ is a partial isometry, then ¢ maps kert’ © kert'~! onto
ker 7! © kert'"2. Indeed, t* = 0 implies that t(kert’) C ker#~!, and because ¢
is very nice Jordan one has equality: pick & € kert'™t = R(t"t1) ¢ = ¢itly
then if v = t" ', tv = £ and v € kert’. Since t is isometric on kert' © kert'~! for
i > 2, this implies that t(kert’ © kert'™!) = kert'~! © kert'~2 for i > 2. Therefore
if o(t) = (qi,...,qn), t'q; is a partial isometry with initial space ¢; and final space
qi—1 for I < v —1and 0 if [ > ¢. In particular, since ¢, = 1 — Peryn-1 = Pgpen-1y,
= ¢,t*" ! is a partial isometry between ¢q; and g,,. Therefore ¢ +¢*"~! is isometric
between Pyt @ q1 = 1 and R(t) @ ¢, = 1, i.e. a unitary.

Morever, if ¢ is a partial isometry, then ¢ is unitarily equivalent to a. In fact, ¢ has an
analogous description as a, t = X' , tq; with tq; : ¢; ~ ¢;—1. By the same argument as
in 2.3 there exists a unitary u € A such that up(t)u* = p(utu*) = (ugru®, ..., ugyu*) =
o(a) = (p1, .-, pn). Recall the map u, and put p(utu*). Asin 2.2, p(utu*) intertwines
utu* and a. Let us see that in this case p(utu*) is a unitary. Indeed, t'q, is, as shown
above, a partial isometry between ¢, and ¢, ;. Then ut'q,u* = (utu*)'p, is a partial
isometry between ug,u* = p, and p,_;. Then (utu*)ipna*i is a partial isometry with
final and initial space p,_; for i = 1,...,n — 1. Therefore p(utu*) = S0 (utu*)'p,a*
i1s a unitary operator.

t*nfl

O

Let us denote by V:-(A) the set of very nice Jordan nilpotents of order n which are
partial isometries.

These results imply that given a € V*(A), one can regard the elements of A as
n by n matrices with entries in pAp, and replace a by a canonical model, which is
unitarily equivalent to a, whose matrix looks like the matrix @, € M, (C). We shall
make use of this representation when examining the homotopy groups of these sets
Vo (A), VEH(A) and P,(A) in section 4.

3 Norm continuous local cross sections

Regarding the way that the above results are proved, it follows that if one can ex-
hibit an explicit (continuous, smooth) way to intertwine two systems of projections
(p1, .-, pn) and (qq, ..., qy), then one would obtain a cross section from V,(A) to the
invertible group G4 of A, and for the unitary orbit of a , V' (A), as well . Let us
briefly recall some facts from [7] concerning the geometry of systems of projections.
Fix the n-tuple p = (p1, ..., pn) € P,(A) and consider the map

75 Ug — Po(A), mp(u) = upu” = (upru™, ..., uppu’™).

This map has continuous local cross sections. Let Vy = {¢ € P,(A) : s5(q) =

\n PO A ¢ Nta that atrveca oA — 1 and 7 a ~Arvan s +Fha rveariy Fers A coor



it follows that Vj is open in P,(A) (considered with the norm topology of A"). If
q € Vy, then it is apparent that the invertible element s;(¢) intertwines p and ¢, i.e.
sf(@Q)p = @sp(¢). In order to obtain a wnitary intertwiner one proceeds as follows:
sy(q)*s5(¢) conmmutes with p;, i = 1, ..., n, therefore if we put o5(¢) the unitary part
of the polar decomposition s;(7) = 05(q)(s5(7)*s5(q))"/?, one has

o5 @pos(q)” = q,

in other words,
o5 Vy— Uy

is a continuous, in fact smooth, local cross section for 75 One can obtain local cross
sections (neighbourhoods and maps) around any point in P, (A) by translating this
one with unitaries. Combining this fact with the proof of the theorem of the previous
section one obtains:

Proposition 3.1 The map
Mot Ga— Vo(A), 7alg) = gag™

1s a principal bundle, with flbre equal to the group of invertible operators which com-
mute with a.

Proof. Put p'= ¢(a). Consider the following map

A(t) = o(0(t) ploplep(t)) top( (1))

defined on the set {t € V,(A) : ¢(t) € Vz}, which is open in V,(A). This map
A is a continuous cross section for m, on this subset of V,(A). Indeed, note that
o5(p(t)) top(p(t)) has the same canonical decomposition as a, because oz(p(t)) in-
tertwines o(t) and ¢(a) = p. Therefore, by the proposition of the previous section,
p(op(p(t)) top(p(t))) intertwines a and oz(p(t))*toz((t)), and a simple computation
shows that A(t) intertwines a and t. Clearly it takes values in G 4, and is continuous,
therefore it defines a continuous local cross section for m,. Another way of phrasing
2.3 above, is that the action of G4 is transitive on V,,(A). Therefore this cross section
can be carried over any point of V,,(A) in a standard fashion. It is apparent that the
fibre of m, over a is the subgroup of invertibles which commute with a. Therefore
V.(A) is in fact a homogeneous space, with norm continuous local cross sections, in
particular it is a principal bundle. O

One can obtain the analogous result for V(A) and the unitary group Uy. The
proof follows from the observation in the proof of 2.5, that () is in fact a unitary if
t € VEH(A) with p(t) = p.

Proposition 3.2 The map
To: Ug — ViHA), m.(u) = uau®

15 a principal bundle, with flbre equal to the group of unitary operators which commute
OIY’;+”) ra'l



One can obtain more from the explicit fashion in which the map A is constructed.
In [4] it was shown that if the cross section of a homogeneous space can be extended
in a smooth manner to a neighbourhood of the algebra, then the homogeneous space
becomes a complemented smooth submanifold of the algebra, and the map a smooth
submersion. Let us cite this result, which is a more or less straightforward consequence
of the inverse function theorem for Banach spaces:

Let B be a complex Banach algebra, G the Banach Lie group of invertible elements
of B, let b € B and m, : Gg — S(b) = {gbg™! : g € G} given by my(g) = gbg~*. Then
the following two conditions are equivalent:

1. There exists a neighbourhood b € W C B and a smooth map w;, : YW — B such
that the restriction wy|g) is a local cross section for m,.

2. m: Gg — S(b) is a smooth submersion and S(b) is a complemented submanifold

of B.
For a proof of this fact see [4].

Corollary 3.3 The map 7, : G4 — V,(A) is a smooth submersion and V,(A) is a
smooth complemented submanifold of A.

Proof. By the fact cited, it suffices to show that the cross section A has an extension
to an open neighbourhood of a in A. But this is apparent:

A(t) = op(p(t)) ilop(p(t)) top(p(1)))

is defined in terms of ¢, which has an explicit expression given in section 1, and clearly
extendible beyond V},(\A), to the set of x € A such that 2/ +2*"7/ € G4 for j =1,...,n,
a set which is clearly open. This set must be eventually adjusted in order that the
natural extension of s; remains invertible.

O

Remark 3.4 The restriction of the above map 7, to the unitary group has also unitary
cross sections which can be smoothly extended to neighbourhoods of the norm topology
of A. It follows that V.- (A) is a complemented submanifold of V,,(A) (and of A). This
fact can also be obtained from the main result of [5], where it is shown that the unitary
orbit of an element b € A is a submanifold of A if b generates a flnite dimensional
C*-algebra. Note that this is the case for a. In fact C*(a) = M, (C).

4 Homotopy type

In this section we examine the first homotopy groups of V:x(A), V,,(A) and P2(A).
We make here again the assumption that A is of type II;. In the previous sections
we obtained that the maps

To: Ug — ViHA), 74(uw) = uau*

and
T, rr. —_N DO( A\ ’TT—»{OI\ —_— (’)l/)’)-/ll* YL aY /II*\



are fibre bundles (homogeneous spaces) with fibre equal to (respectively) the unitary
groups of {a} N A and {p1,...,p,}' N A. In particular, V}(A) is homeomorphic to
Ua/Ugayna and PY(A) is homeomorphic to Ua/Uy,, . p.yna- In order to carry on the
computation of the homotopy groups, it suffices to consider the quotient maps instead
of m, and ;.

The element a provides a system of matrix unitse; ; € A, ¢, 7 = 1, ..., n, which satisfy
€i ikl = 0j k€l e;; = eji and ¢;; = p;. These elements enable one to identify A with
M, (pAp). Indeed, since p ~ p;, the algebras e; ;. Ae; ; are isomorphic to pAp (p = e1,1),
via © = e;;ve;; — ejxe;1. Then if v € A x — (z,;)i;, with z;; = ejze;; € pAp
yields the *-isomorphism. This isomorphism carries the subalgebra {a}’ N A to the
algebra E,(pAp) of diagonal matrices which have the same element repeated along the
diagonal. Indeed, if an element of A commutes with a, it commutes with the whole
set of matrix units (which belong to the C*-algebra generated by a). The subalgebra
{p1,...,pn}' N A is carried to the algebra D, (p.Ap) of diagonal matrices.

Therefore the study of the bundles 7, and 75 reduces to the study of the maps

p1: UMn(pAp) - UMn(pAp)/ UEn(pAp)

and
P2 UMn(pAp) — UMn(pAp)/UDn(pAp)'

We shall need the following result, which is based on results from [6],[8] and [13], where
it is shown that if M is a type I; von Neumann algebra, then 7 (Ups, 1) = Z(M)s,
the set of selfadjoint elements of the center of M, regarded as an additive group. Note
that if N C M is an inclusion of von Neumann algebras, then Z(M) C Z(N).

Lemma 4.1 Let N C M be an inclusion of von Neumann algebras of type 111, and
denote by 1 the inclusion map v : Uy — Up;. Then the group homomorphism 1* :
m1(Un) — m1(Unr) identifles with the map Tar|z(wy,, * Z2(N)sa — Z(M)sa, where Tyr is
the center valued trace of M.

Proof. The group isomorphism between 71 (Uys, 1) and the additive group Z(M)y, is
implemented as follows ([6], [8]):

71 (U, 1) is generated by classes of loops of the form ¢ — €™ where ¢ ranges over
all projections of M. The class of this loop is mapped to the element 7(q), where 7 is
the center valued trace of M.

The group 71 (Up, 1) is generated by the classes of the loops ¢ +— " for r a pro-
jection in N, which identifies with the element 7xy(r). The image of the class of
this same loop under ¢* identifies with 73,(r). Since Z(M) C Z(M), the assignment
TN (1) — Tar(r) is just the restriction of 73, to Z(N),.

itr

g

As an inmediate corollary, we obtain

Corollary 4.2 With the above notations,(A of type 111), 7. (V.2(A), a) is trivial for
k=0,1,2.



Proof. Clearly M, (pAp) and E,(pAp) are von Neumann algebras of type I1; with
the same center. Therefore in the the lemma above, ¢* is the identity. In the homotopy
exact sequence of the fibration p1 : Uy, (pap) = Unt,pap)/UE, (pap) = V;-(A), one has

*

= m(Vi (A),a) = m(Ug,pap), 1) = m1 (U, (pap)s 1) —

- Wl(VnL(A% a) - 7TO<UMn(pAp)) = 0.

Since ¢* is an isomorphism, it follows that mo(V2(A),a) = m (VA (A),a) = 0. We had
already seen that V:*(A) is connected. O

Consider now the inclusion D, (pAp) C M,(pAp) = A.

Corollary 4.3 With the above notations,(A of type I1,), P)(A) is simply connected
and

mo(PY(A), ) ~ (pZ(A)s)" .

Proof. In this case, the inclusion to consider is D,(pAp) C M, (pAp). The center of
D,,(pAp) consists of diagonal matrices with entries in Z(p.Ap). By the lemma above,
the inclusion Up, (,4p) < Ua at the mi-level is given by the map

(a1, ...,an) — 1/n(a; + ... + ay),

where the n-tuple (aq, ..., a,) is identified with the diagonal matrix with such entries
(in Z(pAp)sa)- In [13] Schroeder proved the if M is of type [y, then mo(Uys, 1) = 0.
The exact sequence of the bundle p, is

o 0=m(Uyg, 1) — WQ(PS(A),ﬁ) — Wl(UDn(pAp), 1) = m(Ug, 1) — Wl(PS,ﬁ) — 0.

The homomorphism w1 (Up, (p4p), 1) = (Z2(PAD)sa)” — m1(Ua, 1), (ay, ..., ay) — 1/n(a+
...+a,) is clearly onto, which implies that m1(P?(A)) = 0. Its kernel equals 7o (PY(A)).
This kernel clearly identifies with (pZ(A)..)" . O

The result above, which states that the connected component PY(A) of p € P,(A)
(and of every system of n projections consisting of equivalent projections) has trivial
7o and 71, holds in a weaker form for the unitary orbits (connected components) of
arbitrary system of projections. In order to prove it, we need the following lemma,
which was proved in [2] (lemma 6.2):

Lemma 4.4 Let M be a type Iy von Neumann algebra with center valued trace T,
and p € M a projection. Consider the map j: Uprrp — Unr given by j(w) = w+1—p.
Then the tmage of

]* : WI(UpMpap) — 77-1(UMv 1) = Z(M)Sa

consists of the selfadjoint multiples of T(p), i.e. {T(p)c:c € Z(M)s,}.

Proposition 4.5 Let ¢ = (q1,...,q,) € Py(A) be a system of projections of the 11
von Neumann algebra A. Then the connected component of ¢ in P,(A) has trivial m

group.



Proof As noted above, the connected component of ¢ € P,(A) coincides with the
unitary orbit of ¢ [7]. Consider the principal bundle

g Ug — {uqu” - u € Us}, mg(u) = uqu”.

The fibre of this bundle is the unitary group of the relative commutant {qi, ..., g, }' N.A,
i.e. Uyaqo. 0q,Aq,, Which identifies with the product Uy 44, X ... X Uy, 44, Therefore
the unitary orbit of ¢ is homeomorphic to the quotient Ua/Uyaq, X - .. X Uy, aq,- By
the lemma above, the image of

i (Ugag, X - oo X Ugoag,s 1) — m(Ug, 1)

induced by the inclusion ¢ : Uy, a4, X. . . XUy, 44, — U. contains the selfadjoint multiples
of 7(g;), i =1, ...,n. Since these add up to 1, the image of +* is Z(A)y,, i.e. 2* is onto.
Then m1(Ua/Ugyage..oqAq - [1]) 1s trivial (using the exact sequence of the fibre bundle
7).

O

Remark 4.6 The above result implies that any projectionr € A is unitarily equivalent
to a projection which is diagonal with respect to the decomposition (qi, ...,q,). Indeed,
given any projection r, T(r) equals the trace of some projection ' in A ®. . . D¢ Aq,.
Then r is unitarily equivalent to r', which is a diagonal projection.

Let us turn now our attention to the similarity orbit of a, i.e. the set V,(A).
The fibre bundle 7, : G4 — V,(A), m.(g) = gag™ identifies with the quotient map
of the invertible group G4 of A and the invertible group of the Banach algebra 7
of all elements of A which commute with a. A straightforward computation shows
that (under the identification A = M, (pAp)) T consists of matrices which have zeros
below the diagonal, and are constant on the main diagonal and on the diagonals above:
b= (b;) € Titb;=0"fori>jand b; = by 4+, for i < j. Clearly the invertible
group G7 consists of elements with b; ; invertible in pAp.

Proposition 4.7 Let A be a type 111 von Neumann algebra. Then V,,(A) is simply
connected

Proof. In an arbitrary von Neumann algebra, the invertible group is homotopically
equivalent to the unitary group, via the polar decomposition (the set of positive in-
vertible elements is convex). If a(t) , t € [0,1], is a curve in G4 whose endpoints
are unitary elements, it can be continuously deformed to a curve o/(¢) of unitaries
(keeping the endpoints fixed). Let v(t) be loop in V,,(A), with v(0) = (1) = a. Since
7o : G4 — V,(A) is a fibre bundle, there exists a curve a(t) € G4 with «(0) = 1 such
that a(t)aa(t)™! = ~(t). Note that a(1) lies in 7. By the remark above, it is clear that
GE,(pAp) 18 @ strong deformation retract of Gr. For example, consider the deformation
Fi((bi;)) which multiplies by ¢ € [0, 1] the entries above the diagonal, and leaves de
diagonal entries fixed. Furthermore, since Ug, (,4p) is a strong deformation retract of
G, (pAp), the curve a(t) can be continuously deformed to another curve, say again
alt) with o(0) = 1 and a(1) a unitarv element of F. (v An) the commutant of a Tt



follows that the original curve ~y(t) can be deformed to the loop o (t)ac/(t)* € V:H(A).
Now 4.2 above implies that this loop can be deformed to the constant loop. Therefore
Wl(vn(.A), CL) =0.

]

Now we consider the fibration properties of ¢
Proposition 4.8 The map ¢ : V,,(A) — P°(A) is a flbration if A is of type I1;.

Proof. Consider the following diagramm

N lso

The diagonal arrow 7 is given by 7(g) = GS(gp1g™!, ..., gpng '), where GS is a process
of orthonormalization of the (non orthogonal) n-tuple (gp1g™ 2, ..., gpng '), called in [3]
the Gram-Schmidt map. It is defined as follows: denote by @, (A) the set of n-tuples
7 = (r1,...,my) of idempotents of A such that rr; =01if i # j and 1 + ... + 1, = 1,
put
GS1(7) = Prgy)
for k > 2
GS/{(F) - PR(rl—l—...—l—Tk) - PR(m—!—...—I—rk_l)
and
GS(r) = (GS1(7), ..., GS,H(7)).
This map is continuous (and smooth). It has an explicit form if one uses the well
known formula, for » an idenpotent of a C*-algebra:

Prpy =rr* (L= (r—r9)*)~"

It is straightforward to verify that the diagram commutes [3]. Let us prove that
m: Gy — PJ(A) is a fibre bundle. First note that the fibre 77(p) over 7 is a
group. Indeed, it consists of the elements g € G4 such that GS(gpig™!, ..., gpug™t) =

(p1, ...y n), L€
R(g(pr+ - +pi)g™) = g(R(pr+ -+ pi) = R(pr+ - + pr)

for k =1,...,n— 1, a rule which clearly defines a subgroup of G4. On the other hand,
7 has local cross sections: if ¢'is close to p'in PY(A), then si(q) = qip1 + ... + qupy is
an invertible element which intertwines ¢ and p, and GS(sz(Q)psp(q) ') = GS(Q) = ¢.

Therefore in the diagram above both the horizontal and diagonal arrows are fibre
bundles. It follows by an elementary argument that the vertical arrow ¢ has the

homotopy lifting property, and therefore is a fibration.
-



Remark 4.9 Let us denote by Q(A) the set of system of idempotents whose ranges
are equivalent in A. In [3] it was proven that GS : Q°(A) — PY(A) is a homotopy
equivalence. It follows that the results obtained for the homotopy groups of PY(A) hold

for Qu(A).

5 The canonical decomposition in the strong topology

In this section we shall regard the sets V;,(A) and V;*(A) with the strong operator
topology of A. There is the problem though, that V,,(\A) is not a bounded set, a fact
which will trouble the strong continuity of ¢, which is crucial in our exposition. For
a constant C' > 0, let V¢(A) denote the set of t € V,,(A) such that |¢|| < C. The
first result is certainly well known, we include a proof because we could not find a
reference for it.

Lemma 5.1 Let A be a flnite von Neumann algebra, then the inversion map g +— g~ *
18 strong operator continuous on norm bounded subsets of G 4.

Proof. Let B C G4 be a norm bounded set and suppose that A is finite. Since B
is metrizable in the strong operator topology, we can deal with sequences instead of
nets. Let g,, g € B such that g, converges strongly to g. Then g’ g,, converges strongly
to g*g, because A is finite and the sequence is bounded. By the strong continuity of
the functional calculus it follows that (g*g,)~'/? converges strongly to (¢g*g)~"/2. Then
one has strong convergence of the unitary parts of the polar decompositions,

|
~1/2 strongly | )-1/2

Un, = Gn(9nn) =9(9"g

Y

(here we use that the sequence (g*g,)~"/?, being strong convergent, is norm bounded).
Therefore u converges strongly to u*, and
-1 120 strongly

—1/2u>k.

gt = (959n) 9 ' =(g"9)

g

As a consequence of this lemma, one obtains that the canonical decomposition ¢ is
continuous when restricted to V¢(A), if A is finite. This is clear by the formula given
for ¢ in the first section, in terms of products, * operation and inversion. Also it
can be seen that the boundedness restriction is necessary. On the other hand, always
under the assumption that A is finite, ¢ is strongly continuous in V:1(.A), because it
consists of elements with norm 1

To follow the same argument as in the previous section, this time with the strong
topology, we need a result stating the existence of strongly continuous local cross
sections for the set of systems of projections P,(A). In full generality (A finite) we
do not know if this holds. However one can prove the existence of global strongly
continuous cross sections for a special class of finite I1; factors. Let M be a I,

factor such that when tensored with B(H) (H separable) admits a one parameter
Attt T e vt D oo hhiah aralac +ThAa fraca o~ ~F MM o RITN A o~ ~ 0O 9 —t



For these factors S. Popa and M. Takesaki proved [12], among other results, that
the unitary group Uy is strongly contractible and admits what E. Michael [11] calls a
geodesic structure. In this setting, one can use Michael’s continuous selection principle
[11]: if X — X/Y is a quotient map, where X is a complete metric space, and Y admits
a geodesic structure, then the quotient map admits a continuous global cross section.
We shall apply these results to obtain a global cross section for the unitary orbits of
elements ¢ € P,(A). Let P)(A) be as before, the set of systems of projections where
the projections are pairwise equivalent. Note that P°(A) is connected in norm, and
therefore also in the strong operator topology.

Proposition 5.2 Let A be finite. The map
w5 Ug — BY(A), mp(u) = (upru, ..., uppu®)
15 open, when both sets are considered with the strong operator topology.

In order to prove this we need the following elementary result.

Lemma 5.3 Let A C B(H) be a filnite von Neumann algebra, and let a, € A such
that ||a,|| < 1 and a’a, tends to 1 in the strong operator topology. Then there exist
unitaries u, in A such that u, — a, converges strongly to zero.

Proof. Consider the polar decomposition a,, = u,|a,|, where u, can be chosen uni-
taries because A is finite. Note that |a,| — 1 strongly. Indeed, since ||a,|| < 1, a’a, <
(a%an)'?. Therefore, for any unit vector & € H, 1 > (|a,|€,€) > (afané, &) — 1.
Therefore

I(an — w)éll* = lun(lan| = DEI < fllanlé = €11° =1+ (a7an€, €) — 2(Janl€, §),

which tends to zero. O

Proof (of the proposition). Let u(p1, ..., p,)u} be a sequence in PY(A) converging
strongly to (p1, ..., pn), i.e. ugp;uy, — p; strongly to p; for i = 1, ...,n. This implies that
(piugpi)(piurp;) — pi- By the above lemma, applied in the finite von Neumann algebra
piAp; for each i = 1, ..., n, there exist unitaries wy; in p; Ap; such that p,ugp; —wy; — 0
strongly. Let w, = X7 ;wg,;. Then wy is a unitary in A4 which commutes with
(p1y .-, ). Then
* " " % L «  Strongly
upwy, = up(wy — leiukpi) + ug, leiukpi — " 1.
1= 1=

Indeed, the first summand converges to 0, for each £ € H, ||ugp(wj — X7 piuppi)&|| <
Y ||(wrs — piugpi)€|| and each one of these terms tend to zero. The other summand
Up Y Piugpi = i (uppiug)p; Srengty Y pi =1

If mp(ug) = up(p1,...,pu)ui — 75(u) = w(py,...,po)u* strongly in PY(A), then
wug(pi, - Pn) (W ug)* converges strongly to (pi,...,pn). By the computation above,
there exist unitaries wy commuting with (py, ..., p,), such that u*uiw; — 1 strongly,
i.e upwj — w strongly. Since wj, commutes with p, mz(upwy) = mp(ug). Therefore my
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Suppose now that A is a II; factor which when tensored with B(H) admits a one
parameter group of automorphisms scaling the trace. Then one has the following

Theorem 5.4 If A is a I1; factor as above, the map
Ty Ug — PY(A), m5(u) = (upiu®, ..., up,u®)
1 a trivial bundle in the strong operator topology.

Proof. Note that if A is finite, U4 is a complete metrizable topological group in the
strong operator topology. We will show that m; has a continuous global cross section.
By the proposition above, 7z induces the homeomorphism

PJ(A) =2 Ua/Us
where B = {p1,...,pn}' N A, and 7 is equivalent to the quotient map
m:Uyg — Uy/Up.

It suffices to show that this map has a continuous global cross section. Here we can
apply the result of Popa and Takesaki [12] (based on Michael’s theory of continuous
selections [11]), because the fibre Ug has a geodesic structure. Indeed, B = p; Ap; &
... @ p, Ap,, and each p; Ap; is a factor which is *-isomorphic to A, because the trace
sclaing property implies A = pAp for any non trivial projection p € A (see [10],
chapter 13). Then Up = Uy ap, X ... X Uy, 4p, has a geodesic structure. Therefore 7
has a continuous global cross section. O

Let a € V,,(A) as before. Note that the map

Ta: Ga— Vi(A), mlg) = gag—1
is strongly continuous when restricted to norm bounded subsets of G 4.
Proposition 5.5 The map

Mo s Ga = Vo(A), 7alg) = gag—1

has a global cross section which is continuous in the strong operator topology on the
norm bounded subsets V. (A) of V,(A).

Proof. Denote by 2 : PY(A) — Uy a cross section for 77 Recall the map A of 3.1
At) = a0 (1) u(op(p(t)) tas(p (1))

and modify it by replacing the local cross section o (of 75) by the global cross section
Q, ie.
A(t) = Q0 (8) (2 (1)) 125(p(2)))-

This map is strongly continuous on norm bounded subsets of V,,(.A). O

By the same argument as in 2.5 of the previous section, if t € V-(A), then the global

cross section A takes values in the unitary group Uy4. In this case the cross section is
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Proposition 5.6 If A is a 11, factor as above, then the map
To: Uq — VHA), m.(u) = uau®

15 a trivial bundle with flbre equal to the group of unitary operators which commute
with a.

Corollary 5.7 If A is a 11, factor as above, then PY(A) and V:(A) in the strong
operator topology, have trivial homotopy groups of all orders.

Proof. Consider the fibrations 7y and m, above. The total space and the fibres of
both fibrations are contractible in the strong operator topology [12]. In the case of 7y,
the fibre is homeomorphic to (Upa,)" =~ (U4)". In the case of m,, it is Upap = Uy. O

We return to the case of a general I1; von Neumann algebra A. Let ¢t be an arbitrary
(not necesarilly very nice Jordan) nilpotent of order n. We shall establish that the
canonical decomposition ¢ is strongly continuous on this set on the unitary orbit of
t. Since we do not have the formula of section 1 to compute the projections onto the
kernels, we need the following result.

Proposition 5.8 Let A be a finite algebra and P the set of projections of A. For
a flted p € P denote by K, the set of elements of A whose kernel projections are
equivalent to p. Then the map

k:K,— Pk(a) = FPrera

is continuous on norm bounded subsets of K,, when both K, and P are considered in
the strong operator topology.

Proof. The proof is based on a result in [1], which states that the map which assigns
to a positive normal functional its support projection is continuous when restricted
to the set of positive functionals with equivalent supports, regarded with the norm
topology, to the set P in the strong operator topology. Fix a faithful tracial state 7 in
A. Suppose that b, is a sequence (bounded in norm) in K, which converges strongly to
bin K,. Let ¢, 1 be the positive normal functionals of A given by ¢, (x) = 7(b}zb,)
and ¢ (z) = 7(b*zb). Clearly the support of ¢, is the projection onto the kernel of b,
and the support of ¢ is the projection onto the kernel of b, which are are equivalent
projections by hypothesis. Note that ||¢,, — || tends to zero. Indeed,

[Un(x) = ¥(@)| = (b0 — bb)| < 7(2"2) 27 ((0)bn — 0)*)* < [l2]|][b,0, — b0

where || |2 denotes the L?-norm induced by 7. Since b, are uniformly bounded in
norm, and A is finite, it follows that b’b, — 0*b strongly, and therefore in the norm
| ||2 as well. Then ,, — % in norm , and by the continuity result cited above, the
supports converge strongly, i.e. Fierp, — FPierp strongly. O

Corollary 5.9 Let A be a finite von Neumann algebra and t € N,(A). The canonical
decomposition @ restricted to the unitary orbit of t is continuous in the strong operator
tonoloa



Proof. For any 1 < k < n — 1, the map utu® — P(upe)r 18 continuous in the
strong operator topology by the result above. Indeed, since (utu*)* = ut*u*, the
elements (utu*)* have the same norm and equivalent kernels. Then it is clear that ¢
is continuous when restricted to this set. O

The canonical decomposition restricted to the similarity orbit of an arbitrary t &€
N, (A) is also continuous, but only on bounded subsets of the similarity orbit. The
proposition above applies because if ¢ is similar to ¢/, then they have equivalent kernel

projections.
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