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Abstract

Given a closed subspace S of a Hilbert space H and a bounded linear operator A € L(H)
which is positive, consider the set of all A-selfadjoint projections onto S

P(AS)={QeLH):Q*=Q, QH)=S, AQ=Q"A}.

In addition, if H; is another Hilbert space, T : H — H; is a bounded linear operator such that
T*T = A and & € H, consider the set of (T, S) spline interpolants to &:

sp (T,8,€) = {n €&+ S: [T = min |7 + o)[[}.

A strong relationship exists between P(A,S) and sp (T, S,§). In fact, P(A,S) is not enpty if and
only if sp (T, S,&) is not empty for every £ € H. In this case, for any £ € H \ S it holds

sp (T,S,6) ={(1 - Q)¢ : Q € P(4,5)}

and for any £ € H the unique vector of sp (T, S, §) with minimal norm is (1 — P4 s)¢{, where Py s
is a distiguished element of P(A,S). These results offer a generalization to arbitrary operators of
several theorems by de Boor, Atteia, Sard and others, which hold for closed range operators.

1 Introduction

Given two Hilbert spaces H and Hy, T € L(H,H1), S C H a closed subspace and
¢ € H, an abstract spline or a (7', S)-spline interpolant to & is any element of the set

sp (T,8,6) = {n € £+ - | Tyl = min | T(€ + o)}

Observe that A = T*T = |T|?, as a positive bounded operator on H, defines a semi-
inner product (-,-)4: H X H — c by ({,n)4 = (A&, n), &,n € H and a corresponding
seminorm | - |[a : H — &+ given by ||n][4 = (0, n){* = (An,n){* = |Ty||. Thus, if for
any 17 € H we consider d4(n,S) = inf,cs ||n + ol|4, then

sp (T,8,8) ={ne€&+S; |nlla=dal§,S)}.

If A is an invertible operator, then ()4 is a scalar product, (H, (,)) is a Hilbert
space and, by the projection theorem, da(¢,S) = |[(I — Pas)é||la and sp (1, S,§) =
{(I — P4s)&}, where Py s is unique orthogonal projection onto & which is orthogonal
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to the inner product (,)4. However, if A is not invertible then || - || 4 is or a seminorm
or an incomplete norm and we can not use the projection theorem unless we complete
the quotient H/ker A. One of the main goals of this paper is to get a simpler way of
describing the set sp (T, S, §).

We start with a positive bounded linear operator A on a Hilbert space H and a

closed subspace S of H. The subspace St4 = {£: (A&, n) = 0 Vn € S} is called the
A — orthogonal companion of S. Notice the identities

St = A NS = A(S)*t = ker(PA). (1)

Instead of defining adjoint operators with respect to (, )4, we restrict our discussion
to A-selfadjoint operators, i.e. W € L(H) such that AW = W*A. Notice that any
such W satisfies (W& n)a = (&, Wn)a, &,n € H.

The pair (A, S) is said to be compatible if there exists a projection ) € L(H) such
that Q(H) = S and AQ = Q*A. The main result in this paper is the description of
the relationship between the set

P(A,S)={Q € Q: R(Q) = 5,AQ = Q" A}

and sp (T, S,&), where T : H — H; is any bounded linear operator such that T*T =
A. A relevant point here is that this method allows to tackle the case of operators
with non closed range. Thus, several results by Sard [17], Atteia [3], Golomb [10],
Shekhtman [18], de Boor [4], Izumino [12], Delvos [8], Deutsch [7] are generalized to
any bounded linear operators 1.

If (A,S) is compatible, there exists a distinguished element P4 s € P(A,S). The
study of the map (A,S) — Pas was initiated by Pasternak-Winiarski [14] at least
for invertible A. A geometrical description of that map can be found in [2]. In [11]
and [6], the inversibility hypothesis on A was removed, opening, in that way, the
posibility that P(A,S) be empty or have many elements. This induces the notion of
compatibility of a pair (A, S). This paper is mainly devoted to explore the relationship
of the compatibility of (A,S) with the existence of spline interpolants for every & €
H. Section 2 contains a short study on compatibility of a pair (A4,S). If (4,S) is
compatible, the properties of the distinguished element P4 s € P(A, S) are described.
In section 3 we show that (A, S) is compatible if and only if sp (T, S, &) is not empty
for any £ € H and that sp (7,S,€) = {(1 - Q)¢ : Q € P(A,S)}, for any £ € H \ S.
Moreover, the vector of sp (T,S,€£) with minimal norm is exactly (1 — Pys)€. In
section 4 we present some characterizations of P4 s which are useful for the study of
the convergence of { Py s, £} if (A,S,) is compatible for every n € N and S,, decreases
to 0. This study is the goal of secction 5. Finally, section 6 includes several examples
of compatibility and spline projections.

In this paper L(H) is the algebra of all linear bounded operators on the Hilbert
space H and L(H)* is the subset of L(H) of all selfadjoint positive (i.e. non negative
definite) operators. For every C' € L(H) its range is denoted by R(C). If R(C)

iq cloced then C7 denotes the Moore-Pentose neetidoinverse of (¢ The orthoconal



projections onto a closed subspace S is denoted by Ps. The direct sum of subspaces
S and 7 is denoted S+7 . Finally, S© 7 denotes SN7T .

2 A-selfadjoint projections

Throughout this paper S denotes a closed subspace of H and A is a fixed operator in
L(H)". Recall that St4 = A~}(S1). It is easy to see that a projection @ belongs to
P(A,S) if and only if R(Q) =8 and ker@Q C A~!(S+). Then

the pair (A, S) is compatible if and only if S+ A71(S*) =H. (2)
In this case, P(A,S) has a single element if and only if ker ANS = {0}, because
SNA(SY) =kerANS. (3)

If (A,S) is compatible, then there is a distinguished element in P(A,S), namely the
unique projection P4s onto & with kernel A~1(S§+) & (ker AN S). The elements
of P(A,S) can be parametrized by the set of relative suplements of ker AN S into
ATL(SD).

The set P(A, S) can also be characterized using the matrix operator decomposition
induced by the orthogonal projection P = Ps. Under this representation A has a

matrix form
a b
A - ( b* c ) ) (4)

where a € L(S)-i-’ = L(SL,S) and ¢ € L(SL)JF' Observe that P = ((1) 8),

a 0

PA:( 0 0

) and PAP = ( ) Every projection () with range S has matrix

1 z
0 0
only if z satisfies the equation ax = b. Then

form Q = for some z € L(S*+,8S). Tt is easy to see that Q € P(A4,S) if and

1 =«

P(A,S)z{@z(o O) 2 € L(SH,S) and ax = b} (5)

Notice that equation (5) implies that, if (A,S) is compatible, then R(b) C R(a). As
a corollary of a well known theorem of R. G. Douglas, it can be shown that these two
conditions are, indeed, equivalent. First, we recall Douglas’ theorem [9]:

Theorem 2.1 Let B,C € L(H). Then the following conditions are equivalent:
1. R(B) C R(C).
2. There exists a positive number \ such that BB* < A\CC*.

3. There exists D € L(H) such that B = CD.



Moreover, there exists a unique operator D which satisfles the conditions

B=CD, kerD =kerB and R(D) C R(C%).

In this case, |D||* = inf{\ : BB* < A\CC*}; D is called the reduced solution of the
equation CX = B. If R(C) is closed, then D = C'B.

Corollary 2.2 Let A € L(H)" and S C H a closed subspace. If A has matriz form
as in (4), then (A,S) is compatible if and only if R(b) C R(a).

The next theorem describes some properties of P(A,S) and P4,s. The norm of Py
will be computed in section 5.

Theorem 2.3 Let A € L(H)" with matriz form (4), such that the pair (A,S) is
compatible.

1. The distinguished projection Py s € P(A,S) has matriz form

1 d
PA?S_(O 0)7

where d € L(S*,8) is the reduced solution of the equation ax = b.
2. P(A,S) is an affine manifold which can be parametrized as
P(A,S8) = Pas + L(S,N),

where N = A7HSY)NS =ker ANS and L(S*,N) is viewed as a subspace of
L(H). A matriz representation of this parametrization is

1 0d\ SoN
PAS)3Q=Pis+z=|01 2| N . (6)
000) S8t

3. Py.s has minimal norm in P(A,S), i.e. |[Pas| = min{ ||Q| : @ € P(A,S)}.
Proof.

1.IfQ = ((1) g), then Q € P(A,S) and ker@Q C A™1(S1). Since Py is char-
acterized by the properties R(P4s) = S and ker Py s = A™1(8*) & N then, in
order to show that ) = P4 s it suffices to prove that ker @ C N*. Let € € ker Q
and write £ = £ +& with & € Sand & € St Then 0 = Q€ = & +d&. Ifn € N,
then (£,n) = (&1,n) = —(d&,n) = 0, because, by Theorem 2.1, R(d) C R(a)
and, as an operator in L(S), kera =S Nker PAP =S Nker A=N.

2. Let Q = ( (1) g ) with y € L(S1,8) and let d € L(S+, S) be the reduced solution
of the eaniation ar —= b Then O c P(A S) if and onlv if a7 = b Therefore if



z=y—d, then Q € P(A,S) if and only if Q = P4s+ 2z and R(z) C
Concerning the matrix representation (6), recall that R(d) C R(a) =
S & N. Therefore

kera = N,
(kera)t =

10d 000\ S&6N
Q=Pys+2z=[010|4+][00 2| N
000 000, St

3. If @ € P(A,S) has the matrix form given in equation (6), then

2

d
IRII* = 1QQ"|l =1+ 2 || 21+ 1dl* = || Pasl®.
0

o O O
S O O

Remark 2.4 Under additional hypothesis on A, another characterizations of com-
patibility can be used. We mention a sample of these, taken from [6]:

1. If A is injective then the following conditions are equivalent:

(a) The pair (A, S) is compatible.
(b) 8t C R(A+ A\(1 — P)) for some (and then for any) A > 0.
)

(c) PLA(S)) =S.

2. If A has closed range then the following conditions are equivalent:

(a) The pair (A,S) is compatible.
(b) R(PAP) is closed.
(¢) S + ker A is closed.

3. If R(PAP) is closed (or, equivalently, if R(PAY?) or AY/?(S) are closed), then
(A,S) is compatible. Indeed, using the matrix form (4), the positivity of A
implies that R(b) C R(a'/?) (see, e.g., [1]). If R(PAP) = R(a) is closed, then
R(b) C R(a'/?) = R(a) so that (A,S) is compatible, by Corollary 2.2.

3 Splines and A-selfadjoint projections

In this section we characterize the existence of splines in terms of the existence of A-
selfadjoint projections. The first result extends a theorem of Izumino [12] to operators
whose ranges are not necessarily closed.

Proposition 3.1 LetT € L(H,Hy), A=T*T € L(H) and S C 'H a closed subspace.
Then, for any £ € 'H,
sp (T,8,6) = (£+ S)N S

In particular, sp (T, S,€) is an affine manifold of L(H) and, ifn € sp (T, S,€), then
en (T S £&Y\=nLkerT NS



Proof. Suppose that n € (€ + S)N A™Y(S1) and 0 € S. Then (An, o) = (Ao, n) =0
and

IT(n+0)|* = (Aln+0),n+ o) = (An,n) + (Ao, 0) > (An,n) = || Tn|]*.

Therefore n € sp (T,S,&). Conversely, if n € sp (T,S,€) and o € S, then, for any
t €R,

ITn|2 < |T(n+to)|]> = (Al +to),n+to) = (An,n) + t2(As, o) + 2t Re (An, o)

= ||Tn||* + t*(Ac, o) + 2t Re (An, o),

therefore t?(Ac, o) + 2t Re (An, o) > 0 for all t € r and a standard argument shows
that (An,o) =0 and then n € (£ + S) N A71(SH). 1

Theorem 3.2 Let T € L(H,H1), A=T*T € L(H) and S C 'H a closed subspace.
1. IfE €™, sp (T,8,€) is not empty — €€ S+ AL(S).
2. The following conditions are equivalent:

(a) sp (T,S,€) is not empty for every & € H.
(b) S + A7L(S84) = H.
(c) The pair (A,S) is compatible.

3. If (A,S) is compatible and & € H\ S, it holds sp (T,S,€) = {(I — Q)¢ : Q €
P(A,S)}.

4. If (A, S) is compatible, then for every & € H, (I — Py s)& is the unique vector in
sp (T,S,&) with minimal norm.

Proof. The first assertion follows directly from Proposition 3.1. Indeed, if n €
sp (T,8,€) and n = £ + 0 with 0 € §, then £ = —0c+n € § + A71(S1); the
converse implication is similar. The second assertion follows from the first one and
equation (2). In order to prove the third item, let £ € H and @ € P(A,S). Then, by
Proposition 3.1 and equation (2),

(I-Q)E=¢-QEe(E+S)NkerQ C (E+S)NA NS =sp (T.,8,9).

Conversely, let n € sp (T,S,€) and o € S such that & = 0+n. We are looking for some
Q € P(A,S) such that Q¢ = 0. Let jy = (I — Pas)§ and 01 =& —m = Pys € S.
Then, by Proposition 3.1,

0—01:nl—neSﬂAfl(SL):kerAﬂS.

If £ = o3+ p with 0y € Sand 0 # p € S, choose z € L(S*, ker ANS) (C L(H)) such

that z(p) = 0 — 01. By Theorem 2.3, Q = Pss+ 2 € P(A,S) and clearly Q¢ = o.
The minimality of ||(1— P4.s)¢|| is proved as follows. If £ € S then (I — P4 s)é =0,

which must be minimal IfF £ ¢S let £ — o +nwith e € S and 0% e St Rv



Theorem 2.3, any Q € P(A,S) has the form Q = Py s+ 2, with z € L(S*, ker ANS)
(C L(H)). Recall that R(Pss) =S © (ker AN S). Therefore

I = Q)P =11 = Q)pll* = llp = Pas(p) = 2(p)I* = llplI* + [ Pas(p)II* + [[2(0)]

> lol? + [1Pas(P)I? = llp = Pas(p)lI* = (1 = Pas)é|? '

Corollary 3.3 Let T € L(H,H1), A=T*T € L(H) and S C H a closed subspace.
Then the following are equivalent:

1. sp (T,S,€) has an unique element for every & € H.
2. The pair (A,S) is compatible and ker T NS = {0}.
Remark 3.4 Let T € L(H,H,), A=T*T € L(H) and S C 'H a closed subspace.

1. If (A,S) is compatible then, by item 4 of Theorem 3.2, the projection 1 — Py s
coincides with the so called spline projection for T' and & when T has closed
range.

2. If R(T) is closed, then, by Remark 2.4 and Theorem 3.2, sp (T, S,&) # ) for
every & € H if and only if ker T'+ S is closed. In case that ker TNS = {0}, then

it is equivalent to the condition that the inclination between kerT" and § is less
than one (see [4] and [7]).

3. If £ € S, then sp (T,S5,&) =kerTTNS. On the other hand (I — Q)& = 0 for every
Q € P(A,S). So the equality of item 3 of Theorem 3.2 may be false in this case.

4 Characterizations of the spline projection P4 s

Fix A € L(H)" and a closed subspace S C H. As before, we denote P = Ps. In
this section two different descriptions of the spline projection P, s are given and, as a
consequence, we relate P4 s with the shorted operator (see [1] and Remark 4.4 below).

By Corollary 2.2, it holds that the pair (A, S) is compatible if and only if R(PA) C
R(PAP). In case that A is invertible, it is known (see [2]) that, in the matrix form
(4), a is invertible in L(S) and

10 1 a '
Pas= (% 0 )Pa=(y %" ). )

because a~'b is the reduced solution of az = b (see Theorem 2.3). Rewriting (7), we
get (PAP)Psys = PA. Thus, if A is invertible, Py s is the reduced solution of the
equation (PAP)X = PA. Let us consider the general case, in other words, if the pair
(A,S) is compatible, let us relate P4 s with the reduced solution @ of the equation

(PAP)X = PA. (8)

Observe that, in general, R(PAP) is strictly contained in §. Therefore, R(Q)) may
be smaller that S — R( P <)



Proposition 4.1 If the pair (A,S) is compatible, Q) is the reduced solution of the
equation (8) and N =ker ANS, Then

Prs =Py + Q.
Moreover, () verifles the following properties:
1. Q*=Q, kerQ = A"1(8Y) and R(Q) = SO N.
2. Q) is A-selfadjoint.
3. Q = Pasen-

Proof. Using the matrix form (4) of A, observe that, in L(S), kera = N and R(a) =
R(a'/?2) = S & N. Note that R(Q) C R(a). Also kerQ = ker(PA) = A~1(8*). If
£ eSO N, then

a(Q€) = (PAP)QE = PA¢ = PAPE = a(£).

Since a is injective in S © N, we can deduce that Q¢ = £ for all £ € SON. Now, the
compatibility of (A, S) implies that S+A71(S+) = H. Also AHSH)NS = ker ANS =
N. Therefore A~1(§H)+(SEN) =H. Then Q? = Q and R(Q) = S©N. Note that

ker@Q =AYSH) C A ((SoN)) = RQ)*,

so that @ is A-selfadjoint by equation (2). On the other hand, (S&N)Nker A = {0},
so that @ is the unique element of P(A,S & N'), by Theorem 2.3. Observe that
R(Q) C N+t and N C ker A C A7Y(81) = ker Q. Therefore (Py + Q)? = Py + Q,
R(Py + Q) = 8§ and ker(Py + Q) = (A"}(S1)) © N. These formulae clearly imply
that Py + Q = Pas (see Theorem 2.3). '

Proposition 4.2 If (A,S) is compatible and M = AY2(S), then R(PyAY?) C
R(AY2P). Moreover, equations (8) and
(AY2P)X = Py AY? (9)

have the same reduced solution. In particular, if AV?(S) is closed and ker ANS = {0},
then
Pis = (AV2P) Py AY? = (AV2P)TAY? = (TP)'T (10)

for every T € L(H,H1) such that T*T = A.
Proof. Denote B = A2, Recall that M = B(S) = B *(S*)*. Observe that
BPyB = APys = APPys : (11)

in fact, for £ € H, let n = Pss€ and p = £ —n € AH(S*); then By € M and
Bp € B7}(S8*) = M+ . Hence BPyB¢ = An = APas¢. By Proposition 4.1, the
projection () = Py s — Py is the reduced solution of the equation PAPX = PA.
We <hall cee that O i< the rediiced <oliition of the eaniation (9) Firet note that.



by equation (11), BPyB = (AP)Pss = (AP)Q, so B(PuB — BP(Q) = 0. But
R(PuB — BPQ) C R(B) = (ker B)*. Hence Q is a solution of (9). Note that
ker PyyB = B"Y(B71(81)) = A71(8+) = ker Q by Prop. 4.1. Finally,

R((BP)") = R(PB) = R(PAP) = S N = R(Q).

The first equality of equation (10) follows directly. The second, from the fact that
(AV2P)I Py = (AY2P)!. The last equality follows easily using the polar decomposi-
tion of T, because A'/? = |T| '

Formula (10), for operators with closed range, is due to Golomb [10].

Corollary 4.3 Under the notations of Proposition 4.2, the pair (A,S) is compatible
if and only if R(PyAY?) C R(AY?P).

Proof. Suppose that R(PyA'/?) C R(AY?P). Then, given & € H, there must exists
o € S such that PyAY2¢ = AY?0. Therefore AV?(¢€ — ) = (1 — Py)AY%¢ and

JAY2(6 = o) || = |(1 = Prm) A2 = (A2, AVZ(S)) = inf{||[A(¢ +7)| : 7 € S}

(12)
Hence £ — o € sp (T,8,€) and sp (T,S,€) # O for every £ € H. This implies
compatibility by Theorem 3.2. The converse implication was shown in Proposition
4.2 '

Remark 4.4 If A€ L(H)" and S € H is a closed subspace, then the set
(X L(H)": X <A and R(X)CS')

has a maximum (for the natural order relation in L(H)"), which is called the shorted
operator of A to S*. We denote it by (P, A). This notion, due to Krein [13] and
Anderson-Trapp [1], has many applications to electrical engineering. It is well known
(see Pekarev [15]) that

S(P,A) = AYV2PrAYV?,

where 7 = A71/2(S+) = AY2(S)t. From the proof of Proposition 4.2, it follows
that, if (A, S) is compatible, then AY?(1 — Pr)A'Y2 = AP, s. Therefore, in this case,

Y(P,A) = A(1 — Pss). More generally, it can be shown that 3(P, A) = A(1 — Q) for
every () € P(A,S) (see [6]).

5 Convergence of spline projections

This section is devoted to the study of the convergence of abstract splines in the
general (i.e. non necesarily closed range) case. Given A € L(H)", let us consider a
sequence of closed subspaces S, such that all pairs (A,S,,) are compatible. Following
de Boor [4] and Izumino [12], it is natural to look for conditions which are equivalent
to the fact that Py s, —90T () (i.e. the spline projections converge to I), where —597
means convercence in the strone onerator tonoloov Thic problem has a well known



solution under the assumption that R(A) is closed (see [4] or [12]). However, in our
more general setting, it is possible that the sequence {S,} decreases to {0}, while
| Pas,|| tends to infinity (see section 5.7 below). This induces us to consider the
following weaker convergence:

Definition 5.1 Let A € L(H)* and T,,,T € L(H), n € N. We shall say that the
sequence 1), converges A-SOT to T T, —A=SO0T 1 if

(Th = T)&lla — 0 for every & €H.
Note that T,, —4~5°T T if and only if AV2T,, —5°T AT

We start with the computation of the norm of P4s for any compatible pair (A4,S).
Before that, recall the following formula, due to Ptak [16] (see also [5] and [6]): if @4
and Q2 are orthogonal projections such that R(Q1)+R(Q2) = H, then the norm of
the unique projection Q3 with ker Q3 = R(Q1) and R(Qs3) = R(Q2) is

1Qsll = (1 = [Q1Q:]*) 2. (13)
Proposition 5.2 Let A € L(H)* such that the pair (A,S) is compatible. Then
| Pas||® = inf{\ > 0: PA*P < \(PAP)*}. (14)
If, in addition, ker ANS = {0}, then
1Pasll = (1 = QP|*) ", (15)
where Q denotes the orthogonal projection onto A~*(S).

Proof. Let @ be the reduced solution of the equation (PAP)X = PA. Then ||Q|?
equals the infimum of equation (14) by Douglas Theorem. On the other hand, by

Proposition 4.1, [|Q| = ||Pasl|, showing formula (14). If ker ANS = {0}, then
Theorem 2.3 assures that R(Pss) = S and ker Py s = A~'(S8*). Therefore (15)
follows from Ptak formula (13) 1

Remark 5.3 Let A € L(H)™" such that the pair (A,S) is compatible and ker ANS =
{0}. Then, if Py 4 is the orthogonal projection onto ker A, then

|Pas|| > (1 — || BeraP|?) 2.

Indeed, if @ is the projection of equation (15), then Pira < @, because ker A C
A7H(SEY). Then [|[PucaP||*? = ||PPwcaP|| < ||PQP|| = ||QPJ|]?>. This inequality,
shown by de Boor in [4] in the closed range case, relates the norm of Py s with the
angle between ker A and S.

Proposition 5.4 Let A € L(H)" and let S,, (n € N) be closed subspaces such that all

pairs (A, S,) are compatible. Denote by M,, = A/2(S,), n € N,

1 The follouima conditions are eainivalent:



(a) Pys, —AS0T g,

(b) (APas, &) — 0, for every € € H (i.e. APys, —"VOT 0 by polarization).
(c) APss, —°°T 0.

(d) ¥(Ps,, A) =T A.

(6) PMnAl/2 50T

2. If there exists C > 0 such that |Pas,|| < C for alln € N and Ps, A —°°T 0,
then PA,Sn —A=50T

3. If Pys, =591 0, then Ps, A —5°T (.
Proof.

1. Because P} 5 A= APyas,, it is clear that conditions (a), (b) and (c) are equiva-
lent. By Remark 4.4, ¥(Ps,, A) = A(1 — Py4gs,), so that (c) is equivalent to (d).
Finally, by Proposition 4.2, we know that AY2P,s = Py A2 and this shows
that (a) is equivalent to (e).

2. Suppose that there exists C' > 0 such that |Pas,|| < C for all n € v and that
Ps, A —%°T 0. Denote by P, = Ps,. The fact that R(Pas,) = R(P,) implies
that P,,Pas, = Pas,. Therefore, for every £ € 'H,

1PA s, ALl = [|1 P4 s, Pa ALl — O,

since || Pa,s, || is bounded. Hence Pj g A = APys, —°°T 0o that Py s, —*597
0, by item 1.

3. Suppose that Py s, —A=50T (. Then, by item 1, APy s, —50T (. Note that
Pys, P, = P,, so that Pnpjl,sn = P,. Given ¢ € 'H, we have that

[P ALl = | PPy s, ASll = | PnAPas £l < [APas,&ll — 0

Remark 5.5 With the notations of Proposition 5.4, it follows that P4 s, —A=S0T
if and only if AY2(1 — Py )¢ — AY%¢ for every € € H or, equivalently, the spline
interpolants &, = (1 — Pas, )¢ satisfy that T¢, — T¢ in Hy, if T € L(H,H;) and
T*T = A. In particular, if Pys, —479°T 0, then min{||T(¢ +7)|| : 7 € S,} =
IT(1 = Pas,)Ell — [IT€].

Proposition 5.6 Let A € L(H)" and So C S C H closed subspaces. Suppose that
(A, 8y) is compatible. Denote by P; = Ps,, i =1,2 and a; = PLAP, € L(S1)*. Then

(A, Ss) is compatible if and only if  (a1,S2) is compatible in L(Sy).

a; by

Proof. We know that, if A = ( .

), in the matrix decomposition induced by P},

b :
a2 D2 ), using now the

then R(b;) C R(ay). Hence also R(Pyby) C R(Pyay). If a; = ( .
') 9



matrix decomposition induced by P, then Pya; = as+bs and PyA(1— Py) = by+ Poby.
Hence

R(Ple) - R(Pgal) = R(ag) + R(bg) and R(PQA(l — PQ)) = R(bg) + R(Pgbl)

Therefore the pair (A, Sy) is compatible if and only if R(PA(1 — P)) C R(P,AP,) =
R(ay) if and only if R(by) C R(as) if and only if the pair (a;,Ss) is compatible '

Example 5.7 Let A € L(H)" injective but not invertible. With the notations of
Proposition 5.6 it is easy to see that Py Py s,Pi = Pas,P1 € P(a1,S2). Note that a;
is injective, so that P(a,S2) has a unique element and

Pa1,52 = PA,52P1 = HPA,SEH > ”PCH,SQH‘ (16)

We shall see that there exists a sequence S, n € N, of closed subspaces of ‘H such
that

1. the pair (A, S,) is compatible for every n € N,
2. 8,41 C S, for every n € N,
3. N,.,S, = {0}, so that Ps, =57 0,
4. ||Pas,| — oo.
In order to prove this fact, we need the following Lemma:

Lemma 5.8 Let B € L(H)* be injective non invertible. Then, for every € > 0, there
exist a closed subspace & C H such that the pair (B,S) is compatible, PsBPs is not
invertible in L(S) and || Pps|| > 1.

Proof. Let n € 'H be a unit vector. Denote by & = Bn and consider the subspace & =
{¢}+ and P = Ps. It is clear that n € B~1(S81). First note that (£,n) = (Bn,n) > 0,
so that n ¢ S. Since S is an hyperplane, this implies that S + B~1(S+) = H and
the pair (B, S) is compatible. Also PBP is not invertible, because dim S+ = 1 < oo.
Note that B71(S1) is the subspace generated by 7. Hence, if Q = Pp-1(s1), it is easy
to see that || PQ|| = ||Pn||. Then, by equation (15),

|Po.sll = (1= 1PQI*) ™2 = (1~ | Pyl*)~/* = (1 — P)nlI !

and  [[(1— Pyl = (. ||§H>| _

So, it suffices to show that there exists a unit vector n such that (n, Bn) < || Bn]|.
Consider p € H \ R(B'?) a unit vector. Let p, be a sequence of unit vectors in
R(B'?) such that p, — p. Let u, € H such that BY?u, = p,, n € N, and denote by
& = BY?p, = B, and € = B'/?p. 1t is easy to see, using that B(u,) = &, — & ¢
R(B), that ||u,|| — co. Denote by 1, = pin || ptn|| 1. Then

<77naB77n>: <MTL7BMTL> _ HBl/2,un||2 _ 1
| Bn || i 21 B e 1 UWR U 1 HEM

— 0,



because &, — £ # 0 1

By an inductive argument, using Lemma 5.8, Proposition 5.6 and equation (16), we
can construct a sequence of compatible subspaces §,,, n € N, such that S,,.1 C §,, and
| Pas,|| — oco. We can also get that Ps, —3°T 0 by interlacing, before constructing
the subspace S,41, a spectral subspace 7, of Ps APs (as an operator in L(S,)),
in such a way that Pr APr is not invertible and the projections Pr. —°YT 0 (this
can be done recursively by testing the projections Pr, in the first n elements of a
countable dense subset of H), and taking S,,; 1 as a subspace of 7,,. Note that the pairs
(Ps, APs ,T,) are clearly compatible, so that also the pairs (A, 7,,) are compatible by
Proposition 5.6.

Remark 5.9 Recall from Remark 4.4 that, if (A, S) is compatible, then A(1—Pys) =
Y(P,A). Then
0<APys=A-X(PA) <A

This implies that ||APas|| < ||Al|, while ||Pas|| can be arbitrarily large.

6 Some examples

In this section we present several examples opairs (A,S) which are not compatible
and pairs (A, S) which are compatible and such that the spline projector P4 s can be
explicitely computed. Observe that Example 6.4 can not be studied under the closed
range hypothesis, considered by Atteia, de Boor and Izumino.

Example 6.1 Let A € L(H)" and

A A1/2 A1/2 0 A1/2 I N
M_<A1/2 i )_( ; 0)( : O)GL(H@H)

AV2 T

0 0
ker N = {¢ ® —AY2%¢ : ¢ € H} which is the graph of —AY2. Note that R(N) =
(R(AY?) + R(I)) @ {0} = S, so that R(M) is also closed. If A is injective with non
closed range, then (M,S) is not compatible (because R(A) is properly included in
R(A'Y?)). Observe that this implies that the inclination between S and ker M is one,
cf. [4].

Denote by S = H @& {0} and by N = ( ) Since M = N*N, then ker M =

a b
b* ¢
that the positivity of A implies that R(b) C R(a'/?). Therefore, if dimS < oo then
the pair (A,S) is compatible: in fact in this case R(a) = R(PAP) must be closed,
so R(b) € R(a'/?) = R(a) and Corollary 2.2 can be applied. On the other hand, if
dim 8+ < oo and R(A) is closed then, by Remark 2.4, (A, S) is compatible. However,
if R(A) is not closed, then the pair (A,S) can be non compatible:

Remark 6.2 Let P € P, R(P) =S and A = € L(H)*. It is well known



Proposition 6.3 Let P € P, R(P) =S8 and A € L(H)". Suppose that A is injective
non invertible and dim S+ < co. Then (A, S) is compatible if and only if S+ C R(A).

Proof. By equation (2), (4,8) is compatible if and only if A7*(S+) + S = H. Since
A is injective, equation (3) says that A71(S+) NS = {0}. Now the result becomes
clear because dim A™1(S+) = dim(S+ N R(A)) '

ei(erl)t

Example 6.4 Let T € L(H, L*(IT)) given by Te,, = “——, where €,, (m € N) is an
orthonormal basis of H. Then A = T*T is given by Ae,, = %%, which is injective

- m2

non invertible. Let &,...,&, € R(A), denote by S = {&,...,&, ) and P = Ps. If
& = (5(1) f’i(?), . ,fi(m), ...), 1 <i < n, denote by

7

o= (6,46, om¥ ™M ) eH, 1<i<n,

and () the orthogonal projection onto the subspace 7 generated by ny,...,n,. It is
clear that 7 = A~1(8*). Then (4,S) is compatible and P4 s is the projection onto
S with kernel 7. Therefore (cf [16] or [5]) ||PQ] < 1,

Pas=(1-QP)'(1-Q) = > (QP)'(1-Q)

k=0
and || Pas|l = |11 = Pasll = (1 = [ PQII*)~"2.
Remark 6.5 Let B € L(H)" be injective non invertible. Let £ € H a unit vector,
S={{* P=Psand P.=1—P. Let B = ;k i

6.3, (B,S) is compatible if and only if £ € R(B). Note that the sequence &, (in R(B))
of Lemma 5.8 converges to & ¢ R(B). This is, precisely, the fact which implies that
| Pp g¢,3]| converges to infinity.

in terms of P. By Proposition

Example 6.6 Fix S a closed subspace of ‘'H and consider the set
As={A € L(H)" : the pair (A,S) is compatible }

and the map a : As — Q givenby «(A) = P4s. We shall see that « is not

a b
b* ¢
subspace M properly included in S. Denote by N = S © M and consider the
projection Py and some element u € L(S*,N) C L(H), u # 0. Consider, for every
n € N,

continuous. Indeed, let A = , and suppose that R(b) = R(a) is a closed

1 0 wu N
A, =A+rPy+u)Pv+u)=A+L =00 0 | M
w0 u'u | St



It is clear that A,, — A. Note that a is invertible in L(M). Then, by Theorem 2.3,

10 0 N
PA75 =01 a | M )
00 O St

Also a + L Py is invertible in L(S), for every n € N. Then

n 0 0 L0 lu 10 uw |\ N
PAn,S =0 atl 0 0 a b =101 a'h M
0 0 0/)\Lu b c+iu'u 00 o0 )&t

for all n € N. Therefore a(A,) = Pa,s 7 Pas = «(A). Note that the sequence
a(A,) converges (actually, it is constant) to P4s + u, which belongs to P(A,S) by
Theorem 2.3.
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