On the antimaximum principle for parabolic periodic
problems with weight.
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Abstract

We prove that an antimaximum principle holds for the Neumann and Dirichlet periodic
parabolic linear problems of second order with a time periodic and essentially bounded weight
function. We also prove that an uniform antimaximum principle holds for the one dimensional
Neumann problem which extends the corresponding elliptic case.'?

1 Introduction

Let Q be a bounded domain in RY with C**7 boundary, 0 < v < 1 and let 7 > 0.
Let {a;; (,0)}o;5on {05 (@, 0) }ojen a_nd ag (x,t) be T-periodic functions in ¢ such
that a;;,b; and ag belong to C/2 (QXR), Gij = Qj, for 1 < 4,7 < N and
Za” (x, 1) &&5 > 0252 for some ¢ > 0 and all (z,t) € A xR, (&, ...,&n) € RN, Let

L be the periodic parabohc operator given by

ou
rue U . 1.1
u= gy T 2 iy ax]+zbjaxj+a0“ (1)

i,]

Let B (u) = 0 denote either the Dirichlet boundary condition ugoxr = 0 or the
Neuman condition du/dv = 0 along 02 x R.
Let us consider the problem

Lu=Xmu+ hin Q X R,
(Pyn) u T — periodic in ¢
B(u) =0o0n 02 xR

where the weight function m = m(x,t) is a 7 - periodic and essentially bounded
function, h = h (x,t) is 7 - periodic in ¢t and h € LP (2 x (0, 7)) for some p > N + 2.
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A" € R is said a principal eigenvalue for the weight m if (Py-;) has a positive
solution when h = 0. We will say that the antimazimum principle (AMP) holds to
the right (respectively to the left) of a principal eigenvalue \* if for each h > 0,
h # 0 there exists a 0 (h) > 0 such that (P,;) has a negative solution for each
A€ (NN +0(h)) (respectively A € (A* — 6 (h), A")).

We prove that, depending on m, these two posibilities happen and that in some
cases the AMP holds left and right of \*, similarly to the purely stationary case
where all data are independent of ¢ (but in that case the period becomes artificial)

Our results are described by means of the real function p,, (A\), A € R, defined
as the unique p € R such that the homogeneous problem

Lu — Admu = pu in © X R,
(P,) u 7 — periodic in ¢
B(u) =0o0n 00 x R

has a positive solution.

This function was first studied by Beltramo - Hess [B-H] for Holder continuous
weight and Dirichlet boundary condition. They proved that pu,, is a concave and
real analytic function, for Neumann the same holds ([H2], lemmas 15.1 and 15.2).
A given A € R is a principal eigenvalue for the weight m iff u,, has a zero at A

We will prove that if u,, is non constant and if A* is a principal eigenvalue for
the weight m then the AMP holds to the left of \* if x/ (A*) > 0, holds to the right
of \* if ) (A*) < 0 and holds right and left of \* if ], (A\*) = 0. As a consequence
of these results we will give, for the case ay > 0, conditions on m that describe
completely what happens respect to the AMP, near each principal eigenvalue.

The notion of AMP is due to Ph. Clement and L. A. Peletier [C-P]. They proved
an AMP to the right of the first eigenvalue for m = 1, with all data independent of ¢
and ag () > 0, i.e. the elliptic case. Hess [H1] proves the same, in the Dirichlet case,
for m € C (ﬁ) . Our aim is to extend these results to periodic parabolic problems
covering both cases, Neumann and Dirichlet.

The AMP for elliptic problems has received considerable attention recently. The
self adjoint case (with weight) is studied in [G-G-P] where the exact interval of
uniformity for the one dimensional Neumann problem is given. Extensions for some
special second order non linear elliptic operators can be found in [F-G-T-T] and
[A-C-G] and for a class of higher order linear elliptic operators in [C-S,1], [C-S,2]
and [G-S]. The exact range of the L? spaces where h can be taken to have the AMP
is given in [S] for the elliptic case. An abstract version of the AMP was obtained by
P. Takac in [T].

In section 2 we give a version of the AMP for a compact family of positive
operators adapted to our problem and in section 3 we state the main results.



2 Preliminaries

Let Y be an ordered real Banach space with a total positive cone Py with norm
preserving order, i.e. u,v € Y, 0 < u < v implies ||u|| < ||v| . Let Py denote the
interior of Py in Y. We will assume, from now on, that Py # (). Its dual Y’ is an
ordered Banach space with positive cone

P ={yeY :(y,y) >0foralyec P}

For ¢ € Y weset y* = {y €Y : (¢/,y) =0} and for » > 0, BY (y) will denote
the open ball in Y centered at y with radius r. For v,w € Y with v < w we put
(v, w) and [u, v] for the order intervals {y € Y :v <y <w}land{y € Y :v <y < w}
respectively. B (Y') will denote the space of the bounded linear operators on Y and
for T'e B(Y), T* will be denote its adjoint 7" : Y' — Y.

Let us recall that if T" is a compact and strongly positive operator on Y and
if p is its spectral radius, then, from Krein - Rutman Theorem, (as stated, e.g.,
in [A], Theorem 3.1), p is a positive algebraically simple eigenvalue with positive
eigenvectors associated for T" and for its adjoint T™.

We will also need the following result due to Crandall - Rabinowitz (|C-R], lemma
1.3) about perturbation of simple eigenvalues: If T} is a bounded operator on Y and
if ry is an algebraically simple eigenvalue for T, then there exists 6 > 0 such that
|T — To|| < implies that there exists a unique r (T') € R satisfying |r (T') — ro| < ¢
for which r (T") I — T is singular. Moreover, the map 7" — r (T') is analytic and r (7T')
is an algebraically simple eigenvalue for 7. Finally, an associated eigenvector v (7T')
can be chosen such that the map T"— v (T) is also analytic.

We start with an abstract formulation of the AMP for a compact family of oper-
ators. The proof is an adaptation, to our setting, of those in [C-P] and [H1].

Lemma. Let {T\}, ., be a compact family of compact and strongly positive
operators on Y. Denote by p(\) the spectral radius of Ty and o (\) its spectrum.
Then for all 0 <u < v in Y there exists d,, > 0 in R such that

(PN = buw, p(N)) N (N) =Pand (I —Ty) "h <0

uniformly in h € [u,v] CY and 6 € (p(A\) — v, p(N)) CR.

Proof. We have that

(1) p(A) is an algebraically simple eigenvalue for T\ with a positive eigenvector
)

(2) T} has an eigenvector ¥ associated to the eigenvalue p (\) such that (¥, z) >
0 for all z € P — {0}.



(3) @) normalized by ||®,]| = 1 and ¥, normalized by (¥,, ®,) = 1 imply that
{(®y, Uy, p(A) €Y x Y’ x R} is compact.

(4) There exists 7 > 0 such that BY (0) C (—®,,®,) for all A € A.

(1) and (2) follow from Krein - Rutman Theorem.

For (3) {p(\), A € A} is compact in (0,00) because given p(\,), the sequence
T), has a subsequence (still denoted) T\, — T\, € {Th},c, in B(Y). (1) and
Crandall - Rabinowitz lemma [C-R, lemma 3.1] provide an r > 0 such that T €
B(Y), [T — Twl|| < rimply that 0 ¢ (p(Aoo) =7, p (Ae) +7) N (T) ={p(T)}, so
p (An) — p(Axo) > 0. This lemma also gives {®) : A € A} and {U) : A € A} compact
in Y and Y’ respectively.

(4) follows remarking that {®), A € A} has a lower bound v < &), v € Pp.
Indeed, %CI),\ € Py sow — %CI),\ = %@A +w — @\ € Py for w € B, (®)) with
r (X) > 0. The open covering { B,(») (1)} of {®, : A € A} admits a finite subcovering
{BT()\J,) (CIDAJ,) ,J=1,2, ...,l} and it is simple to obtain r; € (0,1) such that ®, >
rj%q),\l =12 ..,,s0v=1r®), < %Q)Aj < @, for all A € A and some j (5 depending
on \).

We prove now the Lemma for each A and h € [u,v], i.e. we find §,, (A) and we
finish by a compactness argument thanks to (1)-(4).

\Ilf is a closed subspace of Y and then, endowed with the norm induced from Y,
it is a Banach space. It is clear that Wy is T) invariant. and that Ty Uy — Uy
is a compact operator. Now, p () is a simple eigenvalue for T\ with eigenvector ®,

and @, ¢ Ui, but p(\) > 0 and T} is a compact operator, thus p()\) € o <T,\|\I/§> :

We have also Y = R®, @ ¥y, a direct sum decomposition with bounded projec-
tions Po,, Py1 given by P,y = (V),y) ®) and Pyry=y— (W), y) O respectively.
Let 7:,\ .Y — Y be defined by f,\ =T )\P\I,i Thus T \ is a compact operator. More-

over, p (A) does not belongs to its spectrum. (Indeed, suppose that p (1)) is an eigen-
value for T}, let v be an associated eigenvector. We write v = Py, v + P\I,*v. Then

p(Nv =T\ (v) = T\Pyrv and so v € Uy, but p(N) € o (TM\D*). Contradiction).

Thus, for each A, p (A\) I — T} has a bounded inverse.
Hence, from the compactness of the set {p () : A € A} it follows that there exists
e > 0 such that 81 — T has a bounded inverse for (6,\) € D where

D={0,N: el p(A)—e<0<p(\) +e}

‘ (91 _ ’T}) -

-1
But 01 — Ty : Uy — Wy has a bounded inverse given by (6[ — TAI‘Pi) =

((01—@)_1>M and so | (07— Tyyy)

on D.

and that remains bounded as (A, §) runs on D.

B(Y)

remains bounded as (A, ) runs
B(wy)




For h € [u,v] we set wyp =h — (Uy, h) Py. As 0 ¢ o (1)) we have

O —T) " h = ﬁ“—pg) [@A + Q&A—’?%) ((91 - TA)%)_1 wh,A] (2.1)

and u — (U, v) ©y < wp\ < v — (¥, u) Py that is ||wpa|| < ¢y for some constant
1
Cu.» independent of h. Hence ((9[ — T/\)I‘If *> wp, \ remains bounded in Y, uniformly

on (#,A\) € D and h € [u,v]. Also, (), h) > (¥, u) and since {(¥,, u)} is compact
in (0, 00) it follows that (W,, h) > ¢ for some positive constant ¢ and all A € A and
all h € [u,v]. Thus the lemma follows from (4). m

Remark 1. The conclusion of the Lemma holds if (1)-(4) are fulfilled. m

We will use the following

Corollary. Let A — Ty be continuous map from [a,b] C R into B(Y). If each
Ty is a compact and strongly positive operator then the conclusion of the lemma

holds.

3 The AMP for periodic parabolic problems

For 1 < p < o0, denote X = L2 (Q x R) the space of the 7 - periodic functions
u: QxR —=R (e u(z,t)=u(zr,t+7)ae(x,t)€QxR)such whose restrictions
to Q x (0,7) belong to LP (Q x (0,7)). We write also C’T{?’V (Q x R) for the space
of the 7 - periodic Holder continuous functions v on Q x R satisfying the boundary

condition B (u) = 0 and C; (Q x R) for the space of 7 - periodic continuous functions
on 0 x R. We set

Y =C 7 (2% R) if B(u) = upaxr and Y = C; (U x R) if B (u) = du/0v.
(3.1)

In each case, X and Y, equipped with their natural orders and norms are ordered
Banach spaces, Y has compact inclusion into X and the cone Py of the positive
elements in Y has non empty interior.

Fix s > ||aol|,, - If s € (s0,00) the solution operator S of the problem

Lu+su= fonQ xR, B(u)=0, u7t— periodic, fey

defined by Sf = wu, can be extended to an injective and bounded operator, that
we still denote by S, from X into Y (see [G-L-P], Lemma 3.1). This provides an
extension of the original differential operator L, which is a closed operator from a
dense subspace D C Y into X (see [G-L-P], p. 12). From now on L will denote this
extension of the original differential operator.



Ifa € L¥(QxR) and 07 < a+ ay < Jy for some positive constants d; and o,
then L+al : X — Y has a bounded inverse (L +al)™" : X — C; " (QxR) CY,
l.e.

|z +an" 7] < cllf s (3:2)

Cci ’Y( XR)
for some positive constant ¢ and all f ([G-L-P], lemma 3.1). So (L +al)™': X —
X and its restriction (L + al )|_Y1 : Y — Y are compact operators. Moreover,
(L + a[)|_Y1 1Y — Y is a strongly positive operator ([G-L-P], lemma 3.7).

If Oa;;/0x; € C (ﬁ X R) for 1 < 1,57 < N, we recall that for f € LP (2 x R),
(L +al)™" f is a weak solution of the periodic problem

ou da; j \ Ou
E—dzv (AVu) + Z( Zaxz>ax+(a+ao)u—foanR,

B(u) =0o0n 0 xR
u(z,t) =u(x,t+17T)

where A is the N x N matrix whose ¢, j entry is a;; (weak solutions defined as in
[Tr], [A-S], taking there, the test functions space adapted to the periodicity and
to the respective boundary condition) In fact, this is true for a Holder continuous
f (classical solutions are weak solutions) and then an approximation process using
that L is closed and (3.2) gives the assertion for a general f.

Remark 2. Let m € L>® (2 x R) and let M : X — X be the operator mul-
tiplication by m. Then for each A € R there exists a unique @ € R such that the
problem (P,) from the introduction has a positive solution.

This is shown for A > 0, ap > 0 in [G-L-P] (see remark 3.9 and lemma 3.10). A
slight modification of the argument used there shows that this is true for A € R,
ag € L (2 x R) (start with L + r instead of L, with » € R large enough). Thus
i (A) is well defined for all A € R, pu,, is a concave function, p,, (A) is real analytic
in A, i, (A) is an M simple eigenvalue for L and

tm (A) = 0 if and only if A is a principal eigenvalue for the weight m.

Moreover, the positive solution u) of (Pum()\)) can be chosen real analytic in A (as
a map from R into Y). As in the case m Holder continuous we have i, (—\) =
f—m (A), A € R. We recall also that for the Dirichlet problem with ay > 0 (and also
for the Neumann problem with ag > 0, ag # 0) we have p,, (0) > 0 (see [H,2], also
[D,1] and [D,2]). m

Given A € R, we will say that the maximum principle (in brief MP) holds for A
if X is not an eigenvalue for the weight m and if h € X with h > 0, h # 0 implies
that the solution wuy of the problem (P, ;) belongs to Py .



The function pu,, describes what happens, with respect to the MP, at a given
A € R (for the case m Holder continuous see [H2|, theorem 16.6):

tm (A) > 0 if and only if A is not an eigenvalue and M P holds for A

Indeed, for h € X with h > 0, h # 0, for » € R large enough such that — ||ao||,, —
[Am||, 4+ 7 > 0, problem (Py}) is equivalent to (r~'/ — S)\)u = H, with S\ =
(L+7—AM)"" and Hy, = r'Syh. Now Hy > 0. Also pi,, (A) > 0 if and only if
p(N\) < r71 where p()) is the spectral radius of Sy so Krein - Rutman Theorem
ensures, for such a u, that p, (A\) > 0 is equivalent to u € Pg. Moreover, fi,, (A) >0
implies also that A is not an eigenvalue for the weight m, since, if A would be an
eigenvalue with an associated eigenfunction ® and if u) is a positive solution of
Lu = Amu + i, (A) u, B (u) = 0, then, for a suitable constant ¢, v = uy + ¢® would
be a solution negative somewhere for the problem Lv = Amv + p,, (A) uy, B (v) = 0.

Next theorem shows that u,, also describes what happens, with respect to the
AMP, near to a principal eigenvalue.

Theorem 1. Let L be the periodic parabolic operator given by (1.1) with coef-
flcients satisfying the conditions stated there, let B (u) = 0 be either the Dirichlet
condition or the Neumann condition, consider Y given by (3.1), let m be a function
in L (2 x R) and let \* be a principal eigenvalue for the weight m. Finally, let
u,v € L2 (Q x R) for some p> N + 2, with 0 <u <v. Then

(a): If X — pm, (N) vanishes identically, then for all A € R and all h > 0, h # 0
in L2 (2 x R), problem (Pyy) has no solution

(b): If u, (N*) < 0 (respectively pu,, (A\*) > 0), then the AMP holds to the right
of X* (respectivley to the left) and its holds uniformly on h € [u,v], i.e. there exists
duw > 0 such that for each X € (N, \* + 0y.) (respectively A\ € (N — 0y, A¥)) and
for each h € [u,v], the solution uyy of (Pyp) satisfles uyy € —Py.

(c): If w., (X)) =0 and if p, does not vanishes identically, then the AMP holds
uniformly on h for h € [u,v] right and left of \*, i.e. there exists d,, > 0 such that
for 0 < |\ = X| < buw, h € [u,v], the solution uyp of (Pys) is in —Pp.

Proof. Let M : X — X be the operator multiplication by m. Given a closed
interval I around A\* we choose r € (0, 00) such that » > A*u/, (A*) and r— || Am||  —
|ao|l,, > 0 for all A € I. For a such r and for A € I, let T : Y — Y defined by

Ty = (L+7rI)""(AM + 1)

so each T), is a strongly positive and compact operator on Y with a positive spectral
radius p (A) that is an algebraically simple eigenvalue for T and 7T5. Let ®), ¥ be
the positive respective eigenvectors normalized by ||®,|| = 1 and (¥, P,) = 1. By
Crandall - Rabinowitz lemma p () is real analytic in A and @), ¥, are continuous
in A. As a consequence of Krein - Rutman Theorem, we have that p(\) = 1 iff
A is a principal eigenvalue for the weight m. So p(A*) = 1. Since T) is strongly



positive we have ®, € Py, so there exists s > 0 such that BY (0) C (—®,,®)) for
all\el Let H=(L+7)"h, U= (L+r) " 'wand V = (L+r)""v. The problem
Luy = dmuy +h on Q x R, B(uy) =0 on 02 x R is equivalent to

uy=(I—-T\)""H (3.3)

and u < h < v implies U < H < V. So, we are in the hypothesis of our lemma and

—1
from its proof we get that H ((p (NI — T,\|\p§)> remains bounded for A\ near to
A* and from (2.1) with 0 = p (A*) = 1 we obtain
Wy, H) 1-p(M) !
= —— | O\ + —— ( I —Ty) gL 3.4
w10 2 (D) e .

where WH )N = H— <‘11,\,H> (I),\.
T\®\ = p(A) ®) is equivalent to L) = ﬁm@,\ +7r (ﬁ — 1) ®, and, since

®, > 0 this implies
() = G =), &
(

)
If 11, vanishes identically then p (A) = 1 for all A and (3.3) has no solution for all
h >0, h # 0. This gives assertion (a) of theorem 1.
For (b) suppose that u,, (A\*) # 0. Taking the derivative in (3.5) at A = A\* and
recalling that p (A*) = 1 we obtain

Ho (A7) (1= A" (A7) = =rp (X7)
sop (X)) = pul, (N*) / (Nl (X)) — 7). We have chosen r > X7, (A*), thus p, (A*) >

0 implies p ()\ ) < 0and g, (A*) < 0 implies p' (A\*) > 0 and then assertion (b) fol-
lows from (3.4) as at the lemma follows from (2.1).
If . (A\*) = 0, since p,, is concave and analytic we have p,, (A) < 0 for A # \*.

Then 1/p has a local maximum at A* and (c) follows from (3.4) as above. m

To formulate conditions on m to fulfill the assumptions of theorem 1 we recall
the quantities

P(m) = /0 ess supzecom (x,t) dt, N (m) = /0 ess infreom (x,t) dt.

The following two theorems describe completely the possibilities, respect to the
AMP, in Neumann and Dirichlet cases with ag > 0.

Theorem 2. Let L be given by (1.1). Assume that either B(u) = 0 is the
Neumann condition and ay > 0, ag # 0 or that B (u) = 0 is the Dirichlet condition
and ap > 0. Assume in addition that da; j/0x; € C (Q X R) , 1 <i4,5 < N. Then



(1): If P(m) > 0 (P(m)<0), N(m) > 0 (N (m) <0) then there exists a
unique principal eigenvalue X* that is positive (negative) and the AMP holds to the
right (to the left) of A*

(2): If P(m) >0, N(m) <0 then there exist two principal eigenvalues A_1 < 0
and Ay > 0 and the AMP holds to the right of A\ and to the left of A_4.

(3) If P(m) = N (m) =0 then there are no principal eigenvalues.

Moreover if u,v € L2 (2 x R) satisfy 0 < u < v, then in (1) and (2) the AMP
holds uniformly on h for h € [u,v].

Proof. We consider first the Dirichlet problem. If P(m) > 0 and N (m) > 0
then there exists a unique principal eigenvalue A\; that is positive (|G-L-P]). Since
fm (0) > 0, pi, (A1) = 0 and p is concave, we have ), (A1) < 0 and (b) of theorem
1 applies. If P(m) > 0 and N (m) < 0 then there exist two eigenvalues A\_; < 0
and A\; > 0 because p_,, (—\) = py, (A) and in this case (p,, is concave) we have
pho (A1) > 0 and p), (A1) < 0, so theorem 1 applies. In each case theorem 1 gives
the requiered uniformity. The other cases are similar. If P (m) = N (m) = 0 then
m =m (t) and p, (A) = pm (0) > 0 ([G-L-P]). So (3) holds. The results in [G-L-P]
for the Dirichlet problem remains valid for the Neumann condition with ay > 0,
ag # 0, so the above proof holds. m

Remark 3. If ap = 0 in the Neumann problem then Ay = 0 is a principal
eigenvalue and g, (0) = 0. To study this case we recall that (L +1)"" has a
positive eigenvector ¥ € X’ C Y’ provided by the Krein - Rutman Theorem and
(3.2). Then u! (0) = — (¥, m)/ (¥, 1) where (V,m) = fQX(Oﬂ') 1m makes sense
because U € L (Q x (0,7)) ([G-L-P], remark 3.8). Indeed, let u, be a positive
7 - periodic solution of Luy = Amuy + py, (M) uy on Q x R, B(uy) = 0 with u)
real analytic in A and with uy = 1. Since ¥ vanishes on the range of L we have
0 = MW, muy) + pm (N) (¥, u,). Taking the derivative at A = 0 and using that
up = 1 we get the above expression for p, (0) .

Theorem 3. Let L be given by (1.1). Assume that B (u) = 0 is the Neumann
condition and that ayg = 0. Assume in addition that da;;/0z; € C (A xR), 1 <
1,7 < N. Let ¥ be as in remark 3.

Then, if m is not a function of t alone, we have

(1): If (,m) <0 ((¥,m)>0), P(m) <0 (N(m)>0), then 0 is the unique
principal eigenvalue and the AMP holds to the left (to the right) of 0.

(2): If (U,m) <0 ((¥,m)>0), P(m)>0(N(m)<O0), then there exists two
principal eigenvalues, 0 and \* wich is positive (negative) and the AMP holds to the
left (to the right) of 0 and to the right (to the left) of \*

(3): If (¥, m) =0, then 0 is the unique principal eigenvalue and the AMP holds
left and right of O.



If m=m(t) is a function of t alone, then we have

(1): If [; m(t)dt =0 then for all A € R the above problem Lu = Amu+ h has
no solution.

(2): If [y m(t)dt #0 and (¥,m) >0 ((¥,m) < 0) then 0 is the unique prin-
cipal eigenvalue and the AMP holds to the right (to the left) of 0.

Moreover, if u,v € X satisfy 0 < u < v, then in each case (except (1°)) the AMP
holds uniformly on h for h € [u,v].

Proof. Suppose that m is not a function of ¢ alone. If (¥, m) < 0, P (m) < 0 then
0 is the unique principal eigenvalue and ], (0) > 0. If (I, m) < 0, P(m) > 0 then
there exist two principal eigenvalues: 0 and some A\; > 0 and since pu,, is concave we
have p/, (0) > 0 and p), (A1) < 0. If (¥, m) = 0 and if m is not funtion of ¢ alone,
then p,, is not a constant and u, (0) = 0 and 0 is the unique principal eigenvalue.
In each case, the theorem follows from theorem 1. The other cases are similar.

If m is a function of ¢ alone then p,, (A) = —@)\, this implies @ = (U,m) /(¥ 1).
If [ m(t)dt =0 then p, =0 and (a) of theorem 1 applies. If [ m (¢)dt # 0 and
(,m) > 0 then P(m) = N (m) > 0 so 0 is the unique principal eigenvalue and
pr(0) < 0, in this case theorem 1 applies also. The case (¥, m) < 0 is simi-

lar. The remaining case [} m(t)dt # 0 and (¥,m) = 0 is impossible because
PO = (W, m) / (0, 1). m

T

For one dimensional Neumann problems, like the elliptic case, a uniform AMP
holds.

Theorem 4. Suppose N =1, Q = («, 3) and the Neumann condition. Let L be
given by Lu = u; — Ay, + bu, + agu, where ag, b € 077’7/2 (ﬁ X R) , ap > 0 and with

a€CHQxR), min a(z,t) > 0. Then the AMP holds uniformly in h (i.e. holds
reQXR

on an interval independent of h) in each situation considered in theorem 3.

Proof. Let \* be a principal eigenvalue for Lu = Amu. Without lost of generality
we can assume that ||A[[, = 1 and that the AMP holds to the right of A*. Denote M
the operator multiplication by m. Let Iy« be a finite closed interval around A\* and,
for A € I+, let T, ®) and W) be as in the proof of theorem 1. Each &, belongs to
the interior of the positive cone in C' (ﬁ) and A — &, is a continuous map from I):
into C (ﬁ) , thus there exist positive constants c;, ¢y such that

1 <Py (x) <ey (3.6)

for all A\ € I- and € Q. As in the proof of the lemma we obtain (3.4). Taking

-1
into account (3.6) and that ‘ ((I TNy i) remains bounded for A near A\*, in




order to prove our theorem, it is enough to see that there exist a positive constant c

~1
independent of h, such that H (I — T/\l‘l’i) wg|| [/ (Vr, H) <cfor A € I).. Since

-1
(]"TNWi) WHA (I e -4-< H o >
= - )\|\Il§) <— — FA )

(W, H) Uy, H)
it suffices to prove that there exists a positive constant ¢ such that
IH||,, < (W, H) (3.7)

for all h > 0 with [[A[|, = 1. To show (3.7) we proceed by contradiction. If (3. 7)
does not holds, we Would have for all j € N, h; € LE (Q x R) with h; > 0, |||, =
and \; € Iy~ such that

w

1H(L+r1)‘1 thOO. (3.8)

<‘1’AJ7 (L+rD)™ hj> <3

Thus lim;_, <\IJ,\], (L+rD)"h; > = 0. We claim that

H(L+frl hHOO/QISBnT] (L+rl) " h<c (3.9)

for some positive constant ¢ and all nonnegative and non zero h € L? (2 x R). If
(3.9) holds, then

(W (L 7)™ By > (W, 1) min (L+70) " by >
Qx[0,7]

> e H(L D)™ th (U, @y ) = o H(L D)™ th

for some positive constant ¢’ independent of j, contradicting (3.8) .

It remains to prove (3.9) wich looks like an elliptic Harnack inequality. We may
suppose o = 0. Extending u := (L+4rI)"'h by parity to [—3, 5] we obtain a
function u with w (—03,t) = u(8,t), so we can assume that u is 20 - periodic in z
and 7 periodic in t. u solves weakly the equation u; — at,, + bux + (ag+7)u = h
in R x R where a, ay, h are extensions to R x R like @ u, but b is extended to an odd
function b in (=0, ) then 2 periodically. In spit of discontinuities of b, a parabolic

Harnack inequality holds for u = u (E) ([Tr], Th. 1.1) and using the periodicity of
u in t, we obtain (3.9). m
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