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1. Introduction

The parabolic Monge-Ampere operator considered in this paper is
(1.1) Mu = —uy det D?u,

where v = u(z,t) is convex in x and nonincreasing in ¢, z € R*, t € R, and D?u de-
notes the Hessian of u with respect to the variable . This operator is relevant in the
study of deformation of surfaces by Gauss-Kronecker curvature [Fir74], [Tso85a],
and in a maximum principle for parabolic equations [Tso85b]. Together with (1.1),
N. V. Krylov [Kry76| introduced other parabolic versions of the elliptic Monge-
Ampere operator, see [Lie96, pp. 406-416] for a complete description and related
results.

Our purpose in this paper is to establish that solutions u to Mu = f with
f positive, continuous, and f; satisfying certain growth conditions, have second
derivatives in LP, for 0 < p < oo. This is the main result in this paper and is
precisely stated in section (2), theorem (2.1). These type of interior estimates have
been recently established by L. A. Caffarelli [Caf90a] for the elliptic Monge-Ampere
equation det D?u = f, and therefore we extend Caffarelli’s result to the parabolic
case. The origin of these estimates goes back to Pogorelov [Pog71] who proved that
convex solutions to det D?u = 1 on a bounded convex domain € with u = 0 on 0%
satisfy the L™ estimate

(1.2) C1(, Q) < D2u(z) < Co(Y, Q),

for x € €V, where € is a convex domain with closure contained in 2, and C; are
positive constants depending only on the domains. The estimate (1.2) plays an
important role in the fundamental estimates proved by Caffarelli, and the crucial
estimate that leads to (1.2) is that one can bound the Hessian of u by means of
its gradient, [Pog71, Theorem 2]. In [GH98|, the parabolic analogue of [PogT71,
Theorem 2] was used to estalish a generalization of a celebrated theorem by Calabi
[Cal58|. Such extension plays an important role in the present paper, see theorem
(5.2) below. All these results use the recent theory for cross sections of solutions to
the Monge-Ampere equation developed in the papers [CanOa] [Caf91], [CGIT],
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several results of this theory to the parabolic setting and the main difficulty for
this extension is due to the presence of the time derivative in the definition of
M. However, under some conditions on the right hand side f, we prove that u;
is bounded away from zero and —oo. This permit us to introduce an appropriate
notion of parabolic cross section, defined by (4.1), that enjoys properties that lead
to the desired result.

We mention that C?T*1+2/2 estimates for solutions to Mu = f were obtained in
[WW92] when f is Lipschitz continuous in z and t.

Throughout the paper we work with classical solutions but all the estimates are
independent of the smoothness and depend only on the structural constants.

Each section in the paper contains results that are interested in themselves. The
organization is as follows. We begin in section (2) introducing some notation, def-
initions and the statement of the main result. In section (3), we show that under
certain conditions on the right hand side f, one can bound w; in the interior of
the domain by the bounds for the data on the parabolic boundary. This holds for
example if f; is of bounded mean oscillation. Section (4) contains the proofs of the
properties of the parabolic cross sections needed in section (6). Section (5) contains
the proof of an approximation theorem crucial for the proof of the W?2? estimates.
Section (6) contains the proof of the W?2? estimates. Finally, the appendix, section
(7), contains the regularity properties of the parabolic convex envelope.
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2. Notation, definitions and statement of the main result

If Q c R""! and ¢ € R then we denote

Qt) ={z: (z,1) € Q}.

Let Q C R be a bounded set and tg = inf{t : Q(t) # 0}. The parabolic boundary
of the bounded domain () is defined by

9,Q = (Q(to) x {to}) U |J (0Q(1) x {1}).
teR

where @ denotes the closure of Q and dQ(t) denotes the boundary of Q(t). We say
that the set Q C R"™! is a bowl-shaped domain if Q(t) is convex for each t and
Q(tl) C Q(tg) for t; < t».

Let @ be a bowl-shaped domain in R"", and v € C(Q). A function u(z,t) is
parabolically conver in () or p-conver, if it is convex in x and nonincreasing in .

Given 2y = (xo,t0) € Q, (. () is a supporting affine function, or supporting
hyperplane to u(-,ty) at x = xo, if £,,(x) = u(xo, to) +p- (x —x) and u(z,ty) > £, (x)
for all © € Q(tp). When u is regular we have p = Du(z, ty).

Given h > 0, we define

(2.1) Qn(z0) = {(z,t) : u(x,t) < L, (x) + h and t < 1y},
and
(2.2) Sh(zolte) = {x : u(z,to) < L, (z) + h}.

If Q ¢ R""! is an open bounded bowl-shaped domain and u : ) — R is contin-
uous then the parabolic normal mapping of u is the set valued function P, : ) —
{E : E C R""} defined by

Pu(x()at()) —
{(p,h) : u(z,t) > u(xo, to)+p-(x—x0), Vo € Q(t), with t <1y, h = p-xo—u(zo,t0)},

where Q(t) = {z : (z,t) € Q}. If E C Q then Py(E) = U nepPu(w, ).

Given a bounded convex domain €2 C R” with nonempty interior, let £ be the
ellipsoid of minimum volume containing {2 with center at the center of mass of 2.
Then there exists an affine transformation 7" such that B, (0) C T(2) C B;(0) with
o, = n~%?; see [PogT8, p. 90].

The main results in this paper can be summarized in the following theorem. The
proof of conclusion (A) is given in section (3), Theorem (3.2); and the proof of (B)
is given at the end of section (6).

THEOREM 2.1. Let u be a parabolically convex solution to Mu = f in the cylinder
Q =Q x (0,7] withu = ¢ on 0,Q. Suppose that

(1) Ba,(0) C Q C Bi(0) convex, 9Q € C** with a > 1 — 2;

(200 < X< f<A feC@Q), fi € L"(Q), and exp(A(—f)") € LY(Q) for

some A > 0; and

(3) ¢ € C?HQ) satisfying —cy < ¢y < —cy and C1 I < D*¢p < Co I in Q, where

E
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(A) There exist positive constants My and M, depending only on the constants
above and || f¢||pn+1(), such that

—M; <up < =My, in Q;

(B) For each 0 < p < 0o and h > 0 we have

// | D2u(x, t)||P dedt < C,
th(h,T]

where Q, = {x € Q : dist(x,092) > h}, and C is a constant that depends only
on p, h, T, and the parameters in (1), (2), and (3).

3. Propagation of the bounds for u; from the boundary to the interior

Let 2 be a bounded convex domain in R", @) = Q x (0,7), and u a parabolically
convex function solution to the problem:

(3.1) —u; det D*u = f  in Q
(3.2) u=¢  on J,Q.

The main result of this section is theorem (3.2). We first show that if ¢; is
bounded on 9,() then the same is true for w;. This implies together with our as-

sumptions (3.5) and (3.6) on f; that u; is bounded away from zero and —oo in the
interior of ().

LEMMA 3.1. Let ¢ be a function deflned on Q such that there exist negative
constants my and moy so that
(3.3) m1 < ¢y < mo, on 082 x [0,T].

Assume in addition that ¢(x,0) is strictly convex in Q, and 0 < X < f(x,t) < A in

Q.
There exist negative constants m| and mj depending only on my,ma, X and A
such that if u solves (3.1) and (3.2) then

(3.4) my < uy < m, on 0,Q.

PROOF. We have u; = ¢; on 9Q x [0, T)]. Also u(z,0) = ¢(x,0) on Q x {0}. Hence
det D?u(z,0) = det D?¢(z,0) ~ C. So \; < det D?u(z,0) < Xy and by equation
(3.1) we are done. O

The following theorem shows global bounds for u; in ). Notice that if for example
ft € BMO then conditions (3.5) and (3.6) hold.

THEOREM 3.2. Assume the hypotheses of Lemma 3.1 and that there exist positive
constants A and B such that

(3.5) fre L"H(Q)

rr
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Then there exist negative constants My and Ms, depending only on the constants
above and || f;||Ln+1(q), such that

(37) M1 S Ut S MQ, m Q

PROOF. These inequalities will be proved by using auxiliary functions and the
following Aleksandrov-Bakelman-Pucci type maximum principle proved by Tso,
[Tso85b]: if u is a smooth function defined on the cylinder @) then

1/(n+1)

3.8 sup u < sup u—+C ut det D?u| dzdt :
(

Q

where C' is a constant depending only on n, 7" and the diameter of €2; and ['(u) is
the set

(u) = {(z,t) € Q : uy(w,t) >0, and D*u(x,t) <0}.

We consider the linearized parabolic Monge-Ampere operator associated with u and
defined by

L(v) = 1 v; — trace ((Dzu)_1 D2v> :

Uy
Differentiating (3.1) with respect to ¢ yields

—(ut)¢ det D*u — uy trace ((D*u) ™" (det D*u) D*(uy)) = fi.

Consequently,
L(ut) - _?7
and if we let
(3.9) v(x,t) = (t+ M)*uy(z, 1),

with M > 0, we then have
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We first estimate the infgu;. Set k= 0in (3.9). Then L(u;) = —ﬁ. Hence the

ABP maximum principle mentioned before applied to —u; yields

1/(n+1)
igf Uy — iancfg u > —C (// —(uy); det D2(ut) d:cdt)

1/(n+1)
- -C (// - u)~! det D2(ut)fd:zsdt>
/(n+1)
( t)t n+1 1
soe ([ pasa)
1/(n+1)
. . n+1
__¢ (//| L(uy)| fda:dt)

n+1 /(n+1)
— _C < fdasdt)

~—C ||ftHL”+1(Q)

and consequently the first inequality in (3.7) follows from (3.4).
We now estimate supg u;. Applying ABP to v defined in (3.9) we get

+ trace((D*u) ' D*(uy))

1/(n+1)
supv—supv<C (// )¢ det D?(— )d:cdt)
Q
, det D2(—v) 1/(n+1)
=C dxdt
< T detDm )
il 1/(n+1)
<C ( — —I— trace((D%u)~ 1DQ(—U))> fdxdt)
n+1 D)
<C ( fdr dt) ,
since I'(v) C {(x,t) : L(v)(x,t) > 0}. Hence from (3.10) we obtain
o\ 1/(n+1)
supv<supv—i—C’ // kK _h (t + M) f dzdt
0 M+t f
1/(n+1)

+ n+1 1
_ (n+1) —
(st ) s

il 1/(n+1)
o .Y /// // Ak £\+\ ,Jm,n\ o ar\k
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Thus

(T + M)* supu, < M* supu,
Q 9pQ

e //Q<(

1/(n+1)

+ n+1
) ) dadt (T + M)

We now estimate

Il ((MA L *)

for k large. We have

L\
//Q (( ) ) dzdt
n+1
//7+1 Yok < fy<(42) ((M)\fT - ft) +> dxdt

) (@) € Q: —flwt) > (+1)

Ak
M+T

M8 1[M]2

IA

H

.
|

0( e
(0

Mg

by (3.6
20 M + T J+1 M+T Y ( )
n+1 OO
= Be™ A/;\fT ( ) ”+1€ JAM+T
< Ottt ( )

by choosing k large so that > 1 and C' = a B with a a universal constant.

Therefore from (3.4)

M+T

T\ " e om
<-Cy 14— C (MAT)(n+1)
sgput_ 0( +.”') + ,7”—|—Te 3

with Cy > 0, and C' depending only on n,diam(Q2), A\, A, A, and B. We take M =1
ANk
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We have

Sup Uy
Q

< —C) (1 + T)flC <1 — 50 (1 n T) e N (ntD)

CAk ks +kT>

¢ Ak ket +kln(1+T)>

6_ (14+T)(n+1)

<—Cy(1+T)* (1

- Co(1+T)
CM\k A AN
< —Co(1+T)" (1 - 228 if 7 < Tp = min{1,
Co(14+1T) ( o e T ) if T'< Ty = min{ ’4(n—|—1)}
S_Ch

if we choose k large (depending only on C, Cy, A, X and n), and T' < Tj independent
of C().

For general T', we cut Q = Q x (0,7 into a stack of thin slices Q) = Uf\io Q x
(¢Ty, (i + 1)Ty) with N ~ T/Tj, and repeat the process above a finite number of
times to get the estimate of u;. Indeed, we have

sup w < —Cf.
QX(O,T()]

Next,

sup  up < —Cb,
QX(To,QTo]

by choosing another k and v = u;(t — Ty + 1). Continuing in this way,

sup w < —Cl.
Qx((N—1)Tp,NTp]

Therefore the estimate for u; in ) follows. O

By theorem (3.2), to establish the L? estimates of D*u from now onwards we
may assume that m; < —u; < mo.

4. Properties of the parabolic sections

Our purpose here is to define a notion of parabolic section that is suitable to
establish the W?2? estimates. We could attempt to take as a notion of parabolic
section of u the one given by (2.1), but the problem with the sets Q(z) is that
they do not satisfy the shrinking property given in lemma (4.6) and therefore, the
type of decomposition given by theorem (4.12) might fail to hold in terms of those
sets. This can be fixed by introducing a new definition of parabolic section given by
(4.1). These new sections are monotone in h, satisfy the shrinking property and other
geometric properties needed to establish a Calderén-Zygmund type decomposition,
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Let 6 > 0 be a small number that will be chosen in a moment. Let us consider
the time ¢y + ¢ h. Since u(x,t) is nonincreasing in ¢ we have u(x,to+ 0 h) < u(x,ty)
for all z. Let us look at the set

S={x:u(z,to+dh) <L, (z)}
This set is non-empty because xy € S. Consider

A= min{u(x, to+0h)—"L,(z)}.

Notice that A < 0. Let ()",
A =u((z

be the point where the minimum is attained, that is,
0)rmins t0 + 8 ) — € ((20)min) -
We have
u(z,to+0h) — L, () > u((z
for all  and therefore
u(@,to + 8 h) > Loy (@) + u((@0)mins to + 0 1) = Lo ((20) ) = €5, (%),

for all z. Since u((wo)k;,, to+0 h) = €% ((wo)l;,), it follows that £% (x) is a supporting
affine function to u(-, ¢+ h) at z = (xo)?nm
We define the section

0) s to +0R) — L ((20)s0),

(4.1) Qp(20) = {(z, 1) s u(z,t) < (v) +hand t < 1o+ h},
and notice that
(4.2) Q5 (20) = Qn((20)min» to + 0 ),

that is, each @ is a @, given by (2.1) at another point with ¢ coordinate slightly
larger than ty. In case, to + 6 h > T we replace tg+ d h by T.

REMARK 4.1 (Location of (). ). We have that

((0) pins t0) € @y s4(w0, t0),
actually
(€0)min € Sy sn(olto),
where —u; < my.
Indeed, we write

U(( )mln’ t()) 4 0((x0)?nin)
- u((xo)riilim tO) - u(( )mln? to + 0 h) (( )mln? to + d h) ¢ 0(($0)Z1in)
< U((I'o)fnin, to) o U(( )m1n7 to + 0 h)

= wy((20) i T) (=0 )
< my 0 h.

We now recall the notion of normalization of the section @Qp(xo,%p). Consider
Si(zolty) given by (2.2), and let T be the affine transformation that normalizes
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and define the transformation

Ty(z,t) = (Tx t_hto) ,

with its corresponding inverse
T, (y,s) = (T 'y, to+ sh).
We let
v(y,s) = u(T, ' (y,5)) = u(T 'y, to + s h).
If £(14,0)(y) is a supporting affine function to v(-,0) at y = Tz, then we have
Cirry0)(y) = v(T20,0) + Do(T'x0,0) - (y — Txg).
This follows from the fact that Dv(y,s) = (T~ Y (Du)(T 'y, to + sh). If we denote
Qn(u; (zo,t0)) = {(x,t) : u(z,t) < L, (z) +h and t < ty},
then we have the following formula
T, (Qn(w; (o, t))) = Qn(v; (Tzo, 0)).

LEMMA 4.2. There exists 6 > 0 sufficiently small depending only on my, the lower
bound of u;, that s uy > —myq, such that

(1) If h < H then Q;(20) C Qf(=0).
(2) Qny2(20) C Q5 (20).

PROOF. We begin with 1. Let (v,t) € Qj(20). Then u(z,t) < £ (z) +h =
l..(x)+ A+ hand t <ty+ 0h. Hence

u(z,t) — Ll (x) < A+h
u((0)ins to + 0 B) = Ly ((w0) i) +
< ul(z0) to + 0 h) — oy ((x0) ) +
u((2o) to + 6 h) —u((20) to + 6 H)
+u((wo) i to + 6 H) — L (o)) + 1
= u((20)mins 7) (h = H) & + h 4 u((20) iy to + 6 H) — € ((20) i)

Now —my < up < —mg and h — H < 0. Then —my (h — H) > w(h — H) >
—mgy (h — H). Using this in the previous chain of inequalities yields

u(x, t) - E«Zo(x) < —my (h - H) 0o+ h+ u((fbo)mm, to + 6H> ¢ 0((560)5111)-

1
If we pick 6 < — then —my(h — H)d + h < H and we obtain
my

u(z, t) — Lo (x) < ul(xo) i to + 0 H) — L (wo) i) + H.
Therefore
ol 1Y < 0 () Lol N o O SHY /0 (N L — () L
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We now prove 2. Let (z,t) € Qp/2(20). We have t < t; and

h
u(z,t) — L., (x) < 5

- (u - 62’0)(( )mln? to+0 h) ( KZ())(( )mln? to+0 h)

(1= €2 (500 t0) — (1 — €2, ) () ) +

2
< (U - 62’0)(( )mln? to + 5h)

(= ) () o+ ) — (= £ (@) 1) +
() (0 0+ 51) — (sl ()l 7) 1) +
< (= L) (@) o+ 6B) £ 1 6Bt
If we now pick ¢ so that m; 6 < % we are done. O

4.1. Engulfing property for parabolic sections. We now prove the engulfing
property for the sections Q7 (2o).

LEMMA 4.3 (Engulfing property). There exists a constant 0 > 1 such that for
each z1 € Q5 (20) we have Q5 (zy) C Qpp(21).

PROOF. Let z; = (21,t1) € Q7 (20), with 29 = (20, t9). Let £,,(z) be a supporting
hyperplane to u(-,ty) at © = g, and (2()". the point at which the minimum of
u(z,to+dh) — L, (x) is attained. We let

620( ) - KZO (LU) + (( )mm? to + 5h) g ((‘ro)fmn)

min

We have
Qn(20) = {(2,t) :u(x,t) <L () +h and t < to+ dh},

and

Qi (20) = Qn(w; (o) yins to + ).
Let

Ty(z,t) = <Tx, L= to) :
h

and

oy, 5) = %(u T Yyt + sh).
We have

Tp(@n(20)) ={(y,s) :v(y,s) <1 and s < 6}
Consider /., (z) a supporting hyperplane to u(-,#;) at * = x1, and (z;)%: the
point at which the minimum of w(xz.t: +060 h) — (. (1) is attained. We let
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We have
u(z, t) = £, (2) = u(x, t) = £, (x) + € (x) = £, (x)
— ho(Ta, " _hto) O () — O ().
We have
Qon(x1,t1) = {(,t) s u(z,t) < L (x) +0h and t <ty + 00h},
and

Ty(Qinra, 1)) = 1,5) oy, )+ 3 {£,(0) — €5, (0)} < 0 amd s < 10 46y,

We want to prove that

(4.3) Q1(20) C Qgp(21),
for 21 € @5 (20). The inequality (4.3) is equivalent to
(4.4) T,(Q1(20)) € Tp(Qpn(21)),

with T,(z1) € T,(Q5(20)). To show (4.4), let (y,s) € T,,(Q5(z0)). We have

o)+ 3 {6, 7) — E,(T79)) < 14 {6,(07y) — 6,(T7y)),
and we shall estimate
(T y) — £,(T )
We write
£,(T7y) — £,(T7y)

= Loy (T™'y) = o (T7y) + ul(@0)ins to + 0 ) = Loy (20) i)
— {u((@1 )i, t1 + 80 ) = £, ((21) i)}
=A+B-C.

To estimate C', we set

0> C = u((xl)frﬁna 1+ 00 h) - 621((x1)frﬁn)

= u((z1) s t1 + 00 h) — L, ((21)i) — (w((21)ins 1) + ul((21) o, 1)
= (1), 7) 0 0 B+ u((21) s 1) — Loy (1) ) -

Since u; > —my, we obtain
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Therefore
(T Ny )—5* (T _11/)
< Co(T7y) = Lo (T 1Y) 4 u((@0)ins to + 0 1) = Ly ((20) 110
+m1 80 h —u((21)5hs 1) + Lo (1))
= Lo (T7y) = Loy ((20)min) + L (1)) — £ (T71Y)
+u((zo)"s to + 0 h) —u((x)?  t) +mid6h
<Ly (TYy) = Loy ((@0)in) + Loy ((22)005) = £, (T7y)
+ul(0)ins 1) — u((@1)iins t1) + M1 60 h
=A'+B'+C"+m6h,

to+0h) <u(zo),,,t1) because t; < ty+ 6 h.

since u((x )mm,

Now

min’

A =L (T ) — Ly (o) i) = Dulzo, to) - (T 'y — (w0) i)
B = 621(('%1)101?111) o 621 (Tﬁly) — DU(ZCl, tl) ) (( )mln -1 y)
C" = u((wo)mins t1) — w((@1) s 1) = Dul€, t1) - ((20) i — (1))

If at the beginning of the proof we subtract from u the supporting hyperplane 2. (x)
then we may assume that Du(xg,tg) = 0. By definition of v we have

t—t

u(z,t) = £ (z) + hv(Tz, 5 0),

and consequently
t — 1o

Du(z,t) = hT'Dv(Tx,

t—1
, —0), and we have

h

).
Hence (T~ 1)!Du(x,t) = h Dv(Tx
A'=0
B' = Du(zy,t1) - T~ (T ((x1)min) —9) = (T Dufr,t1) - (T((21)i5i) — )
) (T((1)1min) — )
to

ty — to
C" = Du(€,t1) - ((xo)min — (@1)in) = h Do(TE, d ; ) (T((z0)in) — T((1)min))-

We now pick M sufficiently large and 7' the affine transformation that normalizes
the section Sy (xolto). By using the properties of elliptic sections and the convexity
of v we can bound Duv, see [GHOO0, Lemma 1.1], and we obtain that B’ < L h and
C" < L h. Therefore we get

G (T 'y) — 05 (T 'y) <2Lh+my60h.

= h Dv(Txy,

1
If we pick d so that m;§ < 1/2 and next 6 such that 2L + 59 < 6, we then obtain
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4.2. Engulfing property at different times. We recall that
Qn(u; z0) = {(x,t) s u(z, t) < u(xg, to) + Du(xg, to) - (x — x0) + h, t<to}

and
Sh(xolto) = {x : u(x, to) < ulxo,to) + Dulxo, to) - (x — x0) + h}.
Consider Sop,(xo|ty) and let T' be the affine transformation normalizing Sop(x|to),

and L
Ty(z,t) = (Tx, _h 0).

Let ¢, (z) = u(xo, to) + Du(xo, to) - (x — xp) and the function

1
oy 5) = (0= L) (T 7yt + 5 ).

Then
Ty (Qan(u; 20)) = Q2(v; (T, 0))
is normalized. We have ming, v = v(T'z,0) = 0, v = 2 on 9,Q) and |v;| ~ constant.
Let z1 = (x1,t1) € Q1(v; (Tx0,0)), then

2
|Du(z1,11)] < dist((x1,t1), 0Q2(t1))

by properties of the elliptic sections. We claim that
Sl(xl‘tl) C S@(l’oﬁo).

Indeed, if x € Sy(x1|t1) then v(z,t;) < v(xy,t1) + Dv(zy,t) - (x —21)+1 <24+ C =
0. Since t; < ty and v(z,-) is monotonic in t, we have v(x,t)) < 6 and hence
x € Sp(xo|ty) because the supporting hyperplane defining Sp(zo|tg) equals zero. On
the other hand,

<C

Sl(l‘o‘to) C S@(I’l’tl).

Because, if © € Si(xg|ty) then v(z,ty) < 1 and since |v| = constant, we have
v(xz,t1) < C. Now |0, (x)] = |v(z1,t1) + Dv(z1,t1) - (x — 21)] < Cy. Hence (u —
0.)(x,t1) < C+Cy =0 and so x € Sp(x1]t1).

LEMMA 4.4. Let u be such that —u; ~ constant and —u; det D*u ~ constant.
Suppose that zy = (x1,t1) € Qn(u; 20). Then

(1) Sh($1|t1> C Sgh(l‘o‘to).

(2) Sh($0|t0) C S@h([,l?l‘tl).

PRrROOF. Normalize the section Qo (u; zg) as before.

t—t 1

We have T),(z,t) = (TZL‘, : 0) = (", t"); u(x*, t*) = E( Co)(TH (2%, 1))
Q3(25) = TpQ2n(20), and Qi(z5) = Tp,Qn(20). We have T'Sy(w1[t1) = S7(«i[t7). B
the inclusions previously proved we have

Sy(w1]tr) < Sy(wg, )

and
Si(xplty) C S, 7).

m . 1. =1 41 s T e e T Y4l 1 M
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4.3. Shrinking property of parabolic sections.
PROPOSITION 4.5. Let Q be a normalized bowl-shaped domain in R"™', and u a
parabolically convex function in @) satisfying:

A\ < —uy det D*u < A in Q,

u>0 n Q)
minu = 0,
Q
—my < up < —mpy in Q,

and u =1 on 0,Q..

Then

(1) If u(z0) < 1 — € then dist(z,9,Q) > C €"*! where C is a constant depending
only on n,my and A.
(2) If dist(z0,0,Q) > € then u(zp) <1 —mge.

PROOF. We begin with the proof of 1. Since w is parabolically convex and u = 1
on 0,Q), we have that u < 1 in Q. Let v(x,t) = u(x,t) — 1. We have that A <
—vy det D?v < A, mingv = —1 and v = 0 on 9,Q. By application of Theorem 2.1
from [GH98] to the function v we get

[v(g, 0)|" T < C(n, A) dist(z0, 0(Q N {to})),
and since v(xg, ty) < —e, we obtain
dist(xg, 0(Q N {to})) > C(n, A) "t
Since @ is bowl-shaped, we have Q@ N {ty} C Q@ N {t} for t > ty, and consequently
dist(xg, 0(Q N {t})) > C(n,A) ", for t > t.

Let us now assume that ¢t < t5. We write u(xo,t) — u(zo,to) = wi(xo, 7)(t — to),
and by the estimates for u; we get u(xo,t) < u(xg,tg) +mq (tg — t) for t < ty. If in
addition tg —c1e <t <ty then 0 <ty —1t < e and we get
€
u(zo,t) < u(xo,tg) +mcae=1—€e+mce=1-— 3
- 1
by picking ¢; = ——. Hence
2 ma

dist(xg, (Q N {t})) > C(n,A) "™, fortog—cre <t <ty
Let now z; = (21,t1) € 0,Q) such that
dist (29, 0,Q) = |20 — 21|
We have dist(zy, 0,Q) > |xg — x1|. If t1 > ¢ then
|20 — 21| > dist(zg, 0(Q N {t1})) > C "
Aleo i fth — e < + < +1 then
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If t1 < tg — c1 € then dist(zg, 0,Q) > to — t1 > ¢1 €. Therefore in any case we obtain
the inequality
dist(z9, 9,Q) > C(n,my, A) 1.

We now prove 2. Let t,qy be the time such that (zo, thay) € 0,Q. Now u(xg, ty) —
w(xo, thay) = we(x0, 7)(to — tpay). We have ty — thay > dist(zo, 9,()) and consequently
ui(xo, 7)(to — thay) < wi(wo, 7) dist(29, 0,Q) < —mg dist(zo, 9,()). Hence

u(xo, to) < u(xo, thay) — madist(zg, 0,Q) = 1 — ma dist(29, 9,Q) < 1 —mge.

]

LEMMA 4.6. Let z ¢ Q7 (20) and T, a parabolically affine transformation normal-
izing Q7 (20). Then there exist structural positive constants C' and v so that

T (Qon(20) N K(T)(2),C €") =0,

for 0 < e <1, where K(z, R) is the standard parabolic cylinder given by K(z, R) =
Bp(z) x (t = R*,t + R?]; 2z = (,1).

PrROOF. With the notation of Lemma (4.3) and similarly to the proof of Lemma
(4.2) we have

(=€) ()" g+ (1 — €)h) + (1 — e)h
< (u = L) (2) i to + 0(1 — €)h) + (1 — €)h
< (u— L) ((z)". to + 6h) + sup |uy| deh + (1 — €)h
< (1 = Loy ()10, o + Sh) + (1 = 5)’1-
Hence
Q1-an(20) C Qu-goyn((x )i to + 6h) N {t <o+ 6(1 — €)h}.
Let

h
normalizing Qp,(25) with 2z, = ((z)", ,to + 6h). Set

T,(Qn(zn) = Qu(0);  Tp(Quz(zn)) = Q1= (0);

Ty(x,t) = (Tx’ t— (to+ 5h)>

and
(2, ) = 7 {03 (3 6) — 0, (T 8).
To prove the lemma it is Sufﬁment to show that
dist(9Q1(0), Q1-<(0) N {t < —€d}) > Cye”.
This follows from Proposition (4.5), item 1, because
dist(39,Q1(0), Q1-:(0)) > C e,

and
dist({t = 0},{t < —ed}) = €d.
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4.4. Size of parabolic sections.

LEMMA 4.7. Let Q;, (20) be a section and T), a transformation that normalizes it.
If h < hg and Q5 (2") N Qj (20) # O then |T,(2")| < K and

K (Tp(z’), o <h%>> CT(Qi(2) C K (Tp(z'), C, (%)) ,

with K, Cy,Cy, €1 and €3 positive constants depending only on the structure.

PROOF. We can assume hy = 1, Qj(29) is already normalized and 7}, =identity.
Applying lemma (4.3) several times we get Q7(2') C @ 5(20). Since Q7 (2p) is normal-
ized, it follows from lemma (4.4) that Q}(2o) is also normalized. We have |2/| < K
and

Qi (2') = Qu((#" )1y t' + Oh)
C Sp(() |t 4+ 6h) x (' — ch,t' + 6h]
C B((a")!. Cogh®) x (t' — ch,t' + 6h] by [GHO00, Theorem 2.3]
C B(2',2C h®) x (' — ch,t' + oh].
On the other hand
Sen(z]t" — 6h) x (t' — oh,t' + 0h) C Q5 (%)),

where S¢;(Z[t'—dh) is the projection of Q} (2 )ﬂ{t’ dh} and is a section of u(-, t'—dh)
at the minimum point & of height ch (assume £(n 55 = 0; ¢ > 3/4 and ¢ small).
Since (2/,t') is minimum point at {#'}, we have

u(x' t' — 6h) (', t") + ¢oh

< u(x

< u(z,t') + ¢oh

< wu(z,t' — oh) + ¢oh.

Hence 2" € Sepo(2|t" — 0h). Then Sy, (2'|t" — 6h) C Sep(2[t" — 6h), and therefore

B(z',Ch) x (t' — 6h,t' + 6h] C
Spn(@'|t" — 0h) x (t' — dh,t' + 6h] C Q}(2)).

]

REMARK 4.8. More precisely, the first inclusion in lemma (4.7) can be written
as

K (Tp(z’),q (%)) N{t <T} CT,(Q5(%)).
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4.5. Second size property of sections.

LEMMA 4.9. Let Q1(29) be an old section normalized. There ezist positive con-
stants C' and p such that if 0 <r < s <1 and 2’ € Q,(z9) then Qn(Z') C Qs(z0) for
h<C(s—r)P.

PROOF. We have

Qn(Z") C Qs (2) by (4.2), part 2
C K(Z,Ch) by (4.7).

By the parabolic Aleksandrov maximum principle [GH98, Theorem 2.1] we have

C
Du(Z)| < —-——If ") th
| u(z)|_(1_r)n+1 z € Qp(2') then
w(z) <u(Z)+Du(Z) - (x —2')+h
<r+ ﬁ Ch™+h (assume £, = 0)
< s,
1
when h < 5(3 —r) and bt < (s —r)""2 That is Qu(2) C Qs(20). O

4.6. Besicovitch’s type covering lemma.

LEMMA 4.10. Let Q) be a parabolic section and O C Q). Suppose that for each
z € O a section Q*(z) is given so that r < M. Assume that the engulfing and size
properties hold (lemmas (4.3), (4.6) and (4.7)). Then we can choose a countable
subfamily {Qy, (z1)}7, with the following properties:

(1) O C U?ﬂ@ik(zk);
(2) 21 & Uj<iQy,(25) for k > 2;

00 1
(3) 2ok XQ’(klie)rk(zk)(Z) < () log E;

where xgp denotes the characteristic function of the set E.

PROOF. It is the same as the one given in [CG96] and [Hua99). O

4.7. A Calderén-Zygmund type decomposition. We now give a proposi-
tion needed in the proof of the Calderén-Zygmund decomposition.

PROPOSITION 4.11. There exists a positive constant C' depending only on the
structure such that

@5 (20) \ Q{1 (20)| < CVe|Q(20)],

with 0 < e < 1.

- - 1 " ER . e a) " . N YT T 7 - 19 L 7 AN
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t in Q3(0). Also let m(t) = min, u(x,t) and 2! the point where the minimum of
u(-,t) is attained. We write

1)
\Qﬂm\@imesA; ISl
d(1—e)
+ / ‘Sl—m(t)(xfnin’t) \ Sl—e—m(t)Jra(xfnin‘t” dt
tmin'i’\ﬁ
tmim"’\/E
41/ 1)o@ )]
tmin
— [+ IT+III,
where
Q1(0) N {t} = Sy (2hnlt) x {t} and
@ = (el (1= €)0) < ulwhy, (L= €)0) < sup ug] 5 < =
We have

I < 3¢S (| 1)] < C'e < €|Q1(0)],
since |Q7(0)| ~ constant. Also
ITT < Ve |81 (Thinl )] < C Ve,

with ¢ =t + /€. By the elliptic result |Sy(zo) \ Sha—e)(z0)| < ne|Si(xo)|, and for
t > tmin + /€ we have m(t) < u(z,t) < w(Z, tyin) + ur (t — tmim) < 1 — C /€. Hence

0(1—e)
ns[ Sn @l \S e (it
min“i’\/E ( _1 . m(t))( _m(t))
/md O g @)
< ———[91-m(t) (@Tmin 0| dt
m1n+\/> 1 - ( )

<C 2= OVen CVEIQIO)

]
We conclude this section with the decomposition needed in the proof of the W?2?-
estimates.

THEOREM 4.12. Let O be an open subset of a section @), 0 < § < 1 small, and
~v > 0. Suppose that for each z € O a section Q}‘L(z) 15 given with h, <, and

|@5.(2) N O]
@3 (2)]

Then there exists a family of parabolic sections {Qj (z)}72, with the following
properties

= 0.

L~ 4 9 L n 49 3 -
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Qi ()N 0|
A
(4) 0] < V5| U2, Q4 (=)

PROOF. It follows combining lemma (4.10) with proposition (4.11) and using the
technique in [CG96]. O

J.

5. Approximation Theorem
Let (xg,t9) € Q, o > 0, and
P (x,t) = o(jx — x| — (t — 1)) +p- (x — m0) + ulwo, to).

If (zg,t9) € S C @ then we say that u is touched from below by P, in § if
u(z,t) > P,(x,t) for all (z,t) € S. Notice that if S = Q N{t = ¢y} then p =
Dxu(fl'(),to).

Let us define the following sets:

Ay (u) = {(x0,1p) : u is touched from below by P, in Q N {t < t}},
and

A> (u) = { (o, to) : u(x,tp) is touched from below by P, (x,ty) in @ N {t =to}}.

Notice that A, C A%, and if u; < —0o in ) then we also have A} C A,.

THEOREM 5.1 (Approximation Theorem). Let Q) be a bowl-shaped domain in
R such that

B5(0) x (—6%,0] € Q C B1(0) x (—1,0],
with Q = {(x,t) : ®(z,t) < 0,t < 0} with ® parabolically convex." Suppose that
0 <e<1/2, and u a parabolically convex function in Q) classical solution of

(5.1) (1—e)" < Mu < (14 €)™, in Q
(5.2) u =0, on 0,Q,

and

(5.3) —my < up < —Mma, mn @,

where my and my are positive constants.
Let 0 < a <1 and set

Qo ={(z,t) € Q :u(x,t) < (1 — ) ménu}

Then there exist positive constants o > 0 and C,, depending only on the dimension
n and o, and both independent of QQ (depending only on the time derivatives of the
function ® deflning @), u and € such that

IO\ A | <C.elO.].
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Proor. By [GH98, Lemma 2.1] have that

—minu ~ C.
Q

Let w be a parabolically convex solution of
(5.4) —w;det D*w =1 in Q
w =10 on 0,Q).
We have that w € C(Q) N C>=(Q). We use the following:
Comparison Principle: If Mv > Mu in () then
u(z,t) —v(z,t) > %gl{u(a:,t) —v(x,t)}, for all (x,t) € Q,

P

see [WW93, Proposition 2.3].
In our case we have
M1+ ew) =1+ )" "Mw = (1+¢"" > Mu
>(1—¢)"" =1 —e" " Mw=M(1-ew)).
So we get the estimate
(5.5) (I+e)w<u<(l-—¢ew in Q.
Thus

(5.6) (%+e>w§u—%§(%—e)w in Q.

We have w < 0 in @), so

(G+o)cwzlu-3z(5-c)cw) e

Since @ is normalized, it follows again by [GH98, Lemma 2.1] that | mingw| ~ 1
and consequently

w
— —| =~ 1.
mgx\u 2\

Let I'(x,t) be the parabolic convex envelope of u — % in @, see definition (7.1).
Claim 1. For all (z,t) € ) we have the inequality
‘w(x, t)
2
Indeed, by (5.6) and the fact that w is parabolically convex we have

G + 6) w(z,t) < T(x,t) < (% - 6) w(z,t)  inQ,

~T(a,t)| < Che.

which yields
w(z,t)
2

cew(z,t) < T(x,t) — < —ew(z,t),
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Claim 2. We need the following. Let D be a bowl-shaped open and bounded
domain, u,v € C(D) parabolically convex, u = v on 9,D, and v < u in D. Then

Pu(D) C P,(D), a.e,

that is P,(D) \ E C P,(D) for some |E| = 0. Indeed, let (p,h) € P,(D). Then
() = u(xo, tg) +p- (x —xg) < u(z,t) for all t <ty and z € D(t), with (xg,ty) € D.
Slide ¢ in a parallel fashion in the direction of ¢ negative until it touches for the last
time the graph of v. Say ¢ touches v at (xy1,t1), t1 < to. Then ¢(x1) = v(x1,t1) =
u(xo, to) +p- (21 —29) and so p-x1 —v(1,t1) = p-xo—u(xo, ty) = h. If (x1,t1) € 9,D
then v(x1,t1) = w(zy,t1) = p- o1 — h. Since u(x,t) > u(xy,ty) +p- (v — x1)
for all t < ty and x € D(t), it follows that (p,h) € P,(x1,t1). That is (p,h) €
P,(x1,t1) N Py(xo, to), but if (zg,ty) # (x1,t1) then this set of (p, h) has measure zero
and the claim follows.
Since w = 0 on 0,Q), it follows that

Pi_gw(@) CPr(Q) CPuion(@),  ae
By the results in section (7), Corollary (7.7),

(5.7) MT < M(

>)
u — —
2 XC)

where
C={(z,t)€Q:T(x,t) =ulx,t) — w(z’t)}.

w
If (zg,t9) € C then u — 3 ' attains its minimum 0 at the point (zo,ty) and

hence
w

(5.8) D2 (u _ %) (z0,t0) >0,  and <u . §)t (0, o) < 0.

On the other hand, if a > 0 and A > 0 is an n X n symmetric matrix then

(a det A)Y/ D

1
= inf {trace(B A) +ba : b >0, B > 0 symmetric with b det B = 1}.
n

Thus
(a1 + az) det(A; + A2))/" ™ > (ay det Ap)Y/ " + (az det Az) /",

w
for a; > 0 and A; > 0 symmetric, 7 = 1, 2. Since 5 is parabolically convex, it follows
using the previous inequality and (5.8) that

{Mu(w,t)}l/(n—H) > {M (u _ %) (x,t)}l/(n+1) N {M (%) (x)t)}l/(mrl),

for (z,t) € C. Consequently

[M(u-Y) (ggo,to)}l/ " < Mo, to) YO — (M () oot

1/(n+1)
; J
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an inequality valid for a.e. point in C. By claim 2

Therefore

1 n+1 1 n+1
(— — e) / Muw(z,t) dedt < /MF(:c,t) dxdt < (— + 6) C|,
2 0 c 2
by (5.7) and (5.9). This yields the estimate

€

l_ n
o= (35) 10 = 1 - el
2

which implies

(5.10) [Q\C| < CrelQl.
We now prove that there exists a universal constant o > 0 so that
QR.aNC C A,.

We recall the following variant of a theorem due to Pogorelov, see [GH98, The-
orem 2.2].

THEOREM 5.2. Let D C R be a bounded open bowl-shaped domain and v €
C(D) such that v is parabolically convexr in D. Suppose that v is a smooth solution

of
(5.11) —v;det D*v =1, in D\ 9,D
(5.12) v(x,t) =0, for (x,t) € 0,D.
Let « € R, |a| =1,
w(w,t) = [v(z, )| Dago(z, t)ez PO,

and M = maxpw(x,t). Then there exists P € D\ 8,D where the mazimum M is
attained and the following inequality holds

M < C, (14 |Dav(P)|) ex @)’
with C,, a positive constant depending only on the dimension n.
We apply this theorem to w. Let 6 > 0 and
Qs(w) =A{(z,t) € Q : w(x,t) < =6}

Notice that since 0 < e < 1/2, it follows from (5.5) that 2w < u < jw and
consequently

(5.13) Qs(u) C Qa5/3(w) and Qs(w) C Qs/2(u).
Arguing as in the proof of (3-7) and (3-8) of [GH98|, we obtain
|Dyw(z,t)] < C(0), for (z,t) € Qs(w),
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on the same set and for all |o| = 1. Thus
(5.14) D*w(z,t) < MsId,  V(z,t) € Qs(w).

This estimate used together with the equation yields the following upper bound for
the time derivative of w

(5.15) wi(z,t) < —C(6)

for (z,t) € Qs(w), with C(§) > 0. To obtain the lower estimate of w; we invoke
[WW92, Lemma 3.3] (notice that this estimate depends on the time derivative of
the defining function ®). Thus from (5.14) and the equation (5.4) we obtain

(5.16) D*w(z,t) > MiId,  V(z,t) € Qs(w).
Consequently, if (xg,tg) € Qs(w) by the convexity of w we then obtain the estimate
w(w,tg) > w(xo,to) + Dew(wo, to) - (x — 20) + m|x — 207,

for all (z,ty) € @ with m a positive constant depending only on n and § (here we
use the Taylor polynomial of second order of w(-,ty) with the remainder written
in integral form and the convexity of w(.,ty) together with (5.16) to obtain the
inequality valid in all Q(ty)).
Recall that I'(x,t) < u(x,t) —
let £, be a supporting hyperplane to I'(z, ) at x = xy. Then

w(z,t)

for all (z,t) € Q. Since I'(z, () is convex,

w(z, o)
2
1
> Uy (z) + 3 (w(:z:o, to) + Dyw(xo, to) - (x — x0) + m |z — :130|2)
1

> {(x) +§m|:1:—330|2

— Pm/?(x7 tO)?

’UJ(CL‘(), t())

for all x € Q(ty). If (xo,t9) € C then I'(xg,ty) = u(xo,ty) — . Hence

u(wo,t0) = Ppja(xo,to), that is P, s(z,ty) touches u(x,ty) from below in Q(ty).
Since u; < —msg in @, if we take o = min{mg,%m} then u; < —o. Hence
(x'(),to) € A; C AU, that is, Q(;(w) NC C A,.

39
Now taking into account (5.13) and choosing ¢ so that 5 ~ —(1 — @) ming u we

obtain

Qo \ Ar CQ\C.
Then by (5.10) and since |Q,| =~ |@Q| we obtain the theorem. O
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6. W2P estimates

We prove here L” estimates of the second derivatives in x of solutions to Mu = f.
This done in several steps. We first establish a strict convexity result, lemma (6.1).
Second, we prove a density result, proposition (6.3), for which the approximation
theorem (5.1) is used. This density result combined with the decomposition theorem
(4.12) and once more the approximation theorem (5.1), yields the power decay,
proposition (6.4). Once this is done, we obtain W*? estimates on parabolic sections,
theorem (6.5), that is with zero boundary data. Next, we use an strict convexity
result due to Caffarelli, theorem (6.6), which coupled with theorem (3.2) yields a
the strict convexity result in the parabolic case, theorem (6.7). This last result and
theorem (6.5) yield by means of a covering argument the main result in the paper,
theorem (2.1).

Let u(x,t) be a parabolically convex function in the bowl-shaped domain @ with
u =0 on 0,Q. Given 0 < a < 1 consider the set

Qo ={(z,t) € Q :u(x,t) < (1 — ) ménu}

We have ), C Qp for 0 < o < 8 < 1. Given 2y = (o, t0) € @, let us keep in mind
definitions (2.1), (2.2), and (4.1).
We recall that, see section (5),

Ay (u) = {(z0,t0) € Q :
u(z,ty) is touched from below by |z — x¢|* +p - (x — z9) + u(wo, to) in Q N {te} }.
We have the following strict convexity result which states that sections with base
points in (), are contained in ) for sufficiently small values of the parameter h and
independently of the base point.

LEMMA 6.1. Let () be a normalized bowl-shaped domain and u solution to \
Mu < A in Q withu =0 on 0,Q and 0 < my < —u; < my in Q. Given 0 < «
ag < 1 there exists 1o, > 0 such that if h < n, and (xg,ty) € Q4 then

Qn(wo,t0) C Q(ag+1)/2-

PROOF. It is by contradiction. Suppose there exist z; = (z;,t;), u;, @’ such that
2j € Q7 Q1/i(z) € Qéo, ()’ is normalized, \ < Mu; < Ain Q7,0 <me < —(uj) <
my in @7, and u; = 0 on 9,Q. Let (y;, s;) € Q1/(%;) \ng Then

<
<

: 1
(1= o) minu; < ujyj, 5) < 6(y;) + =

where ¢; is a supporting hyperplane to u; at z;. Letting j — oo by compactness we

obtain a function u, and a normalized convex domain Q°° such that A < Mu, <A
in @, 0 < my < —(uxo)r < my in @, and us = 0 on 9,Q™. Moreover,

(1 - 05) Ig(i)onuoo S uoo(?/oo; Soo) — goo(yoo)p

where (, is a supporting hyperplane to u™ and 2z, = (Too, Sec) € Q2°. Therefore
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—uy & constant. Since det D%uq (-, s ) ~ constant in Q> N {t = t,.}, it follows from
Caffarelli’s result, [Caf90b, Theorem 1], that all extremal points of {us = loo}
cannot be inside the interior of the domain and must be outside Qg N {t = t}.

The point z,, must be convex combination of extremal points, i.e, ro, = Zle A P
with \; > 0 and Zle Ai =1, and ux(FP;) > (1 — o) minge us. Thus

(1—-«) rgion Uso = Uso(Too) = loo(Too)

k k
1=1 1=1
> (1 — ap) mionuoo,
a contradiction. ]

For A > 0 and 0 < a < ap < 1, we define the set

DS = {(w0,t0) € Qu : Su(xolto) C By (o), for all h <o},

where 79 = 74, i the number in lemma (6.1) corresponding to a = ay.

0
LEMMA 6.2. Let u be a parabolically convex function on a bounded bowl-shaped

domain () and 0 < ag < 1. There exists a constant Cy > 0 depending only on
and max{ diam(Q N {t})} such that

DY = Qa N Aj 2 (u),
forall N> Ct and 0 < a < g < 1.

PROOF. Suppose zy = (xo,ty) € D{. Let £,,(x) be a supporting hyperplane to
u(-,ty) at x = xg, i.e., u(x,tg) > L, (x) for all x € Q N {tp}. Let x € @ N {to} and
po= u(x,tg) — L(x), so x € Sy(wolty). If p < my then S, (zolto) C By u(wo) and

1
ﬁk‘f — xo|* + £, (x) < u(z,t). On the other hand, if p > 1o, then

= 0 lam 0})? il x— x|
u(x, to) —Lley(x) = p > diam(Q N {to})2 d (@N{to})” > diam(Q N {to})2 | |

1 7o
1% = e {diam(Q 1 (1))

follows taking C7 = max;{diam(Q) N {t})}

Vo )
If (z0,t0) € QaNA])2(u) then u(z, tp) = 2 |z — 202+ L., (z) for all z € QN {to}.
1
Let x € Sp(zo|ty) and h < ng then Sy(zo|ty) C Q N {tp} and e |z — xo|* + £, (x) <
u(z,to) < £(z) + h and so x € B, (o). O

1
then u(z,ty) — £, (x) > i |z — x0|? and the inclusion
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only onn and o in theorem (5.1) such that if zy = (o, ty) € Qu, and h < 1y/2 then

we have A
Qu)\ Arlw)] _
|Qn(20)]
2
Moreover, if A > —— then
€0 Mo
|@n(20) \ A7, (u)] <Coe
|Qn(20)]
1
for h > Y (C,, is the constant in the approximation theorem (5.1)).
Co

PROOF. The idea of the proof is to normalize u and then apply theorem (5.1).
Consider the elliptic section Sp,(xg|tg), h < 1o, and let T" be the affine transformation
that normalizes Sy, (zg|tg). That is,

B%L(O) cT (Sh(330|t0)) C Bl(O)
We define

t—1
Tp(xat) = (T.I,', h O> = (y7 S)'
Then from the estimates for u;, see [GH98, Lemma 3.1], we have that
(—€1,0] x B, (0) C T, (Qn(20)) C (—€2,0] x B1(0),

where €; and ey are constants. Set

Qn(20) =T, (Qn(20)) -
We have
T, (. s) = (T 'y to+ hs) .
Let ¢.,(x) be the affine function defining @ (2p). We define
v(z,t) = % (u(z,t) — . (x) — h),

where C' is a constant that will be determined in a moment.
Let

u (y, s) = v(T,  (y,s)) = v(T 'y, to+ hs).
We have u*(y,s) = %hut(Tp_l(y, s)), and
Dy, 5) = S (T (D) (T, (0, )T ).

Hence

det D*u*(y, s) = (%) | det 7> det D*u(T, ' (y, 5)).

Consequently,
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We now pick C' such that
n+1

(6.1) m |det T = 1.
Since u satisfies the equation (5.1), it follows that u* satisfies
(6.2) (1—€)"™ < —uf det D*u* < (1 + €)™} in Q7 (z0)
(6.3) uw'=0  on dQ;(z).
By definition of u* we have that
S =G

By properties of the elliptic sections, see [GHOO, Proposition 1.1], we have that
|Sh(o|to)] = h™?, and since |T'(Sy(xo|to))| ~ 1, it follows that |detT'||S,| ~ 1 and
consequently | det T'| & h~"/2. Therefore C' = C, by (6.1). Applying theorem (5.1)
with Q@ — Q5 (2), « — 3, and v — u* we obtain

Q* A7 . *
‘ Téiffﬁn <Cpe win Tp(Qan(20)) = @f1(20),

where A; = Aj(u") (notice that (Q}(20))s = T,(Qpn(20)) = Qf,(20) and A, (u*) C
A% (u*)). We now show that there exist universal constants 0 < # < 1 and ¢y > 0
such that

(6.4) Tp_1 (Qgh(zo) NAY) C Qan(z0) NA;,(u).

Let 21 = (1,17) € Q5 (20)NAS and 21 = (21,t1) = T, "2 € Qpn(20). Since zf € A7,
we have that

W)~ ) > ol — il
for all z* € Q; N{t;} with ¢*(z*) = £, (T~ x*) where £,, is a supporting hyperplane
to u(-,t1) at x = z1. Hence
Clu(e,tr) — ly(x) —h) O, () — £ (2) — h)
h N h
for z € Qn(z0) N {t1}. Therefore

> o [Tz — Ta)?,

(o ty) — O () > %ah To—To’, in Qu(z) O {0}

By rotating the coordinates, we may assume that the ellipsoid of minimum volume
containing Sp,(xg|tg) with center at x;, the center of mass of Sy (x¢|t), has axes on
1 n
x| —T Tp — X
the coordinate axes. That is, Tz = ( L hoo.oo 2 h) where u; are the axes
H1 Hn
the ellipsoid. Since @ is bounded, we have that u; < const, and so pu; * > const.

Therefore |Tx — Tx1| > C' |x — x1|. Consequently,
(6.5) w(x,t) — 0, () > C o hlx — x| in Qn(z0) N {t1}.

We now want to show that a similar inequality holds in @N{¢;}. Since 21 € Qzn(20),
by the engulfing property lemma (4.3), we have Qsn(20) C Qosn(21). Again by the
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then u(x,t1) — £, (x ) > h/f, and since Q is normalized, h > hC" oz — x|
Therefore (z1,t) € A% _, (u) and letting ¢y = C'o we obtain (6.4) with § = 1/6°.
Therefore (6.4) 1mphes that

Qsn(20) \ Al (u) C T, 1 (Qfal20) \ A7),

and consequently

Qsn(z0) \ A _ 1T, (Q5n(20) \ AD] 1@5a(20) \ A7
Qsn(20)] T NH@5(20) Q5 (20)]
which yields the first conclusion of the proposition.

To prove the second conclusion, notice that if o > u then A7 C Aj. Hence

Afn(u) € A7) (u) for 1/ < o h.

SOTL€7 h<7]0,

]

We recall the definition of DY,
DY = {(zo, t0) € Qu : Sulwolte) C B, (o) for all h < no};

here 0 < a < ap < 1, A > 0, and 79 > 0 is from lemma (6.1) so that Q(xg,tg) C

Q(QO_H)/Q for h < No-
The following proposition gives the power decay needed for the proof of the W?2»-
estimates.

PROPOSITION 6.4 (Power decay). Let 0 < € < 1/2 and u a solution satisfying
the hypotheses of theorem (5.1). We set

(Df)C:Qa\Df; (DRL\)C:QT\DR@\’ 0<7<a< ap.

There exist positive constants M, py and Cy so that
(6.6) [(Dhn) ] < vV Cn e (DY),
for all A\ > Cy and o — 7 =~ (M\)7P°

PROOF. By lemma (6.2) we have

D}—W)\ = QT N A?[/(M)\)Q(u), for M A\ > Cl and 7 < Q.
Since Dj,, is closed, O = (D], )¢ is open and we obtain
O =Q:-\ Dy, =Q-N (A 1/(MN)? 2(u))"
for M A > C7 and 7 < . Consequently
Qn(20) N O C Qnlz0) N Qr N (A7 y(ara)2 (1) C Qnl20) \ Ay arny(u)-

Therefore by Proposition (6.3) we obtain

'~ /0N o~ 1Y /1~ Y\ Ax -\
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for

(6.7)

[ 2 1
MM\ > C S — < h< 2 .
= maX{ 1 60770}’ T < Oy, ()\M)Q ~ ~ 770/ ; 20 € Q 0

Let us now consider the sections Q7 (o, %) defined by (4.1), and keep in mind
(4.2). Since the set O is open we have that

=0 @} (20)]
By Proposition (6.3) we have that
Qi (@0, t0) VO] [@n((z0)sns to + 3 h) N O
@5 (0, 1)) @ ((z0)yin> to + 6 h)|
with % satisfying (6.7), since (o, ty) € Qo implies that (o)., t0+0h) € Qat1)/2,
see remark (4.1) myd < ny/2.
|@5(2) N O
If O = Q- \Dj,, then for z € O we pick h, the largest h such that 0:(2) >
iz

Applying theorem (4.12) to this

=1, z0 € O.

< Cye,

1
Cy €. Then by (6.7) and (6.8) we get h, < ——— GO
1

O with v = W, and § = C, ¢, we obtain a family of sections {Q} (z1)}72,,
2 = (xk,tk), with Ay <

We shall prove that
(6.9) Qn (r: 1) C (DY) = Qa \ DY
By remark (4.1) and lemma (4.9) we have that if (zy,t;) € Q, then ((zp)",,, ) €
Qi 5n(Th,tk) C Qrieonyrr C Qryauny-ro- That is, Q (wx,t1) C Qryaarn)-ro. For
T =a— (MM)7P and since (z, t; + 6hi) € Q,, it follows that Qp, ((xr)":,, 1) C Q.
where tZ =t + Ohy.

To complete the proof of (6.9) we proceed by contradiction. Suppose there exists
20 = (wo,t0) € Qn,((z1)";, th) N DY. By the engulfing property of elliptic sections
at different times, lemma (4.4), we have that

S (28 in| 1) € Sony (zolto) C By gy (o),
with zg € DY (6 hy < no by choosing M large). As in the proof of Proposition (6.3)
we normalize the section Sop, ((zx)",[t7). That is, Ba,(0) C T(San, ((z)":,1t1) C

Bi(0), and let Qf = T, (Qan, ((w)ly,, 1)) normalized. We set u* = 22 (u— € —
k

2hy) (T, ' (z*,t%)), and we have (1 —€)"*! < Mu* < (1+¢€)"™" in Q}. By the approx-
imation theorem (5.1) we then have

(6.10) (@12 \ AG| < Cr e [(Qp)1yl,
(notice that (Q%)1/2 = T, (Qn, ()", t1))). We now claim that

(MX)?

min
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Let zf = (x,17) € (Q7)12N AL and 2 = T, 'z} = (21, t1) € Qn, (1), ]1)) - Since
(x7],t7) € AL, we have that u*(z*,t]) — 6*( *) > o |z* — x%|* and hence S;(x}|t]) C

o

B(a5, v/h]a). Therefore T (Sj(1]t9)) € T (B(at, v//7)) for h < const, and

consequently

Schkh(xl‘tl) c T ( (5(31, \/h/O' C B 331,)\\/ 02h,;. \/h/O’

because T dilates at least (A\y/62h;)~! and T~! contracts at least A\y/62h;. Then
Sp(z1|t1) C B(x1,A\\/ch/o) for h < const hy. If hy < h < ng then (zg,t), (x1,t1) €
Qn((xp)t., th). By the engulfing property at different times Sy, (x1|t;) C Sy (z1|t}) C
Spzn(wolto) C By ygz; (o), since zg € DY. Therefore (v1,t1) € Qo N Dy, for some M
large, and the proof of (6.11) is complete.

Therefore by Lemma (6.2),

Qhk(<xk)ﬁlin7 tZ) nNo = Qhk((xk)ﬁlin’ th) A (QT \ D&)\)
= Qi () 1) 01 Q- 01 (A 2(w))
C Qhk((xk)mm? tk:) \ DM/\ C T ((Qlt)lﬂ \ AZ)?
and by (6.10) we obtain
@, (@, te) VO] [(@)ryo \ A7
@, (e te)l = [(@p)yel

which contradicts (3) in Theorem (4.12). This completes the proof of the power
decay. ]

< Cpe,

THEOREM 6.5. Let (Q be a normalized bowl-shaped bounded domain and u satis-
fying the hypothesis of theorem (5.1). Then given 0 < p < oo there ezists €(p) > 0

such that
// Deeu(z, t)? dedt < C,
Q-

for all le] =1 and 0 < € < €(p) with C' a constant depending only on the structure.

PRrROOF. We iterate the mequahty in proposition (6.4). Notice that we can pick
M large so that the statement of proposition (6.4) holds for all A > M. We begin
the iteration with A = M and therefore (7 =)a; = a — (M?)™" and we get

|Qay \ Dz < VCn€|Qa\ Diyl-
Continuing in this way, we let A = M* and oy, = o — ijl MU+ gbtaining

|Qo¢k\D(X4kk+1|<C (\/CnG)k, fOI']{:l)Z)...

We fix 7 < a and choose M large so that a; > o — Z;’il M-UtDpo > 7
We claim that if (zg,%9) € A%(u) then u(z,ty) < C(n)o |z — x> + £,,(2)

for all = sufficiently close to xy. Indeed, we have Sj(zolty) C B \/h/—g(xo) and by

properties of the elliptic sections |Sy,(2g|to)| ~ h™/?. Applying Aleksandrov’s max-
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(zo,t0) € A%(u) then D..u(zo,to) < 2C(n)o " for any |e| = 1. By lemma (6.2),
if (wo,t9) € D}y then (z9,%0) € Qo N Al/M2(1+1 (u) and consequently D..u(zg,ty) <

2 C(n) M*=D*)  Therefore
D% C {(x,1) € Qu, : Decu(x, 1) < 2C(n) MDD
and consequently
{(#:0) € Qu Doulw.t) > 20(m) MH D} € Qo \ D

Therefore

HD euan (@)

< MR |QL ) + Z/ Deeu(z, t)? dxdt

(z,0)eQ, - M2(n— 1)(z+1)<Dﬂ,u(I t)<M2(n 1)(7,+2)}

< M*=Ur Q.| + Z/ Deeu(x, t)P dadt

:ct eQa - M2(n—1) (z+1)<Deeu(gj t)<M2(n 1)(7,+2)}

< C(M,m.0,7.p) + 3 Qo \ Dl | A28

< C(M,n,a,7,p) + C(n) > _(v/Cre) T MDD < o0
1=0

for e sufficiently small. O
To complete the proof of the W?2? estimates we need the following result due to
Caffarelli, see [Caf90b].
THEOREM 6.6. Let u be a convex solution to

(6.12) A < det D*u < A, in Q
(6.13) u=f, on 02,
where Q C R" is a CY* normalized convexr domain and f € CY, with a > 1 —

%. Then for each h > 0 there exists 6 > 0 such that for zo € Q; = {z € Q :
dist(x, 02) > h} we have

S(x0,0) = {z: uw(x) < by (x) + 5} C Qp)o,
where § depends only on h,\,A,n, o and the C** norms of f and Q.

Now we are ready to prove the following result for the parabolic case.

THEOREM 6.7. Let u be a solution to Mu = f in the cylinder Q@ = Q x (0,T]
with uw = ¢ on 0,Q). Suppose that

(1) Ba,(0) C Q C Bi(0), 00 € CH* with a > 1 — 2.
(200 < X< f<A feC@), fi € L'(Q) and exp(A(—fi)*) € LYQ) for
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Then for each h > 0 there exists § > 0 such that for (xg,ty) € Qp x (h,T], Qp =
{z € Q: dist(x,00) > h}, we have that

Qs(xo,to) = {(z,t) € Q s u(w,t) < lyy(x) +0, t<to} C Qo x (h/2,T],
where § depends only on h and the parameters.

PROOF. By theorem (3.2) we get that —m; < u; < —my in Q). Therefore uy(-) =
u(-,to) satisfies (6.12) and by theorem (6.6) there exists § such that if ¢ € €2, then
Ss(zolto) = {z : ulw,ty) < Lyy(x) + 0} C Qppe. Since —my < up < —my, it follows
that Q(;(xo,t()) C Sa(xo‘to) X (to — 0(5, to] C Qh/Q X (h/Q,T] [

We are now in a position to complete the proof of the main result in the paper.

PROOF OF THEOREM (2.1) (B). The proof will follow combining theorems (6.5)
and (6.7). Let 2y = (z9,t9) € Q, x (h, T] and suppose that we have a section Q° =
Qu(20,0) C Qyjax(h/2,T] such that |f(z0)—f(2)| < € foreach z = (x,t) € Qu(20,9).
Taking ¢ sufficiently small, by theorem (6.7) we may assume that (), (zp,9) C €9 X
(h/2,T]. Notice that since ) is normalized we have from the property of size of
sections, lemma (4.7), that

(614) K(Z(),Kl 561) C QU(ZO,(S) C K(Z(), K5 562),

with K, €;, positive constants depending only on A\, A and n, and K(z, R) is the

standard parabolic cylinder defined in the statement of (4.6). Let T be an affine

t— o
J

transformation normalizing Ss(zo|to), Tp(z,t) = (Tx, ) as in the comment

following remark (4.1), and consider the function
C _ _
U(Z’,t) - g (u(Tp 1($,t)) o gy(Tp l(l',t)) - 5) )

where £,, is the supporting hyperplane to u(-, ;) at zp, and C' is a constant that
will be determined in a moment. We look at v on the set 7,(Q, (%0, 9)), and we have

v=0on an(Qu(z()a 5))7

T

D?v(x,t) = % {(T7 (Dzu)(Tpfl(:U,t)) T '}, and
C

v(zx, t) = ut(Tp_l(:U,t))
Hence
N o - (T ()
Mo(e,t) = S [t T2 (7 (o,1)) = S0,
n/(n+1) 2/(n+1)
for C' = 0 f(z‘o()if;(ﬁl) . Now f(z) — € < f(2) < f(20) + € for z € Q°, and so
e ST e
: ) = fla) o 1+f(20)’

for z € T,(Q°). Since f(z) > A, it follows that
P F(T_17\ P
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Then applying our result on the set TP(Q5 ) to the function v we get that

/ DeeU(IE,t)p dzdt < C(?’L, hap)7
(Tp(Q%))n

for each unit vector e and € <.
By definition of v we have that

D2u(a,t) = % T (D2)(Ty (e, 1) T

and consequently

Decu(x,t) = (D*u(z,t) e, €)

(Dzo)(Ty(x, 1) Te, Te)

SHGIESY

‘T€|2 <(ng)(Tp(q:,t)) 6/, €’> o — é:_;

~C
= g | Te|? (Do) (T,(z,1)).
We have (T,(Q°))n = T,((Q°);). Therefore

p
Deeu(x, t)? dedt = é) | Te|? / (Dererv)(Ty(x,t))? dxdt
(

(Q°)n <C N

To estimate the term between parenthesis, let E be the ellipsoid of minimum volume
containing Ss(zgltg), and let uqi,--- , u, be the axes of E. If § is small, then by
regularity theory we have that [Ss(xg|to)| = 6™2. The affine transformation that
normalizes Ss(xo|tp) has the form

0 0
r] — Ty Tp — T
T:Uz( e ,
241 Hon,
0 0

where (27, --- ,x,) is the center of the ellipsoid E (the center of mass of Ss(z|ty)).
We have |det T'| ~ 6~/2, and from (6.14) it follows that p; > K 6. Hence

57w |Tef?

| det T Tt

1, n 1y n_
~ |Tel>s'Totw < C sttt

1 )
P

and consequently

(6.15) Decu(z, )P dadt < C(\, A, n, h,p) oPTire—2ra
(@)n

We now pick § small depending only on the parameters A\, A, h and the modulus
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{K(zj, K1 09) ?;1 with z; € Qp, x (h,T]. The desired inequality then follows by

adding (6.15) over (Q(z;,9))n. O

7. APPENDIX: The parabolic convex envelope on a bowl-shaped
domain

Let @ be a bowl-shaped domain in R"*!, and u € C(Q). We define the parabolic
convex envelopes I', and I'P as follows. Given (zg,ty) € @ we let

(7.1) Tu(xo,to) = sup{v(zo,to) : v < win Q with v € C(Q) and p-convex in Q};

[P (g, tg) = sup{v(xo, to) : v < u,
in QN {t <ty} with v continuous and p-convex in Q@ N {t < ty}}.

The set C of contact points, or contact set, is given by
C={(z,t) € Q:u(x,t) =Ty(x 1)}
LEMMA 7.1. We have
(7.2) r,=17% in Q.

ProOF. We obviously have I', <TI? in Q). Given (x, %) € @ and € > 0, let v be
continuous and p-convex in Q N {t < ¢y} such that v < win QN {t < tp} and

v(xo,to) > I (0, t0) — €.
Since v is p-convex there exists a supporting hyperplane ¢, (x) such that
Uy () < v(z,t) in @N{t <t} and
Cyy (x0) = v(z0, to).
By continuity of ¢,, and u, there exists o > 0 so that
Uy () — € < u(x,t) in QN{t<ty+d}.

Let 0 < a(t) < 1 be a continuous and nonincreasing function on (0,¢y + §) with
a(t) =1 on (0,ty) and a(ty+ ) = 0. Set

w(x,t) = a(t)(ly,(z) —€) + (1 — a(t)) K,

where K = min{ming(¢;, — €), ming u}. It is easy to see that w is continuous and
p-convex in (), and satisfies

w<ly,—e<u nQN{t<ty+}
w=K<u in @ N{t>ty+d}.

Hence w < u in (). Therefore

Fu(x()a tO) > w(l'(), tO) - f9730(330) — € = U(ZU(), tO) —€> F‘Z(ZE(), tO) - 267
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LEMMA 7.2. Let u € C*Y(Q). If (xo,ty) € CNQ then there exist ¢y > 0, M > 0,
and p = Dyu(wo,ty), depending only on u (bounded by the C*'-norm of u in Q)
such that

(7.3) Tu(z,t) < Ty(wo,to) +p- (v — x0) + M (| — o)+t — 1),
for all (x,t) € B /(o) X (to — €0,t0] N Q.
PROOF. By the Taylor expansion
u(x,t) = u(xo, to) + w(wo, to)(t — to) + Du(xg, to) - (x — x0)
+ %(Diu(azo, to)(z — ), T — 7o) + o(|x — x0|* + 1o — 1),

as x — x¢ and ¢t — ¢,. Hence
u(z, t) < u(xo, to) + we(wo, to)(t — to) + Du(xo, to) - (x — x0)

1
— §<Diu(a:0, to)(z — xo),x — xo) + €(|z — SU()|2 +tg — t),

for € small. Since I'y(z,t) < u(z,t) and (zg,ty) € C N Q, the lemma follows. O

LEMMA 7.3. Assume u € C*1(Q). Let (zo,ty) € Q\C and let L(x) = a+p-x be
a supporting hyperplane to I'y(-,ty) at x = xy. Then there exist at most n+ 1 points
(x;,t;) € C such that

where >\z Z 0, 2?2_11 )\l = 1, ti S t(), L(ﬂfl) = Fu(:ci,ti) = u(a:i,tl-) andp = Dxu(:vi,ti),
1=1,--- ,n+1.

PRrROOF. We have 'y (g, tg) < u(xg,to). Since L(x) is a supporting hyperplane to
[u(z,t0) at zg, then I'y(z,t9) > L(x) for all x € QN{t = to} and ', (xo, tg) = L(xo).
We have I',(z,t) > Ty(z, 1) for all (z,t) € QN {t <tp}. Since u(z,t) > Ty(z,t), it
follows that

(7.5) u(z,t) > L(x), for all (z,t) € @N{t <t}
Let
H = {x : there exists t such that (z,t) € Q N {t <t} and u(z,t) = L(x)}.

We have H # (). Otherwise, by (7.5), u(x,t) > L(z) in Q N {t < ty} and by
compactness u(x,t) — L(z) > § > 0 on the same set and for some § > 0. Hence
[P (z,ty) > L(x) + §. Using (7.2) and letting x = zy we get a contradiction.

It is clear that the set H is closed.

Let z € H and s < t; such that u(z,s) = L(z). Then (z,s) € C. Indeed,

wlr Y >ST (r ) >T. (r ta) > (1), forall (r ) e ON{+t < .}
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Let Con(H) be the convex hull of H. We claim that o € Con(H). Assume by
contradiction that xy ¢ Con(H) and let N be a neighborhood of Con(H) and ¢(z)
an affine function such that ¢(xy) > 0 and ¢(x) < 0 in N. We have

min{u(x,t) — L(x) : (x,t) € QN{t <t} \ N X [a,to]} > >0,

with a lower bound for ¢ when (z,t) € . Hence, there exists ¢ > 0 such that
u(x,t) — L(z) > el(x) for all z ¢ N and t < t;. Therefore, by (7.5), u(z,t) >
L(zx) + el(x) for all (z,t) € Q@ N{t < ty} and consequently I',(x,t) > L(x) + el(x)
on the same set. Since I',(xo,t9) = L(z¢), we obtain a contradiction.

Therefore by Carathéodory’s theorem, see [Sch93, Theorem 1.1.3, p.3]

where \; > 0, Z"H A =1, and z; € H. Let t; <ty be the t’s corresponding to x;’s
such that (z;,t;) € QN {t < to} and u(x;,t;) = L(x;). We have
u(wi, ti) > Lu(zi, ti) > Dulwi, to) > Llxi) = u(zi, 1),

and so U(SUZ', tl) = Fu(SUZ, tz) = L(QTZ)
We have that L is a supporting hyperplane to u(-,t;) at x = x; fori = 1,--- ,n+1.
Since u is regular

u
u

(xza i) + Du(wi, ;) - (v = 2;) + o[z — ;)
as © — x;. Since L(z;) = a+p-x; = u(z;, t;), we get L(z) = u(z;, t;) +p- (x — x;)
and so
(7.7) p-(x— ;) < Du(z, t;) - (2 — 2;) + o(|z — 2;]%),
and the lemma follows. ]
LEMMA 7.4. Ifu € C(Q) then T, € C(Q).
PrROOF. We have that I', is p-convex in ). We claim that

(7.8) hmF w(0, 1) = Ty, to) (xo,t0) € Q.

By monotonicity Fu(xg, t) < Tu(xo,ty) for t > ty. Hence
lim Fu(l'o, t) < Fu(l'o, t()).
t1to

To show the opposite inequality, given € > 0 there exists v € C(Q), p-convex, so
that v < w in @ and v(xg,ty) + € > T'y(xo,ty). Since v(xg,t) is continuous and
nonincreasing in ¢, there exists > 0 so that 0 < v(xg,ty) — v(xp,t) < € for tyg <t <
to + 0. Hence T, (zg, t9) < v(xo,t) + 2€, for ty <t <ty + 0, and taking limit as ¢ | ¢
yields

Lu(zo,to) < liminf Ty, (20, t) + 2e.
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Let (xg,t0) € {z € Q : u(z) =T'y(2)}. We claim that I, is continuous at (x, o).
Notice that by monotonicity if t < ¢y then I',(x,t) > I'y(x0,t) and since I',(zo, t)
1s nonincreasing we get

(79) ltlTIgl FU(SC(), t) Z Fu(x(), to).

Since u € C(Q) and (xg,ty) € C, it follows that
lim [y (g, t) < liminf u(z, t) = u(zo, to) = Ly(xo, to).
tTto tTto

By (7.9) we then have

(7.10) ltletnF (o, 1) = Lu(z0, to)-
This combined with (7.8) yields
(7.11) hm (o, t) = Ty(xo, to).

On the other hand, since I';, is bounded in @) and convex in z, it follows by [GHOO,
Lemma 1.1] that
|Fu($1, Yf) — Fu(.fbg, t)‘ S C |371 - IQ‘,
for (z1,t), (z2,t) in a neighborhood of (zg, ty). Therefore
Ty (z,t) — Ty(xo, to)| < [Tulz,t) — Tulzo, t)| + |Tulzo, t) — Tulzo, to)]
<C |£U — ZL’0| + |Fu(1130,t) — Fu(xo,toﬂ — 0,

as (I,t) — (l’o,to) by (711)

[t remains to show that I', is continuous when (zg,ty) € C. By substracting L
from u we may assume that u(z;,t;) = 0. and therefore u(z;,t;) = Ty(x;,t;) = 0
(notice that this implies that I',(xg,t9) = 0). Since (7.8) holds by reviewing the

previous argument, we notice that to prove the continuity of I', at (xg,%o) it is
enough to establish (7.10), actually it is enough to show that

lim Fu(iljo, t) S Fu(SL’o, to).
tTto

Case 1. Suppose (z;,t;) € Q,t; < tg. Then

lim [y(x;,tg— At) < lim [y(x;,t; — At) < lim u(z;, t; — At)
At—0t At—0+ At—0t

Case 2. (z,t;) € 0,Q,t; < ty. For each € > 0 there exist Az and h so that

|Az| < €, |h| < € and such that (z; + Az, t; + h) € Q and u(x; + Az, t; + h) <
u(z;,t;) + € = €. Therefore

A{fm% Cy(x; + Az, tg — At) < Ty(z; + Az, t; + h) < ulx; + Az, t; + h) <

Case 3. (w,t;) € 0,Q,t; = to. For any e there exists |Az;| < e such that
(x; + Az, tg) € Q and u(x; + A:UZ-, to) < u(z;,t;) + €. Hence

Alin’h Fu(xl + A.%'Z', to - At) < AliH{l‘Jr U(lel + Axi, to — At) = u(xl + AQTZ’, to)
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Wrapping up, if zy = Zgll Aiz; then for each (x;,t;) we have

lim [, (x; + Az, tg — At) <,
At—0*t

with some Ax; possibly equal zero. Therefore

lim FU(Z)\i(xi+Axi — At) <Z/\ lim [y (x; + Az, tg — At) <€

At—0t At—0*

Since (z9,ty) € @, and all Az;, At are small, by convexity of I, it follows from
[GHOO0, Lemma 1.1] that I', is locally Lipschitz in = with a Lipschitz constant
uniform in ¢. Hence

lim Iy (xo,t) — At)
At—0*

< K‘ Z )\ZALUZ’ + Altiir(lﬁ Fu(ﬂi() + Z )\ZAZCZ, Zf() — At) < (K + 1) €.

That is, limay_o+ [y (20, tg — At) = 0, and hence T, is continuous at (g, o).
U

PROPOSITION 7.5 (Regularity of I,). Let u € C?! (@), where () 1s a bowl-shaped
domain, w = 0 on 0,Q), and u < 0 in Q). Assume in addition that () is deflned by
Q = {(x,t) : D(z,t) < 0,t < T} where ® is p-convez, and if P(zg,ty) = 0 then there
exist ¢ > 0 so that ®(x¢ + Ax,tg — At) <0, for |Ax| < cAt®. Then T, is locally in
W2LQ) and MT, < xec Mu, where xc denotes the characteristic function of the
contact set C.

PRrROOF. If (z0,t9) € C N Q then the proposition follows from lemma (7.2).
Suppose that (zg,t)) ¢ C. Let K € @ be compact such that (zg,ty) € K, and L
a supporting hyperplane as in lemma (7.3) and (x;,t;) the corresponding points.
Step 1. There exist a compact Ky € () and a constant C' > 0, both depending
only on K and u, and at least one (z;,t;), say (x1,t1), such that (zq,t;) € Ky with
A > C 5
Let —0yp = maxxgu < 0, and take Ky € ) such that v > — 421 in Q\ K.
n
Since L(xg) = L (Z?jll )\ixi> = SN L(x;), we get —0y > u(xo, to) > Lxg) =

SN u(g, ). Hence 8y < (n + 1) max; A\i|u(z;, t;)|, and assuming the maximum
is attained when i = 1, we get dy < (n + 1) A\|u(x1,t1)|. If Ay < 1 then u(xy,t1) <
do
that i t1) € K d tly Ay > .
TR at is (x1,11) o and consequently A; > (0 + 1) maxg [4]
Step 2. Ty(x,to) is CHlin
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Let Az < dist(K, 0,Q). By (7.4), we write

A
r (ICQ+AIU t() <Z)\ ZCZ+)\1 <SU1—|—)\—$> to)
1

i>1

Az
< Z)\i Cou(zi to) + M Ty <<ZE1 + )\—1) atO)

i>1

Az
< Z)\z‘ Lu(zi,to) + M Ty, (<5E1 + >\—1> ,751>

1>1

<> NL(z)+ M (L +g + M Az’
=~ 1 ) 1 1 )\1 )\

1>1

> : by lemma (7.2)

=1L %)\m—l—Ax —l-%\AxP:L(x -I—Aa:)-l—%m:v\Q
11 )\1 0 )\1 .

i=1
Step 3. T'y(xo,t) is Lipschitz in ¢, t < t.
By assumption (z; + Az;, tg — At) € Q with |Az| < CAt. From (7.4), we have

T, <x0+ZAiA:ci,to—At>
(Z)\ (x; + Ax;), At) <Z>\-F (x; + Ax;), tg — At)

< Z)\ Cou((z; + Axy), t; — At) < Z)\ (z; + Az;) + M(|Azy|* + At))

< L <Z )\E(I, —}—sz)) + CMAt=1L (IO + Z)\ZAxZ> —|—CMAt.

On the other hand, since I, is bounded in @ and convex in x by [GHO00, Lemma
1.1} we have that

‘Fu(xly t) - FU(I2J t)‘ S C |ZU1 - $2|a
for (z1,t), (z2,1t) in a neighborhood of (zg,ty). Therefore,
Fu(xo, t() — At)
= FU(IQ, to — At) — Fu(l'o + Z NAxT; tg — At) + FU($0 + Z N Ax;, ty — At)

<CIY XAz + L(zg+ Y NAz;) + CMAL
L(zo+ Y  \Az;) +2C M At

S L(ZU()) + O/MAt,
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In fact, let x = > pyz; with g; > 0 and > pu; = 1. Since I'y(x;,t;) = L(z;) and
Ly(z,t) > Ty(x,tg) > L(z) for all x and t < ty, we get

) <T. Zm%to <> pilu(@i to)
<ZILLZ .CE'Z, Z,Uz xz = )7

and so I'y(> i, to) = L(O_ pix;) which proves step 4.
Consequently, det DT, (z,tg) = 0 for z in the simplex generated by {z;} and in
particular for x = xy. This completes the proof of the proposition. ]

REMARK 7.6. Let @ be as in proposition (7.5), so 0,Q = {(z,t) : ®(z,t) =
0}. Then I', is continuous up to the boundary of ) and I', = 0 on 9,Q. Let
(o, t0) € 0,Q. Let At > 0 be small and {(z) = D, P(zas, to + At) - (x — za¢) 2
supporting hyperplane to Q N {t =ty + At} with (za.,to + At) € 9,Q. Choose K
very negative and € > 0 small so that K{(z) — e < u(z,t) in Q N {t < tg + At}.
Hence K/l(x) —e < Ty(z,t) < wu(x,t) in QN {t <ty + At}. Fixing for a moment At
and xa:, since ® is Lipschitz we get

—KClr—za] — € <Ty(z,t) <ulx,t),
and now letting (x,t) — (z0, o) yields

—KClxg—zail —€ < liminf T[y(z,t) <0.
(@,t) = (x0,t0)

Letting At — 0 we get za; — ¢ and consequently

—e < liminf T (z,t) <0,
(x,t)—>(m0,t0)

and so I',(zg,t9) = 0.

COROLLARY 7.7. Let u € C(Q) N C*NQ) with u = 0 on 9,Q, u < 0 in Q
bowl-shaped domain whose defining function is Lipschitz in x. Then T, € C(Q) and
'y =0 on 0,Q and

Mru < Xc MU,

where xc denotes the characteristic function of the contact set C.

PROOF. The first part follows from the previous remark.
Let ¢ be a mollifier in R and

€
fe(x) = o) ge(x — y) dy,
yl<1 3
where
0, for x > —4¢/3
4
g.(x) = JS (x—l— 76\ . for —he/3 < x < —4€/3



42

C. E. GUTIERREZ AND Q. HUANG

Then f. € C*° and

0, forx>—c¢
felx)= <1, for —2e <z < —¢

x, forx < —2e.

Let ue = fo(u) — u in C(Q). Take Q. T Q, where Q. is a smooth bowl-shaped
domain such that ue < 0 in a small neighborhood of 9,Q.. Then u, € C**(Q) and
applying proposition (7.5) to ue yields MI'y, . < Muc X{y.=r,_o.1- Since I'y,_q, —

I and Mu. = Mu for K € @ compact, we obtain MI', o < Mu xfu—r
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