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ABSTRACT.
In this paper, we study the boundedness of the one-sided operator giw between

the weighted spaces LP (M~ w) and LP(w) for every weight w. If A = 2/p whenever
1 < p < 2, and in the case p = 1 for A > 2, we proved the weak-type of gj\'gp. For

every A > 1and p=2,0or A > 2/p and 1 < p < 2, the boundedness of this operator

is obtained. For the case when p > 2 and A > 1, we obtained the boundedness of
gj\'ﬁp from LP((M~)P/21+1w) to LP(w), where (M ~)P/21+1 denotes the operator

M~ iterated [p/2] + 1 times.

1. NOTATIONS AND DEFINITIONS

As usual, S denotes de class of all those C'>° —functions defined on IR such that

sup [a"(D") ()] < o,
zelR

for all non-negative integers m and n. We also consider the space C§° of all
C°°—functions defined on IR with compact support.

If E C IR is a Lebesgue measurable set, we denote its Lebesgue measure by |E]|,
and the characteristic function of E by xg(x).

Let f be a measurable function defined on IR, the one-sided Hardy-Littlewood
maximal functions M~ f and M ™ f are given by

M f(@)=sw o [ F@]dt and M@ =sw o [ 150)] a
h>0 M o h>o0 h Sy
A weight w is a measurable and non-negative function defined on IR. If E C IR
is a measurable set, we denote its w—measure by w(E) = [, w(t)dt. Given p > 1,
LP(w) is the space of all measurable functions f such that

11200y = ( | |f<x>|pw<x>das)l/p o

— 0

1991 Mathematics Subject Classification. Primary 42B25, 26A33.
Key words and phrases. One-sided maximal functions, Littlewood-Paley theory, one-sided



2 L. DE ROSA AND C. SEGOVIA
If w =1, we simply write L? and || f||»-
We shall say that a function B : [0,00) — [0,00) is a Young function, if it

is continuous, convex, increasing and satisfies lim;_, ., B(t) = co. The Luxemburg
norm of a function f is given by

HfHB:inf{)\>O:/B(‘§|) < 1},

and the average over an interval [ is:

| fllB,1 =inf{)\ >0: ‘—z/IB <|—§|> < 1}.

The one-sided maximal operators associated to B are defined as

Mz (f)(x) =sup || fllg,watrny and Mg (f)(2) =sup||fllBw-na-
h>0 h>0

Let ¢ belong to S, suported on (—o0,0] with [ ¢(z)dx = 0. For every A > 1,
the one-sided operator gj\'w was defined in [RoSe], as
) 1/2

5, (1)) = (/OO [ (i) renwor

Throughout this paper the letter C' will always mean a positive constant not
necessarily the same at each occurrence. If 1 < p < oo then p’ denotes its conjugate
exponent: p+p’ = pp’.

dydt
t2

2. STATEMENT OF THE RESULTS

In [CW], S. Chanillo and R. Wheeden obtained the boundedness of the Area
Integral between the spaces LP(Mw) and LP(w) when 1 < p < 2. For p = 2
and A > 1, if the support of ¢ is compact, they showed in Lemma (1.1) that the
operator g3 , maps L?(Mw) into L?(w). We shall give, in Theorem A, a one sided-
version of this result without the restriction about support of ¢. For 1 < p < 2
and A = 2/p, in order to prove Theorem B, we partially borrow some arguments
due to C. Fefferman (see [F]). As a consequence of Theorem A and Theorem B,
for 1 < p < 2 and A > 2/p, we shall obtain, in Theorem C, the boundedness of
gj\r’ , between LP(M~w) and LP(w). For p > 2, known techniques (see [P]), allow
us to prove Theorem D.

Next we state the alreadv mentionated Theorems A B C and D
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Theorem A. Let ¢ belong to S, supported on (—o0,0], and [ ¢(x)dx = 0. Then,
for every A > 1,

([ st <o ([T

with a constant C , not depending on f.

Theorem B. Let ¢ belong to S, supported on (—00,0], and [ p(x)dx = 0. Let
A>2i4fp=1, and A = % whenever 1 < p < 2. Then, there exists a constant
Cpaw,p such that

w({o: g (@) > n) < D22 [ p@par s

holds for every function f, and p > 0.

Theorem C. Let ¢ belong to S, supported on (—o0,0], and fgp Ydx = 0. Let
1 <p<2 If\>2/p, then there exists a constant C’p,,\,w,q, such that

/Oo g;\r,@(f)(x)pw(x)da: < Cpaw,e /OO |f(z)[P M~ w(x)d,

— 0 — 0

for every function f.

Theorem D. Let ¢ belong to S, supported on (—o0,0], and fcp Ydx = 0. Let
A>1 and p > 2. Then, there exists a constant Cp,A,w,w such that

0. @)

tfwbm@%@wﬁ%mm/LWWWWWWWMWx

— 0 — 00

3. PROOF OF THE RESULTS

The following lemma and remark will be used in the proof of Theorem A.

Lemma 1. Let ¢ belong to C§°, supported on the interval [—2°,0], s > 0, and
[ ¢(z)dz = 0. Then

oo YAy Jee) 74\ oo
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with a constant Cy depending neither on f nor .

Proof. By Fubini’s Theorem, we have that

/_O;giw‘fm / / / (Hy )|fwt<y>|2d§jtw<x>dx
// 1 iy (—/w<w%fw(x)dx)@.

For each integer k, we consider the set

1 (Y t A
Ay = . gk _/ _ <okl
" {(y,t) <3 _oo(t+y—:r) w(z)da < }
Then,

2) /Oogmf)( dx<22’“/ / 0w P, ) 2L

- keZ

For every (y,t) belonging to Ay and y < z < y + 2°¢, we have

A A _
1 [~ t 1 1 /Y t 9k—1
Z/—oo <t—|—2—33> w(aj)dw = 2(8—{-1))\;/_00 (t+y_$> w<x>d$ > 2(5+1)>\'

On the other hand, since A > 1, there exists a constant C'y such that for every z,

%/_’; <t+z%x>>\w(x)d:p < O\ M w(z).

Therefore if (y,t) € Ay and y < z < y+2°t then z belongs to By, = {2z : M~ w(z) >
2<s+1)x 2F=11. Taking into account that support () C [~2%,0], we get

froiy) = /f(z)XEk (2)ee(y — 2)dz = (fxm, * »i)(y)-

Then, by Plancherel’s and Fubini’s Theorems, we have that (2) is majorized by

dydt N dt
Z Qk/ / |fxE, * oY) —— Z Qk/ |fXEk |2/ \W(ty)|27dy~
kEeZ kEZ -

The inner integral is bounded by C, = ffooo P() > & i Thus, applying Plancherel’s
Theorem again, we get

/OO Ine(N(@)w(z)de < C, /_OO PP ) 2xe, (v)dy

T keZ
Finally, we observe that by definition of EY,
Z QkXEk < C)\QSXM ’UJ( )
keZ

for almost everv v endinoe the nroof of the lemma [
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Remark. We observe that if ¢ belongs to S and [ (x)dxr = 0, then

@ [ FOPT < 4 ( | \suso(s)us)z + [ letopas

In fact, since [ ¢(z)dx = 0, we have,

o)l =| [ ptoe >t~ vt <20l [ et

In consequence,
N ds > 2
[Pt <an ([ lslleteas)
|s|<1 |S‘ —o0

On the other hand, in virtue of Plancherel’s Theorem

/|s|21| & )‘2% : /_O:o s)Pds < /_O; [(s)[*ds,

which shows that (3) holds.

Let 1 be a non-negative and C§°— function with support contained in [—2, —1]
and [n(z)dz = 1. For every non-negative integer k, let ny(z) = 27%n(27%z). We
define

O(x) = /L n(t)dt.

5 <[t|<|z|

The function 6 belongs to C§° and its support is contained in [—4, —1]U[1, 4]. For
every positive integer k, let

0p(x) = 0(27 7 1g),

and for kK =0, let
o) =1~ [ (s
lyI<|z|

Then, >, 0k(z) =1 for every z. Given a function ¢ belonging to S, supported
on (—o0,0] and [ ¢(z)dz =0, we define

ak:/ZHh ydy, k>0

and a_, = 0. For every non-negative integer k, let p; be given by
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It is easy to check that support(pg) C [-2FF1, —2F=1] for k > 1, and support(py) C

[—2,0]. Besides, [ pi(z)dz = 0 for every k > 0, and > ;- ; = ¢. We shall show
that for every N > 2,

< ds _ B
(5) C,p = / Fr()PE < Oy 272D,

o 5]

holds. By definition of py,

([ Intaria) " ([ 1arotoras) -
Hawal ([ (o) L al ([ o) -

Since 0 < 0 (z) < 1, support(fyp) C [-28FL, —2F=1] for k > 1, and support(fyy) C
[—2, 0], we have that

00 1/2 1/2

<Oy 27PN =1/2)

(6)

By definition of ag, and taking into account that [ p(x)dz =0, we get

|ak| = ‘/ > bny)ely)dy §/|y|z2k [ (y)|dy

h=k+1

dy —k(N-1
<Cy, / Y < Oy 2R,
? Jiypzar (L )N v
Thus,
00 , 1/2 || 00 , 1/2 N1
® ol ([ mPar) = 2 ([ mear) < o,

Then, by (6), (7) and (8),
/ ‘,Ok:(x)|2dx < CN,@2_2k(N_1/2)-

Simple calculations shows that

oo
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Now, using (3) we obtain (5).

Proof of Theorem A. We consider the sequence of functions {py, k > 0} defined in
(4). Since Y77 pk = @ and Y p- o Xsupp(pr) (€) < 3, we have that

froly) =D fx
k=0

for every y. Then,

) ([ stoarutas) -

— o0

([T (o) et

k=0
—Z(/ g, (N >2w<x>dx)l/2.

Keeping in mind that support(p) C [-2%*1, 0] and fpk )dx = 0, we can apply
Lemma 1. Then, by the estimation (5) with N > A+2, we get that (9) is bounded
by a constant times

0. @)

Soaweve ([ gop) ([T rwpauee)

k=0
<O,y ( | |f<x>|2M—w<x>dsv> -

— 0

In order to prove Theorem B, we shall need the following one-sided version of
Fefferman-Stein type inequality and Lemma 11.

Lemma 10. There exists a positive constant C, such that
+ ¢ [~ —~
w({z: MF(f)(x) > p}) < m |f ()| M~ w(z)dz,
for every function f, and p > 0.

Proof. The proof of this lemma is similar to the proof of Theorem 1 in [M] page 693,
and shall not be given. [
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Lemma 11. Let I = (o, 3) a bounded interval, 1 < A\ < 2, and k > 4. Then, there
exists a constant C i such that for every x < o — 2|1, we have

oo ra—2|l] ¢ A ¢ ¥ dydt 7|22
- 7] SC}\J{?—)\'
o Jau t+y—x t+a—y t (a0 — )

Proof. Changing the variables (y,t) by z = “5¥ and u = 7=

A k
/OO/ 1 1 dydt
0 Ja—aza—y>2qr) \ 1+ 557 1424 4

1 /OO/ 1 1 dud
= — ududz.
(@—z)? Jo Juzzn2e (1+u—2) (1+2)

We denote A = % Applying Fubini’s Theorem, it is enough to show that

«

> 1 U
— dudz < Cy A2
/O <1+Z)k /zgugiz (1+u—z)>\ =k

Recalling that 1 < A < 2, we have

, we obtain that

[t _—
P E— uaz
0 (1 + Z)k z<u<fzu—z>u/2 (1 +u— Z)A

00 1, A
</ ;/A z ududz
~Jo (1+2)* ), u
o0 1 2\ 2—A
— I e :A)\—Z.
CA/O 1+ ) (3) ¢

Since £ >4, A <1 and X < 2, it follows that

/ ——7 / Y )\dudz < / —7 / ududz
0 (1+Z) 2<u< Lz u—z<u/2 (1+u—z) 0 (1 +Z) 0

A
—2/002—2dz<C'A’\_2
Ty 4k TR ’

which ends the proof of this lemma. [

Proof of Theorem B. By an argument of density it is enough to consider f be-
1 . 1l 4 T/ ATT— - N 1 TD 4 T T Y WY L D>
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f € LP, each I; is a bounded interval, and it is well known (see [HSt], pp. 421-424),
that

1 P — P
(12) m/ (@) = p

Given I; = (o, 3;), we denote Ij_ = (o; — 41|, o). By (12), we have that

05 =35 [ e

Therefore, if we denote Q = Uj>11; U I, applying Lemma 10 we obtain that

Q)—FZU}I

o< [ @A s

i>1
<= | f@Pyu@ds+ 52 / AP
<o [ I@pyu.

In consequence, it is enough to prove that
13 w(egQig,N@>m)<S [ @M w(@)d
N 7 ,up .

We define g(z) = f(2)xoe(2) + X0 (1 f) v, (@), and

b (@) = <f<:c> 71/ f) i, (2)

for every j > 1. Then, f =g +0b where b = } .-, b;.
By Chebyshev’s inequality and applying Theorem A, we get

w({eg 0 gl,(N@ > ) < 25 [ ot @@PuE)ds
< / ~(wxq)(@)dr
= | P gl () @)

| AN

(14)

We observe that |g(x)| < p almost everywhere. Then, by the definition of g and
Holder’s inequality, (14) is bounded by,

cley 0 (1 N
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It is easy to see that M~ (wxg.)(x) < CM~(w)(z) for every z, z € I;. Thus,

~ C -
15 w({eg gl @@ >u) <o [ EPM e

— 0

We denote I7 = (a; — 2|I;], 3;) for every j > 1. We can write

(16) 9r.,(0) (@) < g'(z) + g° (),
where
5 1/2
o) e’ A
1 t dydt
— S E— bfL 9
do=| [ (=) | S ba|
v iy@I;
and
9 1/2
o) e’ A
2, \ t dydt
co=| [ (= > el

Let us consider g'(z). Taking into account that b; * ¢:(y) = 0 if y > (;, and
[ 1bi(2)|dz < 2|L;|p, it follows that
y—2z
Y : .

Since ¢ € S, and support(y) C (—o0,0], we have that }gp (%)‘ <
y ¢ I and z,w € I;. Then,

Z bi * pe(y)| < QTM Z | I;| sup

: . , " zel;
iyl vy@EIr,y<pf;

Y bro)| < LS /(d_w<ﬂ

iygl; iy ¢l y<pi

Therefore,

and, by Chebyshev’s inequality we get
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Since [ b;(z)dz = 0, applying Mean Value Theorem for every y < a; — 2|[;|, we

obtain the estlmatlon
1 Yy —z Y — Q;
bl < [lfe (L75) -0 (1520
4
t
< ) dz
t+a;, —y

s%/mw

< Clilg /\f V.

z — Q4

Then, by definition of F(x) (17) is majorized by

A/
t 1
g f(z dz/ I; / / ( > dydtw(z)dzx,
/| ) 1 p<y<Biyer\tty—z) (t+a; —y)? (@)

i>1

where 1 < A" < inf(A,2). Now, applying Lemma 11 with k£ = 4, we have that (18)
is bounded by

o —4[ 1] I, N —1
_;/ | f(z |dz/ ﬁw(m)xﬁc(@dm.

The inner integral is bounded by CM ™~ (wxg.)(;). It is easy to verify that, by
Holder’s inequality and (12),

e e

Thus, we obtain that

w({og@:0@) > u) < 23 [ 1EPaM (g )
(19) o
<o [ rerareee

Now, let us consider g?(z). By (12), there exists an integer ko such that |[;| <
[fl|bp=P < 2% for every j > 1. Let Ay = {j : 2" < |I;| < 2"}, k < ko. We can
write

U1y = Uk<k, Ujea, Ej,
where E* = I* \Ul>k UseA, Is, for each j € Ay. We observe that if I N Ej is not
empty then, I;“ c I ;» Where I, ; 1s the interval with the same center of I; and its

measure is equal to 20|1;|. For each = ¢ Q, we have that

2
o) A
Y/ \9 \N vV U [ [ / t \ ’h1 VRN dydt
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Weobservethatifa:géflcx<yandy€E;f then x < a; —4|[;| and t +y —x >
(aj —2) = (aj —y) > =5 Then,

2

(20) gQ(x)2§CZ Z o —2) / / A2 Z bi * ¢ (y)| dydt.

k<ko jEAL,x<cj <y,yEL; yel?

If we denote D; = Uj.gxnrs 01, and ¥ (z) = |b(z)|xp, (x) then, for every y € E7,
we obtain

S b < X[ elienty - )lds

wyel’” vyel’

< / b(2)l i (y — 2)ld=
Uz’:E;.‘ﬁIi*;é@Ii

< /D b(2) e (v — 2)ldz = (& * [l (w).

J

In consequence, by (20), we have

e farsey 5ot [ e

kJSkZO jEAk,ZE<Oéj

We claim that
22 [ [ 27 el Payar < c12;P-F
In fact, by Fubini’s Theorem, we have

/oootA_Qij * [le) ()P dt

:/yoobj(z)/yoobj(w)/oootA_4|gp\ (yt )m( : >dtdwdz

Since ¢ € §, and A < 3,

P (y Z) (u) dt < C’/ P dt
|l (B ) el (S ) ae< e TR

[ A—4
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Then, the left hand side of (22) is bounded by

: 1
C’/*/ V(2 / v (w) (z+w—2y)3—’\ddedy

A e

< [ 1L @0

where IT_, denotes the one-sided fractional integral operator of order 2 T In the
2
case ] < p<2and A = 5 since, as it is well known, [ L is a bounded operator
2

from LP to L? then it follows that (22) holds. For 2 < A < 3, the operator I},

2
maps L' into weak-L -3 . Then, by Kolmogorov’s condition (see [GRu], page 485),
we obtain (22).
On the other hand, since [ |b;(y)[Pdy < (2u)?|1;], we have that

1/p

Wly<| > @uILl|  <2ulL]V? = Culf)|'?.
BTN A£)

Therefore, by (21) and (22) we get
2 < C”,u2 Z Z ‘Ij‘)\
N . (o — )™
k<ko ]EAk,ZE<aj

In consequence,

—4[1;]|

w({x¢fz:g (x )>M}) <CZ|I \A/ (i)fﬁ;;f)dx

(23) < Z / P (g os)

C o

el PN~

< | rerr e
From (15), (16), (19) and (23) we obtain that (13) holds for A =2/pif 1 < p < 2
and 2 < A < 3 if p = 1. Taking into account that if \; < Ay then, g:'\'%@(f)(:z:) <

gj\rl’w( f)(z), the proof of the theorem is complete. [

xXxX7. 1. 11 . . _CcrMmMmM . MY Y YYD Y4 YT CTT!T™MMY. A
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Proof of Theorem C. The case p = 2 and A > 1 was considered in Theorem A.
Let 1 <p<2and2/p <A< 2 We have that A\ = 2/q with 1 < ¢ < p. Then, by
Theorem B, g;\r’@ maps L4(M ~w) into weak-L9(w). Since g;\iw from L?*(M~w) to
L?(w) is bounded, then by interpolation, we get this corollary for A < 2. Now, by
simple arguments we obtain the case A > 2. [

The following remark shall show that for A = 2 and p = 1, a weak type inequality
as in Theorem B, can not be valid.

Remark. Let p # 0 belong to S, supported on the interval [—1,0] and [ p(x)dx =
0. There exists f € L' such that g;@(f)(x) = oo for every x belonging to an
unbounded set.

In fact, we consider f(t) = (W — c> X[—1/2,0(t), where c is the unique
constant that satisfies [ f(t)dt = 0. For every # < —4, we have that

1 0
(24) 0 N2> =g [ 1 et Pavar

The support of f * ¢y is contained in (—o0, 0] and the fractional integral I 5(f) ¢
L? (see [Z], page 232). Then, applying Plancherel’s Theorem, it follows that

// 1+ puly) Pdydt = // B(ty) 21 Fly) [Pyt

- C‘P/ ‘f|§| 4

—c/ 1 () () Py = oo

Applying Mean Value Theorem, we obtain for every y < —2 the estimation

[f o+ oe(y)] < %/_01/2 1£(2)] ‘Qp (y;z) _ (%)

1/0 H ( t )2
< - z)|—C dz
/ _1/2|f< )| t ¥ t—l—\y\

1
<(C— .
-+ yl)?

dz

Using these inequalities we get

roo p—2 PO p—2 1
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Since |f * :(y)| < $ll@llco |l f]l1, we have that

(o) 0 (o) 0
1
M= [ [ UrenPdae e [ [ Gyt <.
1 —2 1 —2 14

By (24) and the estimations obtained for A, A;, and A it follows that
g;_cp(f)(x) = oo for every = < —4.

)

We shall give a proof of Theorem D, proceeding as in Theorem 1.10 in [P],
page 150.

Proof of Theorem D. More generally, we shall prove that

/wgiAﬂWwawaC/mLﬂmPMng%mVQMa

— 00 — 00

where B is a Young function that satisfies

o 2\ @1
2 — )
(25) L (B@) P

In the case B(t) ~ tP/2(1 +In™ ¢)[P/? we get Theorem D.
Let r = p/2. We have that

I =193 o (Do) = 193, ()07 -

z/mgLAﬂ@VM@”%WM%

for some g € L™ with unit norm. We recall that
M~ (g192)(x) < Mg (g91)(x) M5 (g2)(@),

where B is the complementary function associated to B. Then, applying Theo-
rem A, and Holder’s inequality

ISC/WLN@FM‘wWwﬂwwz

— 0

< [ @R M Y@M () @)

— 0

=C (/ Oi [ f @) P Mg (w7 () Qda:) 2/p ( / oi Mg(g)(x)’“'@) "
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where v = Mg (w'/")(z)". By Theorem 2.6 in [RiRoT], if B satisfies (25), then
1<l llgll e < ClLFIEo)
It is easy to check that Mlg(wl/’“)(:c)r — Mlg(w)(gc)7 where B(t) — B(tl/r). If

B(t) = t(1 + In" t)[") then, B satisfies (25), and by Proposition 2.15 in [RiRoT]
there exist two constants C'; and (5 such that

CiM 7 (w)(x) < (M) hw(z) < CoM (w)(2),

which completes the proof. [
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