SUFFICIENT CONDITIONS FOR ONE-SIDED OPERATORS

M. S. RIVEROS, L. DE ROSA, AND A. DE LA TORRE

ABSTRACT. In this paper we give sufficient conditions on pair of weights (w, v) for
some one-sided operators to be bounded from LP(vP) to LP(wP). The operators
we deal with include the one-sided fractional maximal operator and the one-sided
singular integrals. For the first operator necessary and sufficient conditions are
knwon (see [MT], [LT]). These conditions usually amount to check the boundedness
of the operator on functions that are powers of the weights and are hard to check.
Our conditions are of A, type and are therefore easy to verify. Similar results for
two sided operators were obtained by C. Pérez in [P1] and [P2].

1. INTRODUCTION

In this paper we study two weight norm inequalities for one-sided operators.
We consider a generalized version of one-sided fractional maximal operators, one-
sided maximal operators associated to a Banach function space and the one-sided
singular integrals introduced by [AFM].

The two weight problem in the first case, i.e. maximal functions have been
solved in [S] and [MT]. In these papers conditions are given that are necessary and
sufficient for the boundedness of the operators. However the solution is unsatisfac-
tory in the sense that the conditions are hard to check. On the other hand there
are remarkably simple conditions of A, type that give weak type of the operators.
We will show that there are conditions close to A, that are sufficient for the strong
type of the operators. These conditions are given in terms of norms associated
to Banach function spaces. We refer to [P1] for definitions and main properties
of these spaces. Our results can be considered as the one-sided versions of those
obtained by C. Pérez in [P1], and [P2].
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The paper is organized as follows: in section 2 we introduce the notation, state
the results and give some applications to the one-sided singular integrals, and
finally in section 3 we give the proofs of the results.

We finish this introduction with some notation. A weight w will be a non-
negative locally integrable function. For any measurable set F, w(FE) will denote
the integral of w over E and the letter C' will be a constant that may change from
time to time.

2. STATEMENT OF THE RESULTS

Let X be a Banach function space over R. If f is any measurable function and
I is any interval we define the X-average of f over I as

1f L. = 1011 (Fxn)lx

where §; is the dilation operator d; f(x) = f(sz) defined for any s > 0.
If X' is the associated space, then the generalized Holder’s inequality

1
o 179l < 1lsallglin,
1] Jr
holds. We will also ask for this Banach function space, X, that there exists a
constant C > 0 such that for every a < b < ¢, with ¢ — b > b — a, the inequality

(2.1) fllx,b.0) < Clflx,(a,0)

holds. The one-sided maximal operator associated to X is defined as
My f(@) = sup | £llxa)-
>z

We begin with a maximal operator that includes both the one-sided Hardy-Li-
ttlewood maximal operator and the one-sided fractional maximal operator. We
will consider from now on, a function h(z,y) defined on y > x, non-negative,
continuous, non-increasing on the second variable and such that

(1) limg,_zy—o(y — z)h(x,y) = £ exists and,

(2) there exists 0 < 8 < 1 such that (y — x)?h(z,y) is bounded.
We define the one-sided maximal operators associated to h as

Mt f(a) =suph(a,c) [ 1F(0)]dt and M, 1) =sup (e~ )bl 0 Flx. oo

c>x
Note that if h(z,c) = (¢ —x)~', then M\ f = M*f, and MY, f = Mif. If
h(z,c) = (c—x)*~1, then M, f = M} f, the one-sided fractional maximal operator
studied in [AnS] and [MOT]. We also observe that M,  and My , are defined in

an analogous way and clearly every theorem has a corresponding one, reversing
the orientation of R. Our first theorem is the following.
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Theorem 2.2. Let 1 < p < o0, and let X be a Banach function space, with
associate space X' such that My : LP(R) — LP(R) is bounded. We assume that
the pair of weights (w,v) satisfles the condition:

there exists C' such that

1 b 5 )
(A:,X,h) (b ~a / wp> (¢ = b) h(b,c)v ™| x7 (be) < C

foralla<b<c: b—a<c—b.
Then, there exists a constant C' such that

( / [M,Tf]”w”d:cy < c( / Ifl”vpdw>;,

for every f.

In the case h(z,c) = (¢ —x)~1, we will denote A;th by A;X. Theorem 2.2
raises the question of finding Banach function spaces, for which M; is bounded.
A partial answer is given by the following theorem.

Theorem 2.3. Let 1 < p < 0o, and X be a Banach function space. We consider
the following statements.

a) My : LP(R) — LP(R) is bounded.

b) There is a constant C such that

~ + £1p 1 ~ pl
[ 8 e < O

for all non-negative functions v and f.
¢) There is a constant C such that

> . 1 |
[ gy < © 7%

for all non-negative functions u, and f.
If furthermore X 1is rearrangement-invariant with fundamental function px,
d) There is a positive constant ¢ such that

c P
/@X(t)@ < o
0

t t

Then, a) = b) = ¢) = d).

As corollary we have:



6 M. S. RIVEROS, L. DE ROSA, AND A. DE LA TORRE

Corollary 2.4. Let1 < p < oo, and let X be a rearrangement-invariant function
space. We assume that there is a positive constant C such that:

| ey < e [

for all f, whenever the pair of weights (w,v) satisfles

1
1 b P _
(A;F,X) (b—a/ wp> o M lxr ey < C

foralla<b<c:b—a<c—0b. Then, there exists c > 0:
c P
/@X(t) @
o bt

Proof. Since the pair (w,v) = (W, ull/p> satisfies A;;X, this corollary is

an immediate consequence of Theorem 2.3, part ¢) = d). O

The following theorems characterize the spaces such that My is bounded from
LP to L?, in the case when X is an Orlicz or Lorentz space. The bilateral case
was done by Pérez in [P1] and [P3].

A function B : [0,00) — [0,00) is a Young function, if it is continuous, convex,
and increasing satisfying B(0) = 0, and B(t) — oo if ¢ — oco. The Luxemburg
norm of f, given by B is

1flls = inf{A > 0 : /B ('i') <1y,

and so the B-average over I is
~ 1 |/
il =mir>0: o [ (M1) <y,
1] J1 A

We will denote by B the complementary function associated to B.

Given an Orlicz space X associated to a Young function B, we will write Mg
instead of M.

We also recall the definition of the classes A;, 1 < p < oo. The pair (w,v) € A[f
if there exits C such that for every a < b < ¢

(D) e
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for 1 < p < o0, and

(A M~ w(z) < Cu(x).

We say that w € AL, if there exist § > 0 and C > 0 such that
B| w(B) \*

AT |7 <Ol —=

(A%) c—a — w(a,b) )’

for all @ < b < ¢ and every measurable set E C (a,b).

Theorem 2.5. Let (w,v) € A, r > 1, and B a Young function then there exists
C such that

w{z: ML f(z) >t} <C B" (f) v,
{w:f(2)>t/2} ¢

for f>0andt > 0.
Definition. Let B be a Young function, we say B € B,, p > 1 if there exists

¢ > 0 such that
/“B(t)dt
— <0
Lt ot

Theorem 2.6. Let (w,v) € A and B" € B,, 7> 1,1 < p < 0o then

Jutgnre<c [irpe

Corollary 2.7. Let 1 < p < oo, w a weight, u non-negative, and B a Young
function, then the following statements are equivalent.
a) B € B,.

b) There exists C such that /[Mgf]pw < C/ lfIPM ™ w .

M~w
<o fipe

¢) There exists C such that /[MJrf]pi
[M%ul/p]

Proof. To see a) = b), we apply Theorem 2.6 to the pair (w, M~ w) € A7 .
For b) = ¢), we will use that M+ (fg) < Mnggg, almost every where, then

< C/If\pM*w.

u

w

+ 1
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¢) = a) follows from Theorem 2.3, in the case of fundamental function ¢ x (t) =
1/B_1(%) andw=1. 0130
In this context, Theorem 2.2 has a sort of reciprocal. We will use A;r’ p.p and

A;; p instead of A;; x.p and A;  respectively.

Corollary 2.8. Let B be a Young function, 1 < p < oo, and X is the Orlicz space
associated to B.
a) If B€ By, and 1 < p < oo, then there exists C' such that

(/ [Mif]pwff’); <c(fure)

for every pair (w,v) satisfying condition A;B’h in Theorem 2.2.

1 1
b) If (/[M+f]pwp) <C </ |fpvp> , for every pair (w,v) satisfying con-
dition A;:B in Theorem 2.2, then B € B,,.

Proof. First we note, that by Corollary 2.7, B € B), implies Mg is bounded from
L? in L? (taking w = 1), and now by Theorem 2.2, we have a).
Observe that b) follows from Corollary 2.4. 0O

Finally as another application let us consider, the Lorentz space X = L*?. A
function f belongs to L*?, 0 < s,q < o0, if

+ 1/q

I1f] s, = |:Q/(;00(t|{1' eER:|f(x)] > t}|1/s)qd? < 00

and for ¢ = oo

||f||s,oo = Ssup t|{x cR: |f(.%‘)| > t}|1/s < 0.
0<t<oo

We will write Msfq instead of M;g and qu ,, instead of M; e

Theorem 2.9. Let 1 < s < p < oo, and (w,v) € A;r, 1 <1< B then

Josz,rw<c [ism.
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Corollary 2.10. Letl <p,s < o0 andl < g < 0o, w a weight and u non-negative
then the following statements are equivalent.

a)s<p

b) There exists C such that

/ (M, fPw < C / |fIPMw.

¢) There exists C such that

/[Mw[ el

Proof. a) = D) it follows from Theorem 2.9, observing that the pair (w, M~ w) €
AF

b) = c¢) it is prove in the same way that b) = ¢) of Corollary 2.7.

For ¢) = a) we only have to note that the fundamental function in this space

is p(t) =t/ and that [ 29 Ol 4t < oo for some ¢ > 0 is equivalent to p > s. [

Corollary 2.11. Let X = L%, 1 <p,s < oo and 1 < g < c0.
a) If s < p, then there exists C such that

( / [Mfff]”wf"); <c ( i)

for every pair (w,v) satisfying condition A x.n n Theorem 2.2.

1 ;
b) If (/[M+f]pwp) <C </ |fpvp> , for every pair (w,v) satisfying con-
dition A;;X in Theorem 2.2, then s < p.
Proof. 1t is similar to Corollary 2.8. O

In [AFM], Aimar, Forzani and Martin-Reyes, introduced the one-sided singular
integrals. Let us recall some definitions.

We shall say that a function k in L{ (R — {0}) is a Calderén-Zygmund kernel
if the following properties are satisfied:

(a) there exists a finite constant B; such that

k(x)dz| < By

e<|z|<N
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for all € and all N with 0 < ¢ < N, and furthermore lim,_,q+
exists,
(b) there exists a finite constant By such that

k(x) dx

e<|z|<N

for all x # 0,
(c) there exists a finite constant Bs such that

k(2 —y) = k(x)| < Bslyll«|

for all x and y with |z| > 2|y| > 0.
A one-sided singular integral is

oo

T" f(w) = lim k(z —y)f(y) dy,
xr+e

where k is a Calderén—Zygmund kernel, with support in R™. Examples of such
kernels are given in [AFM]. Observe that these are singular integrals. In that
paper they show that if w € Af then [|T* f[Pw < C [ |f[Pw, for p > 1, finding
in this way, a larger class of weights for which this inequality holds.

For classical singular integrals, Cérdoba and Fefferman [CF] show that,

(2.12) /wwwgc/vmwM

for all » > 1, but it is not true if we change M, by M. Observe also, that
Mw < CiM*w < CyM, for all k € N and r > 1, where MFw is the Hardy-
Littlewood maximal operator iterated k times. C. Pérez [P1] ask if (2.12) can be
improved by changing M" by some iterated of the maximal function. The answer
is yes, moreover he proves that if Tf is a singular integral and w is any weight
then

/wwwsc/mmwmw
R R

Finally we show that, this result can be improved, if the singular integral is
one-sided , replacing MPI*1w by the smaller operator (M ~)P!+1w ( the one sided
Hardy-Littlewood maximal operator iterated [p] + 1 times). Actually this result
follows from Theorem 2.13.
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Theorem 2.13. Let1 < p < oo. Let k be a Calderon—Zygmund kernel with sup-
port in R™. Let A a Young function such that B(s) = A(sP) € By or equivalently

there is ¢ > 0: )
/OO —t v @ < 0
¢ LA®) t '

Then, there exists a constant C' such that for each weight w

(2.14) /Oo Tt flPw < C/OO |fIP M ;w.

Proposition 2.15. Let B(t) = t(1 +1log™ t)*, k > 0, then there exist ¢; > 0 and
co > 0 such that

aMpw(z) < (M) w(z) < caMpuw(z).

Corollary 2.16. Let 1 < p < oo, let k be a Calderon—Zygmund kernel with
support in R, then there exists C' such that for every weight w

/ ) Tt flPw < C / ) |fIP (M )P,

— 00 —

Proof. We only have to observe that the function A(t) = t[1 + log™ (¢)]I"!, clearly
satisfies ,
[l 2 <
e LA t ’

3. PROOF OF THE THEOREMS

for any ¢ > 0. O

To prove Theorem 2.2 we need to show, that under the assumptions imposed
on h, we have that M,f f is a continuous function for reasonable f.

Lemma 3.1. M}jf is continuous for all f > 0 continuous and with compact
support.

Proof. First we are going to see that M,f f, is lower semicontinuous, so we will
show that Oy = {z : M;! f(z) > A} is open. If z € O,, there exists ¢, such that
h(zx,cs) f;T f > A. By the continuity of h and continuity of the integral it follows
that M,’l"f(y) > A for y close to x.
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We will show now that M. h+ f is upper semicontinuous, by contradiction: suppose
there exists € > 0, zgp € R, and {z,, }»>1, a sequence converging to xo such that

My f(xn) > My f(zo) + ¢,

for all n > 1. For each n, there exists ¢,, > z,, such that
Cn

h(xn,cn)/ f> M f(xo) + €
Tn

Suppose that support of f is contained in I, with |I| < co. As h is non-increasing
in the second variable, we can suppose that ¢, € I for all n > 1. So there exist
{¢n, }j>1 such that ¢,,; — ¢ when j — oo. There are two cases.

1. ¢ —xg > 0, then continuity of h, and f imply

M £(e0) 2 Weos) [ > M fao) +

against € > 0.
2. xp = ¢, then

M}J[f(xo) +e< h(xn;wcnj)/ ’ f = (an - .’L'n] xn],cn / s
T ;

(Cn; — Tn;)

since £f(x0) < M, f(zo), taking limit we have

Zf(l‘o) +e< ef(ito) O

In the proof of Theorem 2.2 we will use the following lemma. The proof is in
Bliendtner and Loeb [BLo].

Lemma 3.2. If i is a finite Borel measure on R, and if I is an arbitrary collection
of non-degenerate intervals, then for each § > 0 there exists a finite subcollection,
Is, of disjoint intervals in I such that

p(Uper) < 246) Y pll).

Iels

Proof of Theorem 2.2. Let f € LP(vP), non-negative, continuous, and with bounded
support. By Lemma 3.1 M,‘L"f is continuous and therefore, ) = {x : 2*
M, f(z) < 2*1}) is open. It easily follows from assumption (2) on h that
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M,ff € L? for some 1 < s < oco. Then, we can assume without loss of gen-
erality that the sets {z : M, f(z) = 2¥} have measure zero for all integers k.
Taking into account the definition of M,j f, we observe that Q C J, Jo 1, where
Juk = [T, c5) satisfies:
Cx
2k < h(a;cx)/ f< 2k
xT

By the continuity of h, and the absolute continuity of the integral, we can define
two intervals I, = [2,d,) and I;k = Jy — 1, suchthat: [I,] < \I;k|, I C
Qk, and

2k < h(dz,cx)/ f< 2ktl,
Oz

By Lemma 3.2, there exists a finite subcollection {; }; of disjoint intervals such
that

wP(Q) < 3 Z wP(I7,).

We will use the notation I;; = [@j.k; b5 k), and Ij‘.fk = [bj k,cj k). Now we can make
the following estimate:

(3.3) /Mf[f(x)pw(x)p dx < 2P pr(Qk)2kp
k

p
o — b o Cj.k

<23 :wp(I;k)<(CJvk bj) (bjik, Cjik) / fw1> .
by, x

o (¢jk = bjk)

From the generalized Holder’s inequality for Banach function spaces and the con-
dition A;; «.p» We obtain

p
(3.3) <273 w(I;,) ((Cj,k = by) WOk i)l Follx rt, ||Ufl||x1,1j+,k>
kg
<273 Il ol e
k)] Js

— 9p p
—23Y [l
ko I i

Taking into account hypothesis (2.1) about norms in the Banach function space,
the fact that {I jfk}j’k is a disjoint familly, and the boundedness of M;g, we get:
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J

/M:fpwpdx < 27”32/]7 M (fo)?
k,j ik

< 2”3/M;§(fv)p
< O2p3/(fv)p. O

Proof of Theorem 2.3. Let us assume a). Since

M, (fg) < M ()M, ,(9),

we have that

[ < [ Dapee < o [ g,

oo [M% (/)P 7 o

From b) with h(z,c) = (¢ —x)~1, it follows that ¢) holds.
If we consider ¢) with f = u = x[_1,0], then

L
[ o g =

Since the inequalities MY, (f)(y) < px- (_ly) and M™* f(y) >
y < —2, we have that

1 Logp=1 (s
s / o
0o ¢x/(s)P s

Recalling that ¢ x(s)¢x/(s) = s, we obtain d). O

}y, hold for every

Proof Theorem 2.5. Tt will be suffice to consider bounded nonnegative function f
with compact support. Let ¢t > 0, then O; = {z : M} f(x) > t} = Uj(a;,b;),
where the intervals (a;, b;) are bounded pairwise disjoint, and

1 bi (f
(3.4) 1<bj_xL B(t>,

for all € [a;,b;). Let(a,b) be one of the intervals (aj,b;). We will prove (3.4).
Let x € (a,b), then M f(x) > t. There exists s > x such that || f||5,(z,s) > t, this
implies (using the norm definition) that

siw/B@”) 1
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We want to show, that we can choose s = b. Let us suppose s > b. So || f|| 5, (z,5) <
t. As b ¢ Oy we also have that for al ¢ > b, || f||B,(b,c) < t. Then

/B(D :/be(J;)-F/bSB({) <b—wt+s—b=s—u,

contradiction. So we have that s < b. Let s’ = sup{s : ||f||p,(z,s) > t}. Notice
that ||f||,(x,sy = t. Suppose s’ < b. As s’ € Oy then there exists s” such

that [|f]|p,(s.e) > t. In other words 1 [ B (%) > 1. Using that s is the

s”—s’

suppremum we have

[o()- [ 0(3)-[ 2(f)sr-emienmron

contradiction. So s’ = b.
It will be suffice to prove that

/abw<C/abBT({>v.

Let (a,b) = U2 | (xk—1,zx], where {x}} is a increasing sequence define as

T b

moza,and/ B<f>—/B<f).
T—1 t Ty t
b Tr41
[ =+ (0)
Tr—1 t Tk t

Then

1 b 1 Thtt [ f
(3.5) 1< — / B <t> - xk_14/wk B (t)

Now, let » > 1, by Holder’s inequality we get

ey L (O U )

It follows that
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Then by A}

[ st (7 ) ()

< oy Brr1 = T)" /Ik+1 (LY,
- (b — xkfl)r - t

Th41 ’
< C’4T/ B" <{) .

Summing up in £k we get

b b b
[oscr 5 (Dozor [(D)e
a T t a t
For r = 1 we simply observe that from (3.5) and A we have
Tl Th Thk+1
[ ot (002
Tp_1 Trp_1 b— g1 Ty t
Tr+1 1 Y
< 4/ B (f(y)) 7/ w(z) dx dy
Tk t Y= Th=1 Jap_,y
Tht1 f
< 4C/ B <> v,
o t

and summing up we obtain the same as in the case r > 1.
Therefore we have

wlz: M f(z) >t} < C B (f) .
{z: M f(z)>t} 3

To obtain the theorem, we only have to put f = f1+ f2, where f1 = fXx{a2:f(2)>t/2}
and fy = f — f1. Observe that we can suppose B(1) = 1, then M} fo < t/2. Now
using that Mg is bounded from L*° in L*° we obtain what we claim. [

Proof of Theorem 2.6. Let f > 0, by Theorem 2.5 we have
+ = + dt
[MF flPw=p tpw{x:MBf(x)>t}7
0

< Cp/ tp/ B (f(w) oy L,
0 {z:f>t/2} t 3



SUFFICIENT CONDITIONS FOR ONE-SIDED OPERATORS 17

changing the integration order and using that B" € B, we get

/ﬂ@ﬂ%u@@é(1:B$@f)ﬂwmw@scég%.D

Proof of Theorem 2.9. Note that s < r and f > 0, then

1
|s,1 < CS,TW ‘ |fX(z,z+h)||T;T

1
1151 (z,a4h) = m”fX(z,x+h)

1 ot 1/r
= Cs,'r E /x fr ;
then taking supremum we have

M} f(x) < Co, MY f(2).

Let us consider r such that s < r < p, and [ < E. Then M™(|f|") is strong type
from LP/7(v) in LP/"(w) (see [S] or [MOT]). So we have

/ (M TP < / M3 flPw < © / M flPw < C / (fry/me. O
Proof of Theorem 2.13. By duality (2.14) is equivalent to

[ s <o [ et

p 1—r ,
Since [Myw]'™? = [(Mgw)fll} for all » > p/, we have that [M w]'"? €
N>y A € AL Then, by Theorem 2.1 in [AFM], we get

/Oo T~ P [Myw]' Y < c/oo \M~fP' (Mg w]

— 00 — 00

T~ / P/7 p
If B(t) = A(tr), then M (f?) = [M5 f]?, so for f = w? ~1 we have | M=w P’l] =
P’ , -1
[Mffwﬂ = [M w]” ~. Observe that the pair {Méwﬂ wTr ) € A
and B € B,. We can apply Theorem 2.2 and obtain
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oo , , o0 , 1 7p/
[ sc [ peiy pigoi]

oo B , B L] n _p/ jo%s) , _L,
—c [ prgp )] <o [ ey

oo

s

This concludes the proof of the theorem. [

Proof of Proposition 2.15. Let us consider A(t) = t(log®t)*. We will prove
Myw < C(M~)* 1w, Let Oy = {x : M~w(z) > A}. It is well known that

1
3.6 f/w:O.
(36) 3 ), w=10n

Integrating both sides of (3.6) we get

(oo} 1 o0
/ f/ w(z)dxdA :/ / 1dzd\ §/ M~ w(z)dz.
1 A Ox 1 Ox {z:M~w(z)>1}
For the left hand side we have
<1 <1
- w(z)drdA > — w(z)dzdA
1 A Ox 1 A {z:w(z)>A}

w(x) 1
= / w(x) / —dM\dz
{z:w(z)>1} 1 A

= / w(z) logw(z)dz.
{z:w(z)>1}

So we get

(3.7) / w(z)logt w(z)dr < / M~ w(z)dz.
{z:w(x)>1} {z:M~w(z)>1}

We observe that from (3.7) it follows

(3.8) /{x;wm»} %x) log™ “’(Ax) do < /OA M- (w(;”)) de,




SUFFICIENT CONDITIONS FOR ONE-SIDED OPERATORS 19

for all A > 0. Integrating (3.8) several times from A\ =1 to oo we get

/ w(x)
{z:w(z)>A} A

A

oo () o (22)]

for all k € N and A > 0. Tterating (3.9) it follows
(3.10)

w(w) w(z)]"* w(z)
/ [log"' } dx < k!/ (M~)* () dz,
{zw(@)>A} A A (2:(M~Yrw(z)>A} A

for all A > 0.

Let us consider now, I = (a,b), Ao = k!(M )" (wy;)(b), and wy;. Ob-
serve that if z < a, (M~")*(wx;)(z) = 0, and if z > b, (M~ )*(wy;)(z) <
(M~)*(wxz)(b) < Xo. Therefore {x : (M~)*(wxs)(z) > N} C I. It follows
from (3.10), applied to wy; that

G RO
() 2]

—
I~
©]

(3.9)

k! B wxr
1 J (0 ) (e ) (@) > Ao} Ao
< M [
w
= o Js X1
k! _
< 5 () (wxn)(®) = 1.

Recalling that
1 w
= inf{A — [ A=) <1
lollas = int(A>0: 7 [ 4(F) <1
we have ||w||a1 < Ao = kI(M~)*+1(wy;)(b), then
Myw(b) < k(M) w(b).

Also observe that if C' and D are Young functions then Mg, pyw(z) < Mow(x) +
Mpw(z). So we have that

Mzw(z) < CEN(M ™) ().
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To prove the other inequality we will do it for k£ = 1, since it is not very difficult
to see the generalize case. Let I = (a,b) and w = wy +wy where wy = WX (2a—bb) =
wyar, and wy = w — wy. We have that

1 1 1
— M w< — M~ — M~ wo.
m/f w= |I|/1 Wit |I|/I 2

Observe that for all x € I, M~ wq(z) < M~ w(b), so

1

|H[M1@§Mu@hﬂgww

Now we have to see that

1

—_— M7w1§C||w||3721.
|21] /21

We can suppose ||w||g,2r = 1, and this implies

1

1
— | Bw)=—— [ w(l+log"(w)) < 1.
211 Joy P~ o] )

Then, it is enough to prove
L[ - <CG+]’ mg(O
— wy < — w w) | .
21] Jar 21] Jar
This last inequality for Mw instead of M ~w (see [GR] p.147). Using that M~ w <
Muw, we have what we stated. Finally

1 _
m/IM*w < CMzw(b) + Cllw||B,2r1,

taking sup we have
(M™)?w(z) < CMgw(z). O
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