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Introduction

Given a commutative algebra A over a field &, it is a well known result that
the first Hochschild homology group HH;(A) is isomorphic to the A-module
of Kéhler differentials Q'(A), and is therefore a universal object for derivation-
s from A into symmetric A-bimodules M. Dually, HH'(A) = Deri(A) = {f €
Homi(A, A) fflab)=af(b)+bf(a) Va,be A},

This object has been studied for a long while, as its description is connected
with important properties of the algebra A. As one of the best-known examples,
let us recall the Hochschild - Kostant - Rosenberg theorem [13], and its reciprocal
statement [3, 2], which tells us that for a perfect field & the algebra HH,(A) (for
A an essentially finite type commutative algebra) is isomorphic to the exterior
algebra A4 (Q'(A|k)) if and only if 4 is smooth.

If C' is a topological cocommutative k-coalgebra (the topology may be the dis-
crete one), we define an object Q,lc which is universal for coderivations of cosym-
metric C-bicomodules into C'. We show that this object is isomorphic to the first
cohomology group Hoeh” (C) associated to the coalgebra ([6], [17], [8]).

The behaviour of {2}, with respect to localizations is studied. It turns out that
Hoeh” (€) localizes in more general situations than those described in [9]. For the
higher cohomology groups, we obtain at this point that in certain cases there is an
isomorphism with the degree n component of the graded-cocommutative coalgebra
AL(QL) obtained from ., which is described in section 4. This fact gives also
localization results.

Next we define homologically the concepts of smooth ceoalgebra, and study
some properties of this kind of coalgebras.

Finally we prove:

Theorem If k is a field, char(k) = 0 and C is a cocommutative coalgebra satisfying
one of the hypothesis below:

e ' is a smooth algebraic coalgebra and ke; A k.e; is finite dimensional for
every group-like element e; € C.

e (' is a smooth local topological coalgebra provided of a topology verifying
Proposition 1.2,
C = U,en, A" (k.€) (e being the unique group-like element of C') and k.eAk.e
is finite dimensional.

then Hoeh™(C) is isomorphic to the exterior coalgebra on \Qé



The statement above is formulated both for usual and topological coalgebras,
because it has been necessary for us to pass the boundary of the algebraic cate-
gory, i.e. some of the proofs are given for topological coalgebras (incuded those
with discrete topology). As a consequence, a result for this kind of coalgebras is
obtained, under suitable conditions.

In fact, this theorem gives an answer to a problem which arises in [11] (Section
5). In this paper, they give a proof of Hochschild - Kostant - Rosenberg theorem
using G-algebras and expecting that a dual version for coalgebras will hold. Their
problem is the lack of a definition dualizing regular sequences. Such a definition
appears here in the hypothesis of Theorem 6.5. It is worth to notice that they
do not mention a key problem: Hoch theory does not localize well except under
certain conditions; in section 8 we solve the localization problem for this sitnation.

The contents of the paper are as follows:

In section 1 we construct the universal object for coderivations of cosymmetric
comodules, L. As we are working with topological coalgebras, we prove a result
allowing us to calculate the topological version of Hoeh™ in terms of “resolutions”.
We then prove that Qlc is isomorphic to HachI(C) and show how Qlc behaves in
an explicit example.

In section 2 we study the behaviour of the universal object Qlc defined previous-
ly, with respect to localizations. As we prove that Qlc is isomorphic to HachJ(C),
the last one commutes with localization.

The definition of the exterior coalgebra on N2}, is given in section 3. We also s-
tudy in detail the example of the coalgebra of distributions supported on a smooth
compact manifold X, which suggests that a coalgebra version of a Hochschild -

Kostant - Rosenberg type theorem exists. So, in section 4 we define what a *

.
mooth coalgebra” is. Our definition is given in terms of extensions. When C is
(cocommutative) smooth, ﬂé turns out to be, as expected, an injective cosym-
metric C-comodule. Smoothness is also for coalgebras, a local concept.

Section 5 is devoted to the definition of local coalgebras in terms of group-
like elements and study its properties. A useful result is proven here: it is a
“Nakayama’s Lemma” for local coalgebras.

So, with these tools in hand, we return in section 6 to the comodule of “IK&hler
differentials” Q,lc, proving that in the smooth local case it is a free comodule. We
state at the end of this section an equivalence between the structure of the graded
coalgebra associated to € (which is now local) and the existence of a “Koszul
resolution”.

As we want to obtain this resclution, we describe in section 7 the structure

of gr(C). In fact, we prove a structure thecrem for cocommutative local smooth



coalgebras, describing them in terms of shuffle coalgebras (proposition 7.4. and
7.5).

Finally, in section 8 we give the arguments allowing us to pass from the global
case to the local case, and we then prove our main theorem.

We will suppose that the field k is algebraically closed. As we are interested
in the cohomology groups Heeh™, this assumption is not restrictive in the sense
that Hoch™ (M, C|k) @k = Hoch*(M@)Z, C ®Z|Z) (with this notation, |k, resp |E,
means that the tensor products are taken over k, resp. over E, and k denotes the
algebraic closure of k). C will be always a topological coalgebra, unless the contary
is stated, even if we use the algebraic notation. In particular, usual coalgebras will
be considered as topological ones with the discrete topology, and he same will hold
for comodules. All topologies considered will be Hausdorff.

We want to thank Mariano Sudrez Alvarez for helpful {mathematical and for-
mat) comments. We also thank Jean-Louis Loday for his remarks on the relation
between commutative extensions and Harrison cohomology.

1 Universal object for coderivations

Given a field & and k-coalgebra (C, A, ¢€), there is an object Lo which is universal
for k-coderivations of bicomodules M into C ([6, 8]). Lc is the cokernel of A :
C — C ® C. The sequence

0—C—2CeC—Lc—0
is k-split by means of s: C @ C — C, 3(c® ') := e(c)c.

When C is a topological coalgebra (A : C — C'é)C'), we consider complete
C'-bicomodules M for which the coactions p& : M — M®C and pJT/I M — CRM
are continuous (here ® stands for the completion of the algebraic tensor product
w.r.t. a suitable topology on it). Lq is then a topological C-bicomodule with the
quotient topology of C'é)C'/Im(A), which is universal for continucus coderivations.

If €' is a cocommutative topological coalgebra, the representations we shall take
into account are complete topological C-bicomodules M which are C-cosymmetric
(ie. o120 pL = py: Wwhere o denoctes the permutation). In this context, a
continuous map f : M — C is called a coderivation if

Aof=(id@ flopy +(f@id)opl, =1+ a1z)0(id® f)opy,



where 0,5 denotes the transposition of the first and second place. Let us take the
subcomodule of Lo consisting of the cosymmetric elements and denote it Qé, ie.

QL = Sym(CRC ) Im(A))

Proposition 1.1 Q} is a universal object for coderivations in the category of
cosymmetric bicomodules.

Proof: ﬂé is by definition a cosymmetric C-bicomodule, we must exhibit a
coderivation d : ﬂé — . It is defined by

d([z]) = (e@id —id @ e)(z) (z¢€ C@C)

Observe that d is well defined on Lo becauseif z € Im(A) then (e®id—id®e)(z) =
0.

It is easy to see that d is a coderivation. Given a cosymmetric C'-bicomadule
M and a coderivation f : M — C, by the universal property of Lo ([6]), that
remains true in the topological context, we have a commutative diagram

where 7 is a C-C-bicolinear map, defined by
Flm)=(id® f)p~(m) = m_y ® f(my)

and d is defined by the same formula as d.
Since M is cosymmetric, Im(f) is contained in Q}, so

Coder(M,C) = Comeg-(M,Lc) =

= Come- (M, Q%) = Come (M, Q5)

where C¢ := C®C, and the category of C-bicomodules is identified with the
category of C°-modules.

We shall call ﬂé the comodule of Kahler differentials of C.



We recall from [6, 8] that, in the algebraic case, given a k-coalgebra C there
exist two cohomology theories associated to it, denoted Hach®™(C) and H*{C).
The first is obtained as the derived functor of —Os.C, and the other one is the
derived functor of Comge(—,C). In the topological case, they are defined as the
cohomology groups of the complexes corresponding to the canonical resolution of
C as C*-comodule, for example Hoch™( ) is the cohomology of the complex

b o~ [ _~
0 C—>CaC —>=CHCHEC —

bOZA—O'12A

by, = Z (—1)5_1Ai +(=1)"01 nne1,...,3,28
i=1m
where A; = idce.-1 ©® A @ tdoen-—1 and o132, 01 5 n_1,.,3,2 denote the cyclic
permutations (132) and (1,n,n — 1, ..., 3, 2) respectively.

However, Taylor ([19], section 4) has shown that in certain cases (for example
for nuclear and Fréchet algebras), the topological version of Hochschild homeoelogy
behaves similarly to algebraic Hochschild homology. The same holds for coalge-
bras, namely:

Proposition 1.2 Given a coalgebra C and an injective resolution of C as C°-
comodule 0 — C — Xg — X1 — Xg — .., if

1. € and X; (i € Ny) are nuclear Fréchet spaces and M is Fréchet; or

2. C and X; (¥ € N} are nuclear complete DF spaces and M is a complete DF
space,

the cohomology of the complex X, O M is isomorphic to Hoch™ (M, C) (here Og-
is defined similarly to the purely algebraic case, using & instead of & ).

We shall need the following Lemma, which is completely analogous to Proposition
2.7 of [19]:

Lemma 1.3 Let M be a class of (topological) C-bicomodules containing CoM®C
and the cokernel of ppr : M — CRMRC whenever M € M. Let K, be a sequence
of covariant functors from M into veetor spaces such that

1. Ko(M) = Hoch®(M, C) for all M € M.



2. K,(Ca&M®C) =0 for allp >0 and M € M.

3. Each short exact sequence 0 — My — My — My — 0 (M, € M) induces
maps &p + Kp(Msz) — Kpyq1(My) sueh that

o= Ky (M) = Kpyy (M) — Kpyy (M) — Kpyy (M) — ...

is eract.

Then K, (M) = Hoch® (M, C) for all M € M.

Proof of the proposition: We shall see that the conditions of the Lemma
1.3 are fulfilled. Take M as the collection of Fréchet C-bicomodules and, with the
notations of the above Lemma, K (M) := H,(X,Oz:M) where 0 - C — X, isa
relatively injective C-split resolution of €' as C°-comodule and each X, is a nuclear
Fréchet relative injective C®-comodule (for example, take the standard resolution).

If M € M, as C is Fréchet and nuclear, then CéMéC € M as well (see for
example [12]). Concerning Coker(M — C@M®C), it is a quotient of a Fréchet
space by a closed subspace, then it is Fréchet.

Also if Y € M,

0 — CRY — Xo®Y — X120 — ...

is exact, as C and the X,’s are nuclear Fréchet spaces, so that I(p(CéMéC) =0
(this follows from XEICE(CéMéC) s Xé)M)

It follows by diagram chasing that Hocha(M) = K,(M). Finally, as X, is a rel-
ative injective C-bicomodule, it is a direct sumand of C*®V; for some topological
vector space V;, and so given a C-split exact sequence 0 — My — My — M3 — 0
then 0 — X;05-M;, — X;05-Ms — X;0--M3; — 0 is a short exact sequence.
The desired long exact sequence is the well-known long exact sequence on coho-
mology associated to the last short exact sequence of complexes.

Next we want to show that QL is isomorphic to Hoeh”(€), turning then the
latter into an alternative universal object for coderivations when the coalgebra C
is not cocommutative.

Proposition 1.4 If C is a cocommuiaiive coalgebra, then HochJ(C) =0l

Proof: We first define v : O} — HachI(C) by

Y[z =z = (A @ e)(2)



where [2] € L is the class of some z € C®C. The map v is well defined because
if z = A(e), then A(e) — (A ® €)(A(e)) = A(e) — A(e) = 0. On the other hand,
we can see that Im(y) C Hoch’ (C) = Ker(b;) as follows:

Let [2] € £, then

0=p"([e]) = oazp™ ([2]) = (id @ 7)(A @ id)(2) — (id @ T)os1a(id @ A)(z)

where 7 : C ® C — L is the canonical projection, so we see that (A ® id)(z) —
0312(id @ A)(z) € Im(id @ A), and

(A®id)(z) —0312(id @ A)(z) = (1dR@A)id @id @ e)(A @ id)(2) — o512(id ® A)(2)
(id @ AYA®@€)(z) — (id @ Aloa(2)

If we compute b;(z — (A ® €)(z)) we obtain
(Aid)(z) — (d@A)2)+ 0132(A @ id)(2) — (A @ id)(A ® €)(2)
which is zero, from the above equation via the permutation e @b Qc— bR ec® a.

The inverse of ¥ is given by:
~' HochI(C') — 02k

checking that Im(y") € 22, we immediately have that they are inverses.

Example: Consider an algebraically closed field &k of characteristic 0 and A = k[z],
which is a Hopf algebra with comultiplication A(z) =2 ® 1 + 1 ® = and antipode
@ +— —ax. Although A* is not a bialgebra, there is an object denoted A° which is
the biggest subset of A* such that it is a Hopf algebra with the dual structure of
k[x] [16]. So A" C k[z]* = k[|z|]. Defining a morphism, which is an isomorphism,

kllz]] — E[|s(]

E Ay x” — E a,nls”

one gets the identification A" = k[s, e’ ace = @acwk[s]e™® < k[|s|], where A(s) =
s®1+1& s and the algebra structure is the usual one in k[|s|] viewed as formal
power series (the exponentials are forced to be group-like).

Identifying k[z] @ k[z] = k[z, y] in the standard way, then I = Ker(m : k[z] @
k[x] — k[»]) is identified to < & — ¥ >, so [/1? = k[z].(z — y).



s 1 _ 0 a Els.e ™l cs®@k[te™Tack
By definition, 02, = Sym(A® @ A®/Im(A)) C Ta) . We show

that 52‘140 = ks, e)\s])ek defining f: k[s, t, 6)‘5, e'“t])(’#ek — ks, eAs]Aek by

f(y=o

Flo) =1

‘]i(t) = —1
fs™)=ns""t iHn>0
f(s"t) = 35" fn>0

F(s™t™) =0 Hn>0, m>1
F(0) = et
‘]T(e"“t) = =1

fderives elements depending on s, and so Im (?) contains all polynomials and expo-
nentials in s. Also, as (s+1)" = 22:0 (Z)s"_ktk, Fl(s+)™) = ns" "L —ns"! =0,

by
Els e e T e

Tm(A) -

80 f vanishes on Im(A) and we have a well defined map f :

ks, e**1aen-

Restricting f to the cosymmetric elements s(s + ¢)® with » > 0, we have
Fs(s40") = FUTh_, ()& HH) = f(s+ fns™t40(12)) = (nt1)s" —ns” =
8", Then, as f(s.e)‘(s"'t)) = e*°, polynomials divisible by s and exponentials belong
to Im(f) and we obtain the result describing £2,,.

In this case, O, = (QI(A|k))0, where on the right side, (—)® means the A-
module which has the universal property:

HomA(Ql(AUc), X*) = Comyo(X, (QI(AUC))D) (X a C-comodule)

2 Behaviour of Qé with respect to localization

Given a complete topological cocommutative coalgebra €' (we consider in partic-
ular the discrete case) and a multiplicative subset S C C’, the localization Cis
is another topological coalgebra provided of a morphism 7 : Cpgp — C, universal
for coalgebra morphisms f : D — C from topological cocommutative coalgebras,
such that the elements of § define, by the €’-action, invertible endomorphisms in
D, or, equivalently s o f is invertible in the algebra D' for all s € S.

The construction of Cps1 and of localization of comodules Mg has been carried
out in [18] for linear topologies and in [9] for the locally convex case.



Given C and S as above, we want to establish the relation between the bico-
modules Qé[s] and (Qé)[s]' In fact, we shall prove that they are isomorphic, at
least when € has a topology with the same or less open sets as the topology in-
duced from C* via the canonical evaluation map (for example when C is reflexive,
or when C is the dual of some other space).

We shall begin by proving that a coderivation D : M — C from a cosym-
metric C-bicomodule M, induces a coderivation Digy : Mis] — C|s7 such that the
following diagram is commutative:

D
Mis) —2 Cs)

[k

In order to do so, we first define a coderivation Mg — ML — CE which is

[s1
analogous to the Leibniz rule “d(%) = idf — gi?dg”. More precisely:

/
5]

H H
M[S] —_— M[S] bd C[S]

{ms}ses = {Ct}tes

where

c(—=)=my(— —oD) — mp(— —.(to D))

The family {c; }ies € Htes C". In order to see that it is an element of CE'S] we
have to verify that r.cy, = ¢, Vv, € S.

reg(f)= cen(rf)=my(rfoD) —mpe(rf.(tr o D))

map (r.(f 0 D)) + myy (fo(7 0 D)) — myz, (f.(3r 0 D))

my(foD)+ my(f(roD)) —mpe,(ft.(roD)) — mg,(fr(teD))
my(f o D) —mg(f.(toD))

a(f)

Here we have used the formula

(hg)oD =hi(goD)+g.(hoD) (h, geC"

Notice that A’ is a C’'-module by means of the structure map of M, namely
M @ C' — (M@ C)’ —P M'"and ho D is an element of M’. This formula is a
straightforward consequence of the definition of coderivation.

10



We have to show now that Im(Dpsylas) € Cps)- To see that ¢ € C7 is in C,
we must find an element ¢y € C such that ¢(f) = flcg) for all f € C'. In our

case,

a(fy=my(foD)—mp(f(toD)) =
= (f o D)(mny) = (f-(to D))(mygz) = f(D(m)) — (L@ (To D))p(myz))

as a consequence ¢ = D(my) — (1 @ (t 0 D))p(my2) € C. The map {m,}tses —
{ct}ies that we have finally found is continuous because we are assuming that the
topology of C is induced by the inclusion € — C¥.

The universal coderivation d : 2% — C thus gives a coderivation d[s
(Qé)[s] — Cg}, and by the universal property of ﬂém a Cls-bicomodule map
(Q&)s1 — e -

On the other hand, 7¢ : Cs) — € induces a C-bicomodule map ﬂé[ — ﬂé

5]
and therefore a Cpgp-bicomodule map ﬂé[s] = (ﬂé[s])[S] — (2 )1s]. Next we shall

show that these maps are inverse to each other.
Proposition 2.1 Qlc[S] is isomoarphic to (Qé)[s].
Proof: We denote by ¢ and ¢ the maps:

¢ : (QC)[S] — QC[S]

{mities = (id @ dpg) o p~ ({4 hees)

where d : Q¢ — C is the universal coderivation d = e ® Idy — Idr ® ¢, and

Y Qe — (Qc)s)

Z {zities ® {¥s}ses — {% Zm}

rES

both extended by continuity.

Let us see that ¢ o ¢ = idQC[ . it is enough to see, by the universal property
s
1
of QC[S], that
deps, 0 g o = de,

Again it is sufficient to see that

WCOdC[S] opoy =7TC°dC[5]

11



and this is true because of the following four equalities that we will prove in turn:
Wodc[s]zdco%' (1)

where 7 is the morphism Qs — Q¢ induced by the coalgebra morphism 7o :

Top=rq, (2)
Qe 0Y =7 (3)
dc 0;1: = T odC[5] (4)

(1):
T odo ({mihes) =d(mi) — (1@ (eod))o p(mi) = d(m1)

because eod =0

(2):

T, ({Tihes) = 7 ® 7({mihes)

To¢({mithes) = (7@ 7)o (id ®ds)) o pracy s, ({mities) =

= (7 ® 7 ods)) 0 piac)s({mihes) = (@ d) o (T ® Tac) 0 piac) s ({melies)

We have (7 ® mq.) o ﬂ(ﬂc)[s]({mt}teS) = pac © Tao({mites)

Computing (id @ d) o po. © To.({mitics) =

= (id @ d) o prag () =

=(deeol)- (1) opg.(m) =

=(idR(e®1))opa.(m)— ((id®(1®c¢€)) o po.(m)

As (e®1)o0p = id, we have to see that the other term equals zero, or equivalently
that (id ® (1 ® €)) o pa.(m1) € Im(Ag). If m = x ® y this is true because
id®(l®e))oplr®y) = A(x)e(y); it is also true when m is a linear combination
of elementary tensors, and finally it is also true when m belongs to the closure
of the algebraic span of elementary tensors, because of continuity and of the fact
that Im(A) is closed.

12



(3):

ooy (E {Tthes ® {ys}ses) = Ta. ({%(E T ® yl)}TES)
= TQe ({2 Ty .yl}qnes)
= LT ®@pu="7 (E {Zites ® {ys}ses)

(4):
d (5‘: (Z {z:1hies ® {ys}ses)) =d (Z T ® 3/1) = Z e(x1)yr — (3 )z

On the other hand

rders, (D {artees ® {vstoes ) = 7 (O el bees H s Fees — 4ot Hesel{ys Fees) ) =

=7 (Z (1 ) {YsFses — {xt}tesf(yl)) = Zf(ﬂfl)% — e(y1 )7y

The proof that the composition in the other sense is the identity uses the same
equalities:

zpogé:id(gc)m & T, 0P 0P =Tg,

By (3): mq_ oy = 7% and using (2) 7 o ¢ = 7., then

(TgeoW)op=To¢d =rg,

Example: (k[#]° revisited) We have already described the Hopf algebra k[»]°, in
fact, k[#]° is the topological dual of 4 = k[z] with respect to the following linear
topology:

Given A € k and n € N, take the k-vector space V, » = {(z — A).2™, m > n)
and {Vn:)‘}(n,A)Eka as a basis of neighbourhoods of 0. Then the elements of the
continuous dual of A are sequences {a, }nem, in k[|z|] such that there exists A € k
and n € Ng with apq1 = Aay,, ¥m > n, le. they differ modulo a polynomial
from the series representing 1—1ﬁ’ and these series are exactly those ones giving
exponentials when we apply the isomorphism k[|z|] 2 k[|s|] of the preceding para-
graphs. As k =k, {{z — A)}aex is nothing but the set of irreducible polynomials in

13



k[z], which correspond to semisimple (finite dimensional) representations of k[z],
the collection of them allowing the computation of k[#]°. If k is not algebraical-
ly closed, one replaces the family of polynomials {(x — A)}rer by the family of
irreducible polynomials of k[z].

Consider {V € A: 3T C V, I a finite codimensional ideal }, then A° = A’ (the
topological dual with respect to the topology defined by this family of subspaces).
Since

Homcont(vva W’) = Homcont(m V')

F—foiw

—

1
we have that lim V' = (Iim V;) , 8O A?S] = (Ag). However, the topology in Ag

2

in order to compute this dual is the direct limit topology, which agrees with the
final topology of the cancnical map A — Ag, but it need not be the same topology
giving (As)°.

Nevertheless, if A = k[z] and § = {1, 2,27, 2%, ...}, C = k[2]° = k[s, e *]aer =
@)\ekk[s]e)‘s, we obtain by a direct computation that Cpg = k[S,eAs])\ek_D =
Ela)\ek_ok[s]e)‘s, as the element » € 5 induces the derivation operator in €, which is
an isomorphism when restricted to the components corresponding to exponentials
e with )} # 0. The canonical map Cls1 — € is the inclusion k[s,e)‘s]Aek_D —
k[s,e*°]aer- Given another coalgebra D and a map f: D — C such that .z is an
isomorphism in D, then polynomials cannot belong to Im(f), and then f factorizes
through Cs). On the other hand, Ag = k[z, 7 '], and AL = k[s, e lack—o-

Proposition 2.2 Given a topological algebra A, C = A" and S a multiplicative
subset of Z(A), then

1. Cpsp = (4s)'.
2. QL = (QN(A4)).
3. Qs = (1A )51 = (1(A)s) = (21(As5)) = Q¢ -

Proof:

1. This is proved in [18] for linear topologies and in [9] for the locally convex
case.

In order to see 2., let us be given a C-comodule M:

Comea(M,QL) = Coder(M, C) = Coder(M, A') =

14



= Der(A,M') = Homa(Q'(A), M") = Come (M, 2" (A))

Finally, one of the equalities of 3. states that ﬂl(A) localizes for a topological
algebra A. The proof of this fact is similar to the coalgebra case, but no assump-
tions concerning the topology of A are needed, simply define maps %b — %d(%)

and %d(%) — %(%db - t%dt). The other equalities have been already proved.

The category of topological C-bicomodules is not an abelian category, so we
cannot use the cohomological machinery to prove that Hoeh™(C) localizes.

Despite, we are able to construct long exact sequences for Hoch™, but as we shall
see, this argument cannot be used because we don’t know if localization is exact
and we don’t even have a general argument to assure that localization of Fréchet
(or DF-spaces) are Fréchet (resp. DF-spaces) except in particular situations.

We shall next make explicit the isomorphisms between Hochl(C[S]) and
HOC}LI(C)[S].
We first define
j: Hoch? (Crsp) — Hochl(C)[S]

{z: ® yt}s,tes — {z: @1 }ses

and

T Hochl(())[s] — HachI(C[S])

{zs @ ylses = {zs @y + A(wrszs(y))}r,ses

We will see through the computations, that u is well-defined. The composition
J o i gives:

(Jop)({zs @ ¥tses) =j({zs @y + A(wrﬁ)s(y)}mses) = {7, @y+A(z, )e(W}res
Since z, ® y, € Hochl(C'),
Tr1 DTz @Y — T, DY DY+ T, 2@y 2, =0

so A(z")e(y) = 0, implying j o pu = idHuchf(C)[s]'

The composition o ;7 gives:

(poj)({zs ® yt}S,tGS) =4 ({7 @y1}scs) = {Trs @31 + A(%sz)s(yl)}r,ses
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In order to see that {2, ® y}s 1e5 coincides with the last expression, we embed
Crs) in Cig = ((C")s)' and evaluate both expressions on elements of Ag = C%.
Then:

{2, @31 + A(%ﬁ)s(ﬂh)}r,ses(% ® %) = 24 (@)1 (0) + @42 (ab)s(y)

AS%@%—ﬁ®%+t‘;—i®%=0inHH1(AS),then:

b ab U

a b a
T, ® —@—)=1%:® —®T = ®7)=
{z, yt}s,tes(t u) {z, yt}s,tes(m 17 Tz 1)

= @y (@)1 (D) + 242 (ab)s(yr)

as we wanted to show.
In particular Im(u) C Hoch? (Clsy) and then it follows that p is well defined.
We remark that we have used that the map € — €' is injective, which is true if
and only if C is a Hausdorff space. We have also used that HochI(C) is Haunsdorff,
but this is true when C is such a space, as Hoch? (C)is a Kernel in CRC and so a
(closed) subspace of a Hausdorff space. In higher degrees, Hoch™(C) need not be
Hausdorff. This is the obstruction not allowing the use of the long exact sequence

argument.

3 The exterior coalgebra on 2, and higher de-
grees of Hoch®

In this section we construct the “exterior coalgebra” on Qf, considering the par-
ticular case of C' being the dual of a topclogical algebra A. Then we analize
in detail the example € = D(X) (distributions on a compact smooth manifcld),
whose the n-th component of the exterior coalgebra turns out to be isomorphic to
Hoch™(C), which, as a consequence, localizes in a more general situation that the
case studied in [9]. Moreover, the isomorphism between Hoch™(C) and QF in this
case suggested us to compare both objects for any n € N, in following sections for
arbitrary coalgebras.

Le C' be a topological coalgebra and M a topelogical bicomodule. The con-
struction of the tensor coalgebra T, M of M over k in a purely algebraic context is

carried out in detail in [16]. Let us define Tx M as the space HneNg MTem | where
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MU0 =, M7t = M and MTeP+) = Moo (MTe™), The coproduct in ToM
is obtained as the transpose of the product in the tensor algebra, namely

k
Almy, .., my ) 1= Z(ml, ey M ) @ (Mygny vvey g )
i=0
where mg @ (my, ..., mg ) stands for py, ® tdyrer-1(my, ..., mg) and similarly with

i = kand p&‘ Notice that the coalgebra mapis defined like in the “algebraic” T AL
over the elementary tensors, extended by linearity and next by continnity to the
completion, and finally restricted to T M which is a subobject of the “topological”
T. M.

The coalgebra T M has the following universal property:

Given a coalgebra D over C (l.e., a coalgebra together with a coalgebra map
D — C) and a C-bicomodule map f : D — M, then there exists a unique C-
coalgebra map ? : D — T M such that the following diagram commutes

D—f>M

RN

Te M

Let C be cocommutative. If M 1s a Zg-graded comodule, then so is ToM. For
M a cosymmetric C-bicomodule, we counsider it as graded with deg(m) =1 Vm €
M, and let Ac M be the biggest graded-cocommutative subcoalgebra of
ToM. It is characterized by a similar universal property with respect to graded-
cocommutative coalgebras which are (graded)cosymmetric as C-bicomodules (C
is considered as graded by deg(c) =0, Yec € C).

Remark: If ¢ = A% then AcQL =2 (A4QM(A)° = 0%(A)°, as C-comodules.
On the other hand, €
coalgebra as follows:

ey, Hoch™(C) can be provided of a structure of graded

Let (C*(C),b) be the standard complex whose homology computes Hoch™( C');
we begin by defining the comultiplication A : C*(C) — C*(CHYRC*(C) in low
degrees by:

For e € C =C°(C), Ale) = Ag(e) € CRC = CO(CHBC(C).

For m,y € C, Alz @ y) = (A(2) @ y,0152A(2) @ 3) € (C(CHIRCHC)) &
(CH(CHEC(C)).
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Forz,y,2 € C, Az @ y® 2z)=
((AR11)(rxRy®Rz), 01432 AD1Q@1)(x@y®R2), 023 (ARIR 1) (xRYyR2)— 023 (ARIR1)(xR2Qy))

considered as an element of (CD(C)éCZ(C)) s (CZ(C)éCD(C)) s (Cl(c)&x’:cl(c)).
This definition may be generalized to arbitrary degrees as follows:

The component in ' (C)@RC* T (C) of A(z@x1®...w, ) is defined in three steps;
first make the sum Ea-esi,n_, sgn()r @ Te(1) @ oo B Tp(a) € OB+l Ghere Sim—i
denotes the (i, n — 7)-shuffles of S,, then comultiplicate the first element z and

finally carry the second coordinate up to the the (¢ + 1)-th place, i.e. compose

with (240 iqiii-1,...,4,3)-

As (0@14+1®b)A = Ab, we obtain a differential graded coalgebra and hence a
coalgebra structure in cohomology, which turns out to be graded-cocommutative
because C*(C) is graded-cocommutative.

As a consequence of the graded-cocommutative coalgebra structure of Hoeh™ (),
we have that the map Hoeh™(C) — HochI(C) = 2L lifts to a coalgebra map

Hoeh™(C) — Ag 2}

Next we shall study the behavicur of Q"(A) and Q7, for a commutative topo-
logical algebra A. Let M be a symmetric A-bimodule; even in the topological case,
it is a fact that the tensor algebra T} (M) localizes, i.e. if § C A is a multiplicative
set, then T} (Ms) = (T1(M))s, because

(MR4..0a M) @1 As =MR@4..01 Mg =Msg@4..0a Mg =Ms@4...0a. Mg

Then

(T4 (M))g = (69 M®s ) ©ads =P (M ") =15 (Ms)

n>0 n>0

o~

This isomorphism indnces an isomorphism between the quotients, so (A% (M) =
A% . (Mg). In particular, for M = Q'(A4) we have Q'(4)s = Q' (Ag) and so
Q7 (A)s = Q" (Ag).

Denoting by € the continuous dual coalgebra A’ and by AL(M') the graded
cosymmetric coalgebra, the fact that A% (M) = (A% (M)) is deduced by checking
that (A% (M)) satisfies the corresponding universal property:

Homyeooatg (X, AZ(M)') = Homgear (AL (M), X’) =
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=Homa(M,X") = Comc(X,M'") = Homyocoatg( X, AL(M'))

Where geCoalg = graded cocommutative coalgebras and geAlyg = graded com-
mutative algebras. Taking M = Q'(A), we already know that QL = (Q'(4))".
Concerning localization, we have that

(s = (R (A = (2°(A)s) =
(027 (45)) =

s

The main example of this situation that will be considered in this work is the
following:

Let X be a compact smooth manifold, A = C*(X) and ¢ = A’ = D(X).
Choose an open covering X = U_, U, consisting of sets U; homeomorphic to open
balls and let {¢;};=1,...,» be a partition of unity subordinated to the covering
{U;}iz1,...,n- Consider §; = {f € C(X) / f(z) # 0, Yo € U,}, then Ag, is the
topological algebra C°°(U;) (see [15]). The canonical morphism A — &7, Ag; is
in this case not only a monomorphism but also a section, with left inverse Ag; — A4
given by f — f.¢;. Consider the following exact diagram:

0 A .@171 ASi ﬁ-ifj (ASi)SJ - ...

I
|
Il

B Ag; o As. s,

0 A i=1 s i< 7
‘ I
Il
I

0—=C=(X)— " ) — D CEU;NU;) .
1= 1<}

-—_— (.‘(Agl )52 )-A-)Sn —0




which splits by an A-linear homotopy s, then, for any A-module M the same
exact sequence replacing Ag; by Ms; holds. In particular, taking M = Q'(A), we
obtain a (split) exact sequence

0 QLX) &” 91(U¢J—>i6<5j Qi unt;) .
QYU N..NU,)——0 (*)

where QNU;) denotes QNC=(1;)) = QHC™(X)g) = (Ql(C‘X’(X))SZ The
C*(U;)-module Q' (U;) is free with basis {dw},...,dz"} where z] is the j-th coor-
dinate with respect to the local chart associated to U.

In this local case, all definitions of 2! (sections of the cotangent bundle, /77,
universal object for derivations) are coincident (to prove it, consider the universal
property of each one of this objects). Moreover, they all localize, so the exact
sequence (#) gives that all different definitions of 2'(X) coincide.

As Q" (As) = A% Q' (As) = A} _Q'(A)s = (A 0'(A))s, the n-th. component
of 0% also localizes.

Following Connes’ computations [4], a C-split projective resolution {E,}ien
of C*°(X) as COO(X)éCOO(X) = C°(X x X)-module is obtained by taking
F; = pull-back of QZ(X) over the second projection. Tensoring this resclution
by A ®a4. —, the complex calculating Hochschild homology (its topological ver-
sion) has §2( X ) in degree i and the differential is null, so HH,(A) = Q*(A). This
resolution being C-split, the dual complex of D(X x X )-injective comodules is also
exact and C-split. The complex cbtained by cotensoring with € over C° calcu-
lates then Hoeh™(C) and has QEG in degree ¢ because if P is a finitely generated
projective A°-module then P’ is a C®-injective finitely cogenerated comodule and
(A @4 P) = COg-P'. Then CO-E, = (1%(A)) = Q. We conclude that in
this case Hock™(C) = £27.

Also, if M is a D(U;)-bicomodule (for some ¢, 1 < ¢ < n) we can compare
the cohomology Heeh™(D(U;), M) with HOCh*(D(X),M)[Si]. In a more general

setting, we have:

Proposition 3.1 Given a continuous map of nuclear Fréchet (resp. DF) coalge-
bras f: D — C such that

e DO-D =D, and
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o Hoch'(D&D,CY=10 Yi> 0,

we have Hochi(M7 C) = Hochi(M,D) for allt € Ng and arbitrary Fréchet (resp.
DF) D-bicomodule M.

As a corollary, Hoch™ (M, P(U;)) = Hoch™ (M, D(X)) for all D(U;)-bicomodule M,
taking ¢ = D(X) and D = D(U;).

When D = Cg for a multiplicative subset § C Z(C"), the first condition of
the above proposition is verified because localization is an “idempotent” functor,
while the second condition is satisfied whenever one can prove that colocalization

is exact.

Proof: It is a consequence of Lemma 1.3, taking K,(M) := Hoch®(M, C)

because

Hoeh” (M, C) COceM = COe-D¢0Op. M =
(DO,COcD)0Op-M = (D0OsD)0p-M =

DO%M = Hoeh” (M, D)

e R

Also Hoeh? (DOMED, C) = 0 because D&D is C-coflat. The condition concern-
ing long exact sequences is also satisfied.

4 Smooth coalgebras

Given a k-algebra A, there are several ways of defining the smoothness of A. One
of them says that 4 is smooth if and only if the second cochomology Harrison group
is trivial for every symmetric A-bimodule M, or equivalently, every extension

0—-M —=B— A

of commutative algebras with M a square zero ideal of B, splits by an algebra
morphism. Hochschild - Kostant - Rosenberg’s well known theorem says that if
A is finitely generated commutative smooth algebra over a perfect field, then its
Hochschild homology groups are isomorphic to ©%(A4). In fact, both conditions
are equivalent ([3], [13]).

Given a coalgebra C, we have shown an example where the Hochschild coho-
mology groups associated to the coalgebra, Hoeh"( C) are respectively isomorphic
to the n-th component of the exterior coalgebra on QF. We want to character-
ize coalgebras satisfying this property, in an analogous way to the Hochschild -

Kostant - Rosenberg thecrem.
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This section is devoted to the definition and properties of smooth coalgebras.
We begin by recalling some results and definitions from [6].

Definition 4.1 Given a k-coalgebra C', an extension of C' is a eoalgebra D sueh
that C is a subcoalgebra of D. The exact sequence

0 C pD—2-D/C——=0

endows D/C with a structure of D-bicomodule. A structure of (non-counital)
coalgebra on D/C is given by Ap;o(d) i= (p @ p)Ap(d) (de D).

Moreover, if D = CAC (ie. A(D)CC®D+D®C) we have that Apo =0 and
also D 1= D/C is a C-bicomodule. In this case, given a k-linear map 3 : D — C
extending id-, the following diagrams commute:

H‘dl ®d2

I 1 I

——d; @d;

and analogously for p~ : D—C®D.
Iff:D — C®C is defined by f := (¥ @ ¥)A — Ay, then f(z) =0forz € C,
so, there exists f: D/C — C @ C such that fop = f.

Lemma 4.2 Given an extension D of C and [ as above, [ is a 2-cocyele in the
complex Homi{ D, C®*).

Proof: As pis surjective, it is encugh to see that 62(?) op=0:
2(flop= (ida e p—(A@id)fp— (] ®id)pTp+(ideA)fp=

(id® f)lid ® p)A — (A @id)f — (f @id)(p @ id)A + (id @ A)f =
(ido A — (Aeid)f — (f ®id)A + (id @ A)f

This last expression is zero, as one verifies using the definition of f and the fact
that D =C AC.

The proof of the following result was given in [6]:

Lemma 4.3 ([6], Lemma 7) Given k-linecar maps 1,2 : D — C such that

Yile = tde (i = 1,2), let [, and ?2 be defined as above. Then there ecxists
h € Hom(D,C) sueh that f, — fo = 6*(h).
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The above Lemmas show that there is a 2-cocycle associated to each extension of
coalgebras. Dol proved ([6], Thecrem 4) that, in the above situation, [f] = 0 in
HQ(E,C) if and only if there exists 1 : D — ' such that ¢|c = ide and ¢ is a
coalgebra morphism.

As a consequence, given a coalgebra C and a C-bicomodule M, the equivalence
classes of extensions are in 1-1 correspondence with the elements of H*(M, C). As
we are interested in cocommutative coalgebras, we will consider only cosymmetric
bicomodules and cocommmutative extensions. This class of extensions is in 1-1
correspondence with a subgroup of H?*(M,C). Given a 2-cocycle [f] € H*(M, C)
with M cosymmetric, we say that f s symmetricif f(m) = o15(f(m)). We notice
that if g is an arbitrary 2-cocycle, then §:= 015(g) is also a 2-cocycle. Assuming
1/2 € k, the space of 2-cocycles decomposes into the direct sum of subspaces
corresponding to the eigenvalues 1 and —1 of ¢;3. The boundary of a l-cocycle
is always symmetric, so the decomposition of cocycles gives a decomposition of
H*(M,C) = H*M,C)P¥™ @& H*(M,C)*™"¥™ It is clear that symmetric 2-
cocycles correspond to cocommutative extensions and viceversa, then smoothness
of C is defined as follows:

Definition 4.4 Given e cocommutative k-coalgebra (k a field), we say that C is
smooth if and only if H*(M,C)*¥™ = 0 for every cosymmetric C-bicomodule M.

Remark: The subspace H?*(M,C)?¥™ is analogous to the second Harrison co-
homelogy group for commutative algebras and symmetric bimodules {which is a
direct summand of the second Hochschild cohomology group). A similar Harrison-
type theory might be defined for cocommutative coalgebras, but we are not going
to consider other degrees because in practice, every property proved in this work
depends only on extension properties.

Next, we give an equivalent description of smoothness:

Proposition 4.5 The following facts are eguivalent:
1. C s k-smooth.
2. Given an extension of cocommutative k-coalgebras
0—=D—F—=M—20
with E = D AD (and so M is a D-cosymmetric bicomodule), and a k-

coalgebra morphism o : D — C, the following diagram may be completed
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with a morphism ¢ of k-coalgebras:

Proof: 2. = 1.)
Let M be a cosymmetric C-bicomodule and consider an extension 0 — C — F —
M — 0 with E cocommutative and the solid arrows diagram

0 E M 0

~
-
@

C
I
I
|+

C

as M is a C-bicomodule, it is also a cosymmetric E-bicomodule; the exactness of
the sequence is equivalent to £ = C AC. By the hypothesis, the sequence splits by
a coalgebra morphism ¢, then, as H?(M, C)¥™ classifies commutative extensions,
H*(M,C)yv™ = 0.

1.= 2.
Given an extension 0 — I — E — M — 0 where M is a cosymmetric D-
bicomodule, £ and D are cocommutative and ¥ : ) — C a coalgebra morphism,

consider the diagram

0 D E M 0
¢L ‘/E
0 C P P/C 0

where P = (C @ F)/ ~ and ~ is defined by (0,d) ~ (¢(d),0) for all d € D. Notice
that P is a cocommutative coalgebra which contains C (we write ¢ for the class of
(¢,0) in P and similarly for the elements of £), with coproduct given by:

Ap:P—=PoP

{ Ap(c) = Ag(e)
AP(E) = AE(E)
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Suppose that given ¢ € C and e € E, there exists d € D such that ¢ = 9(d) and
e = i(d), then (using Sweedler’s notation)

Ac(c) = Ac(¥(d)) = (¥ ® ¥)Ap(d) = ¥(d1) ® ¥(dz)

and
Agle) = Ap(i(d) = (I ®)Ap(d) = i(d, ) ® i(dz)

But ¢(d;) = i(d;) in P, so Ap is well defined (and it is coassociative and couni-

tary). Clearly, the map ¢ — P (c — (c, 0)) is a monomorphism.

We want to see that P = C A €, or equivalently that P/C is a C-bicomodule.
Taking into account that £ = D A D and that P/C = (0§ E)/~ = E/~, then,
for e € E, e ~ 0 if and only if there exists d € D such that e = i(d), then
Apsc((0,e)) = Apg(e) = 0. In fact P/C =2 M, the C-structure on P/C is induced
by the D-structure on M and the morphism 3.

Now by hypothesis C is smooth. As these extensions are classified by
H2(C, P/C)*¥™, which is null, it follows that there exists a coalgebra morphism
o : P — C splitting the exact sequence 0 — C — P — M — 0. Defining ¢ := O’OE
we obtained the desired morphism.

As in the case of algebras, the smoothness of the coalgebra € has consequences
on the structure of the comodule of differentials, as the following proposition shows:

Proposition 4.6 If C is a k-smooth cocommuiative coalgebra, then ﬂé 15 an
injective C-comodule.

Proof: Given a diagram
0—=N—>M
-
7
#
Q0
where M and N are €' comodules, and ¢, f are morphisms of comodules (i is a
moncmorphism), we need a morphism f extending f.

By the universal property of {25, f corresponds to a coderivation Vi : N — (.
Let us consider €' @ N as cocommutative k-coalgebra, whose structure is given by:

A:CEN—(CEN)@(CHEN)Z(CRC)P(CON)E(NRC)® (N N)

(e,m) | (AC(C)70_(n)7P+(n)70)
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and similarly for C & M (notice that cosymmetry of N implies cocommutativity
of C @ N). Then we have:

tde i .
0——=CaNYD e g M/JI(N)——0
e

-

idc@vfl .
£~

C

The dotted arrow v exists because (ids,1) is a coalgebra morphism and C & M =
(CHEN)A(CEHN).

As the above diagram commutes, it necessarily holds that v = ide @ D., where
D, : M — Cis a coderivation, extending V f. This coderivation corresponds to a
C-colinear morphism f, : M — Qé, such that f, ot = f, because D, o1 = V,.

As expected, the smoothness property remains true locally:

Proposition 4.7 Let C be a cocommutative smooth k-coalgebra, then Cg) is s-
mooth for any multiplicatively closed subset S of C'.

Proof: Let us consider an extension 0 — ) — K — M — 0 with D and F
cocommutative (and hence M cosymmetric), and a coalgebra morphism v : D —
Cs], composing with the canonical map Cg) — €', we have

i

0 D FE M 0
/
v /
/

!

CS] /oy

s
T /
¥

C

As C is smooth, the big triangle may be completed with u/, snch that u'oi = 7o .
Given s € S, sou'ot = sewovris an invertible element in D', as so7 is invertible in
(C[S])', 50, there exists ¢ € D' such that i*(so u')?: 1. As ¢* is an epimorphism,
there exists t € E’ such that i*(¢) = 7 and then, for some m € M’ we have
t.(souw') = 1+ m and this element is invertible because m is nilpotent (in fact
m? = 0). As a comsequence s o u' is invertible for all s € § and so »' factors

through Cigy.
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5 Local Coalgebras

In this section (where C will always denote a cocommutative k-coalgebra) we study
local coalgebras, i.e. coalgebras obtained after “localization by maximal ideals”.

Definition 5.1 Given C, a coideal D is a C-comodule provided of an epimor-
phism ¢ : C — D of (cosymmetric) C-comodules.

Remark: In this situation, Ker(¢) is a subcoalgebra of €, and as C-comodule,
D is isomorphic to C/Ker(¢). We also remark that this definition is dual to the
definition of an ideal in ring theory. There, ideals are subobjects of rings such that
their quotients are also rings; here, a coldeal is a quotient such that the Kernel of
the projection is a (sub)coalgebra. Our definition of coideal differs from Sweedler’s,
notwithstanding we prefer ours because of the reason exposed above.

With this definition the notions of maximal and prime coideal make sense.

Definition 5.2 A coideal D of C is called maximal if Ker(¢) is a one dimen-
sional subcoalgebra (necessarily isomorphic to the base field k).

If (D,¢ : C — D) is a maximal coideal and f : & — Ker(¢) is the corresponding
isomorphism of coalgebras, then e = f(1) is a group-like element in €. We shall
keep in mind in what follows this correspondence between “points” of the coal-
gebra, its maximal coideals and group-like elements of C. As an example, taking
C = k[z]° with k algebraically closed, k[#]° = ®aerkls].e®. It is casy to see that
the only group-like elements of C are the exponentials e**, then C has ‘as many
points as’ elements of k.

When £ is algebraically closed, maximal coideals always exist. This follows
because it is sufficient to find a group-like element of a finite dimensional sub-
coalgebra Cc C', and such an element always exists because there always exists
algebra morphisms C* — k.

Now, given a maximal coideal D in C, clearly €' — D’ is a multiplicative subset
of €', then we are able to construct Cler—p, which is a topological coalgebra. We
shall denote it by Cp.

We next define the notion of prime coldeals of a coalgebra:

Definition 5.3 A coideal D with kernel Kp of a coalgebra C is prime if the
restriction map

1

C* = Comc(C',C') — Comc(IfD,I\’D)

is such that for all f € C*, f|Kp: Kp — Kp is null or an epimorphism.
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Note that every maximal coideal is prime.

Definition 5.4 A coalgebra € will be called a local coalgebra if it has a unigue
group-like element.

Remark: given a maximal coideal D in C, the exact sequence
0—=kk—C—=D—0

splits by means of the coalgebra morphism ¢ : C — k, so localization is exact for
this sequence, then 0 — k — Cp — Dp — 0 is exact (kp = k because D' acts by
isomorphisms on %), so Dp is a maximal coideal in Cp.

There is a natural question arising at this point: how are coldeals of C' related
to coideals of Cg?

Let us look it from one side first:

Giving a coideal of Cpg is the same thing as giving a subcoalgebra of Cg) (the
kernel of the map from C[sy to the coideal]. If we have a subcoalgebra of Cpg), we
obtain a subcoalgebra of C' as follows:

Consider the diagram

0 B———Cs) —>Cls)/ E——0
00— 7 o i( H) C C L X 0
CHCs)/E

where X is the push-out of Cpg1/F and C over Cpgp: X = G —(00() €0}
A direct computation shows that Ker(p) = Im(x o i), so the diagram is commu-
tative and the rows are exact. We will denote Im(7 o i) by Im(E).

On the other hand, given a subcoalgebra of C: C — C, we obtain a subco-
module 5[5] of Cg) which is a subcoalgebra because 5[5] = 5[“(5)], and one can
ask when these constructions are inverse.

Starting with a subcoalgebra F of C|g, let us see that Im(E g = £.

As F is a Cg-comodule, £ = FEg). The inclusion 7 : Im(E) — € induces
a map g1 : Im{E)s1 — Clspp we claim that Im(ijg)) € E = Epg), in fact, given
{z1hes € Im{E)s), we know that zy € 7(i{et hes)) and tzyy, = xy, forall 5,1 € S.

Then ‘g({xt}teg) = {t_l.?(xl)}tes = {t_l‘xl}tes’. But Xy = t_l‘xl = t_l‘el =
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t~!.(t.e;) = e;- Then we have the following commutative diagram:

Im(E)[s) —=— Cls]

i
[s] J

b= B

As the localization of a monomorphism is again a monomerphism, Tjgy is injective.

Concerning surjectivity, if {e;hes € E, then e; € Im(E). We may take the
element {yies € (Im(E))[s) defined by 1 = &1, 3 = t~!.e;, which maps onto
{ei hies- ~

Next, we look for a necessary condition of those subcoalgebras C of C of type
Im(E) for some subcoalgebra E of Cpg.

Given a subcoalgebra C of C, it is always true that Im(a[s]) - € because
z € Im(a[s]) & z € Ker(p : € — CHC[S] C[S]/a) & (m,?) = ¢ in the
push-out & 3Jy € C|g) such that (z,0) = (7(y), —p(y)) & 3Ty € C|s) such that

(z,0) = (7(y), —y + 2) for some 2z € 5[51 & dy e 5[51 such that = = 7(y).

Assertion: If C belongs to the class of subcoalgebras we are considering, and ct
denotes {f € C* / f|z = 0}, then C+ N $ =10, because if not, Im(Crgy) = 0, and
then Im(a[s]) # C.

Lemma 5.5 With notation as above, Im(a[sl) =0 & 6[5] =4.

Proof: «) This is evident.
=) If Im(a[s]) is zero, then, using the commutativity of the diagram

Im(Crs)) —C
“i‘"’[sPCLSJT ™
é'V[S] é'V[S]

we obtain that the map = is null, and 5[5] = 0 because ex om = 0.

= £ -~
Cis) Clég

Lemma 5.6 If CLtnsS =0 then 6[5] = 0.
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Proof: The dual algebra C'is isomorphic to C'/GJ‘. Ifi:C — C denotes the
inclusion, then
i"(8)=45|z: s € 5}

Supposing Cins # @, there exists f € § such that f|z = 0, then 0 € ¢*(5), so
Crs1 = Crimsy = 0

Proposition 5.7 With the notation as above, given a mazimal coideal D of C
(corresponding to a subeoalgebra C = k.x of C), the coalgebra Cp = Cloi_p 18 a
local coalgebra (i.e., it has a unique group-like element).

Proof: Consider a subcoalgebra K of Cp corresponding to a maximal coldeal;
we have a commutative diagram:

0 K Cp CplK 0

L]

0——=Im(K)——C

As (Im([x))J‘ is a subset of D' = (k.;v)J‘, Im(K) = k.z, because they have the
same dimension.

As a consequence, if C'p has a maximal coideal then it is unique. Also, if
se s =0C"-D ={f e ¢/ f(z) #£ 0}, then s.x = (1 @ s)A(x) = s(z).z.

Then we can define the element {s(l—x).x}ses eIl (k.x)(s). Denoting by A, the

SES
element 3(1—1).;6, we have, for t € 5,

1 1
tAgy = ——t(z)e = ———t(x).x = A,
(st)(=) s(z)i(x)
s0, {As}ses € k.wps) = k.m(w). This proves that there is at least one maximal

coldeal (notice that the argument assuring the existence of maximal coideals was
stated only in the algebraic context).

We finish this section with a description of injective comodules overlocal coalge-
bras. In fact we will prove that given an injective comodule M finitely cogenerated
over a local coalgebra C, is C-free.

We need a previous result, which is the analogue to Nakayama’s Lemma for
algebras.

30



Lemma 5.8 Consider a cocommutative local coalgebra C and a C-comodule M,
together with an injection M — C™ for some n € N. Then, if the composition:

00— M —2 oM 2L K o M
|

A

is a momaoarphism for some subcoalgebra K C C, then M = Q.

Proof:

First step: suppose that M is a subcomodule of C.

As C' is cocommutative, M 1s a subcoalgebra and hence, if M # 0, it contains
at least an irreducible subcoalgebra, but there is only one, so k.o C M.

This last assertion is clear in the algebraic context (see [16]), for the topological
case it worths a proof:

Consider the inclusion k.z — C, by restriction it induces an algebra map
7 C' — (k2) = k with Kernel (k.z)L, which is a maximal ideal of €’. The
composition

C'—"= M ——M'[n((k.z))

is clearly a surjection, and (k;v)J‘ maps to zero, then it induces a surjection
(ko) — M'Jr((ka)t). Since C'f(k.2)t is a field, it is a monomorphism,
then M'/7({(k.z)1) is isimorphic to k and this proves that 7((k.z)L) is a maximal
ideal in M'. Dualizing the diagram

S

M —k
one obtains the commutative diagram
C” < C

I

M"~——M———<k
A 1
_

The dashed arrow exists because M = M N C, as x is the image of 1 € k, the
assertion is proved.
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If K is another subcoalgebra of ¢, by the same argument k.2 C K. By
hypothesis, the composition M — C ® M — C/K ©® M is injective, but the
element x € M is on the kernel of this composition; this is a contradiction unless
M = 0.

Second step: Let us take n =min{m € N / M is embeddable in C™ }.

The case n = 1 has already been studied, then suppose n > 1. Let ¢ : M — C™
denote the embedding and take N = M N qS_l(C"_l @ 0).

If N = 0, then the composition M—¢>C’n I~  Is injective, because if
m e MNKer(r, o¢) then 7,(¢(m)) =0, m € N = {0}, and this contradicts the
minimality of . Then N # {0}. Now consider a subcoalgebra K of C and the
diagram,

N CaoN C/Ke N

]

M—sCoeM—C/Ka M

If the bottom row is a monomorphism, then the top row is too, since the colummns
are monomorphisms. Also ¢|y : N — ™! & 0 is injective; by the inductive
hypothesis N = 0, and this is a contradiction.

When the coalgebra C is algebraic, Lemma 5.8 can be generalized as follows:

Corollary 5.9 Let M be a C comodule (not necessarily finitely cogenerated) where
C is a cocommutative local (algebraic) coalgebra. Then if the composition:

0—=M—2C o MZELC/ KoM

| S

is @ momorphism for some subcoalgebra K C C, then M = Q.

Proof: Consider N an arbitrary finite dimensional subcomodule of M, then, if
(7 @ isar) o pps Is a monomorphism, its restriction to N is so. Since a finite
dimensional comodule is finitely cogenerated (consider the structure morphism
N -=CeoNZ Cdim"(N)), Lemma 5.8 holds for N and then N = 0. But M is the

union of its finite dimensional subcomodules, then M = 0.

Proposition 5.10 Let C be a local coalgebra and M an injective finitely cogener-
ated C-comodule. Then M is a free C-comodule.
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Proof: Let us suppose M # 0 and let n be as in the proof of the above Lemma.
Consider the diagram,

0 M cn

I

0——(kz)" "M ——(kz)"

1. M n(kx)™ # {0}
Identifying M @ C as a subspace of " @ C = (C foze} C')” and then considering the
composition
M—-CeM—ClksoM

we see that the image of an element m € M is zero if m = (my,...,m,) Is an
element of the type (e(mq )z, ..., e(my, )2z), so if M N (k.z)” = 0 this composition is
injective and by Nakayama’s Lemma M = 0 (a contradiction). Then M N (k.z)"
is a proper subspace of (k.x)®. Let {mq,..., m;} denote a base of it.

2. Consider the map €® : O™ — (k.z2)"” ( (€1, ...y 0 ) — (€(€1), ooy €(cy ) and the
map ¢ : M — C° =C @ (k.m; & ... ® k.m;) given by
d(m) = m_; @€ (myg)

Notice that e*(M) C (k.z)* " M = k.n; & ... & kon,. Since ¢ is a morphism of
C-comodules, then Ker(¢) is a subcomodule of M. We want to show that it is

zero. But looking again at the composition

Ker(¢p) ——=C @ Ker(¢p) ——=C/k.z @ Ker(¢)

| [

M————=CaM——>Clkza M

we observe that ¢|(x.»)» = id o)~ and hence Ker(¢#)N(k.z)" = 0 then Ker(¢) =0
again by Nakayama’'s Lemma.

3. Next we want to show that the cokernel of ¢ is zero. Let us write Ky the
cokernel of ¢ and consider the short exact sequence

0—M —-C°— K4y —0
As M is injective, the sequence splits, and C° = M @ K. But Kz N (k.mqy @
.. ® k.m,) = 0 because (k.my @ ... kom,) = (k)" N M and Ky N M = 0. This

33



proves that K, = 0 because (k.m; & ... P k.m,) is the kernel of the composition
C° = C®C° — C/kxr®C® which induces by restriction the composition Ky —
C oKy — ClhaeK,.

We conclude this section with a Lemma that will be necessary later, but which
is also interesting on its own.

Lemma 5.11 Let C and D be two cocommutative k-coalgebras with k = k. Then
1. If C and D are local, then C @ D is also local

2. if C and D are smooth, then C @ D is also a smooth coalgebra.

Proof: 1. Concerning the ‘local’ part of the Lemma, we remark that C @ D is
the product in the category of cocommutative & coalgebras, the ‘projections’ being
pe =1®@e: CRD = Cand pp=e®1:C@D —D. If¢: F— CxDIis
a coalgebra morphism and E is cocommutative, then ¢ determines two coalgebra
morphisms ¢ = pc o @, ¢p = pp o ¢, and ¢(z) = ¢dc(z) @ ¢p(z) for all z € E.
If e is a group-like element of C ® D then it corresponds to a coalgebra morphism
k — C ® D, and as a consequence of the above argument e must be of the type
e = ec ® ep with e (resp. ep) a group-like element of C' (resp. D). But if C
and D have unique group-like elements, then a group-like element of C' ® D is also
unique.
2. We now focus our attention in the ‘smooth’ part. Let

0—-C@D—FE—=M—20

be an extension of cocommutative coalgebras with £ = (C @ D) Ag (C © D). We
must produce a coalgebra splitting. Consider the following commutative diagram:

0 D Ed®,, D ——Mp——0
A
0—=CgD FE M 0
A
0 C Eédy, C —= Mz ——0

where Mc and Mp are the respective Cokernels (which are cosymmetric). By
diagram chasing, one see that the induced maps M — Mg and M — Mp are
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both surjective, so Aps, =0 = Ay, or in other words, E &, C =C Agg,_c C
and similarly for E &, , D (notice that both are cocommutative coalgebras). Now
by smoothness of ¢ and D there are coalgebra splittings of both extensions; let
us denote them by s: IZ Fpo C = C and t: F Cpp D — D. Composing with the
canonical projections I — FE Ppo C and £ — F Dy, D we obtain two coalgebra
morphisms § : E — C and T : E — D, the coalgebra morphism (5§ @ T) o Ap :
E — C ® D is the desired splitting for this extension.

6 Return to the comodule of Kahler differentials

In this section we shall prove some facts about the comodule of K&hler differentials
of a cocommutative coalgebra €, and further results for cases local and smooth.
Given a cocommutative coalgebra C and a coideal D, consider the usual exact
sequence 0 — K — € — D — 0 (K is asubcoalgebra) and let 4 be the composition
+ id@n
map p—opec-"2pDeD:
Lemma 6.1 Given a subcoalgebra K of C, then Ker(y) 2 (K AK)/K.

Proof: We recall from [16] that KARK ={ze C [/ Alz) e COR+ R @C} =
Ker((rg ® 7 ) o A) and we have the inclusion K — K A K. Also K A K =
Ker(m o). Consider the commutative diagram

0—— K ——Ker(noy) — Ker(y) —0

A
|
|

0 K KAK (KAK)/K——0

The map (K AK)/K — Ker(y) exists by direct inspection, and by the five lemma
it is an isomorphism.

Remark: In the dual situation, K A K corresponds to 72, namely, if K = I+ then
K A K = (I*)* (see for example [16].

The comodules of Kéhler differentials of both coalgebras are related by the
following proposition:

Proposition 6.2 1. There is an exact sequence of C-comodules

10—l — QL0 K —2= Ker(v)
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2. If D is a maximal cotdeal, so that K = k.x, the monomorphism ﬂéﬂck —
Ker(v) is an isomorphism.

Proof:

1. The map i is defined as the composition of the inclusion of O} = Sym(K @
K/A(K)) C Sym(C @ C/A(C)) = 25 with the structure map giving the isomor-
phism L = QLOcC. We notice that if an element z belongs to Q1. C O}, then
p(z) € Qtlj @ K, then the image of the above composition is included in QéDCI(.

The map é is defined by 6 = pro(d®e) : QLOcK — Ker(y) whered : QO — C
is the universal coderivation, as defined in section 1 and px : € — C/K is the
canonical projection. The image of d®e is contained in KX A K because the domain
is Q'O K and not QéDCC.

It is then sufficient to prove that, for each K-comodule 7', the following se-
quence is exact:

0 — Comp (T, %) — Comp (T, Q406K) — Comy (T, Ker(y))

By the universal property of Q}f, the first term is Codery (T, K), the second cne
is (by adjunction) iscmorphic to Come(hx (K, T),Q(lj) which is isomorphic to
Codery(T,C). The third one may be considered as embedded into Comc (T, D),
so we get

0 — Codery (T, K) — Codery (T, C)y — Com (T, Ker(v)) C Come(T, D)

Observe that hgx (K,T) exists for all T, because K is a quasi-finite C-comodule
(for a definition of A see for example [6]).
The exactness of the above sequence follows by a direct computation.

2. From 1., when D is maximal we have a monomorphism ﬂé Ock — Ker(y)
(notice that O = 0 because Codery (7, k) = 0 for all k-vector spaces T'). Denoting
by e the group-like element corresponding to D, then K = k.e and Rer(y) is a
k-vector space, with the structure defined as follows:

Given = € Ker(v), p¥T(z) € Ker(y) ® C (as Ker(y) is a C-comodule). Moreover,
pT(z) € Ker(y) @ k.e, as the following diagram shows:

Ker(y) ¢ D “~DaD
|
\LP+|K”<7) JP+
0—=D @ h.e D&cC D@D—>0
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The inverse of the map 250k — Ker(y) can be constructed as follows:
Since

Comy (Ker(y), Qél:lck) = Come(hi(k, Ker(y)), Q,lc) = Comg(Ker(y), \Qé)

and the last one equals Codery (Ker(y), C), we can define instead a coderivation
from Ker(y) into €. The map f : Rer(y) — C defined by f(z) = 2 — e(z).e is
well-defined and it is a coderivation (this last statement is easily verified). The
k-linear morphism f: Ker(y) — Qél:lck obtained from f is the desired inverse.

In order to see that, we shall make more explicit the formula for f
The colinear map f corresponding to f is defined as f(&):=(1& f)p~ (%) =

=[r1 ® f(T)] ® 25 = [11 @ (72 — e(72).e)] ® @5 =
= —[z; @e(zle] @2y = —[7; ®e] @wa =
=—[z; @e]lQe(mle=—-[rRe]®e
The composition § o fis easy. Let us consider x € (k.e A k.e)/k.e, then
S(HE) =6(-[roeoe)=—cr)e—x=7
For the other composition we will use the equation
Eow]Qu,®e=[5uw@nRe=zr0uw]|®@eRe

which is verified for all elements [z @ w] ® e € ﬂéﬂck‘e. Applying d ® 1d ® ¢ we
get the formula

(e(z)wy — ze(wy)) @ wo = (elz1)w — z1e(w)) R 2 = e(z)w D e —e(w)z @ e
or equivalently
(AW — 2B w=w e 2 — (w)A(2) = (2w ® e — e(w)z @ e

With this formulae in hand we can check the other composition:
Follz 0w @e) = fle(z)w — e(w)z) =
= (u e Bt [(wrodoe

Now, using the equality e(2)w @ e — e(w)z ® e = e(2)A(w) — 2 ® w, one has that

[f(Hlw@e@e—ld(w)z@e@e=[rauw]aec

When K is a smooth subcoalgebra of €, the previous proposition can be made

more precise:
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Proposition 6.3 In the situation of proposition 6.2, if K is smooth, the sequence
0 — \Q}( — Qél:lcf'\’ — Ker(y) — 0
15 split exact.

Proof: We only have to prove that the map 25 0oK — Ker(y) is split surjective,
but this is equivalent to the fact that the induced maps

() Comp(T, Q-0 K) — Comp (T, Ker(v))

are surjective for every K-comodule T. The domalin is isomorphic to
Comp (hi (K, T), Q,lc) = Coderc (T, C).

First remark: given a coderivation 6 : T' — C (where the K-comodule T is a C-
comodule by the inclusion K — C), one has that Im(é) C Rer(w o) (and there
is an exact sequence 0 — K — Ker(m oy) — Ker(y) — 0)

Second remark: the map 706 : T — Ker(y) is K-colinear.

Third remark: if K 1s a smooth coalgebra, we look at the exact sequence

T s

0—K - ~c- __p—>0
and think of D as K-bicomodule with null coalgebra structure. Then the sequence
splits, C is isomorphic (as a vector space) to D@ K and r is a coalgebra morphism.

If #' : C — K is another coalgebra morphism, then ros : D — K is a coderivation.

Given f : T — Ker(y) a morphism of K-comodules, we construct the diagram

0—=K-—-->E = T 0
JPJ. Jf
0—— K ——Ker(yor)——=Ker(y) —0

where E is the pull-back of f along 7, thatis, E = {(¢,t) e CT [ f(t) = 7(c)
and y7(c) = 0}. The diagram may be completed with the dashed arrow after
noticing that K is the kernel of the projection on the second factor ps. Also, as
K is smooth, and E is provided of a coalgebra structure, E = K & T. Then we
obtain a coderivation §; : T' — K, and hence the map (*) is an epimorphism. In
particular, choosing T' = Ker(vy) and f = id, we get the splitting of the sequence.
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Corollary 6.4 In the situation of the proposition, if C is smooth then Ker(y) is
a K-injective comodule.

Proof: As we have a retraction of QL0oK — Ker(y) it is enough to see that
QlcElc['\’ is K-injective, but as € is smooth, Qé is C-injective and so Qé O K is
K-injective.

Remark that the proof above implies that if ﬂé is finitely cogenerated as C-
comodule then Ker(y) is finitely cogenerated as K-comodule.

If K corresponds to a maximal ideal then K is local, the above map is an
isomorphism and Ker(y) is a free K-comodule (Ker(vy) = K™ for some n € IN).

Looking for a moment at the dual situation (an ideal I of an algebra A and the
quotient algebra A/I) it is clear after the corollary that the object corresponding
to Ker(y) is I/I°.

The statement “Ker(y) = K" is much less clear that in the case of algebras,
because we cannot speak of generators or linear combinations, so it becomes nec-
essary to express it in terms of morphisms. If Ker(y) &2 K7, then we can take
duals, obtaining Ker(y)* Z (K™)*. But (K*)* Z (K™)", and the meaning of
Ker(y)® 2 (K*)" is clear.

Let us suppose for a while that n = 1. Denote by uw: Ker(y) — K the isomor-
phism and by f the element v*(¢) (where ™ is the isomorphism v* : K* — Ker(y)*
obtained as the transpose of u), f € Ker(y)" = (K A I’\’/I‘f)* = D*/(D*)? (remark
that D* is an ideal of C'*).

Also Ker(v)* isembedded into Ker(yon)* (thinking of f as 7of € Ker(yon)*),
and we look at f o 7w as an element of (K A K)*, vanishing over K.

Comnsider the short sequence

0 K oYl o 0

The composition is clearly zerc as K is a subcoalgebra and K = Ker(n). Counsider
also the short sequence

(*) 0——=Ker((f om).) oYl o 0

In the case (*) splits (notice that in the algebraic case this is not an additional

assumption and in the topological case the map A : € — C° always splits by
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means of € ® 1), by dualization we obtain the commutative diagram:

0 K* o Lo o 0

l (for). ‘

0=——~Rer((f om).)* c* C* 0

The right horizontal map is a monomorphism (this is known to be true as in this
case D*/(D*)? is a C*/D*-module of rank one, generated by the class of (f o 7)).
By the same reasons, we know that both sequences are exact. Then we have that
K = Ker((f or).) and that the map (for).: C — C is an epimorphism, and this
gives the exactness of the above sequence. In this case, we have just obtained a
“small” injective resolution of K as C-comodule.

Now we return to the general case, giving an analogue of the Koszul complex
for algebras. The following theorem will then allow us to construct a resolution of
the coalgebra €' as €®-comodule which leads to the proof of the coalgebra version
of Hochschild - Kostant - Rosenberg theorem (Theorem 8.1):

Theorem 6.5 Given a cocommutative smooth coalgebra C which is also local
(hence every subeoalgebra is local), let us consider fy, .., f, € C* = Come(C,C)
and K = N_, Ker(fi.). If Upen(ATK) = C then the fellowing statements are
equivalent:

1. (K AK)/K ts a free K-comodule, finttely cogenerated (ve., (K AN K)/K =
@& K.f;) and @neNAn'H['\’/AnI’( is isomorphic to the K-free cocommuta-
tive coalgebra on (K A K)/K, that is
®nEN AP RJAYK =2 K@ sh(k™), where sh(k™) is the graded dual coalgebra
of the symmetric algebra S(k™).

2. The sequence 0 — K — C — @F_Cfi — ©ig; CHLAF — e CHhALAS, —
0 is exact.

Remark: The condition U, ¢nyA™ K = C corresponds in the algebra case to having
an ideal I € A such that N, enI™ = 0.

The proof of the theorem will be obtained in section 8, we shall principally
spend the next section in the study of the graded coalgebra @;(A'TP K/AK)
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7 The associated graded coalgebra and a struc-

ture theorem

In this section we give a description of C in terms of a shuffle coalgebra (Theorem
7.4 and Proposition 7.5). It enables us to finish the proof of Theorem 6.5 by means
of an inductive argument.

In case n = 1 we have already seen that statement 2. is equivalent to the fact
that

(2") f.:C — C is an epimorphism
In this situation 1. clearly implies both. As an example, we shall see now how (2.)

implies (2.) for n = 2.

Example: Suppose that K = Ker(f;.) N Ker(fz.) and that f,. : € — C and
folreripy t Ker(f1) — Ker(fy) are epimorphisms, then consider the sequence

) 8
0 K© C - Cfh @ Cfs——>C.f1 A fa—>0

Suppose that (¢,e') € Cfy & Cfy is such that 0 = 83(c,¢’) = fa.c — f1.¢/, then,
as f1.: C — C is an epimorphism, there exists ¢ € C such that ¢ = f,.2 and we
can write (c,c') = (f1.¢,¢'). Considering the element (¢, ¢') — §,(€) = (0, — f5.9)
we have that 0 = 65(0,¢' — f2.8) = f1.¢' — f1.f2.2 = [1.( — [2.€). As (f2.) is an
epimorphism when restricted to Ker(f;.), there is an element d € Ker(f;.) such
that fo.d = ¢/ — 5.2 and this proves the exactness in C f; & C f5 (which is the only
non trivial one) because if é5(c,c’) = 0 then

bi(c+d) = (H(E+d) fr(c+d) =
= (f1-& faC+ foud) = (¢, f2.€ + ¢ — [3.€) = (e, ")
Next we want to describe @;A' 1 K/A'K when (K A K)/K is isomorphic to
K™,

Proposition 7.1 Let C be a cocommutative coalgebra such that every epimorphic
image of C is a finttely cogenerated C-comodule and (K A K)/K as above, then
the following diagram

T

0 K C C/K——0
7
L —
T I
[ A4

(K AK)/K Kn s m
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may be completed so as to mantain commutativity, to a morphism of C-comodules
Y C/K — C"; moreover, iy is a monomorphism.

Proof: The existence ofa is guaranteed by the injectivity of C® as C-comodule,
and Ker(y) is a C-subcomodule of € /K. In order to prove that Ker(y) = {0},
consider the diagram

Ker(§) —2 Ker(§) @ € —22% Ker() @ C/K

& li@id
+

C/JK—2 /K o0 —28" /K @ C/K
The composition (id ® 7)o p* equals v, and (¢ & idoyr ) is a monomorphism as
C/K is k-flat. Given x € I’(er(@), if » G_I’(er((id @) opT), then » € Ker(y) =
(KAK)K,soxe (KAK)/K ﬂ_[’(er('e//) = Ker(y), but ¢ is a monomorphism,
then = = 0. By Lemma 5.8, Ker(y) = 0.

Consider now the casen =1 (l.e. (K AK)/K = K), then the map f.: C — C
is defined in the following way:

l /// j
/ K

.

(K AK)/K

Where f. is defined as the composition of 7: C — C/K with the extension of
the inclusion K — C, looking at K as a subcomodule of C/K via the isomorphism
K= (KANK)/K c C/K. Clearly Ker(f.) = Ker(w) = K, as the extension
provided by the above proposition is injective.

With this definition of f., the following diagram is commutative

0 K KAK (KARK)/K——0

0 K KAK : K 0
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As a consequence f.: A?K — K is an epimorphism.

We can now prove:

Proposition 7.2 IfU,cnyA"K = C, then the following statements are equivalent:
1. f.: C — C is an eptmorphism
2. gr(f): GpenA" T KA K — @oenA* T K/APK is an isomorphism.

Proof: One can first observe that gr(f.) : DpenA" T K/AK — @penA T K/AMK
is always a monomorphism, because given z € A"T'K, then fo € A"K (z €
A"TIK & 7"A"z = 0 & f".z =0 = fx € A"K). But f.ox € A" 'K if and
only if 0 = 7" ?A" 2 fx = (f @ )7 'A" 'z, and as f. : C/K — C/K is a
monomorphism, then 7" TA" " 1x =0, so x € A" K.

Also, as Kt =(fy=I1,I*={ceC [ yle)=0, Vye I} = Ker(f.) = K, and
as I" =< f* >= (A"K)L, then Ker(f".) = (I™)* and so (1) implies (2).

Let us now see (2) = (1):

Given o € C, as U,ewA"K = C, we can choose n such that # € A"K and
r ¢ A"TTK. SoT £ 0in A"K/A" K. As gr(f.) is an isomorphism, there exists
7 € A" K /AK such that gr(f)(7) = . Then foy —x = » € A" 'K. By
inductive hypothesis, there exists #' € A K such that z = f.2’. In order to finish
the proof, remark that the case n = 1 is easy, as A°K = 0.

Remark: By induction, the above proposition provides the equivalence between
the following statements:

(1) feo: My Ker(f;.) — Mie; Ker(f;.) is an epimorphism

(2) gr(fi): @pZDAHIEi/AIEi — EB;ZOAH'IKZ-/AIKZ- is an isomorphism
where K; is by definition Mi<; Ker(f;.).

Tt also shows that in the 1-dimensional case, we need to prove that
gr(f) + @penA"TIK/AMK — @penA"TIR/A™K is an isomorphism. Tt is then
sufficient to prove that gr(f.) : @penyA" T K/A"K — K is an epimorphism. In
fact, we shall characterize @,y A" TP K /A" K as a shuffle coalgebra. In the algebra
case the corresponding statement concerning ™ /I™+! follows after noticing that
I = {(f)is not a divisor of 0 because {0} is a prime ideal.

However, the existence of chains of coideals will be guaranteed by a stronger
result, which is in fact a structure theorem for local smooth coalgebras.
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Given a smooth local coalgebra € such that U, A" K = C (where K = k.¢), N5
is C-free of rank dimg ((K A K)/K). We want to prove that if ¢ € Como(C,C) =
C™, then ¢ = 0 or ¢ is an epimorphism (i.e. {0} is a prime coideal). Notice that
in the topological case, we implicitely assume that the equallity U, A" K = C
includes the topelogy, i.e. that the topeology of € is the inductive limit topology
of the system {U,cm A" K}ien. An example of leal smooth coalgebra verifying
this condition is the coalgebra of distributions over the real line supported at the
origin. In this case the Dirac measure é; is the group-like element, a basis is given

by {6 em, and AF(C.60) = (80, 6, 6573

Lemma 7.3 IfC is local and \Qé = O, then there exists a coderivation D : C — C
and an element x € C* such that ro D = ¢.

Proof: A coderivation D is obtained by composition of the isomorphism
C — \Qé with the universal coderivation 4 : \Qé — . The universal prop-
erty of \Qé with respect to coderivations implies that B’er(ﬁ) does not have
non-trivial subcomodules, because if NV is a subcomodule of Ker(ﬁ), then, de-
noting by « the composition of the isomorphism C = ﬂé with the inclusion
N C €, as Come (N, QL) corresponds to Coder(N,C) by means of d, then
5|N=dooz=0¢>oz=0,soifN§['\’er(ﬁ) then oo = 0 and then N = 0.

Dencting by e the group-like element of €', as k.e i1s a subcomodule of C,
the above paragraph shows that 5(8) # 0. Then there exists » € C* such that

x(fj(e)) # 0 (le. xo D ¢ (C/K)*). As C* is a local algebra and (k.e)t =
(C/K)Y* CCr, zoD is aunit in C*. Sotake u € C* such that u*(xoﬁ) =cand D =
fjo(u.). Taking into account that co D = (6®€)A5 = (€®eoﬁ)p_ +(eo]5®6)p+
then eo D) = 0, we have that

#.D(c) =D(z.c)+ (xoD)c= 5(uxc) +(zo fj)uc = ﬁ(umc) +c

applying € we obtain z(D(e¢)) = e(x.D(c)) = e(fj(uxc)) + ¢(c) = e(c). Moreover,
we may suppose that z(e) = 0, replacing = by x — x(e).c if necessary.

We remark that as D is a coderivation, the quotient C = C/Im(D) is also a

coalgebra.

Theorem 7.4 In the conditions of the above Lemma, C = e sh(k.z) (where
sh(k.z) denotes the shuffle coalgebra on the generator z, i.e. the graded dual of
the polinomial ring klz]).
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Proof: With the notations of the above proof, given ¢ € C* such that t(e) = 0,

consider the expresion
n

(D, () = 3 21"

» >0

We have a well defined map E(D,t) : C — C because as C = U, A"(k.e), then
given ¢ € C there exists ng € N such that ¢ € A"(k.e) for all » > ngy and so the
sum is finite as t®.c = 0 for n > ng.

Let us take £ : C — C defined by

B(e) = B(D, —x)(e) = 3, D

n>0

It is easy but tedicus to see that Im(FE) = Ker(z.) (one inclusion is obvious, if
¢ € Ker(z.) then ¢ = FE(c¢), for the other inclusion one must use a commutation
formula for x. and D®).
Now we define a map
p:C—=Cw® sh(k.x)

C E e x”
‘TLZD

(which is a finite sum), whose inverse is given by

W:C @ shlk.aw) — C

ZE@;U” — Z DR—TE(cn)

»>0 »>0

In order to see that both are coalgebra maps, it is necessary to proceed by cases,
but no difficulty arises. When verifying that both compositions are the identity,
one should use the following facts:

1. Ezk &20

i=0 (2k—1)%!

2. 2.0 D =Doz. +¢

3. E(¢)—c e Im(D)
b (220) g
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_ D"E(z" .c
5 ¢= zn>0

n!

Remarks: 1. By means of the above isomorphisms, the map x. acts on 5®sh(k..r)
in the following way: it is the identity on the first coordinate and it acts as a
coderivation on the second one. As a consequence, it is an epimorphism.

2. The element z of the above result may be chosen as f. In order to do so, it is
sufficient to prove that f o D is a unit in C*. But f o D is a unit if and only if
f(D(e)) # 0. Now, f.D(e) = (f oD).e + D(f.e) as e is group-like. But f(e) = 0
then f.e = 0, so f.D(e) = (f o D).e = f(D(e))e. We want to prove then that
f.(D(e)) # 0. This statement is true if and only if D(e) # A.e for any A € k.
But if D(e) = A.e, then A = e(D(e)) = 0, and this is impossible as, for example,
z(D(e)) = 1.

Proposition 7.5 In the above propesition, C is isomorphic to k (in fact, C is
identified with k.e).

Proof: As Im(D) C Ker(¢), we have an obvious surjective map C = C/Im(D) —
C/Ker(e) = k.e. Also, there is a map

ke —C

e ¢

This map is not null because E(D,—f): C — C is a coalgebra morphism whose
image equals Ker(f.) = k.e. Asglel]=e®1 +ﬁ® z+...=€® 1+ 0, the fact
that ¢ is an isomorphism implies that € % 0.

The composition k.e — C — kelis obviously the identity. Consider the other
composition:

c — e(c).EHmzsz

where the equality m = % follows using E(c) = (¢ ® 1)A(E(c)).

The above description of C can now be used in order to obtain a description of
gr(C) = ®R>DA"+1I‘C/A“I‘\’. We look at the subcomodule Ai(k.e) in ¢ ® sh(k.x)
via the isom_orphism ¢. For example when { = 2

(keyn(ke)=Ker(n@m)=ke®kl®hkekrZked (keAke)fke
in general AR = (ke@ kYD (ke kx)d ... (ke kacl) Then gr(C) =
EBizo(k-E Q@kzr)=ke® (@izok.w”).
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We are now able to treat the case dim; ((KAK)/K) =n = dim (KAK)/K)*
and prove Theorem 6.5. Denote by {f1,..., f» } a basis of ((K A K)/K)*. As we
have K™ & (K AK)/K C C/K, the restriction gives a surjection K+ = (C/K)* —
((K A K)/K)", so we will consider {fy,..., fo} as elements of K+ < C*. Tn this
sitnation, define C as the C-subcoalgebra C = Ker(f;.) and K= Ker(fi)NK =
K.

Lemma 7.6 With the notations as above, C is a smooth coalgebra.

Proof: Consider an extension 0 — C — F — M — 0, where F' is a cocom-
mutative coalgebra, M is an F-bicomodule and F' = C Ap C (and then M is a
C-bicomodule). We want to prove that the sequence splits. As € is smooth, the
last row of the following commutative diagram has a splitting

0——=C—%CAcC—=(CAcC)/C—=0

A
| .
0 o F ! M 0
-
T
£ H
0——C —F o0 M 0
3k

where F' @50 is the push-out.

By hypothesis, F'= {z € I/ / A(z) € y(C)®@ F' 4+ F @ y(C)}. We define a map
H:F — C by H(#) = h((2,0)). Given a morphism of coalgebras f : C — D, if
W,V C C then f(VAcW) C f(V)Ap f(W), we have that Im(H) C CAsC.

Next, we recall that Im(E) = Im{(E(D;,—f;)) = Ker(f;.), therefore we a have
map I : C Ac C — C and E'E = idz. As a consequence, the composition E o H
splits the extension 0 — € — F' — M — Q.

Remark: C is a local coalgebra (since it is a subalgebra of €', which is local).
If we consider the ccalgebra C = Ker(f1.), then the rank of Ql? =n — 1 and,
by an inductive argument, gr(E) = BsoATIK/ANK Z he® (@ k[zs, ,xn]l)
= i>0

where k[x,, ..., 2,]; is the i'®-component of the shuffle coalgebra on n— 2 generators;

in fact C = k.e @ sh(k.2y & ..ka,) and (K A K)/K 2 @7 k. f;.
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Next, we shall make use of the following bicomplex:

0 | 0 0 0 |
[ [
[ [
0 K : c GL,Cfi— —=C(fo A Afr)—>0 !
| |
fi1- I —f1- fi- ES e I
| |
0 K | C B Cfi—— ——CAfa A oA fr)—0 |
| |
| |
| |
j’ _— — b - _- - - D e D e e e e e ] = = = = =
0 K - c B, C fi— = CA(fa A A fr)—0
0 0 0 0
By hypothesis, the columns are acyclic (counsidering the case n = 1), and j

induces a quasi-isomorphism between the complexes (0 — K —0— ..} and
(0 — ¢ — EBf:QE.fi T E(fg A .. A f,) — 0), which is, in turn, quasi-
isomorphic to the total complex of the bicomplex inside the dotted area.

So we obtain that the sequence

0— K —C — @& C.fi = ®ie; CHiNT)— o = C(iA.ANf)— 0

is exact, which proves Theoren 6.5.

8 Proof of the main Theorem

The aim of this section is to calculate Hoch™(C') for a smooth coalgebra C. Since

we make use of simplified resolutions, we consider two kind of situations.

Theorem 8.1 If C' is a cocommutative coalgebra satisfying one of the hypothesis
below:

o C is a smooth algebraic coalyebra and ke; A k.e; is finite dimensional for
every group-like element e; € C.
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o C is a smooth local topological coalgebra provided of a topology verifying
Proposition 1.2,
C =Upen, A" (k.e) (e being the unique group-like element of C') and k.eAk.e
is finite dimensional.

then Hoeh™(C) is isomerphic to the exterior coalgebra on Q.

Proof: The following argument allows us, when considering an arbitrary cocom-
mutative smooth coalgebra C, to reduce the problem to the local case. It works
for “algebraic” coalgebras, but it does not work for topclogical coalgebras.

Given then an algebraic cocommutative smooth coalgebra ', it is well known
([16], Thecrem 8.0.5, p.163) that C' = @,¢;C; where I indexes the set of irreducible
subcoalgebras of €. As C is a coalgebra over an algebraically closed field k, each
C; contains at least a group-like element e;, and it cannot contain two of them
due to the irreducibility of C;. Then each C; is local.

Let us denote by A a set indexing the finite subsets of I and by {I,},ea the
set of all finite subsets of I. Then C =lim ®,;e7, C:, and as Hoch™ commutes with

A
direct limits, assuming the theorem for the local case,

Hoeh™(C) =lim Hoeh™(Pier, C;) Zlim ®er. Hoeh™ ( C;) =

A A

Bigr Hoch™(C;) = @ierA™(2]) =

[

= A" (BierQe,) Z AT(Qr)

where the second eqguality follows from the Mayer-Vietoris property of Hock™ (see
[10)).

In the local smooth case (for both situations), the existence of a simple res-
olution allows us to compute in an easy way the cohomology Hoch"(C). We
know that Hoch™(C) = Cotorl.(C, C) and that C° is a smooth local coalge-
bra (see Lemma 5.11). Let & be the unique group-like element in €¢ (in fact
€ =e®e = A(e), where e is the unique group-like element of C'). We have that
A C — C° is a monomorphism of coalgebras and, as € and C° are smooth,
then ¢ = A(C) = N, Ker(f.), U;APC = C°, for a certain “regular sequence”
{fis.oes fn } in the sense that

0—-C —=C° =6 C.fi = Bi;C(Hinf;)— .. = C (i AN...AF)— 0
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is an exact sequence. Then Cotor’.(C,C) =
= H*(O — ' — EB:L:IC.fi — @i<jc(fi A f]) — .. — C(fl A A fn) — 0)

Using an analogue of the Kiinneth formula for coalgebras (see [7]) this is the

cotensor product of the cohomology of the complexes

0 cf“c 0

In other words, Cotor’.(C,€') is a graded coalgebra isomorphic to the exterior
coalgebra on Coterl.(C, C). Since one always has an isomorphism Cotorl. (C,C) =
HachJ(C) = 2L, the proof is complete.

Conjecture: The reciprocal statement to the Hochschild - Kostant - Rosemberg
theorem proved by [3] and [2] suggests that in the coalgebra case the fact of being
smooth is equivalent to the above isomorphism.
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