PROJECTIVE SPACES OF A C*-ALGEBRA

ESTEBAN ANDRUCHOW, GUSTAVO CORACH AND DEMETRIO STOJANOFF

Abstract. We define the notion of projective space Proj(A,p) of a C* -
algebra A, for any fixed projection p € A. In this space we consider several
metrics: the chordal, spherical, pseudo-chordal and non-Euclidean metrics.
These metrics are defined in terms of natural homeomorphisms established
between the projective space and the Grassmann manifold associated to p
and between the unit disk of Proj(A,p) and the space of elements of A
which are positive and (2p — 1) -unitaries. These notions are generalizations
of the projective matrix spaces studied by B. Schwarz and A. Zaks. We
show minimality and uniqueness of the geodesics for the spherical and non-
Euclidean metrics. A holomorphic manifold structure is defined in Proj(A, p)
and a homogeneous reductive structure given by the action of the group
of invertible elements of A via the space of projectivities, which is also
characterized. Several characterizations (finite points, unit disk, domain for
Moebius maps) are given in terms of the different metrics.

1. Introduction.

There are several papers ([Ph], [Br], [Z]) treating the topological and metric prop-
erties of the space P = P(A) of selfadjoint projections of a C* -algebra A. These
properties are used to obtain invariants for the algebra A (see [Z] for instance).
Many of these invariants have to do with problems concerning the length of curves
in P. There are other papers ([CPR6], [PR], [W]) studying P as a differen-
tiable manifold (in fact a complemented submanifold of A ). From this viewpoint,
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problems concerning length of curves - e.g. characterization of curves of minimal
length among the curves joining the same endpoints - can be treated using varia-
tional principles, in an infinite dimensional setting. Since the norms considered in
the tangent bundle of P do not arise from inner products, this analysis does not

proceed as in the riemannian case, and requires new methods.

In a series of papers [SZ1-5], B. Schwarz and A. Zaks have studied what they
call "matrix projective spaces”. Their papers inspired our treatment of the space
P as a ”one dimensional” projective space of A. Most of the features introduced
by Schwarz and Zaks for the algebra Ma, (C) can be carried over in the general
C* -algebra case and we can construct an identification between the projective
space of a C* -algebra and its Grassmann manifold of selfadjoint projections. It
should be mentioned that, instead of merely generalizing to the general case the
ideas of Schwarz and Zaks, we define a projective space depending on a fixed
projection, which allows us to deal simultaneously with all ”higher dimensional”
projective spaces in the terminology of Schwarz and Zaks. Many problems that we
study here are not considered in their papers. On the other hand, many questions
treated by Schwarz and Zaks in M, (C), particularly those concerning Moebius
transformations, will be studied for general C * -algebras in a forthcoming paper.

What one gains by taking this standpoint, is the possibility of considering ques-
tions and mathematical objects related to P, which come up naturally in the
projective space setting, and give interesting information concerning P and A.
Among these, several metrics for P and the problem of characterizing their short
curves, and the group of projectivities of A. Moreover, the natural complex struc-
ture of the projective space induces a complex structure on P . Such structure
turns out to be the same that Wilkins obtained by other means in [W].

Let A be a C*-algebra and p € A a projection. Denote by G = G4 the
group of invertibles of A and U = U, the unitary group of A. The orbits
S(p) ={gpg~':9 € Ga} and U(p) = {upu* : u € Us} have rich geometrical and
metric properties, studied, among others, in the papers [CPR1], [CPR2], [CPR6],
[Br], [Ph], [W] and [PR]. The orbit U(p) can be seen as a Grassmann manifold of
A.

We denote by Proj(A,p) the projective space of A determined by p. It can
be defined as the quotient of the set K,(A) of partial isometries of A with initial
space p by the following equivalence relation: two elements v, w € K,(A) verify



v ~g w if there exists u € U,4, such that v = wu. In this case we denote by
[v] = [w] the class in Proj(A,p) (see (2.9) for a more detailed definition).

The paper [CPR1] contains a geometrical study of the set
Sr={(a,b) e Ax A:ar=a,rb="0,ba =r}

where r is an idempotent element of the Banach algebra A, and a corresponding
study of the selfadjoint part R, of S, if A is a C*-algebra and r is supposed to
be selfadjoint. There is an obvious relation between the spaces IC,(A4) and S, , and
this paper may be seen as a kind of continuation of [CPR1]. Many constructions
done in this paper can be generalized to the Banach algebra setting. We choose
the C* -algebra case in order to keep the paper into a reasonable size.

We define a natural C > manifold structure on Proj(A4,p), and the chordal and
spherical metrics generalizing [SZ2]. We show (Theorem 3.5) that the spherical
metric has curves of minimal length, which are in fact the geodesics determined by
the C°° homogeneous reductive structure induced on Proj(A4,p) by the natural
action of Uy , given by left multiplication.

We show that the projective space Proj(A,p) is diffeomorphic to the Grass-
mann manifold &,(A) = { projections ¢ € A : ¢ ~ p}, where ~ denotes the
usual equivalence of projections (see Theorem 2.14). Via this diffeomorphism, we
characterize the chordal metric of Proj(A,p) as the metric induced by the norm on
Ep(A) . Also the spherical metric of Proj(A,p) is identified with the geodesic met-
ric defined in &£,(A) by its natural Finsler structure (see (2.17)). Note that &£,(A)
is a discrete union of unitary orbits of projections of A. Then &,(A) has the
same local geometrical structure as U(p). We show (Proposition 3.6) that there
exists a unique geodesic of minimal length joining any two points of Proj(A,p)
which have spherical distance less than 7/2. This result was unknown for the
Grassmann manifolds.

We define the group of projectivities of Proj(A4,p), using the action of G4
on Proj(A,p) by left multiplication. The set of “finite points” Proj;,(A,p) of
Proj(A,p) is characterized in terms of the chordal and spherical metrics. For
example, it is shown that Proj fm(A,p) is exactly the set of points which have
spherical distance with [p] less than m/2 (see Theorem 4.7). A consequence
of this fact is that Projy;,(A,p) is homeomorphic to the linear manifold H, =
(1 —p)Ap (see Theorem 4.7). The Moebius maps are defined and their domains
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are characterized (4.8). They are of particular interest in the case of the algebra

1 0
A= B?*2 for a C*-algebra B, when p = (O O) (see (4.5)).

A holomorphic structure is defined on Proj(A,p) (Theorem. 5.7) via the local
homeorphisms mentioned before. Also a homogeneous reductive structure is in-
troduced, using the natural action of the Lie Group G 4 given by the projetivities
(see (5.12)).

Finally we consider the pseudo-chordal and non-Euclidean metrics (generaliz-
ing the definitions of [SZ2]) on the unit disc AT (A,p), defined as the orbit of [p]
in Proj(A4,p) by the action of the group of e-unitaries U.(A) by left multiplica-
tion, where ¢ is the symmetry ¢ = 2p — 1. The disc AT (A,p) is characterized
in several forms (Propositions 6.9 and 6.12) and the pseudo-chordal and non-
Euclidean metrics are showed to be the translation of the natural metrics of the
space Ap(A) = AT NU.(A) studied in [CPR4], [CPR5] and [CPR6] (see Theorem
6.17). Also a C> manifold structure is defined on AT (A, p), with homogeneous
reductive and Finsler structures induced by the natural action of U.(A). We
show that the geodesics become curves of minimal length, and therefore the non-
Euclidean metric is rectifiable.

2. The Projective Space.

Let A be a C*-algebra, G4 the group of invertibles of A and U, the unitary
group of A. Let p = p? = p* € A be a fixed projection. If C is a subset of A,
Cp denotes the set {cp:ce C}.

Usually, one regards the space of projections &, = {¢ : ¢ = p} as an homoge-
neous space (i.e. quotient of) the unitary group of A. Here we propose an
alternate view of &, , considering another natural action, of the analytic Lie group
G 4 . Using the fixed projection p, one can regard the elements of A as 2 x 2
matrices. We shall consider the set of matrices with second column equal to zero,
and introduce there a equivalence relation. It will be readily clear that G4 acts
on the quotient Proj(A,p) (by left multiplication), and that this space Proj(A4,p)
is homeomorphic to &, .

Definition 2.1 Let A be a C* -algebra and p € A a projection. We consider the
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following subsets of A
L,(A) ={a € Ap: there exists b € pA with ba = p}

and
Kp(A) ={v e Ap:v'v = p}.

Note that K,(A) consists of the partial isometries of A with initial space p.

Remark 2.2 If A= M,(C) and p € A is a projection, then
L,(A) = Gap = {a€ Ap: with rank(a) = rank(p) }

Analogously K,(A) =Uap.
In general, Gap C £L,(A) and Uap C K,(A). Taking for example A = B(H) one
can see that the inclusions can be strict.

Definition 2.3 Let p € A a projection. Let us state the following equivalence

relations:

1) The relation ~; in L£,(A) : a1p ~1 agp if there exists h € Gpap such that
aiph = asp.

2) The relation ~g in K,(A) : vip ~g vop if there exists w € Upa, such that

V1PpW = V2P .
Remark 2.4 If we write the elements of A as 2 x 2 matrices using p, then

d db
[,p(A)—{<Z 8) € A: there exist (S O> € A with (ca—(i)— 8> =p}

with an analogous description for KC,(A). The equivalence relation ~; is given
by

a0 az 0 . ap 0 azh 0
2. ~ £ _ ; .
(2.5) <b1 O) 1 <b2 0> i <b1 0) <b2h 0), or some h € Gpap

and analogously for ~,. Note that ~ is just the restriction of ~; to K,(A4).

Remark 2.6 It is easy to see that, for a € Ap,
a€ L,(A) & a’a e Gpap.
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Therefore, if a € £,(A), the unitary part of the right polar decomposition of a is
u = ala|~' € A, where |a|™! is the inverse of |a| = (a*a)'/? in pAp C A. Note
that, by construction, one gets that ¢ ~; v and u € IC,(4).

Corollary 2.7 If a € L,(A) then there exists u € K,(A) such that a ~1 u in
Ly(A4).

Corollary 2.8 If g € Gp then there exists v € U such that gp ~1 vp

Proof. Suppose that A is faithfully represented in a Hilbert space H . We have
that gp € £,(A) and g(1—p) € L1_,(A). Therefore there exist partial isometries
V1,V € A

vi:p—Im(gp) =M and vo:1—p— Im(g(1—p))=N

such that gp = vi[gpl, g(1 —p) = v2[g(1 —p)|, [gp| € Gpap and [g(1 —p)| €
Ga-p)a(i—p) - Since g € G, then M & N = H. Let ¢ be the orthogonal
projection onto M and ¢ be the orthogonal projection onto N. Then ¢; =
vy € A and ¢a = vovy € A. Moreover, it is easy to see that that ||q1g2| <
1. Hence ||¢2q192]] < 1, and g2 — ¢2q1¢2 = q2(1 — ¢1)g2 € Gy, a4, - Therefore
(1—q1)g2 € L4,(A) and its polar decomposition is (1 —g1)g2 = u[(1—g¢1)gz|, with
u € A a partial isometry uw:qs — 1 —gqg .

Let v3 = uvy € A. So w3 is a partial isometry from 1 —p to 1 —¢;. Then
v = v; + v is a unitary element of A and we have that gp = v1|gp| = vp|gp|,
hence vp ~1 gp.

Definition 2.9 Let A be a C*-algebra and p € A a projection. We define the
projective space of A determined by p:

Proj(A,p) = L,(A)/ ~1  and Projy(4,p) = Gp/ ~1 .

Remark 2.10 The previous results prove that the inclusion map K,(A) — £,(A)
induces the bijection

Kp(A)) ~9 — L,(A)/ ~1=Proj(4,p).
Analogously the inclusion map Uap — G 4p induces the bijection
Uap/ ~2 — Gap/ ~1= Projy (4, p).
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In both sets we shall consider the quotient topology induced by the norm topology
of A. It will be shown that these bijections are in fact homeomorphisms.

Definition 2.11 Denote &,(A) = {¢ projection in A : ¢ ~ p}, where ~ denotes
the usual (Murray-von Neumann) equivalence relation for projection of a C*-
algebra, i.e. for two projections p,q € A, we say that p ~ ¢ if there exist v € A
such that vv* =¢ and v'v=p

Remark 2.12 1) The group G4 acts on Proj(4,p) and Proj,(A,p) by left
multiplication. Namely, if g € G4 and [a] € Proj(A4,p), put g x [a] = [ga].
The same definition works in Proj,(A,p). Occasionally, we shall consider the
restriction of this action to Uy, .
2) Ua acts also on E,(A), by means of u x ¢ = ugu*. The orbits of this action
lie at distance greater or equal than 1 (computed with the norm of A) - it is
a standard fact that projections at distance less than 1 are unitarily equivalent
with a unitary element in the connected component of 1 (see [CPR6], for example).
Therefore each one of these orbits consists of a union of connected components of
the space of projections of A (also called the Grassmannians of A ). These orbits
are well studied spaces, which have rich geometric structure, they are homogeneous
reductive spaces and C°° submanifolds of A (see [PR] and [CPRE]).

Therefore &,(A) is a submanifold of the Grassmannians of A. If additionally
Uy is connected, each component of £,(A) is the unitary orbit of a projection.

We shall see that the space Proj(A,p) endowed with the quotient topology is
homeomorphic to &,(A), therefore inheriting the differentiable structure of the
Grassmannians.

Definition 2.13 Consider the mapping

Kp(A) — EH(A)  given by v +— vv*.

This mapping is clearly continuous and surjective. It defines a mapping on the
projective space Proj(A,p),

op : Proj(A,p) — E(A)  op([v]) = vo™.
The map g, is clearly surjective and continuous.
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Theorem 2.14 Let A be a C* -algebra and p € A a projection. Then the map
op : Proj(A,p) — &,(A) is a homeomorphism. Moreover, if [v] € Proj(A,p) and
q = 0p([v]), then the following diagram commutes:

o)

Uy ——— Proj(A,p)

Tq \ @p
&p(A)

where 7,)(u) = [uv] and 7q(u) = uqu* , for u € Uy .

Proof. Let us to prove that g, is one to one (it is clearly onto). Suppose that
v1,v2 € Kp(A) with viv] = vovs and let w = vivy . Note that w € Upa, and
that

VoW = VU3V = V10V = V1P = V1

that is, v ~g vy

Straightforwrad computations show that the diagram commute. The map i,
is continuous and 7, has continuous local cross sections (see [PR]). Using the
diagram, these facts imply that g, is an open mapping.

At the beginning of the section we noted that the sets £,(A)/ ~1 and K,(A)/ ~o
coincide. Now we shall see that their respective quotient topologies also coincide.

Proposition 2.15 If £,(A)/ ~1 and K,(A)/ ~2 are endowed with their quotient
topologies, then the inclusion map K,(A) — L,(A) induces the homeomorphism

Kp(A)) ~2 = Ly(A)) ~1

Proof. It suffices to prove that the mapping
Lp(A)) ~1 — &(A) given by [a] — Py , a€ Ly(A4),
is continuous, where P,y denotes the projection onto the range of a. As shown

before, a € L£,(A) implies |a| € Gpap. Now, if (a*a)™*
1

is the inverse of a*a

in pAp, then P,y = a(a*a) 'a*, since ala|™! is a partial isometry with initial
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space p and final space P,(g). The result follows reasoning as in the previous
theorem.

Corollary 2.16 Let A be a C* -algebra, p € A a projection and [a] € Proj(4,p).
1) The orbits of [a] by the action of Uy and G4 coincide. That is,

Upa) :={[ua] :u € Ua} = {[ga] : g € Ga} = S[q)-

2) The connected component of [a] in Proj(A,p) is contained in S, .

3) If A verifies that G4 (or equivalently, Ua ) is connected, then the connected
component of [a] in Proj(A,p) is exactly Sig.

Proof. Tt is well known (see [PR] or [CPR6]) that 2) and 3) are true in £,(A). So
they are also true in Proj(A4, p) using the homeomorphism g, . We know that 1) is
true for a ~1 p, by (2.10). For any other [a] € Proj(A,p) denote by ¢ = o,([a]) .
Then the result follows applying (2.10) to Proj(4,q).

Remark 2.17 Proj(A,p) has C* differentiable, homogeneous and (unitary)
reductive structure induced by the homeomorphism with the space &£,(A) which,
as pointed out before, has rich geometric structure studied in [PR] and [CPR6].
Let us recall the following facts

1) The space of projections of A, considered with the norm topology is a discrete
union of unitary orbits of projections. Each orbit is a C*° submanifold of A,
and a C > homogeneous space under the action of Lie-Banach group U, . The
tangent space at a given projection p identifies with the 2 x 2 matrices (in
terms of p) which are selfadjoint and have zeros in the diagonal.

2) The space of projections of A admits a natural reductive structure, which
induces a linear connection. The invariants of this connection can be explicitely
computed. It is torsion free and the curvature tensor is given by

R(z,y)z = [/, [z, ]]

where 2/ = zp — pr and [a,b] = ab— ba .

3) The geodesic curves of this connection can be computed. The unique geodesic
v with v(0) = p and (0) =« is given by

tx’

y(t) = €' pe~
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4) There is a natural invariant Finsler metric on the space of projections of A,
namely the usual norm of A in every tangent space. This metric has remarkable
properties which will be recalled later.

3. The Chordal and Spherical metrics on Proj(4,p).

In this section we introduce the two (equivalent) metrics on Proj(A, p) referred
in the title. They are the operator theoretic analogues of the metrics considered
in [SZ2] for projective (finite dimensional) matrix spaces (from where the names
are borrowed).

Definition 3.1 We define the chordal metric in the following fashion: if [a], [b] €
Proj(A,p) for a,b € K,(A), the chordal distance between [a] and [b] is

de([al, [b]) = llep(la]) — ep((b)]| = [laa™ — bb7|.

Remark 3.2

1) This is the metric given by the natural (norm) metric of &£,(A), and therefore
induces the already considered quotient topology on Proj(A,p).

2) If two elements lie in different connected components of Proj(A,p), then their
chordal distance is greater or equal than 1.

3) This metric is invariant under the action of Uy .
4) If a € Ky(A), u €Uy and ¢ = aa*, then

de([ual, [a]) = [lug — qul| = max{[lqu(1 — )|, (1 — q)uq[]} < 1.

In particular, this shows that our definition agrees with the chordal distance
considered in [SZ2] for the case A = M, (C).

Definition 3.3 The other metric on Proj(A4,p) is the rectifiable metric, defined
by means of the length of the rectifiable curves. If [a],[0] € Proj(A,p) lie in the

same connected component, put

dr(lal, [b]) = inf{£(7) : 7(t) € Proj(A, p) with 7(0) = [a] and (1) = [0]}
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where £(v) is computed using the chordal metric and the infimum is taken over
all rectifiable curves (i.e. £(7) < oo ) parametrized in the interval [0,1]. Define
d.([a], [b]) = oo if [a] and [b] lie in different connected components.

Remark 3.4 The differentiable structure of Proj(A,p) allows one to compute d,
using C! curves. In this case

o) = / ().

This fact means that d, is the translation of the rectifiable (or geodesic) metric
in &, by means of the diffeomorphism g, . This metric has been very well studied
(see, for example, [PR], [CPR6], [Br] or [Ph]). We shall state in the following
theorem some of its properties:

Theorem 3.5 Let p € A a projection and q € U(p) .

1) |lp—qll <1 if and only if d,(p,q) < 7/2.

In this case it is verified that

2) There exists a geodesic in U(p) joining p with ¢ whose length is minimal and
therefore equals d,(p,q) .

3) dr(p,q) = arcsin(|[p —q]) -

Proof. We use a result of [PR, 2 and 6] which says that if ||p —¢|| < 1 then there
exists a geodesic curve v joining p and ¢ with 4(v) =d,.(p,q) < 7/2. Let = be
the velocity vector of this geodesic. That is, v(t) = e/®pe~® . In matrix form (in

%)
€r =
a 0
and £(y) = |[z]| = [lal| <7/2.
On the other hand |[p — ¢|| = ||e*p — pe”|| . Easy calculations show that

o (COS(IGI) —a*f(la*|)>
af(lal) — cos(la™[)

terms of p):

where f(t) = Sint(t) , defined for ¢ > 0. It is easy to see that [Jaf(|a|)|| = | sin(|a|)|
and the same for a* . Since ||a|| < 7/2, we can deduce that | sin(|al)|| = sin(||a]]) -
Therefore

P —all = llpe” — e”pl| = max{{|laf([a]I], [a"f(la* DI} = sin([lal]).
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This shows one implication in 1) via the formula 3). Now, if d,.(p,q) < /2, the
argument consists on taking a short curve p joining p and ¢ and a partition such
that each pair of contiguous projections have chordal distance less than one. By
the previous result a polygonal v of geodesics shorter than p can be constructed.
Therefore the sum of its lengths (= £()) is less than 7/2. Finally we use the
following result (Lemma 3 of [Br]): Given three projections r, s, w and nonnegative
numbers t1,to such that t; +t3 < 7/2, ||r — s|| = sint; and ||s — w| = sints,
then ||r — w| < sin(t; +t2).

In our case, it can be easily deduced that |p — ¢| < sin(¢(y)) < 1. This
concludes the proof.

It is known that even in the case ||p—g¢|| <1 there can be many curves joining
p and ¢ with minimal length. However, only one of them is a geodesic of the
linear connection. This is a consequence of the following statement.

Proposition 3.6 Let D ={z € A:z* = —z,pz = z(1 —p) and ||z|| < 7/2}.
Then
exp: D —{qe&(A):|p—qll <1}, exp(z)=e’pe~?

is a C° diffeomorphism.

Proof. Let © € A with z* = —z and px = z(1 — p). As in the previous result
(%)
Tr =
a 0

o <COS(|G) a*f(la*)>
af(lal)  cos(la™])
with f(¢) as in 3.5. Put € = 2p — 1. Then condition pz = z(1 — p) becomes

and

ez = —ze, and therefore e*c =ce™?.

Clearly 3.5 implies that the mapping exp is surjective between the domains
considered. Let us prove that it is also one to one. Suppose z1,20 € D with
e“lee™* = e*2¢e”*2 . Then e?*'¢ = e?*2¢, and since ¢ is invertible, this implies

e?*1 = ¢2%2 | Both exponentials have matrix forms as above,

2 _ (COS(lail) —ai‘f(laﬂ))
aif(lail)  cos(laj])
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with |la;|| < m, i = 1,2. The function cos is a diffeomorphism on the set of
positive elements of A with norm strictly less than «. Therefore cos(|ai|) =
cos(|az|) implies |a1| = |az|. Another functional calculus argument shows that
both f(Ja;|), @« = 1,2 are invertible elements of A, and therefore a; = as.
Moreover, this same sort of argument shows that exp is a diffeomorphism, since
its inverse can be explicitely computed.

Remark 3.7 Items 2) and a part of 3) of (3.5) were shown in [PR]. Unaware
of this, later on Phillips proved in [Ph] these facts again without the differential
geometric point of view, but showing the equality 3). Here we give another proof
of 3) using the original ideas of Porta and Recht [PR]. It should be noted that
in [PR] the results were stated in terms of selfadjoint symmetries (i.e. elements
e € A with €2 =1 and ¢* = ¢). One passes from projections to symmetries by
p — ¢ = 2p — 1, and therefore the metric in the space of symmetries carries a
factor 2 which we have deleted.

Remark 3.8 The equality 3) of (3.5) implies that the metric d, on Proj(A,p)
agrees with the spherical distance defined in [SZ2] as the arcsin of the chordal
distance, under the hypothesis that the chordal distance between the pair of points
is less than one. Moreover, if the diameter of U(p) (using the metric d,. ) is /2,
then the spherical distance equals d, in each unitary orbit of Proj(A,p). Indeed,
easy computations show that if ¢,r € U(p) and d,(¢,r) = 7/2 then [¢g—r| =1.
In [Ph] it is shown that a large class of C * -algebras satisfy this diameter condition.

4. Projectivities and finite points of Proj(A,p)

In this section we investigate the structure of the action of G 4. This action
gives rise to the maps Ty : Proj(A,p) — Projg,,(A,p), Ty([a]) = [ga], called
projectivities. The main problem here beeing the characterization of the isotropy
of the action. We introduce the open subset Proj,, (A,p) C Proj(A,p) which can
be regarded as the unit disk of Proj(A,p), and study the projectivities which leave

10
Proj;,, (A, p) invariant. In the particular case A = B?*2? and p= <0 0) , these

special projectivities give rise to the Moebius maps of B.
Let H be a Hilbert space, A C B(H) a C*-algebra and p € A a projection.
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4.1 Let g € G4 . We denote by Ty : Proj(A,p) — Proj(A,p) the map
Ty([a]) = [ga] . [a] € Proj(A,p).

It is clearly well defined and is a diffeomorphism. Following [SZ2], we call these
maps the projectivities of Proj(4,p).

4.2 If we identify [u] € Proj(4,p) for u € K,(A) with ¢ = wu* € &,(4),
we can describe which projection in &£,(A) corresponds to T,([u]). Note that
if a € £,(A) and u € K,(A) is the partial isometry appearing in the polar
decomposition of a in A, then [a] = [u] € Proj(A,p). Since a(H) = u(H) by
construction, we deduce that ¢ = uu* = P,g). The same happens for ga €
L,(A). Therefore T,([a]) = [ga] can be identified with the projection T,(q) =
P,q(my - Note also that gqg~'(H) = ga(H). Therefore Ty(q) is the projection
onto the image of the idempotent ggg~—'. Therefore (see [CPR6]),

Ty(q) = Pygg-1(my = 999 (9a9~ ") (L + (gqg™ " — (9q9~")*)*) "

Definition 4.3 We denote by Proj,,(A,p), the “finite points” of Proj(A,p),
the set of the points [a] € Proj(A,p) for a € £,(A) such that pap € Gpap .

Lemma 4.4 Proj;,(A,p) C Projy(A,p) = {[up] : u € Ua}. Moreover, if v €
Ky(A) and [v] € Proj;,(A,p), then v € Uap.

Proof. Let v € K,(A) such that pup = pv € Gpap, which means that [v] €
Projfin(A,p) . We have to show that v € U4 p. In matrix form, in terms of p, we
U1 0

can write v =
(%) 0

Then

) . We have that vy € Gpap. Let © = 1}2’[}1_1 e(l—p)Ap.

0
””“(i 0>_p+$

The curve ~(t) = [p+ tz] joins [p] with [v]. Then p,(v) = vv* € E,(A),, the
connected component of p in &,(A). Since &,(A), C U(p), the unitary orbit of
p by (2.16), there exists u € Uy such that vo* = upu*, ie. [v] = [up]. Let
w € U(pAp) such that v = upw. Then

w 0
V= Upw = U p E Uap.
(0 1—p)
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10
Example 4.5 Suppose that A = B?*2 for a C* -algebra B and p = (O 0) .

We can embed B into Proj(A,p) via

B>b— [(2 g)} € Proj(A,p).

We have that

[a] _ [(au 0>:| c Pl"OJon(A’p) iff a11 € Gp

asy 0

It is also easy to see that the map k: B — Projy;, (A, p) given by

w-[(} )

for b € B is a homeomorphism (see (4.7) below).

Let g:(x y) € G4 . Denote by
z w

(4.6) D(g) ={be B : T,(k()) € Projfm(/Lp)} C B.
Now we can consider the map M, : D(g) — B defined by

My(b) =k~ (T, (k(b))) , beD(g).

We denote this map the Mdebius map on B defined by g. Easy calculations show
that, for b € D(g),

o =i (|50 0)] ) = G e,

a picture that justifies the name Moebius map. Note that

D(g)={beB : x+ybeGp }.

This set is not easy to characterize, and could well be empty. Another way to
regard this domain is given in the following:

Theorem 4.7 Let A be a C* -algebra and p € A a projection. Then

15



i) The linear manifold H, = (1—p)Ap is C* -diffeomorphic to Proj;;,(A,p) via
the map

p O

k: H, — Proj;,(A,p) given by k(x){(x 0)][p+x} , x € Hp

ii) The diffeomorphism ¢, : Proj(A,p) — &,(A) given by o,([v]) = vv* for v €
K,(A) maps finite points onto projections q such that |p —g|| < 1. That is

0p(Projp;n(A;p)) = {q€Ulp) : [[p—qll <1}
= {qe&(A) : dr(p,q) <7/2}.

vy O
Proof. ii) Let v € K,(A4) such that |ov* —p| < 1. If v = ( ! 0) , we have
V2
that |lov* —pl| < 1= [Jvrvf — 1|pap < 1= viv] € Gpap -
On the other hand, ||vv* —p|| < 1 implies that ||vjva|| = ||v2vs]] < 1. Because
v € K,(A) we know that vivs +vjvr = p. Hence |[vjvr — 1|pap = |lv3v2]] < 1

and also vivi € Gpap . Then vy € Gpap and one inclusion is proved.

U1

0
Conversely, suppose that v € K,(A), v = ( 0) and v; € Gpap. Let

V2

-1 p 0 .
r=wv9v; and a = . 0) = p+x ~1 v. Let a = w|a| the polar decomposition
of a. Note that v ~1 a ~; w, and

*,.\1/2 *,\—1/2 0
—(r1/2 (p+a*x) 0 _ (p+ z*z)
la| = (a*a) ( 0 0 = w B o)

By Lemma 4.4, we know that w € Uap. Let u € U such that w = up. Then

" ((p+$*x)_1/2 y)

1 t
Now,

[w*w — p|| = Jupu™ — p|| = |lup — pul| = || .0 -

Since u €Ua, (p+z*z) L +yy* = (p+a*x)~t +2*2 =p. Then

lyy*[l = [I2"2]| = Ip — (p + 2*@) " [ p.ap-
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Claim: |p— (p+z*2) Ypap < 1.

Indeed, p+z*z > p = opap((p+2*x)™') C (0,1]. Then opa,((p + z*z)~! —
1) € (-1,0] = ||(p+a*z)~t — 1||pap < 1, because it is selfadjoint. Therefore
[[vv* — p|| = |Jww* — p|| = max(||y||, ||z||) < 1, and the proof of (ii) is finished.

i) It is easy to see that the map k is bijective (note that [p+ 2] = [p+ y] in
Proj(A,p) = x =y). k is C*> because is the composition of the C°° maps
z—x+p and z+p— [z+p]. Moreover, if V, ={q € U(p) : |lp—q| < 1},
there exists a C*° map (see [CPR6))

sp:Vp—Us suchthat  s,(q) psp(e)"=q , g€V

By ii) we know that o,(Projy;,(A,p)) =V, . Then the map

Op Sp
p+x] — q=op(p+a]) — spa) — L—=p)sp(@)p[pspla) p] ' ==
m m m
v, Us H,

for [p+z] € Projg,,(A,p), is the inverse of k and is C> . Note that we are using
that ps,(q)p € Gpap , since [sp(q)p] = [p + 7] € Projs;, (A, p) -

Remark 4.8 Suppose that A C B(H) for a Hilbert space H . Via the identifica-
tions

k: H,— Projfin(Avp) and g, : Projfm(A,p) —{qe 5p(A) Hlp—qll < 1},

of (4.7), we can deduce that, for g € G4, the domain of the Moebius map M,
induced by the projectiviy T is

D(g) ={q€&A):lp—ql <1 and ||Pypm) —pll <1}

4.9 In (4.1) we defined the maps T, for g € G4 . Following [SZ2], we shall call
these maps projectivities , and denote by

T (Proj(A,p)) = {Ty : g€Ga },
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the group of all projectivities on Proj(4,p). In order to characterize the group
T (Proj(A,p)), we have to describe the isotropy group

N(Proj(A,p)) = {geGa : Tg:IdProj(A,p) }.

In [SZ2] it was shown that, for A = Ms,,(C), N(Proj(A,p)) = Gc.r, the invertible
scalar matrices. For a general C * -algebra A, denote by

Z(A) = {a€A : ab=ba foral be A},

the center of A.

Proposition 4.10 Let A be a C* -algebra and p € A a projection. Then

1) In general we have that
N (Proj(A,p)) = { g€ Ga : g(q(H))=q(H) for all g € E,(A) }.

2) Gzay C N(Proj(A,p)).
3) If A= B(H) for a separable Hilbert space H , then N (Proj(A,p)) = Ge.s .

4) If A is a von Neumann factor of type III (on a separable Hilbert space), then
again N (Proj(A,p)) = Ge.r .

Proof. 1) is apparent from the definitions. Since gq(H) = gqg~'(H) for all
g€ Ga and g € &,(A), 2) follows from 1).

To prove 3) consider first the case when dimp(H) = oco. In this case, for all
x € H the subspace < z >1 is the image of some ¢ € &,(B(H)) = { projections
g€ B(H) : dimg(H) = oo }, since the usual equivalence of projections in B(H)
means having images of the same dimension. Therefore if g € N (Proj(A,p)) then
x is an eigenvector for ¢* for all x € H. Hence g € C1I.

If dimp(H) =n < oo then any g € N (Proj(A,p)) should have all subspaces
of dimension m as invariant spaces. It is easy to see that such operators must be

scalar multiples of the identity.

In order to prove 4) recall that all non zero projections a factor of type III are
equivalent. If ¢ € A is a projection such that 0 # ¢ # 1 then both ¢ ~1—g ~p.
Let g € N(Proj(A,p)). Then by 1) we have that

q9g=9q and (1—-¢q)g(1—q)=g(1—q).
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Hence gq = gg for all projections ¢ € A, and g € Z(A) =CI.

Remark 4.11 Von Neumann algebras have the property that an operator which
commutes with all projections of the algebra, commutes with all elements of the
algebra. So a reasonable conjeture is: if A is a von Neumann algebra and p € A
with central carrier 1, then N (Proj(A4,p)) = Gz(a). A slight improvement of the
argument used to show (4.10) 4) can be used to show that this conjeture is valid
if A is a type III von Neumann algebra with separable predual.

5. The holomorphic structure of Proj(A,p) and &,(A).

As a homogeneous space of the complex analytic Lie group G4, Proj(A4,p)
inherits a natural complex structure. It will be shown that the projectivities T
are biholomorphic. These facts can be shown in an explicit way, making use of the
local charts g x Proj;;,(A,p), g € Ga.

In [W] Wilkins introduced a complex structure for the grassmannians. Under
the identification &, =~ Proj(A,p), both structures coincide. Let us denote by
0q : Proj(4, q) — &;(A) = £,(A) the homeomorphisms (and isometries) of (2.13),
for all ¢ € £,(A).

Definition 5.1 Let A be a C*-algebra and p,q two equivalent projections in
A. We consider the isometry

Vp,q : Proj(A, q) — Proj(A,p) given by ¢4 = Q;l 0 0q-

Remark 5.2 By Theorem 4.7, for each ¢ € £,(A) we have that,
(5.3)
w;&q(PrOjfin(A’ q)) = {b € PI‘Oj(A,p) : dc(b7 Q;l(q)) < 1} = BPI‘Oj(A,p)(le(Q)? 1)7

because both sets are mapped onto {r € £,(A) : ||r — ¢|| < 1} by g, and o,,
respectively. We denote by k, : H; = (1 — q)Aq — Projy;, (A, q) the homeomor-
phisms of Theorem 4.7, for each ¢ € £,(A). We can define now the homeomor-

phisms

(5.4) ky:Hy — BProj(A,p)(le(q)7 1) givenby ky =y 40k,

19



The maps &, for q € £,(A) are almost the local charts for Proj(4,p). It just
remains to uniformize the different Banach spaces (1 — ¢)Aq = H,, for different
projections ¢. Note that the different connected components of Proj(A,p) lie
at chordal distance greater than 1. Therefore in order to study the differential
structure of Proj(A,p) we can work in each component. For simplicity, we shall
define the complex structure only for the space Proj,(A4,p) which is the union of
several connected components in Proj(A4, p) . Note that g,(Projy(4,p)) = {upu* :
u € Ua} = U(p), the unitary orbit of p. If ¢ € U(p) and w € U4 such that
wpw* = q, then

(5.5) Ady(Hy) = wHyw* = w(l — p)Apw* = (1 - q)Aq = H,,

where Ad,, is the inner automorphism of A defined by w.

Definition 5.6 Let a € Projy,(A4,p), ¢ = op(a) € U(p) and w € U such that
wpw* = ¢q. Using (5.3), (5.4) and (5.5) we define the homeomorphism

$a : Hy = Bprojay (a,1) given by ¢, = k; 0 Ady, = 1y q 0 kg 0 Ady.

Theorem 5.7 The family of local charts (¢a)aeProj0(A,p) (choosing one ap-
propiate w for each a) defines a complex holomorphic structure for the space
Proj,(A,p) .

Proof. We already know that all maps ¢, : H, — BProj( 147:[))(ct7 1) are homeomor-
phisms. So it remains to check taht these maps are compatibible with the analytic
structure of H,. In other words, if ¢, € U(p) and there exist s € U(p) such
that [l¢ —s|| <1 and |lr —s|| <1, we must show that (k})~"' o k] is analytic.
This will suffice because the maps Ad,, are analytic for all w € U, .

Case 1: Suppose that ||¢ —r|| < 1. In this case, easy computations show the
following formula: if « € H, and k.(z) € BProj(A,p)(Q;I(q)v 1) = k;(H,) , then

(5.8) (k) okl(x) = (1—q)(r +2)q.(q(r + x)q) ",

where the inverse of ¢(r + x)q is taken in gAg. It is clear that the formula (5.8)
defines an analytic map of the variable x .
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Case 2: Suppose that q,7 € U(p) and there exist s € U(p) such that ||g—s| <1
and ||r — s|| < 1. Then, in the adequate domain,

(kg) ™" o ky = [(kg) ™" o kiJ o [(K

AREEY A
Since both maps on the right hand side are analytic by Case 1, the proof is com-

plete.

Remark 5.9 The analytic structure can be extended to all Proj(A,p) since,
modulo the maps ), ,, each connected component of Proj(A,p) is included in
Projy(A,q) for some g € £,(A). Then the analytic manifold structure can be
defined around ¢ in the same way as in Theorem 5.7.

Remark 5.10 The following properties of Proj(A,p) are now easy to see:

1) Each projectivity T, , for g € G4, is biholomorphic.

2) The action of G4 over Projy,(A,p) given by the map m, : G4 — Projy(4, p)
defined by 7,(g) = T4([p]), g € Ga, defines an analytic homogeneous space.
The structure group is the isotropy group

I, ={9€Ga:Ty(p]) =} ={g€Ga: (1 —p)gp=0 and pgp € Gpap},

which is an union of connected components of the group of invertible elements
of the subalgebra

T,(A)={acA: (1—-plap=0} C A

of p-upper triangular elements of A. This algebra is the tangent space at the
identity of the group I,,. It is also the kernel of the differential T'(m,); of m,
at 1, since T(mp)1(a) = (1 —p)ap, forall a € A.

3) The homogeneous space given by m, : G4 — Proj,(A,p) admits a reductive
structure given by the horizontal space H, = (1 — p)Ap which can be tran-
ported homogeneously to all elements of G4 . Note that this horizontal space
is precisely the domain of our local charts and can also be naturally identified
with the tangent space T'(Proj(4,p))) of Proj(A,p) at [p].

Remark 5.11 A complex structure can be defined in the Grassmannian U(p)
via the map g, , i.e. pulling back the complex structure of Proj,(A,p). This
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structure is compatible with the real structure, since g, is a C* diffeomorphism
by (4.7). It also allows us to define the analytic homogeneous reductive structure
of U(p) given by the new action of G4 over U(p):

mp: Ga —U(p) given by my(g) = Py(rmp))-

Note that this action was described in (4.2) as m,(g) = Ty(p) . A remarkable fact
is that the formula for T, (p) given in (4.2) becomes analytic in the variable p,
although the involution is involved in its description. It can also be remarked that
this complex structure agrees with the complex structure defined in the Grass-
mannians by Wilkins in [W].

6. The non euclidean metrics on Proj(A4,p).

Suppose A represented on a Hilbert space H. The projection p induces a
Krein structure on H , by means of the selfadjoint symmetry ¢ = 2p — 1. The
set U:(A) of operators of A which are unitaries for this form is called the group
of e-unitaries. In this section we will study a subset AT(A,p) C Proj(A,p)
which is homogeneous under the action of U.(A). Moreover, it will be shown that
AT(A,p) can be regarded as a copy of U:(A)t =U(A) N AT inside Proj(A4,p)
(where AT denotes the space of positive invertible elements of A). Now U.(A)*"
is a totally geodesic submanifold of AT, which is an hiperbolic space, that is,
a (non riemannian) manifold of non positive curvature (in the sense of Gromov
[G]). Therefore U.(A)* is a hiperbolic space in itself. In particular it has a
rectifiable metric whose short curves can be explicitely computed. This metric
can be translated to AT(A,p), this translation, which has a natural intrinsic
definition in terms of the already considered metrics of Proj(A,p), will be called
the non euclidean metric F, . Summarizing, A%(A,p) will be shown to be a
hyperbolic space sitting inside Proj(A,p), with an isometric action of U.(A).

Consider the space

a 0

(6.1) A+(A,p):{[(b o)] € Proj(A,p) : a € Gpap and a*a—b*b > 0},

where a*a—b*b > 0 means that this element is positive and invertible in pAp. We
shall see that AT (A,p) can be identified with the space U-(A)T = U (A)N AT of
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positive €-unitary elements of A, where € = 2p—1 is the symmetry associated to
p (and also with the space N(A,p) of “normal” idempotents over the projection
p, following the theory of [CPR5] and [CPR6]).

Definition 6.2 Let p € A C B(H) a projection. Consider the symmetry

1 0
=2p—1= .
T <0 1>

Denote by U.(A) the space of e-unitary elements of A, i.e. those u € A such
that < eu(§),u(n) >=< e(§),n >, for all {,n € H. Easy computations show
that

(6.3) U(A)={ucA:u'cu=c}={uc A:eu'e =u'}.
Denote by
(6.4) U (AT =U(A)N AT,

the set of positive e-unitary elements of A.

In the following Proposition we state several well known properties of the sets
U-(A) and U-(A)T (see [CPR5] and [CPRE)) :
Proposition 6.5
1) U-(A) is a closed subgroup of G 4. Actually it is a real Banach-Lie group.
2) If u € U.(A), then v*, u*u and u=' € U.(A).
3) M€U(A)T if and only if e =A™t
4) For all A € U.(A)t, X =log\ € A, verifies that X = X* and X = —Xe¢.
)

5) In matrix form, we have that A € U.(A)" if and only if there exists = € H,
such that

0 x*
)\:exo.

In this case, x is unique .

6) Using (5), one deduces that
AEU(A)T = N el (AT forall teR.
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7) In particular, if u € U.(A), then |u| = (u*u)'/? € U.(A). In other words, the
unitary and positive parts of each u € U.(A) in its polar decomposition remain
in U:(A). Note also that Uy NU(A) ={u €Ua :ue =cu} ={u €Uy : up =
pu} .

8) The metric of AT and its geodesics (see [CPR4], [CPR5] and [CPR7]) can be
restricted to U.(A)T . Indeed, if A, u € AT, the unique geodesic of AT joining
them is given by

'Y/\;J,(t) — Ml/Q(,U_l/Q/\M_l/Q)tMUQ , te [0’ 1].

Using (1) and (6) one shows that if X, p € U.(A)T then ~y,(t) € U(A)T.
9) The Finsler sructure of A* (see [CPR5]) induces a rectifiable metric on A™
given by
dy (A ) = [[log(p™2Ap= )| for A, pe AT,

For this metric the geodesics v, are of minimal length. Restricted to U.(A4)",
this metric is also rectifiable by (8), because the geodesic courves remain in
U-(A)" and are of course of minimal length.

Remark 6.6 Using 5) of (6.5), easy computations, very similar to those of The-
orem 3.5, show that for each A\ € U.(A)" there exists a unique = € H, such

that sinh ¢
b (e ey
w(2)(J2])  cosh(|z*)
In particular, using (7) of (6.5), this implies that for all u € U.(A),

11 = p)upll = 11 = pyu="p| = |1 = p)upll = || sin(|z])]|

where z € H,, verifies that |u| = e*+®"

6.7 Return now to the projective space Proj(4,p). Given u € A, easy matrix

computations using (6.3) show that if v = then u € U.(A) if and only

a c¢
b d
if w is invertible and the following three conditions hold:
i) a*a—b*b=p,

ii) d*d—c*¢c=1—-p and
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iii) a*c—b0*d=0
Definition 6.8 We are interested in the set

AY(A,p) = {[up] : u€U(A)} C Proj(A,p).

Denote by

a 0
K;(A):{(b O) € Ap:a € Gpap and a*a—b"b=p} C L,(A).

Proposition 6.9 We have that
AT(A,p) = {[u] 1 u € K(A)}
={[\] s A eU(A)T}

0
:{[(Z 0)} L0 € Gpap and a*a—b"b >0 in pAp} C Projs,(A,p),

and the map Y : U.(A)* — A+ (A,p) given by Y()\) = [\'/?p] is a homeomor-
phism.

Proof. We have the following trivial inclusions:
{Ap] : A eU(A)T} C A+(A p)
{[u] : UGK'( )}
[( } a € Gpap and a*a—b"b>0 in pAp}.
a 0 .
So we have to show that { y o0/l € Gpap and a*a—0*b>0 in pAp} C
0
{A\p] : A €U(A)T}. Let v= <x O) such that © € Gpap and d = "z —y*y >
Y
[

0
0. Then w=vd "% € K/(A), [v] = [w] and w = (Z O) with a*a—b*b=p

Since a € Gpap, by taking the (right) polar decomposition of a in pAp we can

)
also suppose that a > 0, that is a = (p + b*b)'/2. Consider

(6.10) A= (¢ o L
' S \b (1 —p+bb*)/? bob|) =
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because a = (p + b*b)/2 > (b*b)Y/2 = |b| in pAp and (1 — p + bb*)1/2 > |b¥|
in (1-p)A(l1 —p). Then A € AT. It is easy to see that A verifies the three
conditions of (6.7). So A € U(A)T and [Ap] = [v].

The map Yy : U(A)T — AT(A,p) given by Yy(A\) = [Ap] is therefore con-
tinuous and surjective. To see that Yj is injective, suppose A, pu € U.(A)T with
[Ap] = [up]. Put Ap =a+0b and pp = c+d with a,c € pAp* and b,d € H,.
Then

ba "' =b(p+b*b)"V2 =d(p+ d*d)"V? = dc L.

Taking their polar decompositions in B(H) , both elements have the same partial
isometry, say u, and therefore

ba~" = ulb|(p + [b]*)7* = uld|(p + [d*)/? = de,

proving that u is also the partial isometry for b and d in their polar decompo-
sitions. This implies that [b| = |d| since that map f(¢) = W has inverse
g(s) = W . Then b=d and A = p by (6.7) and (6.10). Note that we have
already constructed the inverse of Yy by passing through H),:

(0 (T ) i

where d = ba=*(1 — |ba=1|?)~'/2. Clearly this map is also continuous. Finally,
note that the map Y is the composition of the homeomorphism of U.(A)* which
consists of taking square roots, with the homeomorphism Y;. Then the proof is
complete.

Remark 6.11 1) Looking into the proof of (6.9), one can prove the following fact:
K, (A) =U-(A).p.

2) We have shown some characterizations of A*(A,p) in terms of its representa-
tives in A. Now we give other characterizations of AT (A, p) in terms of the three
natural metrics on Proj;,(4,p): the chordal and spherical metrics and the new
metric dg on Proj;,(A,p) given by the map k, ' : Projs;,(A,p) — H, of (4.7):

di(1;m) = |k (1) — k' (m)|| for 1, m € Proj;, (A.p).
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Corollary 6.12 We have that

AT(A,p) = {m € Projy;,, (A, p) : di(m, [p]) = [k, (m)|| < 1}
NG

= (m € Projjin(A,p) - delm, ) = llop(m) il < 57
= {m € Proj;,(A,p) : d.(m, [p]) < m/4}.

0
Proof. Let m € AT(A,p) and X\ € U.(A)T such that [Ap] =m. If \p = (Z O)

then

1kt (m) =k (I = [[ba™" | = [[b(p + b*0)~1/2|| < 1.
On the other hand, if x € H, and ||z|| <1 then k,(z) =[p+z] and p—z*z >0
in pAp. Then k,(z) € AT(A,p).
In order to prove the other equalities, recall from the proof of (3.5), that if m €
Proj;,(A,p), then there exist y € H, such that d.(m,[p]) = [ly[|, and

[0 D] - s

t

Hence

tant
t

(6.13)  di(m, [p]) = Ik, (m)ll = ly(——=) (DIl = [l tan(y])[| = tan(|ly])),

because the map f(t) = tan(t) is monotone increasing. Therefore ||k, *(m)| <1
if and only if d.(m,[p]) = ||ly|| = arctan(di(m, [p]) < 7/4. Now the remainding
equality becomes aparent using that, by (3.5), d.(m,[p]) = sin(d,(m, [p])) .

Remark 6.14 From (3.5) and the proof of (6.12), we can deduce the following
facts: for all m,n € Projg,,(A,p),

1) di(m, [p]) = tan(d,.(m, [p])) .
2) d.(m,n) = sin(d,.(m,n)) .

Note that the three metrics have a clear geometrical sense: the chordal metric
is the one asociate to the norm in U(p) via the identification (which is in fact
a bi-anlytic map) g,. The metric d, is the rectifiable metric generated by d.
taking the infima of the lengths of curves (and having the geodesics of the linear
connection as minimal curves). On the other hand dj is the metric induced on
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Projy;,(A,p) by the atlas of local charts of its complex manifold structure. Note
also that they are related by the previous formulae and depend on the norm of
some particular vectors in H,, , which is the tangent space at p of Projfm(A,p) .
On AT(A,p) we have a fourth metric, induced by the metric di (see (7) of
(6.5)) of U(A)* via the map Y : U.(A)" — Projs;,(A,p) of (6.9) (which is
a C° diffeomorphism). Let m,n € AT(A,p) and pu,v € U(A)T such that
m = [p*/?p] =Y () and n = [v'/?p] = Y(v). Then

d(m,n) = dy (u,v) = || log(v ™"/ ~1/2)].

We define now the non-Euclidean metrics on AT (A, p) following [SZ2]:
Definition 6.15 Let m,n € AT(A,p) and u,v € U.(A) such that m = [up] and
n = [vp] . We consider the following three functions:

1) p(m,n) = ||(1 — p)u*cvp| . This function is clearly well defined but is not a

metric.

2) The “pseudo-chordal” metric:

p(m,n)
L+ p(mn)2)1 72

dpe(m,n) =

3) The non-Euyclidean metric:

1 1+ dpe(m,n)
E, — 2 log - lpelmnt)
(m,n) 2 8 1 — dpe(m,n)

Remark 6.16 In order to relate the metrics just defined, we recall from in 5) of
(6.5) the action of the group U.(A) over U:(A)" given by u x A = ulu*, for
u € U-(A) and X € U.(A)T . This action is isometric with respect to the Finsler
metric of U.(A)T and therefore also isometric for the geodesic metric dy defined
in 9) of (6.5) (see [CPR5]). This fact yields

dy(p,v) =dy (v P2 1) = |[log(v=" 2= 2)]|.

We consider also the action of U.(A) over AT(A,p) induced via the map Y of
(6.9). More explicitely, for u € U.(A) and X € U(A)T,

ux A2pl =ux Y () =Y (ux \) = [(uru*)/?p].
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Proposition 6.17

1) The pseudo-chordal and non-Euclidean metrics are symmetric and invariant
under the action of U.(A) on AT(A,p) defined in (6.16).

2) For m,n € AT(A,p), let Y=Y (m)=p € U(A)" and Y1 (n) =v € U.(A)T
Then

dyelm.m) = [ (™20 2| = [k (020 2p))| - and, in particular
dpe(m, [p]) = di(m, [p]).  Also
Proof. 1) First note that, using (6.6),
p(m,n) = |1 = p)pevp| = (1 = p)uv~"p| = (1 = p)vu~"p| = p(n,m),
and p is symmetric. On the other hand, if u € U (A), its left polar decomposition

is given by u = (uu*)"/?w, where w € Uy NU.(A) commutes with p by 7) of
(6.5). Hence, for all u € U.(A) we have that

(6.18) [up] = [(wu*)"*wp] = [(wu*)"?p(pwp)] = [(uu*)"?p] = [|u*|p].

Now we can describe more clearly the action of U.(A) over AT(A,p) of (6.16):
let v e€U.(A) and X € U.(A)T, then, by (6.18),

ux [N2p] = [(uhu™)2p] = [uA!/2p].
Then, for v € U.(A),

plu x [ ?p),u x [1p]) = p([up'/?p], [uv'/*p])

n(

( p) 1/2U*EUV1/2
(1-
(

I Pl
I

= (). /%)

Pt/ 2|

Therefore p is symmetric and invariant under the acion of U.(A) on AT (A,p).
It is clear that the same happens for d,. and FE, , since they are defined in terms
of p.
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2) Using 1) we have that

dpe(m,n) = dpe([1'?p], [v'/*p))
pe([V 2! 2p], [p])
e ([ 2= Y2 2p), ).

d
=d
Then, using again (6.16), we can suppose that n = [p], since the action of v~1/2

transforms n = [vY/?p] to [p] in AT(A,p) and v to 1 in U.(A)t. Now, let

Wl = (Z o )+ Then @ =kt (m) = ba™" = b(p+b*b)~"/* and
om, bl)? = el = (o -+ 5°0) ) = A
| T+ [7)

Note that [[b] = [|(1—p)u"/2p]| = p([111/2p], [p]) = p(m, [p]) . Therefore dye(m, [p]) =
di(m, [p]) -

Theorem 6.18

1) If myn € A*Y(A,p), let Y™ (m)=p € U(A)T and Y1(n) =v € U-(A)T.
Then

2 Ey(m,n) = ds(m,n) = dy (p,v) = |[log(v™" 2=,
where dj, is the metric on Projy;,(A,p) defined in (6.11) and d is the metric
on AT(A,p) defined in (6.14).

2) The map Y : U.(A)* — AT (A,p) of Proposition (6.9) allows us to translate
the C* homogeneous reductive structure and Finsler metric of U.(A)* to
A1 (A,p). In this sense, the geodesics 7, defined in (8) of (6.5) and pushed
forward to AT (A,p) via Y remain geodesics and they have minimal length,
ie.

1 1
E,(m,n) = 3 dy(p,v) = 5 by (V) = Lavap) (Ymom),

where

Ymon(t) =Y 07,(t)
_ Y(ul/z(ufl/zz/,ufl/z)tul/z)
— [‘ul/Z(u71/2V1/2‘u71/2)t/2p} ., tER.
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Proof. Using (6.6), there exists z € H, such that
0 =z _
P2 = z¢ 0) _ ( C(_)Sh(‘ZD Z*(SH;M)(Z*D)
23 (l2l)  cosh(]z*))

and, by (6.5),

st ) = da 1) = (] = 20t 2)] =20 ( 55 )1 =20l

Easy computations similar as those of (6.13), show that

tanh(t)

dpe(m; [p]) = di(m, [p]) = l|2(—

)(12DII = || tanh(]2)]| = tanh(][z[]).

Therefore di(m,[p]) = 2 argtanh (d,.(m, [p])). Elementary computations show

that, for all ¢ € (—1,1), argtanh (t) = % log }fiz . Therefore we have proved

that the metrics 2F,, and d; coincide.

2) Is clear now because the geodesics 7, are minimal for dy in U.(A)" and we
have translated the metric and Finsler structure from U.(A)T to AT(A,p) via
Y.
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