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ABSTRACT - One-sided versions of maximal functions for suitable defined
distributions are considered. Weighted norm equivalences of these maximal

functions for weights in the Sawyer’s Al classes are obtained.

1. Notations and Definitions

Let f be alocally integrable function on IR . The one-sided Hardy-Littlewood
maximal functions are defined as

z+h
M*f(z) = sup - / F@)ldy

h>0 h
and

1 x
M fe) =sw g [ Iflay.

It is well known, see [S], that if 1 < ¢ < co and w(x) > 0, a necessary and

sufficient condition for

/ M (@) (@) < Clw,g) / @) () de

— 00 —

to hold is that there exists a constant C' < co such that if —co<a<b<c¢< 0,

then
c , 1/q
(/ w(x)™? /qu) <C(c—a).
b
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We say that a non-negative and measurable function w(z) is a weight in the class
Al if (1.1) holds. Similar results are valid for the maximal function M~ f.

In the limit case of ¢ = 1 the condition M~ w(z) < Cw(x) a.e. is necessary
and sufficient for the weak type 1-1. These weights are said to belong to the class
AT . For more properties of the classes Al and A; see [S] and [M].

If we Aq+ , ¢ > 1, the weight w(z) can be equal to zero on a set of positive
measure, however there exists z_o,, —00 < Z_o < 00 such that w(z) =0 a.e. if
< x_oo and w(l) > 0 if T is a bounded interval contained in [x_q,00).

Let D the space of the C*° functions with compact support defined on IR . By
D(e,+o0) we denote the space of C*° functions with bounded support contained
in (¢,+00). The dual spaces of D and D(c,+o00) shall be denoted by D’ and
D'(e,+00) . Its elements are called distributions.

Let S be the space of C'*° functions on IR with rapidly decreasing derivatives
of all orders. The topology of S is given for the family of norms

l¢llas = sup |(1+[))? D [DFe(a)l|
z€ IR k=0

where « is a non-negative integer and [ a non-negative real number. For any
c € IR let S. be the closed subspace of S of all rapidly decreasing functions with
support contained in [¢,+00). The dual spaces of S and S, are denoted by S’
and S.. respectively. The elements of S’ and S/ are called tempered distributions.
If —0o <d < oo we define Sj as the union

Sf=Js..

d<c

By (S;)’ we denote the set of linear functionals of S} that restricted to S, belong
to S/, for any number ¢ greater than d.

Let v be a non-negative integer. We say that ¢ belongs to the class fIJ,Jyr if
» € D, supp(p) C I, where I is a bounded interval of the form [—a,0], a > 0,
and [T D7Vl < 1.

Let f belong to (S;)'. We define the maximal function fi of fas

fi,fy(x): sup |<f><P(9U_ ')>|7
pedd



for 2 > d. Given a weight w(z) in the class A} and 0 < p < oo, we say that
[ € D'(2_cotoo) belongs to HY (w) if

s 1/p
(/ f—t,v(x)pw(f)dl) = fllmr () < oo

It is easy to see that this definition of the space HY _ (w) coincides with the defin-
ition given in [RS1].
If ¢ €S and supp(¢) C (—o0,0], fe(SF ) and = > z_o, then

[roi(r) =< fide(x— ) >,

where ¢;(z) = t71¢(z/t) is well defined. We shall consider three other maximal

functions:

MO(fﬂ¢7x) :iglo)”c*gbt(x” ’

M{(f,¢.x)= sup |f*¢u(y)|, and

0<y—x<t

- _ 1f =)l
N)\ (f’¢ax) _yZS;IELO (1+%)>\ 9

where A >0 and z > x_o, . We shall say that f € (S} _)" belongs to HY ,(w) if

o 1/p
</ Ml—i_(f7 ¢a a:)’%u(x)dx) = ||f||Hi¢(w) <o,

again, 0 <p < oo and w e Af.

2. Statement of the main results

The purpose of this paper is to show that, under suitable condition on p, 7,
q and ¢, the spaces HY (w) and HY ,(w) are the same and that the norms on
these spaces are equivalent. The method we shall apply in order to obtain our
results relies on Calderon’s formula. In this connection see [CT] and [StT].

The main results of this paper are stated in the following theorems.
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Theorem A. Let w belong to Al‘; and 0 <p < oco. If B and v are positive
integers satisfying p(8 + 1) > g and p(y+ 1) > g, then

(2.1) HY s(w) = HY (w) .
Moreover, for any distribution f € D'(x_s,+00)

(2.2) allflar ) <M llaz @) < el fllarw)

hold with constants ¢, and cs not depending on f .

Theorem B. Let w belong to Aq+, 0 <p< oo, ¢ €S with support

contained in (—00,0] and [ ¢ # 0. Then, if p(y+1) > ¢
HY (w)=HE  (w) .
Moreover, if f belong to (S _)', then

allflar ) <IAllar @ < c2llfllar_w)

hold with constants ¢, and c¢s not depending on f .

Theorem C. Let w belong to A;, 0 <p< oo, ¢ €S with support

contained in (—00,0] and [¢ #0. If p(y+1) > q and f € HY (w) then

00
Y T oo Y

hold with constants ¢; and cg not depending on f.

3. Proof of the results

The main ingredient in the proof of the theorems A, B and C is the following
one sided version of Calderon’s formula, see for instance [CT].
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Lemma (3.1) Let ¢ € S, ¢ #0 and supp(¢) C (—o00,0]. Given a non-
negative integer m, there exists n € D with support contained in (—o0,0] and
D*7(0) =0 for every k, 0 < k <n, such that

RO ds 1 ifx#0
3.2 sr)n(sr)— = .
2) [t ={ ) Er 70
Proof.  The Fourier transform 7 of the function n we are looking for has a zero

of order greater than or equal to n + 1 at the origen. Thus, it can be written as
i(z) = (2miz)" T p(z) with p € S and supp(p) C (—o0,0]. Then, the integral in
(3.2) is equal to

(3.3) 2mi /000 xD/\%(sm)ﬁ(sx)ds = 27i /OOC xp(sx)p(sx)ds
where ¢ = D"¢. By change of variables, it follows that (3.3) is equal to
(3.4) 2mi /OOo @(s)p(s)ds , if x>0, and

0
(3.5) —27Ti/_oo o(s)p(s)ds , if =z<0.

Since the supports of ¢ and p are contained in (—o0,0], the functions ¢ and
p are boundary values of analytic functions on the upper half-plane and rapidly
decreasing for |z| tending to infinity. Then, by Cauchy’s Theorem, we have

| stsintss =o.

— 00

This implies that (3.4) and (3.5) have the same value. Therefore, in order to prove
the lemma we should find p satisfying

(3.6) omi /0 " o(2)p(s)ds = 1.

By Cauchy’s Theorem, we have



It is easy to show that the triple integral above is absolutely convergent and equal
to

1 - / (/ ! ga(x)dx)my)dy:— /LH(@(—y)p(wdy

—0o0 —c0 Y —Z

where H(p) stands for the Hilbert transform of . If (3.7) were equal to zero for
every p € D with support contained in (—o00,0], then H(p)(y) would be equal to
zero for y > 0. It is well known that this implies that ¢, and therefore ¢, are
identically equal to zero, which is not the case. Thus, there exists p satisfying (3.6)
as we wanted to show. .

The following lemma is a consequence of Lemma (3.1).

Lemma (3.8) Let 1 belong to S with D¥(0) = 0 for every k, 0 < k <
m. If ¢ and n are as in Lemma (3.1), then

=0

m,h

lim
a—0
b— oo

b
dta) [ dsoitsn) = i

for every h > 0. Moreover, there exists a constant C' such that

<C
m—+1,h

wa) [ dtsitsn = i)

holds for every 0 < a <1<b<o0.

Proof. By Lemma (3.1), we have

i@ -6 [ it =iw) [+ [7) dtomiten L =ato.0)+ B0,

m+1[)(x) and 77(50) = ZL’,[L(CC),

where p and p belong to S with their supports contained in (—o00,0]. Let us

The hypotheses on 3 and 5 imply that 1/3(33) =z

estimate A(a,x). Since

Ala,z) = ple)a™? / " (ép)(sa)ds |
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the derivative DS A(a,x), for 0 < o < m+1, is equal to a finite sum of terms of
the form constants times

(3.9) D pla)a™ 2 [ Do (G (sa)seds
0

where @ = a3 + ag + a3. We observe that all the terms of the form (3.9) tend to
zero for = tending to zero and are bounded by a constant times

D p(a)| (1 + J2)"2a .

Therefore,
m—+1

(1 +1al)" 3 ID*Afa, )| < C-a,
a=0
where the constant ¢ does not depends on a. This implies that ||A(a, )||m+1,n is
bounded for 0 < ¢ < 1 and that it goes to zero for a tending to zero.

Procceding as before, we have

Blba) = @)™ [ (o) (so)ds

Thus, its derivative of order a, 0 < o < m+ 1, turn out to be a sum of constants
times terms of the form

(3.10) D j(x)gmHimzmas / D3 (pfi) (sx)**dsz
b
where a = a3 + as + az. The integral above is equal to
/ D3 (pfi)(s)s*3ds if >0, and
(3.11) e
- D3 (pi)(s)s**ds if z<0.

Since D3 (¢fi)(s)s* is the boundary value of an analytic function on the
upper half-plane, by Cauchy’s Theorem, we get that the limit of D*B(b,z) for z
tending to zero exists if 0 < a < m + 1. Moreover it follows from (3.10) that

m+1
(L+ 2" > ID*B(b,)| < Conllpllmes,htmsr |9l 1,ms -

a=0



If we restrict @ to be less than or equal to m, the integrals in (3.11) are
bounded by

o > ds 1 -~
T — / 9 L il
b

o 82 Jolb
Then, .
(1+ 2" Y [D*Bb,2)| < Coal|pllm et | 9, me-26™"
a=0
This shows that
Tim (| B(b, ) =0,
for every h > 0. n

The following theorem and Lemma (3.18) will be used in the proof of Lemma
(3.21).

Theorem (3.12) Let ¢ € S, supp(y)) C (—o0,0] and D¥)(0) = 0 for
every k, 0 <k <m, and assume that ¢ and n are as in Lemma (3.1). If f € S|,
and there exist a non-negative integer { and 0 < a < 1 such that

| <fip>1<Klplemta

for every p € S., then

ds

S

B3y e = [ ([Ure) @6 - )

holds for every = > c.

Proof. By Lemma (3.8), the function

b
(3.14) dta) [ oot % i

converges to zero in the norm || ||, and its norm || ||m+1,5 is bounded uniformly
for 0 <a<1<b< oo, forevery h > 0. The inverse Fourier transform of (3.14)
is equal to

b ds
/ ) *x Ps * Us(fﬂ)? —P(x) = Yap() .
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Then, taking h = £+ 2 we have that

1Yabllemer < C

holds for every 0 < a <1 < b < oo, and

lim [t e =0 -

b—oo

This implies that for every k, 0 <k </,

(3.15) (L4 |2)™ D" (@) < [Papllemra(L+ |27, and
(3.16) (1 + |2)™ | D*%ap(@)] < [Pabllem (L +lal)* .

Given € > 0, by (3.15) there exists N such that
(3.17) (L+ [z)™ [ DFepg ()| < &

holds for |z| > N uniformly in 0 <a<1<b<oo. If |z] <N, (3.16) shows that
(3.17) holds true if a is small and b is large. Thus, we have shown that

im |va,blle;m+a =0 -
a—0

b—oo

This implies that

a—0
b— oo

b
< f,¢ >= lim <f,/ T/J*@*ns(x)% >,

where right hand side can be easily shown to be equal to
b
. ds
hiI(l]/ <f7¢*¢s*ns>?-
b—oo Y@

In particular taking :(x — -) instead of () we obtain (3.13) as we wanted to
show. .

Lemma (3.18) Let ¢ € S, supp(¢)) C (—00,0] and [¢ =0. If n € D
with supp(n) C (—00,0] and [ a"n(z)dx =0 for every k, 0 <k <n—1, then

0 ifx >0 and

(3.19) [ % 1 (@)| < {C(n,n)|w||n,n+4iw ifz <0



holds for every r, 0 <r<n-+1.

Proof.  Since, for t >0 and s >0,

1/}t * ns(x) = (1/%:/3 * 77) (‘T/S)

®» | =

holds, it is enough to consider the case s = 1. Let us first assume that 0 <t < 1.
By hypothesis [ =0, thus

e+ m(z) = / Pz — ty) — n(2)ldy

- </y|<1 * ];)/Qk<y<2k+l> %D(y)[ﬁ(x - ty) - T](x)]dy .

Using the mean value theorem, we have

tyllmll1,n+1
1+ |z — thy|)n 1 -

In(z —ty) — n(z)| < tlyly' (z — toy)| < (

If || > 2%+2 and |y| < 2+ we have |z —tfy| > % and therefore, the k-th term
of the series is bounded by

pont1_Imllints / lyl 1 (y)ldy -
(L [z)" Y Jor gy <onn

If |x| < 2872 the k-th term is bounded by

i )y <t 16|
t771,n+1/ ywydyﬁtiﬁLﬂ/ yllv(y)|dy
2k < |y|<2k+1 (L Ja])tt " ok gy <ar

20 2yl
< ——1n 17n+1/ Yy " y)lay .
(1 + |z[)*t 2k <|y|<2k+1

Then, if 0 <t <1, |(¢*n)(z)| is bounded by

t
T+ laly™+
t
(el

Clnn) e | W0+ 16"y < Clnllnes
< )6 s
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For the case 1 < t < oo, we assume that supp(n) C [—a,0], a > 0. Since by
hypothesis 77 has moments equal to zero up to the order n — 1, it follows that

v = 5 l@b (=) - ;,j, (2) ) (f)] W)y

The expression between brackets is bounded by

1 " n,n
o0 (Y e g,

If |z| > 2a, since |y| < a this expression is bounded by

ont1 (|y>" ,

t

Thus

2nt! H¢”nn+1
@) < 2 ot [y

whenever |z| > 2a. If |z| < 2a, by (3.20), we have

11 .
()] < o [l [ 1ol n(w)ldy
1 (1+2a\""! N
S <t+|w|> /|y\ n(y)ldy .
Thus for ¢ > 1 and any x we have obtained
<C T

Since for 1 <, t"(1+ |z|)" ™" < (t+]|z])"(t+ |2))" " = (t+|z])" T, it follows
that

[¥]lnn -
[t xn(z)| < C(n, U)Wt .

Therefore, collecting our estimates we get that (3.19) holds for < 0. Since the
supports of 1 and 7 are both contained in (—o0,0] it follows that ¢, * n(x) =0
if £ >0. []

11



The next lemma is in the core of the proofs of Theorems A, B and C.

Lemma (3.21) Let f € S., {,m non-negative integers and 0 < o < 1 such
that

| < frp> | < K||90||Z,m+a )
holds for every ¢ € S.. Let ¢, ¢ and n with their supports contained in (—o0, 0],
¢ and ¢ in S and n in D. We assume that D*4)(0) = 0 for 0 < k < m,, and that
there exists a non-negative integer n such that D"n(0) =0 holds for 0 < h <n—1.
Then, we have

|f * e(2)] < Cle,n,m)[|Y]

"an+4N;(f7¢7x)nT:7::—lM+ |:M0(fa¢a ‘ )ﬁ (l')

holds for x > ¢, where A= (n—r —¢g)(n—r+1)/(n—7r), r >0, € >0 and
n>r-+e.

Proof. By Theorem (3.12) we have

o ds
froa) = [ [ Feouwonie - pin
0
The estimate of v * s given in Lemma (3.18) shows that

0o %S * Py ] d
@) < Ol | mmm@/s,(s/md%;

By the definitions of N ;r and My, we get
|+ e ()]

o0 [0 M "R d
< O, )¢ lln, s alN5t (f, ¢, 2) 7751 / o(f,9.y) s

(L1 oy T/ /0.

where A is taken as equal to (n —r —¢)(n —r +1)/(n —r). The double integral
above is bounded by a constant depending on ¢ times

Mt {Mo(ﬁ o, - )n,77‘+1:| (J;) .
This ends the proof of the lemma. .
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The proof of Theorem (3.23) requires the following vector valued extension of
the Sawyer’s one-sided maximal function theorem.

Lemma (3.22) Let 1 <p<oo, 1<¢<oo and we Af. Then, if {f;}52,
is any sequence of measurable functions,

a/p q/p

/ Z M™*fi(z)? w(z)dx < C(p, q7w)/ Z |fi(x)P w(z)dx

j=1
holds with C(p,q,w) not depending on the sequence.

Proof.  This lemma is a consequence of Lemma 4 in [RS2], page 936, applied to
Ujg(z) = Ug(x), where U is the operator g — {l fxw g(y)dy} ,and B is the
r>0

T Jx

Banach space L*(0,00). .

Theorem (Approximation theorem) (3.23) Let 0 <p < oo, p(y+1) >
q>1and we A} . Given f € HY (w) and € > 0 there exists a function g(x),
locally integrable on (x_o,+00), such that

() If = gllur_w <e-

Moreover, there exists a, 0 < a < 1, depending on w only, such that

) * |g(x)
(i) / e <o

holds for every z_,, <b<c.

Proof. We can allways assume that ¢ > p since otherwise w € A; implies that
w € At . For the case 0 < p < 1, part (i) was proved in [RS1], Theorem (2.1),
page 176. Going to the proof of the mention theorem in [RS1] with F = f, we see
that the hypothesis 0 < p < 1 was used to estimate the norm HB”Hi,WW) of the
distribution B defined there. In order to show that the estimate holds for any p,
0 < p < 0o, we shall apply Lemma (3.22). In fact, taking into account part (i) of
the Proposition (4.27) of [RS1] on page 175 it follows that

B (2) <C{ fi (@) Xealz)+ Y )\kz (M X, ()]

(kyi)er =1
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Thus,

/00 B . (z)Pw(z)dr < ZPCP/ij‘rW(x)pw(x)dx

— oo

(3.24) N LICER)
v

+2PCP /xoo Z i [M+ (A,lg/(WH)XIkM) (:1:)} w(z)dx .

—oo \ (ki)eF j=1

: +
Since we assume that p(y +1) > ¢ > 1 and w € Af, we have Ap(~/+1)' Thus, by

Lemma (3.22) we get that the second integral on the right hand side of (3.24) is
bounded by a constant times

p

(3.25) /00 Z Z M X, (2) | wx)de .

- (ki)eF j=1

Since Iy C Ir; C Q we have A\ X, , (2) < f_’f_v(x) Then, (3.25) is smaller
than or equal to

| @

Therefore, we have shown that
| Bra@re@ds < Coa) [ 1@ u@ds

holds for 0 < p < oo, that is to say, we can remove the assumption 0 < p <1 of
Theorem (2.1) in [RS1].

As for part (ii), we observe that (z —b)~' < C(b,c)M~ X ) (x) for z > ¢
and [g(z)| < g% ., (x). Then, by Hélder’s inequality,

/ (g(xﬂdx < C/ M™Xp,e)(x)%97% () dx

z—b)°
<o/ Mx@,c)u:)aq’w(a:)q’/qu)l/q( / oogiw)qw(x)dx)l/q.

If « is smaller than one but close enough to one, the weight w1/ belongs to the

class A;q, , thus

/:o Mdﬂc <C (/bcw(z)q’/qu> v (/Oo gi’,y(:c)qw(x)da:> v ,

14



where the right hand side is finite as it is shown in Theorem (2.1) of [RS1].

The following lemma is well known and shall be used in the proofs of Theorems
A, B and C.

Lemma (3.26) Let w € A,
A>q/p,

||N;_(fa ¢a 'r)HLp((asfoo,oo)ﬂu) < C(p7 q, w)HMlJr(fa ¢)7 m)”LT’((xfomoo)m))

!/
0<p<ooand f € (Sj_m> . Then, if

holds with C(p,q,w) not depending on f and ¢.

The proof of this lemma follows the same lines of Lemma (5.6), page 243 of
[GR] and shall not be given here.

Proof of Theorem A.  Without loss of generality we can assume that ¢ > 1 and
B < 7. Since <I>;§ D <I>,JYr it follows that f () < f} 5(z) for every x>z . Let
g(z) be a function belonging to Hﬁﬁ (w) satistying that for a given o, 0 < a < 1,

and every pair (b,¢), - <b<c <0

(3.27) /00 (ngmg)tdx =C(b,c) < 0.

By Theorem (3.23) these functions g are dense in HY _(w). Let o belong to
(I),—Bi_ with support contained in I = [—¢,0], ¢ > 0, and let p(y) = to(ty). Then
supp(p) € [~1,0] and D%l < 1.

Let ¢ € D, supp(¢) C [~1,0] and [ ¢ =1. Then

o) = o)~ [ o1z 00| + [ pleraz - o0

=1(y) + (/p) P(y) -

Then, if x_o, < x, we have
<g,o(@—+)>=gx*p(x)=g=*P(x)+ (/p)g*(gﬁt(x) .

By construction, the integral of v is equal to zero, that is to say 77/;(0) =0. We
can choose b and c¢ satisfying x_o, < b < ¢ < x. By (3.27), the distribution

15



g € S, defined as [ gpdz satisfies the condition | < g, > | < C(b,¢)|¢lloa-
Then applying Lemma (3.21) with m =0 and n = § to the distribution f =g we
get

9% U4l < Cle. B.mlls.50aN5 (0, 6,2)7757 - M* [Molg, 6, )77 (2)

where A= (f—r—e)(B—r+1)/(B—7r), e >0, r>0 and 8 > r+e tobe
suitably chosen.

By definition of 1 it follows that [[¢| s s+4 is bounded by 2°%4(8 + 1) +
ll¢llg,844 = C(B,¢). Thus, |g* 1 (z)| is bounded by

Cle, B0, O)NF (9, 6,2) 771 M* [Mo(g, 6, )/~ (@)

On the other hand, since | [ p| < [|plloc <1 we get

(Jo)o

S M0(97¢7 .’L‘) .

Therefore,

% _B—r _r
g},5(x) < ONY (9,6, 2) 77 M+ [My(g,6, )P40 ()

)

where the constant C' is independent of ¢,b and c. Applying Holder’s inequality
we get

B—r

/gi’ﬁ(x)pw(z)dx <C </ Nf(g,aﬁ,x)pw(x)dz) e

529 ' U (ar+ [ao(g. 0, -/ +0] @) w(:c)dz] v

Choosing r and ¢ small enough so that pA > ¢ and p(8 —r +1) > ¢, by Lemma
(3.26) and Sawyer’s theorem on weighted norm estimates for the one sided maximal
function, we obtain the inequality

(3.29) /gi,ﬁ(a:)pw(x)dz < C’/Mf'(g,qS,x)pw(a:)d;z: .
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Now, given z,y and t satisfying the conditions 0 < y — x < t, the function

¢(z) = ¢ (X5 + 2) has its support contained in [—2,0] and

g% oi(y) = g* pi(z) .

Since ¢(z)/271!|D7¢|ls belongs to @, then

9% & ()] < 277D gllocg? (@)

whenever 0 <y — x < t. Therefore,

M (9,0,2) = S g ¢:(y)| < 27DV ¢llogl (@) -
<y—=z<

From this inequality and (3.29) it follows that

[ ot s@ruis < ¢ [ g @rulds.

where the constant C' does not depend on g.

We have shown that the functions g satisfying (3.27) that belong, either to
HY 5(w) or HY | (w), are the same and their norms are equivalent. Since the spaces
HY 5(w) and HY _ (w) are complete, the density of the functions g satisfying (3.27)
implies that (2.1) and (2.2) hold. .

The next three lemmas are used in the proof of Theorem B.

Lemma (3.30) Let p(z) and ¢(x) belong to S, [¢(x)dz # 0. Given a
non-negative integer m, there exist a function a(r) € D with support contained in
[0,1] such that the functions p(z) and

/a(r)qb(x +r)dr

have the same moments up to the order m. More precisely,

m

alr) = Yo as(r) [ #p(erds

=0

where the functions a;(r) belong to D, with their supports contained in [0, 1] and
not depending on the function p(x).
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Proof.  Let v be a function in D with support contained in [0,1] and [ v(x)dz #
0. We define the matrix C' = {cy,5}}',—o Where

Chh = /xk (;l/DhV(T)(b(LE—I—T)dT) dx .

Integrating by parts we get that

crpn =0 if k< h, and

C e = /1/(7") (/ o(z +7")dl’) dr = /l/(r)dr : /gﬁ(x)dw #0.

This shows that the matrix C is inversible. Let M = C~! and my,, its entries.
We define a;(r) as

and

Then, for 0 < k < m, we have

/xk (/a(r)¢(x+r)dr) dz

:jf_;é};/xk/th(r)qb(x—kr)drdzth/sz(z)dz
>y

=0 h=0

Ck,h,mh,j/sz(z)d«z: /ka(z)dzv

<

as we wanted to prove. .

Lemma (3.31) Let f belong to D'(c,+o0) and w a weight satisfying
w(l) > 0 if I is a closed interval contained in (c,+oc). If fi _(z) belongs to
LP((¢,+00),w) then the distribution f can be extended to S and for b > ¢,
J = [max(c,b—1),b] and p € Sp

1 o0 . 1/p
<t 120 (o [ fa@ruie) el
18



holds with a constant C., depending on y only. In particular, the extension belongs

to (SH)'.

The proof of this lemma can be found in [RS2] as part of the proof of Theorem
4, page 943.

Lemma (3.32) Let ¢ belong to S, supp(¢) C (—o0,0] and f € (S]).
Then

Mi(f,gi),x) < C’Y||¢H’Y»V+2fi,v(x)
holds for every z > d.

Proof.  Let {ni(z)}32, be a sequence of C*° functions satisfying the following
properties:

ne(z) 20,

supp(no) C [-2,0] ,

supp(ni) C [—2FF1, —2"71] for k>1,

DN lloe < Cr27% for k>0, and

oo
an(x)zl if ©<0.
k=0

Since supp(¢) is contained in (—oo, 0], it follows that

(3.33) o) =>_ my)e(y) -

We shall show that this series convergesin S. Let £ and h be non-negative integers,
then

1+ )" D d)(y) = > Coy (L + [y)" D mi(y) D= (y) -
by +lo=F

Thus, by the properties of the sequence {nx(x)}?22, stated above, we have

(L+ Iy | D" (y) D" 6y | < czlzfl’cmx[-zwl,m(y>

< Cp2m TRl g pyr
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This implies that ||nxd|en < Ce27%||@lle.nt1 . Therefore,

eh < Collpllen -
k=0

Thus, the series (3.33) converges in & as we announce. Now, given x > d and z,
0<z—z<t, we have

Fro(z) = f*(md)(z
k=0

For k >0 we define p4(y) = (mx¢) (53% +y) . Then,

fr (me@)i(2) = [ ()i () -

For k > 0 the support of (ux):(y) is contained in I = [7t2k+2,0] . Thus,

r+19(k+2)(v+1) z—z+y
LD G < T S O |0 (25
Yit+v2=y
z-rty [lly.y+2
< C72k(7+1)x[,2k+1 gk ( ) Y —
t (1 + |z—9tc+y|)“f
<C27"

This estimates implies that for 0 <z —xz <t

|f 5 (m9)e(2)] < Cy27 1@l 2 fT 4 ()

Suming up in k, we get that

If * ¢e(2)] < C’y||¢||%v+2fi,'y(m)

holds for 0 <z—xz <t. n

Proof of Theorem B. Let f € Hi@(w). Given ¢, T_o < ¢ < 0o there exist
K >0 and, ¢ and v non-negative integers, such that

(3.34) | < foo> [ < Kleplley
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holds for any ¢ € S.. Enlarging -y, if necessary, we can assume that p(y+1) > q.
Take o € ®F with support contained in I = [—#,0] and 7*![|D70|loc < 1. Let
ply) = to(ty). The support of p is contained in [—1,0] and ||[D7p|lec < 1. By
Lemma (3.30), the p(y) can be written as

py) = (y) + / a(r)p(y + r)dr

where ¢ has all its moments equal to zero up to the order v. Since | [ 27p(z)dz| <
llpllee < 1, we have fol la(r)|dr < C, . Then,

I

1
rsa < [ollnsa + / a()[1(+ + )y 4adr

<27y +1) + 2770 [ ¢lly,044 = C(0,7) -

(3.35)

It is easy to see that
(f o) (@) = (f * pe)(x)
= (f*y)(x) —|—/01a(7“)f*¢t(a:—|—rt)dr =I+1II.
For I1 we have the estimate
1< [ lalr)aras (.6, < O (1, 608).
As for I, by Lemma (3.21) with n =+, m =+ and a =0 and (3.35), we have

1] = Cle, 7, m)C&, VNS (f, 6,2) 775 MY [ Mo(f,6, )7 | (@),

where A = (y —r —¢)(y —r 4+ 1)/(y — r). Therefore, the estimates just obtained
for I and II, show that

fi,(@) = sup [f*o(z)|
oeéi

< Ce,y,m, QNS (f,6,0) 771 MT [Mo(f, 6, )77 | (2) + M (£,6,2) .

for © > ¢. Then, by Holder’s inequality, Lemma (3.26) and Sawyer’s theorem on
weighted norm estimates for the one sided maximal function, we get

(3.36) / fi (@) Pw(z)dr < C’(’y,n,d),p,q,w)/ M (f, ¢, 2)Pw(z)dr < oo .
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This inequality shows that f € HY _(w.), where w.(z) = w(2) X (¢,00)(z) belongs
to A . By Theorem A, we have that f € HY (w.) where 7o is the least of the
integers v > 0 satisfying p(y+ 1) > ¢. If b > x_o, we choose ¢, z_o < ¢ <b.
Then, by Lemma (3.31), we have that

1 o] 1/1”
< o212 Ot ([ I @l u@ds) ol
(&
Since 7y does not depend on b and b can be taken as any number greater than

T_oo, We can take v = 7y + 2 in (3.34) obtaining (3.36) for any ¢ > z_o . Thus,
taking the limit of (3.36) for ¢ — z_., we obtain that

/ fi,ﬂ/0+2(1’)pw(m)dw < C(PY() + 27777 ¢>p7 Q7w)/ M1+(f, d),x)pw(m)dz <0,

which shows that f belongs to H iﬁo 4o(w) . Applying Theorem A again we obtain
that f belongs to HY _(w) for every v, p(y+1) >gq.

Since, as we have already show in Lemma (3.32),
M1+(f? ¢7 .’17) S C’Y||¢||’Y;’Y+2fi,7<x)
holds for = > z_,, we get that also
[ MG eare@i <o) [T 5 @rei

holds. This ends the proof of Theorem B. .

Proof of Theorem C.  Without loss of generality we can assume that [¢ =1. In

order to prove the theorem it is enough to consider f in the dense class of H iﬁ (w)
described in Theorem (3.23). Procceding exactly as in the proof of Theorem A we
get (3.28) with § = . That is to say

/giﬂ(x)pw(fﬂ)d:c =¢ (/ N3 (9.9, x)pw(:v)dx) o
‘ (/ M [Mo(g’ ¢, )ﬁ} (x)m—m)w(x)dx) i |
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By Lemma (3.26) and Sawyer’s theorem on weighted norm estimates for the one
sided maximal function, we obtain

[ gt P < c ( it ¢,x>Pw<x>dx) o
Since by Theorem B

[ 0.0, 000@ar < 0 [ g1 @puts
we get
/ 94 (@)Pw(z)de < C / Mo(g, ¢, z)Pw(z)dz

which is the first inequality in (2.3). The second inequality follows from Lemma
(3.32). .
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