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ABSTRACT. Let E be a crossed product of a group over an algebra and let M be
an E-bimodule. We obtain a chain complex and a cochain complex, simpler than
the canonical ones, given the Hochschild homology and cohomology of E with coef-
ficients in M respectively. These complexes have natural filtrations whose spectral
sequences generalize those of Hochschild-Serre.

INTRODUCTION

Let k& be a commutative ring with 1, A a k-algebra, A* the group of units of A
and G a group. An associative k-algebra F, whose underlying additive group is

P Aw, ~ Ay k(G

geG

is a crossed product of G over A if it contains A ~ Aw; as a subalgebra, and its
multiplication has the following properties:

a) wyl = lw, for all g € G,
b) wga € Aw, for all a € A and all g € G,
c) wowy € A*wgy for all g,¢' € G.

These algebras, which generalize the group algebras, are closely related to the
study of central simple algebras, equivariant projective representations of groups,
extensions of groups, graded rings, etcetera.

Certain special cases of crossed products E are important in itself and they
have their own names. If the w,’s commute with the elements of A, we say that
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E is twisted group algebra and if wywy = wyy for all g, ¢’ € G, we say that E is
a skew group algebra.

The Hochschild and cyclic homology of skew group algebras have been studied
in several papers, for instance in [B1], [B2], [F-T], [G-J] and [N], but we do not
know a paper which describes the (co)homology of a crossed product that is not a
skew group algebra, except [S], where the author study the Hochschild cohomology
of these algebras under particular hypothesis.

In this paper we discuss the Hochschild (co)homology of crossed products in
general. We divide the paper in three sections: In the first one, we give a method
to construct (under suitable hypothesis) a projective resolution of k-algebra E as
E°¢ = E ® E°P-bimodule, simpler than the canonical of Hochschild. This method
can be considered as a variant of the perturbation lemma. In the second one, a
resolution of a crossed product is constructed using the results of the first section.
In the third one, for an E-bimodule M, we obtain a chain complex X,(E, M)
giving the Hochschild homology of E with coefficients in M, and a cochain complex
Y*(E, M) giving the Hochschild cohomology. When E is a skew group algebra,
X.(E,E) is the chain complex obtained for the Hochschild homology in [G-J].
Both X, (E, M) and X (E, M) have natural filtrations. The spectral sequences
associated to this filtrations generalize to the Hochschild-Serre. Furthermore our
construction of these spectral sequences is more straigthforward than the usual
ones (c.f. [B] and [W]).

The boundary maps of the chain complex be (E, M) are a mixture of morphims
d? like the boundary maps of the normalized Hochschild complex of A with coef-
ficients in M, morphisms d} like the boundary maps of the normalized canonical
complex giving the homology groups of G with coefficients in M ® A" and map-
pings d’. (I > 2) depending on the 2-cocycle associated to E. Thus, it is natural
to think, that the Hochschild homology of E with coefficients in M is related to
the Hochschild homology of A and the homology groups of G. In the general case
such relation is establish by the spectral metioned above. Under more restrictive
hypothesis this relation becomes more explicit. For instance, when A is a separa-
ble k-algebra, then H., (E7 M) = H. (G, ﬁ) and when G is a finite group and
the order of G is invertible in k, then G acts on H.(A, M) and the hochschild
homology of F with coefficients in M are the coinvariants of this action.

1.A METHOD TO CONSTRUCT RESOLUTIONS

Let k& be a commutative ring with unity and E a k-algebra. In this section,
under suitable conditions, we construct a resolution of F as an E-bimodule. We
use this result in the following section.



Let us considerer a diagram of E-bimodules and F-bimodule maps

jdam

d2 d° d9 d2
X71 3 03 XO3 13 X13 23 X23 33
yf_m
P S N N
ldam
Ko B X g, B g, B
ldam
a3 &, a2, a3,
X*l,O XOO XlO X20 ey

such that:
a) (X_1.,dL, ) is a chain complex.
b) For each r,s > 0 we have a k-module X,., and E-bimodule morphisms
$rst Xps > E®@X,s®FE  and  ms: E@ X, ® F — X,
verifying 7, S5 = id.
c¢) Each row is contractible as a complex of left F-modules, with a chain contracting
homotopy 0% : X,s — X,115 (r > —1 and s > 0).

We are going to modify this diagram adding F-bimodule morphisms
dlrs: Xrs — Xogi1,5-1 (r,s>0and 1 <1< s).
We will define these arrows of such form that (X,,d.), where

Xn: @ er (nZ 71)7

r+s=n
r>—1
S
dn = dl—l,n+1 + Z Zdis (n 2 0)7
r+s=n =0
r>0

is a chain complex of E-bimodules, which is contractible as a chain complex of left
E-modules. In fact, we are going to build left F-module morphisms

aisz Xrs = Xrtit1,5-1 (r>-1,s>0and 1 <1 <5s)
satisfying the following property:



1.1.Theorem. The family of left E-module maps oy,: X,, — Xp41 (n > —1),

deflned by:
e Y Yk

r+s=n [=(
r>—1

is a chain contracting homotopy of (X, dy).
1.2.Corollary. Let (X,d.) be the complex of E-bimodules deflned by

* 9 *
S
! o l
X,= P Xoe  and d,= > D d.
r+s=n r+s=n =0
>0 r+1>0

Then dj), : (X.,d,) — (X_1 ., —d1_17*) is a morphism of complexes of E-bimodules
and a chain homotopy equivalence of complexes of left E-modules.

1.3.Corollary. If there is an E-bimodule map fi: X_10 — E such that

m d111 d112 d113 d114
E—X_ 19— X_11 — X_1.2 — X_ 13— ...

is contractible as a complez of left E-modules, then
d d} d. d, ds dy, d’
(1.3.1) JIRLED (RN RN (PN RN (RN (APLLE CAPEN

where u = [1dY,, is a relative projective resolution.

Proof. Tt is immediate [

Next we define the morphisms d’., and we prove that (X.,d.) is a chain complex.
1.4.Definition. We define the E-bimodule maps
dy: Xps = Xpp116 (r>—1land1<1<s)

recursively by:
dy, =0 and d,=d, s,

where c/ﬂm: E®X,.s®FE — Xpqpi—16-1 (r >0 and 1 <1< s) is the E-bimodule
map sending 1 QT R 1 to

-1
0 l—j j
- Z Opp1-2,5—1 dr+j—l,s—j dg"@ ﬂ-(l XX 1)7
Jj=0

for each X € X,.



1.5.Proposition. The following equalities hold:
dg«#lfl,sfl dlrs Zerr] 1,s— ] 4 (’I” > 0 and 1 < l < S)'

Consequently (X.,ds) is a chain complex.

proof. We prove the proposition by induction on [ and r. To abbreviate we put
dJ instead of dZ, and o0 instead of 0¥,. Let x = 1®X® 1 with X € Xs. Since
dy(x) = -0, d1 1 dS m(x), we have

dy dj(x) = —df o2 dLy df w(x) = —df df w(x),

which implies df dj = —d{ dy. Suppose that I > 0, 1 +r > 0 and that the result is
valid for dg) with j <lorj=Il+landp<r. Let x=1®X® 1 with X € X,,.
Since

l
_ 0 l+1—35 45
- Z UT‘—H 1 errJ 1 d (X)a

then

0 7+1 I+1
errl Zdr+l Jr+l 1 dr+] ) dj (X)

l
I+1 1+1
= - Z dri] Jl d] ) + Z 09+l—2 d2+l 1 dr—:t] Jl dj (X)
- =0

Applying first the inductive hypothesis to dT_H 1 dl ot 4 ' with (0 < j <) and then
to d), ; , dJ with (0 < j <) we obtain:

l

|
<.

l
J1+1 +1—j J 0 I+1—j—i i .
dr+ld ( )_ ZdT"r] 1d (X)ii Opy— 2dr+_7+z 2dr+j 1d ’/Trs(x)
j=0 7=0 =0
-1 1—j
l+1—j ] 0 I+1—j—1i 3i j
_Zdrﬂ 1 s (X) — Orpi—ody o Ay oy A ()
=0 i=1
1 -1
I+1—j gi—h h I+1—j 75
+ZZ Trpi—a @yl j g dipy g dy Trs(x Zdr+g . s (X).
j=1h=0

The desired equality follows immediately from this fact O
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1.6.Definition. For r > —1, s > 0 and 0 < | < s we define Jisz X,s —
Xrgi41,5—1 recursively by:

E Ur+l s— ldr+1+1 s—i O

Proof of Theorem 1.1. Because of the definitions of d, and o, it is enough to
see that

1,s do + dr+1 s rs = 1er and

s

0
Op—
l

r+1 1,5— zdrs + dr+lz+1 s—i Oprs = =0 forl> 0,
i=0
where we put d”; ; = 0. The first formula simply says that ¢? is a chain contracting

homotopy of d2. Let us see the second one. To abreviate we do not write the
subindexes. From the definition of ! we have:

-1 -1 -1
dO o_l _ dO Odl 7.0_ _ o dO dl i 1 _ dlfi ot
Consequently
l l l -1
Zo_l—i d’L + Zdl—i O_i — Zo_l—i d’L + ZOO dO dl—i 0_2
=0 =0 =0 =0

Then, it suffices to prove that the term appearing on the right side of the equality
is zero. We prove this by induction on [. For I =1 we have

o d' o = —0"d'd =0 d 00’ — 60 dt = —0' d’ — o d.
Suppose that [ > 1. From Proposition 1.5,

-11—i—1 -1

-1 — h
Z 0_0 dO dl—i o_i — _ Z 0,0 dl*i*j dj O_i — Z ZO,O dl*h dh*i ot
1=0

i=0 j=0 h=0i=0

So, applying the inductive hypothesis to ZZ 0 d""¢* (h > 0), we obtain:

ZUO dO dl—i O_i — — 0_0 dl—h O_h—i d’L _ 0_0 dl
i h=0 =0
I—11—i—1 l
— 0_0 dl—i—j O_j dz _ O_O dl - _ Zo_l—i dz 0
i=0 75=0 =0



2.A RESOLUTION FOR A CROSSED PRODUCT
Let A be a k-algebra, A* the group of units of A and G a group. A weak action
of G on A is amap (g,a) — a?, from G x A to A, verifying:
- a+ a9 is a morphism of algebras for all g € G,
-a'=aforallac A.

Given amap f: G x G — A* we consider the k-algebra (in general non associative
and without 1) A x; G = @, Awy, whose multiplication is defined by

(a1w91)<a’2w92) = alaglf(glng)wglgz'

This algebra is called a crossed product if it is associative with w; as identity
element. A well known result say that this happen if and only if

i) (a)% f(g1,92) = f(g1,92)a"?,
i) f(1,9)=f(g,1) =1,
i) f(g2,93)% f(91,9293) = f(91,92) f (9192, 93)-
Condition %) above is called twisted module condition and conditions i) and %)
asserts that f is a normalized 2-cocycle for the action of G on A*.

In this section, we apply Corollary 1.3 in order to obtain a resolution of a
crossed product £ = A ¢ G, considered as an E-bimddule, which is simpler than
the canonical of Hochschild. Then an explicit expresion of the boundary maps of
this resolution is given. To abbreviate the formulas we introduce some notations.

2.1.Notation. Given a sequence (go, ..., gs) of elements of G, a € A and indezxes
—-1<i<j <s, we write

8s=00® - ®gs, gl =gi--g; and a¥% = (...((a%)P-1)%=2 )9

When the sequence is (g1,...,gs) we put

8:s=g1® - ®Ys and  a% = (...((a%)%-1)%-2 )9,

2.2.Notation. Given elements a € A and b € E invertible, we write a® = b~ ab

(note that a™s = wg_lawg = f(g_l,g)’lag_lf(g’l,g) in general is difierent that

agfl). More generality, givena =a1 ® --- ® a, € A" an b € E invertible, we put
ab:al{@)...@as{'



2.3.Remark. Let

X_1.=A® (kG @ k[G] @ k[G) (s>0),
Xrs=(A®A ®A) @ (k[G]@K[G] ®k[G])  (r,s>0).

From now on we consider the groups X_1, (s > 0) and X,s (r,s > 0) as E-
bimodules via

awg(a® g) = (aadf(g.90) ® (af ® -+ @ al )T ")) @ (990 @ 91 ® -+ @ gat),
(a®g)awy = (ag @+ ® ar @ a;4109 " f(gsr1,9)%) @ (90 ® -+ ® gs ® gst19),
wherea=0a9® - Qar41 Nd E=8s11 =Jo X+ & Jst1-
We define E-bimodule maps
X 10— F, dE*: Xix = Xu1+ and dl_L*: X1 — X 1401
by:

ﬂ(a b2 (90 & gl)) = af(goagl)wgogla

T

dl(a®g) = (—D(ap ® @ a1 @+ @ar11) @ (go @+ @ gst1),
i=0
S

dt, (a®g)= (1) af(gi,9i41)7 " @ (90 @+ @ Gigit1 ® @ Got1)
i=0

and left F-module maps 02*: X = Xug1,, by:
oda®g)=(-1)""(a®  ®a11 1)@ (g ® @ gss1),
wherea =ap ® - ® ar41 and g = 8s41 = g0 ® -+ @ gsp1.

2.4. Theorem. There is a relative projective resolution

n d} d! d! d d. dl. d,
(2.4.1) E<—X6<—1X{<—2Xé<—3X§<—4Xi<—5Xé<—6Xé<—7

)

where p((ap ® a1) ® (9o ® 91)) = aoa1 (9o, 91)Wgg, »

X, =P Xoe  and  d,= > idis,

T+s=n r+s=n [=(
r>0 r+1>0



withe the d',’s as in Deflnition 1.4.

Proof. Tt is easy to see that X,., d°,, dll,* and o0, verify all the requested con-
ditions at the beginning of the previous section, and that the complex

i dt dt dt dt
—1,1 —1,2 1,3 1,4
E<—X,1’0 <—X,1’1 X,LQ X,Lg A

is contractible as a complex of left F-modules, with a chain contracting homotopy
01 _1:E—X_10and 0:}75: X_1,s — X_1411 (s >0), given by

‘7:%,71(5“%) =a®((g®1) and
0714(a®(90® @ gsr1)) = (-1)°a® (90 ®  ® g1 ®1).

Hence, the desired result follows immediately from Corollario 1.3 [

The boundary maps d.,, of the relative projective resolution of E that we had
just found are defined recursively. Our next objetive is to compute these mor-
phisms. We accomplish this in Theorem 2.9.

2.5.Notation. Given ag,...,a,41 € A and by, ...,bs11 € E invertibles, we write

(a0 @ @apg1) % (bo® - @beyr) = > (=1)FT

0<ir < <ip<s

i1 ip r
X apby ® b1 ® -+ - ® by, ®a[1’° ®bi1+1®"‘®bir®a£0 ®biT+1®"‘®a:ilbs+17

where by = by - - b, and a?oj = (b)) ta,;by for 1< j <r. Moreover, for each
a=0a)® Qa1 €A T2, b=by @ - Qbsr1 € A2 with the b;'s invertibles
and & =8s41 =G0 @ -+ @ gs4+1, we write
ax(b®g)=(axb)®g.
It is easy to see that this “product” is associative and verifles
(ap®  ®@arp1) % (bg @+ Rbsy1)*(cr® - ®er®1)
= (4@ - ®@a,@1) % (bg®--- @by @ 1) % (co®.,_®ar®ar(:{1]c8)bsfl)_

Note that if the b;'s are central, then x is the standard shur e product.
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2.6.Definition. Given g = g, = go ® -~ ® gs we deflne fW(g) 2 <1 < s)
recursively by:

f(g) (g) = _f(gsflng)’gka

s—1
FH@) == (1) f(9i,9i41)7 7 @ fD(go® -+ @ gigit1 @ -+ ® gs).
i=s—1

2.7.Lemma. For each j < s —1i it holds that
(=1 fD(go @ - @ g, )T 9595+ 71 = g ® GiGit1 @ - @ gs)

Proof. For i = 2 it is immediate. Suppose that ¢ > 2 and that the result is valid
for i — 1. Let

gl=90® - ©ggit1® Qg for 0 <j <s,
gg’h:go®®g]g]+1®®ghgh+1®®gs f0r0§]<h—1 <S—1
Since j < s — i, the twisted module condition implies that

f(z) (gg) — (_1)h+1 (f(gh+1’gh+2)§h)f(gjagj+l)g] ! ® f(z_l)(gifhﬂ)

N g
= <_1)h(f(gh7gh+1)gh—1)f(g]7gj+ ) ® f( 1)(gg,h).
h=s—i+1
Consequently, because of the inductive hypothesis

s—1

FOg) = (—1)F 3" (=1 (flgn gnar) o @ fO (ghy) )
h=s—1+1

= (-1)ifDgo® - @ g,) B9+ O

2.8.Lemma. For each elementary tensor g =gs = go Q- ®gs and each 1 <1 <
s, we have

(-1)'® fH V()

!
S ) (1o fD(g) @ 1) x (1@ fO D (g, ) @ f(82Th 8iisn)? ),
=1

10



where 1® fM(gp,) @ 1 denotes to (—1)" @ 1.
Proof. To abbreviate we write
T = g5 0+0%  and f(h) = f(e37), @3 )"
It is clear that the lemma is valid for [ = 1. Let [ > 1 and suppose that the result

is valid for [ — 1. With the notations introduced in the proof of Lemma 2.7 we
have

Jj=s—1 i=1
s—1 -1
+ () (e ) ©1) « (10 /) (gei) @6 +1))
Jj=s—l+1li=s—j
-1 s—i—1 ) ) . )
= 3 (100 e1)« (@ f e ) 9 )
i=1 j=s—I
-1 js—l .
£33 (e e o)« (1o £ g i) @i+ 1))
i=1 j=s—i
-1
=- Z(l ® [P (gs) ® 1) * (f“*i“)(gs_i) ® f(z‘))
=1

n i((l)if(i)(gs) ® 1) * (1 ® It (g ) @ f(i)>,

=2

where the third equality follows from Lemma 2.7. It is easy to see that this fact
implies the lemma for ) O

2.9.Theorem. We have:

s—1
dr(a®g) = Z(—l)iwa *(f(9,9i41)7 7 @1) @ (g0 @+ @ gigig1 @ -+ ® goy1)
=0

+ (—1)""ax (1 ® f(957gs+1)§°‘*1) @ (go ® -+ ® gs—1 ® gsGst1)
11



and

dfﬂs (a ® g) =(-1)"ax (1 ® f(l)(gS) ® f(g§7l+17 gs+1)§571) ® (g1 ® 9‘;:14.1%

where2 <1 <s,a=0a)® - Qary1 ANdE =841 =go X+ @ Jst1-

Proof. Without loss of generality we can assume that a,.11 = 1 and gs41 = 1.
First we suppose that the formula is valid for d’, with j < and we see that it is

valid for djt'. Let

f(i) = f(gi7i @i )% and  g(h) = (8s—h—1 @ g_p).

From the inductive hypothesis we obtain:

dl+1((1®1)®g Zcr diti- Zd’((l@l)@g)
=1
l . .
= _ Zao d”l_l((l ® f9(gs) @ 1) ®(8s—i ® ngz#l))
=1

l
=2 yo' (1o fO (@) @ 1)« (1o 17 (g) @) @ 8(1))

where 1@ f(M)(g),)®1 denotes (—1)"®1. Because of Lemma 2.8 the last expression

is equal to
(1o (g) ©1) @ (gs—i—1 ® g37}).

Now we suppose that the result is valid for le,;l with 7 < r and we show that it

is valid for d!t!. We write a’ = ap®---®a,_1 ®1 and a’a, = ag®--- @ a,. Since
for0<i<r,

ood (a0 ®- @ a0 ®- - ®a, ®1)®g) =0,

we have

dl+1(a®g ZU dl+1 zdz(a®g)
=0
l
_ (_1)r+10,0 ditt (a’ar ® g) - (_1)7~ ZUO dl+1—i<a * di((l ® 1) ® g))
i=1
12



Hence, by the inductive hypothesis and Lemma 2.8, we obtain

d(awg) = (-1)""0"d" (aa, ® g)

l
=Y (=17l dt (a (10 fD(g) ©1) ® (gs—i ® 924))

i=1
— 0 (a/ar «dt (1®1) ®g))

l

+) (-1)'0° (a « (10 fD(g) @ 1) xdT 7 (101) @ (ge—i ® gi_i))>
=1

= o (ala, xd* (10 1) 0 g))
l
20" (ax (-1 @ fD(g) @ 1) « (10 /4 (g, ) () @ g()

_ 0 (a/ar cdH (1o e g)) (1)l (a* (1@ fu+1>(gs)))®g(w
= (-D'axdy (1) eg) O

3.THE HOCHSCHILD (CO)HOMOLOGY OF A CROSSED PRODUCT

3.1.Hochschild homology. Let £ = A xy G and M an E-bimodule. We use
Theorem 2.4 in order to construct a complex simpler than the canonical one giving
the Hochschild homology of E with coefficients in M. This complex has a natural
filtration. When A is a group algebra, the spectral sequence of this filtration is
the Hochschild-Serre spectral sequence.

3.1.1.Notation. Given ai,...,a, € A and by,...,b; € E invertibles, we put
(a1®...®a7)*(b1®...®bl) — Z (_1)i1+...+ilx
0<iy <<, <1
Xby @ @by ®a§]1 ®bi1+1®"'®bir®a${®bir+1®--. 7

where bY = by ---b;, and a?l = (b7 )" ta,;by for 1 < j <r. Note that if the b;'s
are central, then * is the standard shui e product.

Let

o , ——s —r+l—l®m5*l (r,s>0,0<1<sandr+1>0)



be the morphisms defined by
-0
d.s(m®a®g)=ma ® (@ - Qa)R((1® - gs)

+Z(_1)im®(al®"'®aiai+1®"'®ar)®(91®"'®gs)

+(-D)"a,m®@ (a1 ®- @ ar—1) (1 @+ D gs),

—1 Wy w

d(moaog) = (—1)T(w*1mwgl 2" @ @)@ (e ®g)
+Z m®af(gufh+1) 1®(91®"'®9igi+1®"'®gs)
+(—1)Sm®(a1®-~-®ar)®(g1®--~®gs—1)),

a'lrs(m @a®g)=(—1)"f(gs—1,95)%2 - f(gs—1+1, 92-1+2)§s*lm
®(m® - ®a)*fY(g) @@ @ ge),
where
a=a® - Qar, g=91® - -®gs and
(m® a)f(gi"%’l)gH = (F(gi>9:41)7") "' mf (g0 gi01)7 © al (o)

By tensoring M on the left with the complex (X[, d.) of Theorem 2.4 over E¢,
and using the identifications

Ors: MRA RK[G] — Mg (A9 A @A) (k[G] © k]G] ® k[G]),
given by
brs(M@ (a1 ®- ®a,) @ (g1 @@ gs))
=w, ' wy MmOl ®a,0)01loa e ®gs®1),

we obtain the complex

dr
6 < ...

|

ds
5 <

Tm
>

X.(E,M = X,&X,EX,5X,47%,

where

X, @ M®A kG  and

rts=n rts=n [=(
>0 r+1>0

Note that when f take its values in k, then X, (E, M) is the total complex of the
double complex (X .4, ), where X,; = M QA ® k[G]S.

oy Uy Uy
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3.1.2.Theorem. The Hochschild homology of E with coefflcients in M is the
homology of X .(E, M).

Proof. Tt is an immediate consequence of the above discussion [J

3.1.3.Lemma. Let c € A invertible. The morphism of chain complexes
9 (M @A b)) — (M®A,b,),
deflned by:

1 1

F(MmRa® - Ra,) =c me®c lae® - ®c tape.

induce the identity map on H.(A, M).

Proof. By a standard argument it is sufficient to prove it for Ho(A, M), and in
this case the result it is immediate [OJ

For each g € G we have the morphism
09: (M @A b,) — (M®A,b,),
defined by:

0?(m®a1®...®ar):wglmwg®a1f)g®...®a;ug.

3.1.4.Proposition. Let g,g € G. The endomorphism of H,(A, M) induced by
07 07 and by 03 coincide. Consequently Hy(A, M) is a right G-module.

Proof. Tt is sufficient to see that
(627) " 07 02

induce the identity map on H.(A, M), which is an immediate consequence of
Lemma 3.1.3 O

The chain complex X, (E, M) has a filtration Fy C Fy C F, C ..., where

Fi(yn) = @ M®ZT ® k[ ]S
r+s=n

r>0,0<s<i

Using this fact, Lemma 3.1.3 and Proposition 3.1.4 we obtain the following
15



3.1.5.Corollary. There is a converging spectral sequence

E?s = Hs(Ga HT(Aa M)) = H7'+S(Ea M)

Given an A-bimodule M we write [A, M] to denote the k-submodule of M
generated by the commutators am — ma where a € A and m € M, and given a
G-module N we write Ng to denote the coinvariants.

3.1.6.Corollary. If A is separable, then H, (E, M) equals to H, (G, ﬁ)

3.1.7.Corollary. If A is quasi-free, then there is a long exact sequence

. —>Hn+1(G,H0(A,M)) — anl(G,Hl(A7M)) — Hn(E,M) —
Hn(G,Ho(A,M)) — Hn,Q(G,Hl(A7M)) — anl(E,M) — ...

3.1.8.Corollary. If G is a finite group and the order of G is invertible in k, then
H, (E, M) equals to Hy (A, M)q.

3.1.9.Corollary. If G is a finite group, the order of G is invertible in k, A is
a smooth commutative k-algebra and M is a E-bimodule verifying ma = am for
all a € A, then H, (E,M) equals to (M ®A QZ/k) where the action of G on

M ®4 Qj:l//w 1s given by

G}

(mday A -+ Nday) - g = w,

mwgd(ay®) A -+ Ad(ale).

n

Let S be a separable subalgebra of A. Next we prove that if the 2-cocycle f
take its values in S, then the Hochschild homology of E with coefficients in M
is the homology of G with coefficients in a chain complex. When S equals A we
recover Corollary 3.1.6.

Assume that f(g,¢') € S for all g,¢’ € G. Let
A=A)S, A'=5  A=A®g---©gA (r-times)
for r > 0 and let M ®g ﬁ’@s =M®g AT ®se S be the cyclic tensor product over

S of M and A" (see [C] or [Q]). Using that f take its values on S it is easy to see
that G acts on (M ®g A" ® S, b,) via

(m®s a1 Qg -+ ®s a,5) - g = w, 'mwy Vs a,* Vg -+ Vg ay’? Vg -

16



3.1.10.Theorem. The Hochschild homology H.(E, M) of E with coefficients in

M is the homology of G with coefficients in (M ®g A" ® S, b).

Proof. Tt is sufficient to prove that H, (E, M) is the homology of the total complex

Xf(E, M) of the double complex ()?**, 4., glvl*), with objects
5(:** = (M ®S IZ[T®S) (24 k[G}S,

horizontal differentials

Jgs(m‘gsa@g) = (ma1 Qs a2 Vs Vg a,Q5) V(g1 @ -+ Q gs)

r—1
+ Z(—l)i(m ®s a1 Qg+ Qg ;41 Vs - Q5 a,RQg) ® (g1 ® -
=1

+(-1)"(arm ®s5 a1 ®s -+ Vg a,—1Q5) @ (g1 @ - @ gs),

and vertical differentials

g1

d,(mosa®g)=(-1)" (w_lmwgl ®sa,” Qs ® aiugl@S) @ (g2 ® -

s—1
+ Z(*l)i(m ®sa)@(1 @ ®gigit1 @+ @ gs)
i=1

+ (1) (m®s a1 ®s ®sa,Q5) @ (1@ ®gs—1)>,

where a=0a1 Qg -+ Rs 0,0 and g =¢1 ® -+ - ® gs.

Let m,: X+(E, M) — X (E, M) be the map

mea®  ®a)R(@R - Qgs) — (MRsa; Vs - Dg a,Rg) @ (g1 D -+

Consider the filtration Fy C FY C Fy C ... of Yf(E, M), given by:

Ff( D XTS) = P MesAes) ok

r+s=n r+s=n
r,8>0 r>0,0<s<i

"®gs)

®gs)

®gs)'

From Lemma 2.3 of [C] follows that 7, is a morphism of filtrated complexes that
induces an isomorphism between the graded complexes associated to the filtrations

of X, (E, M) and Yf(E , M). Consequently, 7, is a quasi-isomorphism. The proof

can be finish by applying Theorem 3.1.2 O

17



3.2.Hochschild cohomology. Let £ = A xy G and M an E-bimodule. Using
again Theorem 2.4 we construct a complex simpler than the canonical giving the
Hochschild cohomology of E with coefficients in M. This complex is provided
with a natural filtration. When A is a group algebra the spectral sequence of this
filtration is the Hochschild-Serre spectral sequence.

Let
d;”: Homy, (ZTHil@k[G]Sil,M) — Homk(ZT®k[G}s,M) 0<i<s,r+1>0)
be the morphisms defined by

dy (p)(a®g) =ap((a®--®a,) @ (g1 @ @ gs))
+Y (Dip((m® ®aain® - ®a)® (0@ g,))

+ (_1)T<P((a1 ® Q1) ® @ gs))a7.,

&' (Paeg) = (-1 (wne((er” @ a™) @ (e og,)w,!

s—1 . N
i Ji— i,git1)9i—1
+ 2 :(_1)lw(af(givgi+1) ' (1® @ Gigip1 ® - ®gs))f(g git1)
=1

+ ()o@ ® - ®a) @ (g1 @ ®gs_1))),

4 (p)a®g) = (—1)T¢<a « fO(g)® (g1 ® - ® gsfl)) %
X f(Gs—t141 8 140) T F(Gomtas 82 140) T - f(gs—1,95) 7,

wherea=0a;® - ®a, and g = g1 ® - -® gs. Applying the functor Hompge (—, M)
to the complex (X, d.) of Theorem 2.4 and using the identifications

T S

6" : Homy, (A" @ k[G], M) — Hompg. (A0 A" ® A) @ (k|G @ k[G] @ k[G]), M),
given by

) ((1Rn® - ®a6,21)0 (107 - ®gs®1))
=¢((@® - ®a)®(1® - ®gs))wy, - wy,,

we obtain the complex

0 d' =1 @& =2 @ =3 d* =4 ds <5 d° =6 d"
LYy LxLx L xSy Lx0 4,

18
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where

X" = @ Homk(Zr ® k[G]S,M) and d = Z ZEI”.
e Hise =0

Note that when f take its values in k, then Y*(E, M) is the total complex of the
double complex (Y**,E;*,Ei*), where X~ = Homy (Zr ® kJ[G]S7 M)

3.2.1.Theorem. The Hochschild cohomology of E with coefficients in M is the
homology of X" (E,M).

Proof. Tt is an immediate consequence of the above discussion [J
3.2.2.Lemma. Let c € A invertible. The morphism of cochain complezes
9% (Homy (A", M),b*) — (Homy (A", M), b*),
deflned by:
I ()1 @ ®ay) =p(af @ ® aﬁ)c,
induce the identity map on H*(A, M).
Proof. By a standard argument it is sufficient to prove it for HO(A,M ), and in

this case the result it is immediate 0O

For each g € G we have the morphism
0% (Homy (A", M),b*) — (Homy (A", M),b),
defined by:
9;(¢>(a1 R ® ar) — wg@(aqlug R R Q;Ug)'w;l,
3.2.3.Proposition. Let g, g’ € G. The endomorphisms of H*(A, M) induced by
0 0, and by 0}, coincide. Consequently H*(A, M) is a left G-module.
Proof. Tt is sufficient to see that

* —1 p*x p*
@:,)7 10205

induce the identity map on H*(A, M), which is an immediate consequence of
Lemma 3.2.2 [

The cochain complex X (E, M) has a filtration FO C F1 C F2 C ..., where

Fi(X")= @ Homy(4 @k[G]',M).
r+s:n‘

From this fact we obtain the following:
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3.2.4.Corollary. There is a converging spectral sequence

Ey =H*(G,H" (A, M)) = H"(E, M)

Given an A-bimodule M we write M# to denote the k-submodule of M con-
sisting of the elements m verifying am = ma for all a € A, and given a G-module
N we write N to denote the invariants.

3.2.5.Corollary. If A is separable, then H*(E, M) = H" (G, M*).

3.2.6.Corollary. If A is quasi-free, then there is a long exact sequence

... —H"%(G,H (A, M)) — H"(G,H(A, M)) — H"(E, M) —
H" (G, H (A, M)) — H"™ (G, H° (A, M)) — H"" N (E, M) — ....

3.2.7.Corollary. If G is a flnite group and the order of G is invertible in k, then
H*(E, M) equals to H*(A, M)g.

Let S be a separable subalgebra of A and let AT (r > 0) be as in Theorem 3.1.10.
Assume that f(g,g') € S for all g, ¢’ € G. Using that f take its values on S it is
easy to see that G acts on (Homge (A", M),b*) via

(9 : 90) (a1 ®g -+ ®g a,Qg) = wgcp(aqlug ®g - ®g a73”9®5)w;1.

3.2.8.Theorem. The Hochschild cohomology H*(E, M) of E with coefflcients in

M s the cohomology of G with coefficients in (Homge (A", M), b*)
Proof. 1t is similar to the proof of Theorem 3.1.10 O
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