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Abstract. Let E be a crossed product of a group over an algebra and let M be
an E-bimodule. We obtain a chain complex and a cochain complex, simpler than
the canonical ones, given the Hochschild homology and cohomology of E with coef-
ficients in M respectively. These complexes have natural filtrations whose spectral
sequences generalize those of Hochschild-Serre.

Introduction

Let k be a commutative ring with 1, A a k-algebra, A∗ the group of units of A
and G a group. An associative k-algebra E, whose underlying additive group is

⊕

g∈G
Awg ' A⊗k k[G],

is a crossed product of G over A if it contains A ' Aw1 as a subalgebra, and its
multiplication has the following properties:

a) wg1 = 1wg for all g ∈ G,

b) wga ∈ Awg for all a ∈ A and all g ∈ G,

c) wgwg′ ∈ A∗wgg′ for all g, g′ ∈ G.

These algebras, which generalize the group algebras, are closely related to the
study of central simple algebras, equivariant projective representations of groups,
extensions of groups, graded rings, etcetera.

Certain special cases of crossed products E are important in itself and they
have their own names. If the wg’s commute with the elements of A, we say that
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E is twisted group algebra and if wgwg′ = wgg′ for all g, g′ ∈ G, we say that E is
a skew group algebra.

The Hochschild and cyclic homology of skew group algebras have been studied
in several papers, for instance in [B1], [B2], [F-T], [G-J] and [N], but we do not
know a paper which describes the (co)homology of a crossed product that is not a
skew group algebra, except [S], where the author study the Hochschild cohomology
of these algebras under particular hypothesis.

In this paper we discuss the Hochschild (co)homology of crossed products in
general. We divide the paper in three sections: In the first one, we give a method
to construct (under suitable hypothesis) a projective resolution of k-algebra E as
Ee = E ⊗EOp-bimodule, simpler than the canonical of Hochschild. This method
can be considered as a variant of the perturbation lemma. In the second one, a
resolution of a crossed product is constructed using the results of the first section.
In the third one, for an E-bimodule M , we obtain a chain complex X∗(E,M)
giving the Hochschild homology of E with coefficients in M , and a cochain complex
X
∗
(E,M) giving the Hochschild cohomology. When E is a skew group algebra,

X∗(E,E) is the chain complex obtained for the Hochschild homology in [G-J].
Both X∗(E,M) and X

∗
(E,M) have natural filtrations. The spectral sequences

associated to this filtrations generalize to the Hochschild-Serre. Furthermore our
construction of these spectral sequences is more straigthforward than the usual
ones (c.f. [B] and [W]).

The boundary maps of the chain complex X
∗
(E,M) are a mixture of morphims

d0
∗ like the boundary maps of the normalized Hochschild complex of A with coef-

ficients in M , morphisms d1
∗ like the boundary maps of the normalized canonical

complex giving the homology groups of G with coefficients in M ⊗ A∗ and map-
pings dl∗ (l ≥ 2) depending on the 2-cocycle associated to E. Thus, it is natural
to think, that the Hochschild homology of E with coefficients in M is related to
the Hochschild homology of A and the homology groups of G. In the general case
such relation is establish by the spectral metioned above. Under more restrictive
hypothesis this relation becomes more explicit. For instance, when A is a separa-
ble k-algebra, then H∗

(

E,M
)

= H∗
(

G, M
[A,M ]

)

and when G is a finite group and
the order of G is invertible in k, then G acts on H∗(A,M) and the hochschild
homology of E with coefficients in M are the coinvariants of this action.

1.A method to construct resolutions

Let k be a commutative ring with unity and E a k-algebra. In this section,
under suitable conditions, we construct a resolution of E as an E-bimodule. We
use this result in the following section.

2



Let us considerer a diagram of E-bimodules and E-bimodule maps
...




y
d1
−1,4

X−1,3
d0

03←−−−− X03
d0

13←−−−− X13
d0

23←−−−− X23
d0

33←−−−− . . .




y
d1
−1,3

X−1,2
d0

02←−−−− X02
d0

12←−−−− X12
d0

22←−−−− X22
d0

32←−−−− . . .




y
d1
−1,2

X−1,1
d0

01←−−−− X01
d0

11←−−−− X11
d0

21←−−−− X21
d0

31←−−−− . . .




y
d1
−1,1

X−1,0
d0

00←−−−− X00
d0

10←−−−− X10
d0

20←−−−− X20
d0

30←−−−− . . . ,
such that:
a) (X−1,∗, d1

−1,∗) is a chain complex.

b) For each r, s ≥ 0 we have a k-module Xrs and E-bimodule morphisms

srs : Xrs → E ⊗Xrs ⊗ E and πrs : E ⊗Xrs ⊗ E → Xrs

verifying πrs srs = id.
c) Each row is contractible as a complex of left E-modules, with a chain contracting

homotopy σ0
rs : Xrs → Xr+1,s (r ≥ −1 and s ≥ 0).

We are going to modify this diagram adding E-bimodule morphisms

dlrs : Xrs −→ Xr+l−1,s−l (r, s ≥ 0 and 1 ≤ l ≤ s).
We will define these arrows of such form that (X∗, d∗), where

Xn =
⊕

r+s=n
r≥−1

Xrs (n ≥ −1),

dn = d1
−1,n+1 +

∑

r+s=n
r≥0

s
∑

l=0

dlrs (n ≥ 0),

is a chain complex of E-bimodules, which is contractible as a chain complex of left
E-modules. In fact, we are going to build left E-module morphisms

σlrs : Xrs → Xr+l+1,s−l (r ≥ −1, s ≥ 0 and 1 ≤ l ≤ s)
satisfying the following property:
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1.1.Theorem. The family of left E-module maps σn : Xn → Xn+1 (n ≥ −1),
deflned by:

σn =
∑

r+s=n
r≥−1

s
∑

l=0

σlrs,

is a chain contracting homotopy of (X∗, d∗).

1.2.Corollary. Let (X ′∗, d
′
∗) be the complex of E-bimodules deflned by

X ′n =
⊕

r+s=n
r≥0

Xrs and d′n =
∑

r+s=n
r+l>0

s
∑

l=0

dlrs.

Then d0
0∗ : (X ′∗, d

′
∗) −→ (X−1,∗,−d1

−1,∗) is a morphism of complexes of E-bimodules
and a chain homotopy equivalence of complexes of left E-modules.

1.3.Corollary. If there is an E-bimodule map µ̃ : X−1,0 → E such that

E
eµ←− X−1,0

d1
−1,1←−−− X−1,1

d1
−1,2←−−− X−1,2

d1
−1,3←−−− X−1,3

d1
−1,4←−−− . . . ,

is contractible as a complex of left E-modules, then

(1.3.1) E
µ←− X ′0

d′1←− X ′1
d′2←− X ′2

d′3←− X ′3
d′4←− X ′4

d′5←− X ′5
d′6←− X ′6

d′7←− . . . ,

where µ = µ̃ d0
00, is a relative projective resolution.

Proof. It is immediate �

Next we define the morphisms dlrs and we prove that (X∗, d∗) is a chain complex.

1.4.Definition. We deflne the E-bimodule maps

dlrs : Xrs → Xr+l−1,s−l (r ≥ −1 and 1 ≤ l ≤ s)

recursively by:
dl−1,s = 0 and dlrs = ̂dlrs srs,

where ̂dlrs : E ⊗ Xrs ⊗ E → Xr+l−1,s−l (r ≥ 0 and 1 ≤ l ≤ s) is the E-bimodule
map sending 1⊗ x⊗ 1 to

−
l−1
∑

j=0

σ0
r+l−2,s−l d

l−j
r+j−1,s−j d

j
rs π(1⊗ x⊗ 1),

for each x ∈ Xrs.
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1.5.Proposition. The following equalities hold:

d0
r+l−1,s−l d

l
rs = −

l−1
∑

j=0

dl−jr+j−1,s−j d
j
rs (r ≥ 0 and 1 ≤ l ≤ s).

Consequently (X∗, d∗) is a chain complex.

proof. We prove the proposition by induction on l and r. To abbreviate we put
djr instead of djrs and σ0

r instead of σ0
rs. Let x = 1 ⊗ x ⊗ 1 with x ∈ X0s. Since

̂d1
0(x) = −σ0

−1 d
1
−1 d

0
0 π(x), we have

d0
0
̂d1
0(x) = −d0

0 σ
0
−1 d

1
−1 d

0
0 π(x) = −d1

0 d
0
0 π(x),

which implies d0
0 d

1
0 = −d1

0 d
0
0. Suppose that l ≥ 0, l + r > 0 and that the result is

valid for djp with j ≤ l or j = l + 1 and p < r. Let x = 1 ⊗ x ⊗ 1 with x ∈ Xrs.
Since

̂dl+1
r (x) = −

l
∑

j=0

σ0
r+l−1 d

l+1−j
r+j−1 d

j
r πrs(x),

then

d0
r+l

̂dl+1
r (x) = −

l
∑

j=0

d0
r+l σ

0
r+l−1 d

l+1−j
r+j−1 d

j
r πrs(x)

= −
l
∑

j=0

dl+1−j
r+j−1 d

j
r πrs(x) +

l
∑

j=0

σ0
r+l−2 d

0
r+l−1 d

l+1−j
r+j−1 d

j
r πrs(x).

Applying first the inductive hypothesis to d0
r+l−1 d

l+1−j
r+j−1 with (0 ≤ j ≤ l) and then

to d0
r+j−1 d

j
r with (0 < j ≤ l) we obtain:

d0
r+l

̂dl+1
r (x) = −

l
∑

j=0

dl+1−j
r+j−1 d

j
r πrs(x)−

l
∑

j=0

l−j
∑

i=0

σ0
r+l−2 d

l+1−j−i
r+j+i−2 d

i
r+j−1 d

j
r πrs(x)

= −
l
∑

j=0

dl+1−j
r+j−1 d

j
r πrs(x)−

l−1
∑

j=0

l−j
∑

i=1

σ0
r+l−2 d

l+1−j−i
r+j+i−2 d

i
r+j−1 d

j
r πrs(x)

+
l
∑

j=1

j−1
∑

h=0

σ0
r+l−2 d

l+1−j
r+j−2 d

j−h
r+h−1 d

h
r πrs(x) = −

l
∑

j=0

dl+1−j
r+j−1 d

j
r πrs(x).

The desired equality follows immediately from this fact �
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1.6.Definition. For r ≥ −1, s ≥ 0 and 0 < l ≤ s we deflne σlrs : Xrs →
Xr+l+1,s−l recursively by:

σlrs = −
l−1
∑

i=0

σ0
r+l,s−l d

l−i
r+i+1,s−i σ

i
rs

Proof of Theorem 1.1. Because of the definitions of d∗ and σ∗ it is enough to
see that

σ0
r−1,s d

0
rs + d0

r+1,s σ
0
rs = 1Xrs and

l
∑

i=0

σl−ir+i−1,s−i d
i
rs +

l
∑

i=0

dl−ir+i+1,s−i σ
i
rs = 0 for l > 0,

where we put d0
−1,s = 0. The first formula simply says that σ0

∗ is a chain contracting
homotopy of d0

∗. Let us see the second one. To abreviate we do not write the
subindexes. From the definition of σl we have:

d0 σl = −
l−1
∑

i=0

d0 σ0 dl−i σi =
l−1
∑

i=0

σ0 d0 dl−i σi −
l−1
∑

i=0

dl−i σi.

Consequently
l
∑

i=0

σl−i di +
l
∑

i=0

dl−i σi =
l
∑

i=0

σl−i di +
l−1
∑

i=0

σ0 d0 dl−i σi.

Then, it suffices to prove that the term appearing on the right side of the equality
is zero. We prove this by induction on l. For l = 1 we have

σ0 d0 d1 σ0 = −σ0 d1 d0 σ0 = σ0 d1 σ0 d0 − σ0 d1 = −σ1 d0 − σ0 d1.

Suppose that l > 1. From Proposition 1.5,
l−1
∑

i=0

σ0 d0 dl−i σi = −
l−1
∑

i=0

l−i−1
∑

j=0

σ0 dl−i−j dj σi = −
l−1
∑

h=0

h
∑

i=0

σ0 dl−h dh−i σi.

So, applying the inductive hypothesis to
∑h
i=0 d

h−i σi (h ≥ 0), we obtain:

l−1
∑

i=0

σ0 d0 dl−i σi =
l−1
∑

h=0

h
∑

i=0

σ0 dl−h σh−i di − σ0 dl

=
l−1
∑

i=0

l−i−1
∑

j=0

σ0 dl−i−j σj di − σ0 dl = −
l
∑

i=0

σl−i di �
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2.A resolution for a crossed product

Let A be a k-algebra, A∗ the group of units of A and G a group. A weak action
of G on A is a map (g, a) 7→ ag, from G×A to A, verifying:

- a 7→ ag is a morphism of algebras for all g ∈ G,

- a1 = a for all a ∈ A.

Given a map f : G×G→ A∗ we consider the k-algebra (in general non associative
and without 1) A ∗f G =

⊕

σ∈GAwg, whose multiplication is defined by

(a1wg1)(a2wg2) = a1a
g1
2 f(g1, g2)wg1g2 .

This algebra is called a crossed product if it is associative with w1 as identity
element. A well known result say that this happen if and only if

i) (ag2)g1f(g1, g2) = f(g1, g2)ag1g2 ,

ii) f(1, g) = f(g, 1) = 1,

iii) f(g2, g3)g1f(g1, g2g3) = f(g1, g2)f(g1g2, g3).

Condition i) above is called twisted module condition and conditions ii) and iii)
asserts that f is a normalized 2-cocycle for the action of G on A∗.

In this section, we apply Corollary 1.3 in order to obtain a resolution of a
crossed product E = A ∗f G, considered as an E-bimódule, which is simpler than
the canonical of Hochschild. Then an explicit expresion of the boundary maps of
this resolution is given. To abbreviate the formulas we introduce some notations.

2.1.Notation. Given a sequence (g0, . . . , gs) of elements of G, a ∈ A and indexes
−1 ≤ i < j ≤ s, we write

gs = g0 ⊗ · · · ⊗ gs, gji = gi · · · gj and abgj = (. . . ((agj )gj−1)gj−2 . . . )g0 .

When the sequence is (g1, . . . , gs) we put

gs = g1 ⊗ · · · ⊗ gs and abgj = (. . . ((agj )gj−1)gj−2 . . . )g1 .

2.2.Notation. Given elements a ∈ A and b ∈ E invertible, we write ab = b−1ab
(note that awg = w−1

g awg = f(g−1, g)−1ag
−1
f(g−1, g) in general is difierent that

ag
−1

). More generality, given a = a1 ⊗ · · · ⊗ ar ∈ A
r

an b ∈ E invertible, we put
ab = ab1 ⊗ · · · ⊗ abr.
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2.3.Remark. Let

X−1,s = A⊗ (k[G]⊗ k[G]
s
⊗ k[G]) (s ≥ 0),

Xrs = (A⊗Ar ⊗A)⊗ (k[G]⊗ k[G]
s
⊗ k[G]) (r, s ≥ 0).

From now on we consider the groups X−1,s (s ≥ 0) and Xrs (r, s ≥ 0) as E-
bimodules via

awg(a⊗ g) =
(

aag0f(g, g0)⊗ (ag1 ⊗ · · · ⊗ a
g
r+1)f(g,g0))⊗ (gg0 ⊗ g1 ⊗ · · · ⊗ gs+1),

(a⊗ g)awg =
(

a0 ⊗ · · · ⊗ ar ⊗ ar+1abgs+1f(gs+1, g)bgs)⊗ (g0 ⊗ · · · ⊗ gs ⊗ gs+1g),

where a = a0 ⊗ · · · ⊗ ar+1 and g = gs+1 = g0 ⊗ · · · ⊗ gs+1.

We define E-bimodule maps

µ̃ : X−1,0 → E, d0
∗∗ : X∗∗ → X∗−1,∗ and d1

−1,∗ : X−1,∗ → X−1,∗−1

by:

µ̃(a⊗ (g0 ⊗ g1)) = af(g0, g1)wg0g1 ,

d0
rs(a⊗ g) =

r
∑

i=0

(−1)i(a0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ ar+1)⊗ (g0 ⊗ · · · ⊗ gs+1),

d1
−1,s(a⊗ g) =

s
∑

i=0

(−1)i+1af(gi, gi+1)bgi−1 ⊗ (g0 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gs+1)

and left E-module maps σ0
∗∗ : X∗∗ → X∗+1,∗, by:

σ0
rs(a⊗ g) = (−1)r+1(a0 ⊗ · · · ⊗ ar+1 ⊗ 1)⊗ (g0 ⊗ · · · ⊗ gs+1),

where a = a0 ⊗ · · · ⊗ ar+1 and g = gs+1 = g0 ⊗ · · · ⊗ gs+1.

2.4.Theorem. There is a relative projective resolution

(2.4.1) E
µ←− X ′0

d′1←− X ′1
d′2←− X ′2

d′3←− X ′3
d′4←− X ′4

d′5←− X ′5
d′6←− X ′6

d′7←− . . . ,

where µ((a0 ⊗ a1)⊗ (g0 ⊗ g1)) = a0a1f(g0, g1)wg0g1 ,

X ′n =
⊕

r+s=n
r≥0

Xrs and d′n =
∑

r+s=n
r+l≥0

s
∑

l=0

dlrs,
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withe the dlrs’s as in Deflnition 1.4.

Proof. It is easy to see that X∗∗, d0
∗∗, d

1
−1,∗ and σ0

∗∗ verify all the requested con-
ditions at the beginning of the previous section, and that the complex

E
eµ←− X−1,0

d1
−1,1←−−− X−1,1

d1
−1,2←−−− X−1,2

d1
−1,3←−−− X−1,3

d1
−1,4←−−− . . . ,

is contractible as a complex of left E-modules, with a chain contracting homotopy
σ−1
−1,−1 : E → X−1,0 and σ−1

−1,s : X−1,s → X−1,s+1 (s ≥ 0), given by

σ−1
−1,−1(awg) = a⊗ (g ⊗ 1) and

σ−1
−1,s

(

a⊗ (g0 ⊗ · · · ⊗ gs+1)
)

= (−1)sa⊗ (g0 ⊗ · · · ⊗ gs+1 ⊗ 1).

Hence, the desired result follows immediately from Corollario 1.3 �

The boundary maps d′∗, of the relative projective resolution of E that we had
just found are defined recursively. Our next objetive is to compute these mor-
phisms. We accomplish this in Theorem 2.9.

2.5.Notation. Given a0, . . . , ar+1 ∈ A and b0, . . . , bs+1 ∈ E invertibles, we write

(a0 ⊗ · · · ⊗ ar+1) ∗ (b0 ⊗ · · · ⊗ bs+1) =
∑

0≤i1≤···≤ir≤s

(−1)i1+···+ir×

× a0b0 ⊗ b1 ⊗ · · · ⊗ bi1 ⊗ a
bi10
1 ⊗ bi1+1 ⊗ · · · ⊗ bir ⊗ a

bir0
r ⊗ bir+1 ⊗ · · · ⊗ a

br0
r+1bs+1,

where bij0 = b0 · · · bij and ab
ij
0
j = (bij0 )−1ajb

ij
0 for 1 ≤ j ≤ r. Moreover, for each

a = a0 ⊗ · · · ⊗ ar+1 ∈ Ar+2, b = b0 ⊗ · · · ⊗ bs+1 ∈ As+2 with the bi′s invertibles
and g = gs+1 = g0 ⊗ · · · ⊗ gs+1, we write

a ∗ (b⊗ g) = (a ∗ b)⊗ g.

It is easy to see that this “product” is associative and verifles

(a0 ⊗ · · · ⊗ ar+1) ∗ (b0 ⊗ · · · ⊗ bs+1) ∗ (c0 ⊗ · · · ⊗ cr ⊗ 1)

= (a0 ⊗ · · · ⊗ ar ⊗ 1) ∗ (b0 ⊗ · · · ⊗ bs ⊗ 1) ∗
(

c0 ⊗ · · · ⊗ ar ⊗ a
(br0c

s
0)

r+1 b cr0
s+1

)

.

Note that if the bi′s are central, then ∗ is the standard shuıe product.
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2.6.Definition. Given g = gs = g0 ⊗ · · · ⊗ gs we deflne f (l)(g) (2 ≤ l ≤ s)
recursively by:

f (2)(g) = −f(gs−1, gs)bgs−2 ,

f (l+1)(g) = −
s−1
∑

i=s−l

(−1)if(gi, gi+1)bgi−1 ⊗ f (l)(g0 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gs).

2.7.Lemma. For each j < s− i it holds that

(−1)if (i)(g0 ⊗ · · · ⊗ gs)f(gj ,gj+1)bgj−1 = f (i)(g0 ⊗ · · · ⊗ gjgj+1 ⊗ · · · ⊗ gs)

Proof. For i = 2 it is immediate. Suppose that i > 2 and that the result is valid
for i− 1. Let

gjs = g0 ⊗ · · · ⊗ gjgj+1 ⊗ · · · ⊗ gs for 0 ≤ j < s,

gj,hs = g0 ⊗ · · · ⊗ gjgj+1 ⊗ · · · ⊗ ghgh+1 ⊗ · · · ⊗ gs for 0 ≤ j < h− 1 < s− 1.

Since j < s− i, the twisted module condition implies that

f (i)(gjs) =
s−2
∑

h=s−i

(−1)h+1(f(gh+1, gh+2)bgh)f(gj ,gj+1)bgj−1

⊗ f (i−1)(gj,h+1
s )

=
s−1
∑

h=s−i+1

(−1)h
(

f(gh, gh+1)bgh−1
)f(gj ,gj+1)bgj−1

⊗ f (i−1)(gj,hs ).

Consequently, because of the inductive hypothesis

f (i)(gjs) = (−1)i
s−1
∑

h=s−i+1

(−1)h+1(f(gh, gh+1)bgh−1 ⊗ f (i−1)(ghs )
)f(gj ,gj+1)bgj−1

= (−1)if (i)(g0 ⊗ · · · ⊗ gs)f(gj ,gj+1)bgj−1
�

2.8.Lemma. For each elementary tensor g = gs = g0⊗· · ·⊗ gs and each 1 ≤ l ≤
s, we have

(−1)l ⊗ f (l+1)(g)

=
l
∑

i=1

(−1)i
(

1⊗ f (i)(g)⊗ 1
)

∗
(

1⊗ f (l−i+1)(gs−i)⊗ f(gs−is−l, g
s
s−i+1)bgs−l−1

)

,
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where 1⊗ f (1)(gh)⊗ 1 denotes to (−1)h ⊗ 1.

Proof. To abbreviate we write

fj = f(gj , gj+1)bgj−1 and f(h) = f(gs−hs−l , g
s
s−h+1)bgs−l−1 .

It is clear that the lemma is valid for l = 1. Let l > 1 and suppose that the result
is valid for l − 1. With the notations introduced in the proof of Lemma 2.7 we
have

(−1)lf (l+1)(gs) =
s−1
∑

j=s−l

(−1)l+j+1fj ⊗ f (l)(gjs)

=
s−2
∑

j=s−l

s−j−1
∑

i=1

(−1)j+i
(

fj ⊗ f (i)(gjs)⊗ 1
)

∗
(

1⊗ f (l−i)(gjs−i)⊗ f(i)
)

+
s−1
∑

j=s−l+1

l−1
∑

i=s−j
(−1)j+i

(

fj ⊗ f (i)(gjs)⊗ 1
)

∗
(

1⊗ f (l−i)(gs−i−1)⊗ f(i+ 1)
)

=
l−1
∑

i=1

s−i−1
∑

j=s−l

(−1)j
(

1⊗ f (i)(gs)⊗ 1
)

∗
(

fj ⊗ f (l−i)(gjs−i)⊗ f(i)
)

+
l−1
∑

i=1

s−1
∑

j=s−i
(−1)i+j

(

fj ⊗ f (i)(gjs)⊗ 1
)

∗
(

1⊗ f (l−i)(gs−i−1)⊗ f(i+ 1)
)

= −
l−1
∑

i=1

(

1⊗ f (i)(gs)⊗ 1
)

∗
(

f (l−i+1)(gs−i)⊗ f(i)
)

+
l
∑

i=2

(

(−1)if (i)(gs)⊗ 1
)

∗
(

1⊗ f (l−i+1)(gs−i)⊗ f(i)
)

,

where the third equality follows from Lemma 2.7. It is easy to see that this fact
implies the lemma for f (l+1) �

2.9.Theorem. We have:

d1
rs(a⊗ g) =

s−1
∑

i=0

(−1)i+ra ∗ (f(gi, gi+1)bgi−1 ⊗ 1)⊗ (g0 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gs+1)

+ (−1)r+sa ∗
(

1⊗ f(gs, gs+1)bgs−1

)

⊗ (g0 ⊗ · · · ⊗ gs−1 ⊗ gsgs+1)
11



and

dlrs
(

a⊗ g
)

= (−1)ra ∗
(

1⊗ f (l)(gs)⊗ f(gss−l+1, gs+1)bgs−l)⊗ (gs−l ⊗ gs+1
s−l+1),

where 2 ≤ l ≤ s, a = a0 ⊗ · · · ⊗ ar+1 and g = gs+1 = g0 ⊗ · · · ⊗ gs+1.

Proof. Without loss of generality we can assume that ar+1 = 1 and gs+1 = 1.
First we suppose that the formula is valid for djrs with j ≤ l and we see that it is
valid for dl+1

0s . Let

f(i) = f(gs−is−l, g
s
s−i+1)bgs−l−1 and g(h) = (gs−h−1 ⊗ gss−h).

From the inductive hypothesis we obtain:

dl+1((1⊗ 1)⊗ g
)

= −
l
∑

i=1

σ0 dl+1−i di
(

(1⊗ 1)⊗ g
)

= −
l
∑

i=1

σ0 dl+1−i
(

(

1⊗ f (i)(gs)⊗ 1
)

⊗ (gs−i ⊗ gss−i+1)
)

=
l
∑

i=1

(−1)iσ0
(

(

1⊗ f (i)(gs)⊗ 1
)

∗
(

1⊗ f (l−i+1)(gs−i)⊗ f(i)
)

⊗ g(l)
)

,

where 1⊗f (1)(gh)⊗1 denotes (−1)h⊗1. Because of Lemma 2.8 the last expression
is equal to

(

1⊗ f (l+1)(gs)⊗ 1
)

⊗ (gs−l−1 ⊗ gs+1
s−l ).

Now we suppose that the result is valid for dl+1
r′s with r′ < r and we show that it

is valid for dl+1
rs . We write a′ = a0⊗ · · · ⊗ ar−1⊗ 1 and a′ar = a0⊗ · · · ⊗ ar. Since

for 0 ≤ i < r,

σ0 dl+1((a0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ ar ⊗ 1)⊗ g
)

= 0,

we have

dl+1(a⊗ g
)

= −
l
∑

i=0

σ0 dl+1−i di
(

a⊗ g
)

= (−1)r+1σ0 dl+1(a′ar ⊗ g
)

− (−1)r
l
∑

i=1

σ0 dl+1−i
(

a ∗ di
(

(1⊗ 1)⊗ g
)

)

.
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Hence, by the inductive hypothesis and Lemma 2.8, we obtain

dl+1(a⊗ g
)

= (−1)r+1σ0 dl+1(a′ar ⊗ g
)

−
l
∑

i=1

(−1)rσ0 dl+1−i
(

a ∗
(

1⊗ f (i)(gs)⊗ 1
)

⊗ (gs−i ⊗ gss−i)
)

= σ0
(

a′ar ∗ dl+1((1⊗ 1)⊗ g
)

)

+
l
∑

i=1

(−1)iσ0
(

a ∗
(

1⊗ f (i)(gs)⊗ 1
)

∗ dl+1−i((1⊗ 1)⊗ (gs−i ⊗ gss−i)
)

)

= σ0
(

a′ar ∗ dl+1((1⊗ 1)⊗ g
)

)

+
l
∑

i=1

σ0
(

a ∗
(

(−1)i ⊗ f (i)(gs)⊗ 1
)

∗
(

1⊗ f (l+1−i)(gs−i)⊗ f(i)
)

⊗ g(l)

= σ0
(

a′ar ∗ dl+1((1⊗ 1)⊗ g
)

)

+ (−1)lσ0
(

a ∗
(

1⊗ f (l+1)(gs)
)

)

⊗g(l)

= (−1)ra ∗ dl0s
(

(1⊗ 1)⊗ g
)

�

3.The Hochschild (co)homology of a crossed product

3.1.Hochschild homology. Let E = A ∗f G and M an E-bimodule. We use
Theorem 2.4 in order to construct a complex simpler than the canonical one giving
the Hochschild homology of E with coefficients in M . This complex has a natural
filtration. When A is a group algebra, the spectral sequence of this filtration is
the Hochschild-Serre spectral sequence.

3.1.1.Notation. Given a1, . . . , ar ∈ A and b1, . . . , bl ∈ E invertibles, we put

(a1 ⊗ · · · ⊗ ar) ∗ (b1 ⊗ · · · ⊗ bl) =
∑

0≤i1≤···≤ir≤l

(−1)i1+···+il×

× b1 ⊗ · · · ⊗ bi1 ⊗ a
bi11
1 ⊗ bi1+1 ⊗ · · · ⊗ bir ⊗ a

bir1
r ⊗ bir+1 ⊗ · · · ,

where bij1 = b1 · · · bij and ab
ij
1
j = (bij1 )−1ajb

ij
1 for 1 ≤ j ≤ r. Note that if the bi′s

are central, then ∗ is the standard shuıe product.

Let

d
l
rs : M ⊗Ar⊗k[G]

s
→M ⊗Ar+l−1⊗k[G]

s−l
(r, s ≥ 0, 0 ≤ l ≤ s and r + l > 0)

13



be the morphisms defined by

d
0
rs(m⊗ a⊗ g) = ma1 ⊗ (a2 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs)

+
r−1
∑

i=1

(−1)im⊗ (a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs)

+ (−1)rarm⊗ (a1 ⊗ · · · ⊗ ar−1)⊗ (g1 ⊗ · · · ⊗ gs),

d
1
rs(m⊗ a⊗ g) = (−1)r

(

w−1
g1
mwg1 ⊗

(

awg11 ⊗ · · · ⊗ awg1r
)

⊗ (g2 ⊗ · · · ⊗ gs)

+
s−1
∑

i=1

(−1)i(m⊗ a)f(gi,gi+1)bgi−1 ⊗ (g1 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gs)

+ (−1)sm⊗ (a1 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs−1)
)

,

d
l
rs(m⊗ a⊗ g) = (−1)rf(gs−1, gs)bgs−2 · · · f(gs−l+1, gss−l+2)bgs−lm

⊗
(

a1 ⊗ · · · ⊗ ar
)

∗ f (l)(gs)⊗ (g1 ⊗ · · · ⊗ gs−l),

where

a = a1 ⊗ · · · ⊗ ar, g = g1 ⊗ · · · ⊗ gs and

(m⊗ a)f(gi,gi+1)bgi−1 =
(

f(gi, gi+1)bgi−1
)−1

mf(gi, gi+1)bgi−1 ⊗ af(gi,gi+1)bgi−1 .

By tensoring M on the left with the complex (X ′∗, d
′
∗) of Theorem 2.4 over Ee,

and using the identifications

θrs : M ⊗Ar ⊗ k[G]
s
−→M ⊗Ee (A⊗Ar ⊗A)⊗ (k[G]⊗ k[G]

s
⊗ k[G]),

given by

θrs
(

m⊗ (a1 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs)
)

= w−1
gs · · ·w

−1
g1
m⊗ (1⊗ a1 ⊗ · · · ⊗ ar ⊗ 1)⊗ (1⊗ g1 ⊗ · · · ⊗ gs ⊗ 1),

we obtain the complex

X∗(E,M) = X0
d1←− X1

d2←− X2
d3←− X3

d4←− X4
d5←− X5

d6←− X6
d7←− . . . ,

where

Xn =
⊕

r+s=n
r≥0

M ⊗Ar ⊗ k[G]
s

and dn =
∑

r+s=n
r+l≥0

s
∑

l=0

d
l
rs.

Note that when f take its values in k, then X∗(E,M) is the total complex of the
double complex

(

X∗∗, d
0
∗∗, d

1
∗∗
)

, where Xrs = M ⊗Ar ⊗ k[G]
s
.
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3.1.2.Theorem. The Hochschild homology of E with coefflcients in M is the
homology of X∗(E,M).

Proof. It is an immediate consequence of the above discussion �

3.1.3.Lemma. Let c ∈ A invertible. The morphism of chain complexes

ϑc∗ : (M ⊗A∗, b∗)→ (M ⊗A∗, b∗),

deflned by:

ϑcr(m⊗ a1 ⊗ · · · ⊗ ar) = c−1mc⊗ c−1a1c⊗ · · · ⊗ c−1arc.

induce the identity map on H∗(A,M).

Proof. By a standard argument it is sufficient to prove it for H0(A,M), and in
this case the result it is immediate �

For each g ∈ G we have the morphism

θg∗ : (M ⊗A∗, b∗) −→ (M ⊗A∗, b∗),

defined by:

θgr (m⊗ a1 ⊗ · · · ⊗ ar) = w−1
g mwg ⊗ a

wg
1 ⊗ · · · ⊗ awgr .

3.1.4.Proposition. Let g, g′ ∈ G. The endomorphism of H∗(A,M) induced by
θg
′

∗ θ
g
∗ and by θgg

′

∗ coincide. Consequently H∗(A,M) is a right G-module.

Proof. It is sufficient to see that

(θgg
′

∗ )−1 θg
′

∗ θ
g
∗

induce the identity map on H∗(A,M), which is an immediate consequence of
Lemma 3.1.3 �

The chain complex X∗(E,M) has a filtration F0 ⊆ F1 ⊆ F2 ⊆ . . . , where

Fi(Xn) =
⊕

r+s=n
r≥0, 0≤s≤i

M ⊗Ar ⊗ k[G]
s

Using this fact, Lemma 3.1.3 and Proposition 3.1.4 we obtain the following
15



3.1.5.Corollary. There is a converging spectral sequence

E2
rs = Hs(G,Hr(A,M))⇒ Hr+s(E,M)

Given an A-bimodule M we write [A,M ] to denote the k-submodule of M
generated by the commutators am −ma where a ∈ A and m ∈ M , and given a
G-module N we write NG to denote the coinvariants.

3.1.6.Corollary. If A is separable, then H∗
(

E,M
)

equals to H∗
(

G, M
[A,M ]

)

.

3.1.7.Corollary. If A is quasi-free, then there is a long exact sequence

. . . −→Hn+1(G,H0(A,M)) −→ Hn−1(G,H1(A,M)) −→ Hn(E,M) −→
Hn(G,H0(A,M)) −→ Hn−2(G,H1(A,M)) −→ Hn−1(E,M) −→ . . . .

3.1.8.Corollary. If G is a flnite group and the order of G is invertible in k, then
H∗
(

E,M
)

equals to H∗(A,M)G.

3.1.9.Corollary. If G is a flnite group, the order of G is invertible in k, A is
a smooth commutative k-algebra and M is a E-bimodule verifying ma = am for
all a ∈ A, then H∗

(

E,M
)

equals to
(

M ⊗A Ω∗A/k
)

G, where the action of G on
M ⊗A Ω∗A/k, is given by

(mda1 ∧ · · · ∧ dan) · g = w−1
g mwgd(awg1 ) ∧ · · · ∧ d(awgn ).

Let S be a separable subalgebra of A. Next we prove that if the 2-cocycle f
take its values in S, then the Hochschild homology of E with coefficients in M
is the homology of G with coefficients in a chain complex. When S equals A we
recover Corollary 3.1.6.

Assume that f(g, g′) ∈ S for all g, g′ ∈ G. Let

˜A = A/S, ˜A0 = S, ˜Ar = ˜A⊗S · · · ⊗S ˜A (r-times)

for r > 0 and let M ⊗S ˜Ar⊗S = M ⊗S ˜Ar ⊗Se S be the cyclic tensor product over
S of M and ˜Ar (see [C] or [Q]). Using that f take its values on S it is easy to see
that G acts on (M ⊗S ˜Ar ⊗ S, b∗) via

(

m⊗S a1 ⊗S · · · ⊗S ar⊗S
)

· g = w−1
g mwg ⊗S a

wg
1 ⊗S · · · ⊗S awgr ⊗S .
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3.1.10.Theorem. The Hochschild homology H∗(E,M) of E with coefflcients in
M is the homology of G with coefflcients in (M ⊗S ˜Ar ⊗ S, b∗).

Proof. It is sufficient to prove that H∗(E,M) is the homology of the total complex
X
S
∗ (E,M) of the double complex ( ˜X∗∗, ˜d0

∗∗, ˜d
1
∗∗), with objects

˜X∗∗ = (M ⊗S ˜Ar⊗S)⊗ k[G]
s
,

horizontal differentials

˜d0
rs(m⊗S a⊗ g) = (ma1 ⊗S a2 ⊗S · · · ⊗S ar⊗S)⊗ (g1 ⊗ · · · ⊗ gs)

+
r−1
∑

i=1

(−1)i(m⊗S a1 ⊗S · · · ⊗S aiai+1 ⊗S · · · ⊗S ar⊗S)⊗ (g1 ⊗ · · · ⊗ gs)

+ (−1)r(arm⊗S a1 ⊗S · · · ⊗S ar−1⊗S)⊗ (g1 ⊗ · · · ⊗ gs),

and vertical differentials

˜d1
rs(m⊗S a⊗ g) = (−1)r

(

w−1
g1
mwg1 ⊗S a

wg1
1 ⊗S · · · ⊗ a

wg1
r ⊗S

)

⊗ (g2 ⊗ · · · ⊗ gs)

+
s−1
∑

i=1

(−1)i(m⊗S a)⊗ (g1 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gs)

+ (−1)s(m⊗S a1 ⊗S · · · ⊗S ar⊗S)⊗ (g1 ⊗ · · · ⊗ gs−1)
)

,

where a = a1 ⊗S · · · ⊗S ar⊗S and g = g1 ⊗ · · · ⊗ gs.
Let π∗ : X∗(E,M)→ X

S
∗ (E,M) be the map

m⊗ (a1⊗ · · · ⊗ ar)⊗ (g1⊗ · · · ⊗ gs) 7→ (m⊗S a1⊗S · · · ⊗S ar⊗S)⊗ (g1⊗ · · · ⊗ gs).

Consider the filtration FS0 ⊆ FS1 ⊆ FS2 ⊆ . . . of X
S
∗ (E,M), given by:

FSi

(

⊕

r+s=n
r,s≥0

˜Xrs

)

=
⊕

r+s=n
r≥0, 0≤s≤i

(M ⊗S ˜Ar⊗S)⊗ k[G]
s
.

From Lemma 2.3 of [C] follows that π∗ is a morphism of filtrated complexes that
induces an isomorphism between the graded complexes associated to the filtrations
of X∗(E,M) and X

S
∗ (E,M). Consequently, π∗ is a quasi-isomorphism. The proof

can be finish by applying Theorem 3.1.2 �
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3.2.Hochschild cohomology. Let E = A ∗f G and M an E-bimodule. Using
again Theorem 2.4 we construct a complex simpler than the canonical giving the
Hochschild cohomology of E with coefficients in M . This complex is provided
with a natural filtration. When A is a group algebra the spectral sequence of this
filtration is the Hochschild-Serre spectral sequence.

Let

d
rs
l : Homk

(

A
r+l−1⊗k[G]

s−l
,M
)

→ Homk
(

A
r⊗k[G]

s
,M
)

(0 ≤ l ≤ s, r + l > 0)

be the morphisms defined by

d
rs
0 (ϕ)(a⊗ g) = a1ϕ

(

(a2 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs)
)

+
r−1
∑

i=1

(−1)iϕ
(

(a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs)
)

+ (−1)rϕ
(

(a1 ⊗ · · · ⊗ ar−1)⊗ (g1 ⊗ · · · ⊗ gs)
)

ar,

d
rs
1 (ϕ)(a⊗ g) = (−1)r

(

wg1ϕ
(

(awg11 ⊗ · · · ⊗ awg1r )⊗ (g2 ⊗ · · · ⊗ gs)
)

w−1
g1

+
s−1
∑

i=1

(−1)iϕ
(

af(gi,gi+1)bgi−1 ⊗ (g1 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gs)
)f(gi,gi+1)bgi−1

+ (−1)sϕ
(

(a1 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs−1)
)

)

,

d
rs
l (ϕ)(a⊗ g) = (−1)rϕ

(

a ∗ f (l)(gs)⊗ (g1 ⊗ · · · ⊗ gs−l)
)

×

× f(gs−l+1,gss−l+2)bgs−lf(gs−l+2,gss−l+2)bgs−l+1 · · · f(gs−1, gs)bgs−1 ,

where a = a1⊗· · ·⊗ar and g = g1⊗· · ·⊗ gs. Applying the functor HomEe(−,M)
to the complex (X ′∗, d

′
∗) of Theorem 2.4 and using the identifications

θrs : Homk
(

A
r ⊗ k[G]

s
,M
)

−→ HomEe
(

(A⊗Ar ⊗A)⊗ (k[G]⊗ k[G]
s
⊗ k[G]),M

)

,

given by

θrs(ϕ)
(

(1⊗ a1 ⊗ · · · ⊗ ar ⊗ 1)⊗ (1⊗ g1 ⊗ · · · ⊗ gs ⊗ 1)
)

= ϕ
(

(a1 ⊗ · · · ⊗ ar)⊗ (g1 ⊗ · · · ⊗ gs)
)

wg1 · · ·wgs ,

we obtain the complex

X
∗
(E,M) = X

0 d1

−→ X
1 d2

−→ X
2 d3

−→ X
3 d4

−→ X
4 d5−→ X

5 d6

−→ X
6 d7

−→ . . . ,
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where

X
n

=
⊕

r+s=n
r≥0

Homk
(

A
r ⊗ k[G]

s
,M
)

and d
n

=
∑

r+s=n
r+l≥0

s
∑

l=0

d
rs
l .

Note that when f take its values in k, then X
∗
(E,M) is the total complex of the

double complex
(

X
∗∗
, d
∗∗
0 , d

∗∗
1

)

, where X
rs

= Homk
(

A
r ⊗ k[G]

s
,M
)

.

3.2.1.Theorem. The Hochschild cohomology of E with coefflcients in M is the
homology of X

∗
(E,M).

Proof. It is an immediate consequence of the above discussion �

3.2.2.Lemma. Let c ∈ A invertible. The morphism of cochain complexes

ϑ∗c : (Homk(A
∗
,M), b∗)→ (Homk(A

∗
,M), b∗),

deflned by:
ϑrc
(

ϕ
)

(a1 ⊗ · · · ⊗ ar) = ϕ
(

ac1 ⊗ · · · ⊗ acr
)c
,

induce the identity map on H∗(A,M).

Proof. By a standard argument it is sufficient to prove it for H0(A,M), and in
this case the result it is immediate �

For each g ∈ G we have the morphism

θ∗g : (Homk(A
∗
,M), b∗)→ (Homk(A

∗
,M), b∗),

defined by:
θrg
(

ϕ
)

(a1 ⊗ · · · ⊗ ar) = wgϕ
(

awg1 ⊗ · · · ⊗ awgr
)

w−1
g .

3.2.3.Proposition. Let g, g′ ∈ G. The endomorphisms of H∗(A,M) induced by
θ∗g θ

∗
g′ and by θ∗gg′ coincide. Consequently H∗(A,M) is a left G-module.

Proof. It is sufficient to see that

(θ∗gg′)
−1 θ∗g θ

∗
g′

induce the identity map on H∗(A,M), which is an immediate consequence of
Lemma 3.2.2 �

The cochain complex X
∗
(E,M) has a filtration F 0 ⊆ F 1 ⊆ F 2 ⊆ . . . , where

F i(X
n
) =

⊕

r+s=n
r≥0, s≥i

Homk
(

A
r ⊗ k[G]

s
,M
)

.

From this fact we obtain the following:
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3.2.4.Corollary. There is a converging spectral sequence

Ers2 = Hs(G,Hr(A,M))⇒ Hr+s(E,M)

Given an A-bimodule M we write MA to denote the k-submodule of M con-
sisting of the elements m verifying am = ma for all a ∈ A, and given a G-module
N we write NG to denote the invariants.

3.2.5.Corollary. If A is separable, then H∗
(

E,M
)

= H∗
(

G,MA
)

.

3.2.6.Corollary. If A is quasi-free, then there is a long exact sequence

. . . −→Hn−2(G,H1(A,M)) −→ Hn(G,H0(A,M)) −→ Hn(E,M) −→
Hn−1(G,H1(A,M)) −→ Hn+1(G,H0(A,M)) −→ Hn+1(E,M) −→ . . . .

3.2.7.Corollary. If G is a flnite group and the order of G is invertible in k, then
H∗
(

E,M
)

equals to H∗(A,M)G.

Let S be a separable subalgebra of A and let ˜Ar (r ≥ 0) be as in Theorem 3.1.10.
Assume that f(g, g′) ∈ S for all g, g′ ∈ G. Using that f take its values on S it is
easy to see that G acts on

(

HomSe( ˜Ar,M), b∗
)

via

(

g · ϕ
)

(a1 ⊗S · · · ⊗S ar⊗S) = wgϕ
(

awg1 ⊗S · · · ⊗S awgr ⊗S
)

w−1
g .

3.2.8.Theorem. The Hochschild cohomology H∗(E,M) of E with coefflcients in
M is the cohomology of G with coefflcients in

(

HomSe( ˜Ar,M), b∗
)

Proof. It is similar to the proof of Theorem 3.1.10 �
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