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Abstract

Li Banghe and Li Yaqing defined in [1] a product S o T as a hyperdistri-
bution for S and T in D’(IR") and they calculated 6 o §. In this work, we
shall calculate the products ¢ o —6 fori=1,...,n, and we obtain that for
n even, this product have the Hadamard finite part nonzero.

1 Introduction

We shall define the product we shall used. Let €* and IR* be a nonstandard
models for the complex field and the real field respectively, and let p be a positive
infinitesimal. We denote with © the set of all infinitesimal in €' and,

PC = {x € €" : for some finite integer n, | z |< p™"}.
Setting
rC = C/O
We call hiperdistributions to the complex linear functional of D’(IR™) in *Q".
Definition 1.1 : Suppose T € D'(IR"), u(x,y) is a harmonic function in IR"T" =
{(z,y) : = € R", y > 0} and its boundary values in the sense of D'(IR") are

T(x), then u(z,y) is called a harmonic funtion associated with T or harmonic
representation of T

Lemma 1.2 : Let S,T € D'(IR"), let S, T be harmonic representations of S and

T respectively, and *S, *T' denote the nonstandard extensions ofS T respectively.
For any ¢ € D'(IR"),

(*S(x,p)T(2,p)," $(x)) €” C.



Lemma 1.3 : Let S,T € D'(IR"), if Sl,gz and Tl,f’z are two harmonic repre-
sentations of S and T respectively, then for any ¢ € D'(IR™), we have

<*§2($,p)*Tg($,p),* ¢($)> - <*§1(l‘,p)*j—’1(l‘,p),* ¢(l‘)> ~0

Let ® :» @ —* €’ be the homomorphism modulo ©, we define

Definition 1.4 : For any S,T € D'(IR") and any of their harmonic representa-
tions S, T, we call the complex linear functional

(SoT,¢) = ®(("S(x, p)"T (. p)," $(x)))
of D'(IR") —* @', the product of S and T.

4]

2 The product d o a?;i

We consider here one of the harmonic representation of the d-function in D’'(IR"):
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The function §(z,y) is harmonic on IR" x IR, and

lim §(z,y) =d(z) in D'(IR"). (2)

y—04
By differentiation to x;, we obtain in (1):

o - —y(n+ 1)z,
51’7 :—M. 3
o) = ®)

From (2) and Theorem XVIII, Chap.III, [8]; we obtain:

tin L3} = 5 0@ i DR ()

y—0+ 8xi

Furthermore, the partial derivative of a harmonic function in a set U, is a harmonic
function in the same set; therefore, the functions %{5(:17, y)}, i =1,2,...,n; are



harmonic representations of the distributions 6%{5 (x)}. Our purpose is obtain
the product:

3(a) 0 - {0(@)} 9

For n = 1 the product (5) has been calculated by Li Banghe and Li Yaqing in
[2]. Let ¢ € D(IR"), suppp C {z/ |  |< a} and choose p € IR" a positive
infinitesimal, then we shall evaluate:

[ 8001181} 0l) o (0
We have, ,
So9) o 5} =

We consider the Taylor expansion of ¢ € D(/R™) until n + 1 order:

(7)

n+1 k1 kn J
B it ak e
n)=) > kil kol 925 . 0x

T=0 (k,.okn), > ki=j

O+ |2 [ y(),  (8)

n

where 1 is continuous for x # 0 and bounded near x = 0. Taking into account
(6),(7) and (8) we obtain:

. 9 .
| 8.0 (e} o) do =
2(n+1)x; o kL ghn )
- Y e P o
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—p*(n+ Dz, .
+/fv<a0%(|$|2+p)"+2 | & "% () da. o

We consider n > 2. Farther on we consider n = 1. The second term of the sum in
(9) is an infinitesimal number and we can omit it, in fact:

Let M = sup{¢(z) :| z |< a} and we consider the polar coordinate in IR":



r1 = rcosb

Tro = rsinf; cosfy
Tp—1 = rsinf; sinfy --- sinf,_o cosb,_1
T, = rsinf; sinfy --- sinf,_o sinf,_1
where
O§91,92,...,9n_2§77, 0§9n71§2’ﬂ'. (10)

We denote df) the volume element of the unitary sphere S*~!, then dx = "~ 'drdQ
with
dQ =sin""26,.sin" 30, ...sin6,_o db; ...d0,_1.

Let B, = 2’(T 2) the (n — 1)-dimensional measure of the (n — 1)-sphere unitary

S7=1. We obtain

2
—p°(n+ )z +2
P A S A S n d <
'/ E(p 1 e | oI vleldr s

2 1 n+3
Sp(n; )M |2x|2n+2dx:
Ch lz|<a (|.13‘ +p )
2 1 a n+3 r—
T (”2+ I ar dQ/ Y=
c2 gn-1 (r2 + p?)nt
p (TL + 1 / pt 2n+2
= MB —————— pdt =
2 {(pt)2 + p2in+2 P
, ° t2n+2
=pM ————dt 11
oM [ e (11)
where M’:%, M' € IR.
Now, we have:
A $2n+2 1 $2n+2 & $2n+2
————dt = ————dt ————dt. 12
/0 (1+ ¢2)n+2 /0 (14 ¢2)n+2 Jr/1 (14 ¢2)n+2 (12)



Moreover:

t2n+2 % 1 a,
|/ dt|</1 Fit= (57 -1 <. (13)

1 + t2 n+2

(In fact, (¢ )_ is infinitesimal). Next, in (11) we obtain:

, % t2n+2

since p ~ 0. Now, we shall calculate the first term in (9). We consider for each
j<n+1, ki +...+k, =], the following terms:

2
1
/ Mxkl...xk”dxz
|z|<a Cn

i (|x]? + p2)+? "
o —p°(n+1) k ki1 ko
= /z|<a02(|x|2+p2)n+2x11 ...Ii ...I’n dfl;. (14)

We consider the two cases i = n and ¢ # n; in fact, we have,
1) i = n (i.e the product 0 o %{5})

Taking into account (10), we obtain in (14):

2
—p°(n+1) k En1  knt+l ..
/|x|<a(W$11 sy Tyt dr =

a 2 s
/ YA R I) p2 (n _|2_ 11)+2 phitthntltn—1 dr./ coskt @y sin? TR tI+n=2 9. 49,.
o ca(r?+p?) 0
™
/ cosk? By, sind ~(k1the)+14n=3 ¢ g9
0

s
/ costn—2 0,y sind— k1t 2+ l4n—(1=2+1) g g
0

27
/ coskn—1 0,_1. gind—(Fitkat. Akn1)+1+n—(n—1+1) 0, 1db, ;. (15)
0



The integrals of type fow cos® fsin” 6 df and f02ﬂ cos® fsin” 0 df are zero for k odd.
Next, we consider in (15) k; even for ¢ = 1,...,n — 1. Now, we examine the last
factor in (15):

27
/ costn1 g, ;. sind—(kr+katocthn )+ len—(n-11) g go
0

27
/ coskn=1 6, _1.sin*t1 6,1 db,_ ;. (16)
0

If k,,_1 is even the function cos®»—1 6,,_; is symmetrical with respect to z = 7 and
the function sin®***16,,_; is antisymmetrical with respect to « = = if k,, +1 is odd.
We consider in (15) k1,...,k,—1 even and k,, odd. Let k; = 2s;, i =1,...,n — 1,
kn=2s, +1, > ki=j=2s1+...+25,_1 + 25, + 1, therefore we obtain:

2

—p (n + 1) 2s 28n-1 25,42 3

/I|<a 2 (|a]? + p?)n+? o™ T de =
n

a s ) —2s1+1+n—2+1
/ —Pn+1) iy, TR
o AT+ N(EEET )

F( 2522-1-1 )F(j—(281+2822)+1+n—3+1 )
F(]7251J;1+n73 + 1)

28y _o2+1 j—(2s14+2s24...4258,_2)+14+n—(n—24+1)+1
P(2gthr 2 )

F(jf(231+252+...+2s7§,3)+1+n7(n72+1) + 1)

F( 25n51+1 )F(j—(231+232+-é+23n71)+1+1)

2 — - (17)
F(] (25142 2+2--'+2 n—2)+1 + 1)
where we have considered:
™ 5 (kLY p(mtl
/ cos® fsin™ 6 df = 2/ cos® fsin™ 0 df = % (18)
0 0 L™ +1)

Taking into account that

¢ _p2<n+1) j+nd r=pt ’ _pQ(n—i_l) t)j+n dt =
o 2(r2 4 p2)nt2 r ro= o (22 + p2)nt2 (p pat=




a i+n
_ -1 [Pl ¥ dt 19
o e 1

Now, we obtain the following formulas

a i+n o] j+n
_ jen-1 [P D 1 tJ G = pi—n—1 / n+1 t d
R R e Y R o h

41 e
- dt 20
L a ey (20)

and,

; Cn+1  Hn
0<pi—nt dt <
<o |, T s

. +1 oo +1 j—n—3
Pt n—z/ prtdr =t -0, (21)
Cn Ja ¢, jJ—n—3
P

p is infinitesimal.
From (20) and (21), we have

R S B Al 1 /Oo nt+1 ttr
- dt ~ —p’ dt. (22
R e Lt

Therefore, we obtain

2
—p°(n+1) 2 2801 26n42 9.
/w|<a —c%(|x|2 ) ity T de &

0o itn n—1 sS4 Jj+1-— 7": 2sp+n—i
R S T I = 1 s e S
s o & (1+emtzT 1 > asitni - (23)
n i=1 F(lv:++1)
Simplifying in (23), we obtain
n—1 F(28i2+1)r(j+1_2k:21 2sk+n—i) -
i—1 =
’ Jj— _ 2sp+n—i
i=1 I‘(Zk%+1)
n—1p(2s; ne2 o J =3 2spbn—i, 1= 2sidn—(n—1)
G ) g N B e G e ) _

. i—1 i
anl F(J Zk:lQst"rn +1)

i=1



e 2 JH1=3S"  2s4n—i s
TS (s ) T2 (i 2 2

1 T 2em ™ (gt 4 )

1=2 2

1 [T Tsi + 3)

= (on ) o (21)
Taking into account (23), results
14 (n+1) 25 25n—1 28,42 ~
[ i e
_pj_n_l/‘”n+1 AR N § ET R o
o o (L)t 27 patntly o

with k; =2s;,i=1,....,.n—1, k,=2s,+1land > |  ki=j= (>, 2s)+ 1L
From (9), we have, for i = n

~ o .
o(z, P)-a {6(x, p)}.d(x) do =
R" In
2(n+ 1)z, n+1 xllcl_._mkn &
- 2 (22 £ p2)nt2 & 0)Ydz =
/|x|<a 2 (|z]? + p2)nt2 2 2 Ful k! 9z ...axﬁ“( )ydz

I=0 (kseskn),y | ki=j
= 1 &
= X T mene (U]
» kiloo kpl oxf Lo Oznn
T=0 (kb)Y ki=j

kn—
/ —p?(n 4 Db ket
jel<a cp(lzl? + p?)nt?

dr =

w[3

= Z 1 ¢ (0).

J=0 (317~..,Sn)»z $i=J (281)' o (QSn_l)!(QSn ™ 1)' ax?Sl e axisjlilax’%snle

. X1 2t NI CES
. p2]+1—n—1/ 5 iz dt (Sn + 5)%
o 2 (1+8) [(#=7=)
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& (L e2)m2 TR (28,) D(2EE2)
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oo 2j+1+n n 41
_ Z _p2jfn/ n+l1 t¥ dt L=y (s "" 3)
j Sn) Zsl 0



9%+
52 25019 25,41
Oxy® ... 0z, " Oz’

(0)- (26)

Finally, we arrives at the

Theorem 2.1 :
5o 0 - (5] e, 32j2+15 |
O =0 (518 Y s e 81:%51 ...8xnsf'_18:17%5"+1
where:
c _ ‘1 ﬁr(szﬁ-%) /°°n+1 t29+1+n "
Tt (AR L (25)! g (T+e)e

i=1
Corollary 2.2 Ifn is even, the Hadamard finite part of 6 o %{6} 1S monzero.

In fact, the corresponding term for j = [3] for n even is finite.

Corollary 2.3 Ifn =2, then

1 1 3
- 5Y.
1683:{} 64[85{} 92282, M
Thesis
275+1
Z Z P72 s, %
7=0 (s1,82),81+s2=3 Ly Lo
L(HrE) ~3 1
C00="Tz\ | s er
L(=2) Jo A (1+1t2) 167
PR (-1 i S N
RO T on (2242 f (2m)2 (14 2)° 647
Then,

508%2{5}:” 1é praClil ﬁi [33{}+ 88 (03]

Corollary 2.4 Ifn =2 then

1 o°
Hpf(s 07{ b= e [a 3{} 92202, {64



2)i#£n,n>2.
Introducing the polar coordinates in (14), we obtain
/ —p’(n+1) ki1
|z|<a

k
gt dr =
Qa2 Tt

a 2 T
—p°(n+1 . — g -
L/lATTJ%£44572;5rkr+w**%+1+~kn+" 1ch1J/ cos™ 0. sind "M T2 6, df,
o CA(r?+p?) 0
a .
/ cos¥? Oy, sind (k1 tka)+14n=3 9. g9,
0
7‘— . .
) / cosFi—1 0;_1. SinJ—(kl+k2+~~~+k1,—1)+1+n—(1) 0,_1 df;_1.
0
0 . .
/ cos®i Tl g, sin? ~(Fithet dki)tn=(+1) g g9
0
™ . .
/ coskit 0it1. sin? ~(F1thetthipa)+n—(i42) 0it1d0iq ...
0
2T )
. / cosFr=1 0, _q.sind~(Fitheto dhn)tn-(n=141) g g9 (27)
0

In the same manner as (15), we consider k,, r # ¢ and k; + 1 even. Taking into
account (18) and )~ k; = j, we obtain in (27):

L/' I G ) R O U U
zl<a CR(|Z[? + p?)n T2 1 p

/a 7/)2(7’1 + 1) TjJrn 0 F(klz—i-l)r(j%»lfkl;ranqu)
o C2(r2 4 p)nt? L=y

j+1—(k1tk —3+1 ki_1+1 Jj+1— i:llkr+n7i+1
NCoSR N EESEICEEE S R JEMESE) JEALSD Dt )
1—2

j+1—ki1+n—3 T i+1— n—i
D(EEES ) RIS WA,

+1)

j— ‘ n— (1 X ) — il r +n—(2
F(ki+21+1)F(] Zrzlkrg (+1)+1) F(kl+1+1)r(j Zmlk; (+2)+1)

2
1S k(i1 ’ ST kptn—(i42
PEHE b4 D SRR TR

2

2F( kn721+1 )F(k"’+1)

2
F( kn712+k5n + 1)

(28)
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Simplifying and taking into account that k, = 2s, for r # ¢ and k; = 2s; + 1,

s > 0,7 =1,...,n, in the same manner as (23), we have, from (28),
1
/ %x’“...xf”l...xﬁ"dx:
|z|<a € n(|$| +p )

(’I’L+ ) 251 2s;+2 25,
= —_— R dr ~
/| n<|x|2+p>n+2$ i o O

’;:j—pj_n_l/ n+1 ¢itn dt (2s; + 1) [T 1(sr+%).
0

. z (29)
2 1+ 2)? ()

Therefore, from (9), we arrive at

/ B30 )} 0e) d =

n+1 k1

(n+1)x ot ke o
/|x|<a (|‘T|2 +P n+2 { Zk k1' . k‘n' 8$]f1 8%51"( )}
AAAAA =j
n+1

1 )
Z Z O)'
k ! DRI kn! kl kn (
j=0 (kl,...,kn),z ki=j ! 8331 -+ Oan

1
. L—F)xkl...xk”l...xk”dm:
zl<a C(|Z[? + p?)nt2 ' "

wl3

1 9%+
(251)!. . (28 + 1)1 (280)! 923t L 9225 L Qe

(0).
J:O (81, ,sn),Zsl =j

1 .
/ 2n—|— BLH mzsl...xfslﬁ...mis”dx:
|z|<a € n |£L" +p )
3] Z 1 92+ -
= O .
2 7 1 " 2 r ! 251 NN 28i+1 e Zon
:0 (51,0s8n), Zsz—J s; + )Hr:l( s ) 8$1 8%‘1 Tn
_ p2j+1—n—1 /Oo nA1 g dt .(2s; + 1)41‘[” 1(sr + %) —
0 C% (1 + t2)n+2 z F(2j+1+n+1)
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(5]

7=0 (817"'75”)72 8$i=J
82j+1¢

f)x%sl .. .Gx?““ .. Oxen

0.

Finally, we obtain the
Theorem 2.5

_ Z 2j—n/°°n+1 A gt [T (sr +3)
= p o 2 (L+2)nF2 [ (2s,)! T(2EE2)

P ' o2i+1s
6 6 _ 2j—n o s s
° 8@'{ J ; A Catynn Qx3™ .. Qxi T gxatn
j=0 (Gl....,sn),ESi—J ’
where 1 n (Sr + %) ©n+1 $27+1+n
Csy,..., E 27+n+2 H 2 | 2 1 t2 n+2 dt.
PEE) 5 @) Joo o (1489

Corollary 2.6 Ifn =2, then

0 ., 1 0 3 9 93

Thesis Let n = 2, then:

B ! - 92+1s
do 8561 {5} = Z Z p2j 2 Csq,s2

2s1+1 2s
. Q" T 0x5™?
J=0 (s1,s2),81+s2=j 1 2

11 oo 3
5.5 3 t 1
_ 23 i =
.0 = r(2$2) /0 c3 (14 2)* dt 262"
13 ) 5
=.5 3 t 3
_ _ 2°2 -
L0 = O o= /0 Gy 1+ o7 T
Then, we have,
0 1 9 3 0 o3
do— {0} =p——{0}+° —{6 ——{d}]
°© axl{ b=p 26,12 31‘1{ b 2772 [(Q)x:{’{ b 6x18x§{ H
Corollary 2.7
0 3,0 o
pfdo 8:51{ h 277r2[8x‘;’{ bt 8331895%{ i

12
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Now, we consider the case n = 1. From (9) we obtain

(31)

‘2% e
= 20,2 zs{szj) (0)} da =
/ cf(@? +p?)? = !
2 .
—9202 . a j+1
SO [
1J —a (:E +p )

1) For j = 0, the integral [, et
symmetrical function respect to x = 0.

2) For j = 2, we obtain in the same maner as 1) that [, m dx = 0.

have,

Using (19) and (22) for n = 1, j = 1, we obtain:
@ _2p% 22
2¢'(0 — = dr &
# )/0 G @+pp
2

/ —1 >~ 2 _
—2¢'(0)p /0 EIERDE dt =
__4¢'(0)p”! /°° 2

0

c (1+12)3

Putting

3 =2

and taking into account the following integral, we have,

/”tzdt—/“’ldt_
o (1+12)3 7 Jo  (1412)2

13

; I
7y dx is zero because T

/om(1+t2)3 -

7y dr is an anti-

We

(32)

(33)

1
dt =



t 1 t 3 t
+ —arctant |§° —

1 T
m 2 + *arctant)] |802 —_—.

Garen T 15T e 2 16

Then, we obtain

/ o _ —4p7(0) 7
R

—1
5(I,p)5/(l’,p)¢(£€) dx 7'('2 . 16 = Epil(b/(o)

and finally, we arrive at the following formula

5(z)od (z) = %p_lé'(m).
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