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§1. Introduction

A celebrated result of Calabi [C], that generalizes a two dimensional theorem
by Jörgens [J], asserts that if u is a C5 convex solution of the elliptic Monge-
Ampère equation detD2u = 1 in Rn and n ≤ 5 then u is a quadratic polynomial.
This statement was extended to all dimensions by Pogorelov [P2] and Cheng and
Yau [Ch-Y]. Recently, Caffarelli [Ca3] proved, by using the regularity theory
for the Monge-Ampère equation developed in the fundamental papers [Ca1] and
[Ca2], that this result holds true for viscosity solutions. The purpose of this
article is to investigate the validity of results of the same nature for solutions of
the parabolic Monge-Ampère equation −ut detD2u = 1 in Rn × (−∞, 0]. This
type of differential operator was first considered by Krylov [K2]. It also appears
in connection with the problem of the deformation of a surface by means of its
Gauss-Kronecker curvature. Indeed, Tso [T] solved this problem by noting that
the support function to the surface that is deforming satisfies an initial value
problem involving that parabolic operator.

The function u : Rn × (−∞, 0]→ R, u = u(x, t), is called parabolically convex
if it is continuous, convex in x and nonincreasing in t. By D2u(x, t) we denote the
matrix of second derivatives of u with respect to x and Du denotes the gradient of
u with respect to x. We use the standard notation C2k,k(Ω) to denote the class of
functions u such that the derivatives Di

xD
j
tu are continuous in Ω for i+ 2j ≤ 2k.

We set Rn+1
− = Rn × (−∞, 0].

The main result of this paper is the following theorem.

Theorem 1.1. Let u ∈ C4,2(Rn+1
− ) be a parabolically convex solution to the par-

abolic Monge-Ampére equation

(1-1) −ut detD2u = 1, in Rn+1
− ,
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such that there exist positive constants m1 and m2 with

(1-2) −m1 ≤ ut(x, t) ≤ −m2, for all (x, t) ∈ Rn+1
− .

Then u must have the form u(x, t) = C1t + p(x) where C1 < 0 is a constant and
p is a convex quadratic polynomial.

To prove this result we use ideas from [Ca3] and properties of the cross sections
of solutions to the elliptic Monge-Ampère equation established in [G-H]. Unlike
the elliptic case, in our case viscosity solutions of (1-1) may not be of the form
given by Theorem 1.1.

We give a brief outline of the strategy to prove Theorem 1.1 which is based
on four elements. The first one is a maximum principle for parabolic Monge-
Ampère equations, Theorem 2.1, that has independent interest and generalizes an
estimate first proved by Aleksandrov [A] which is a crucial building block in the
regularity theory for solutions of the elliptic Monge-Ampère equation. The second
element are the geometric properties of the cross sections to solutions of elliptic
Monge-Ampère equations established in [G-H] which are applied to show that the
level sets QH = {(x, t) : u(x, t) < H} are controlled by standard cylinders. The
third element in our proof is a variant of a theorem due to Pogorelov, Theorem 2.2.
This result introduces very useful device to estimate second derivatives of solutions
to the parabolic Monge-Ampère equation. It permits to estimate a quantity that
combines u and its second derivatives in x by a quantity involving only the gradient
of u (see statement of Theorem 2.2). On the other hand, if appropriate rescalings
of u are sufficiently large then by Theorem 2.1 this must happen away from the
boundary of QH . Hence from the convexity of u and properties of the cross sections
we obtain an estimate of the gradient of u. Therefore a combination of these three
elements yields uniformly elliptic estimates of the Hessian of u in x in the interior
of QH . The fourth element is an Evans-Krylov type theorem that from these
uniform estimates yields uniform estimates of the Hölder seminorms of the second
derivatives of u in x and first derivatives in t. Finally, by using again the results
in [G-H] we conclude that these Hölder seminorms, calculated on any cylinder
of dimensions H1/2 in x and H in t, tend to zero as H → ∞ implying that the
second derivatives of u in x and the first derivatives in t are constant.

The paper is organized as follows. Section 2 is divided into three subsections.
Subsection 2.1 contains a maximum principle for parabolic Monge-Ampère equa-
tions. The variant of a Theorem due to Pogorelov is proved in subsection 2.2. A
Theorem of Evans-Krylov type for parabolic non-linear equations is the contents
of subsection 2.3. The proof of Theorem 1.1 is then carried out in §3. Finally, in
§4 we show an example of a viscosity solution to (1-1) that is not of the form given
in Theorem 1.1.
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§2. Preliminary results

We begin introducing some notation. Given a bounded open set D ⊂ Rn+1

and t ∈ R, we denote
D(t) = {x : (x, t) ∈ D}.

Let t0 = inf{t : D(t) 6= ∅}. The parabolic boundary of the bounded domain D is
defined by

∂pD =
(

D(t0)× {t0}
)

∪
⋃

t∈R

(∂D(t)× {t}) ,

where D denotes the closure of D and ∂D(t) denotes the boundary of D(t). We
say that the set D ⊂ Rn+1 is a bowl-shaped domain if D(t) is convex for each t
and D(t1) ⊂ D(t2) for t1 ≤ t2.

We recall the definition of cross section of a convex function, [G-H]. Let u :
Rn → R be a convex function that for simplicity is assumed smooth. A cross
section of u at the point x0 ∈ Rn and with height t > 0 is the convex set defined
by

Su(x0, t) = {x : u(x) < u(x0) +∇u(x0) · (x− x0) + t}.

§2.1 A Maximum Principle.
We recall that if u : Ω→ R, Ω ⊂ Rn open, u ∈ C(Ω), then the normal mapping

of u is the set valued function χu : Ω→ {E : E ⊂ Rn} defined by

χu(y) = {p : u(x) ≥ u(y) + p · (x− y), ∀x ∈ Ω}.

If D ⊂ Rn+1 open is a bounded bowl-shaped domain and u : D → R is continuous
then the parabolic normal mapping of u is the set valued function Pu : D → {E :
E ⊂ Rn+1} defined by

Pu(x0, t0) =

{(p, h) : u(x, t) ≥ u(x0, t0)+p·(x−x0), ∀x∈D(t),with t ≤ t0, h = p·x0−u(x0, t0)},

and if E ⊂ D then Pu(E) = ∪(x,t)∈EPu(x, t). By | · |k we denote the Lebesgue
measure in Rk. The class of sets E ⊂ D such that Pu(E) is Lebesgue measurable
is a Borel σ-algebra and the parabolic Monge-Ampère measure associated with u
defined by |Pu(E)|n+1 is a Borel measure, see [W-W].

The following theorem has independent interest and it is an extension to the
parabolic case of a result first proved by Aleksandrov, Theorem B, [A]; see also
Lemma 3.5 of [R-T].
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Theorem 2.1. Let D ⊂ Rn+1 be an open bounded bowl-shaped domain and u ∈
C
(

D
)

a parabolically convex function with u = 0 on ∂pD. If (x0, t0) ∈ D then

|u(x0, t0)|n+1 ≤ Cndist (x0, ∂D(t0)) diam (D(t0))n−1 |Pu (Dt0) |n+1,

where Dt0 = D ∩ {(x, t) : t ≤ t0} and Cn is a constant depending only on the
dimension n.

Proof. We may assume that u(x0, t0) = −1. Let v(x) be the function whose graph
is the n+1-dimensional inverted cone with base D(t0)×{0} and vertex at (x0,−1),
i.e., v(x0) = −1 and v = 0 on ∂D(t0). Let p ∈ χv(x0) and the interval

I(p) =

(

p · x0 + max
x∈D(t0)

p · (x− x0) , p · x0 + 1

)

.

We claim that if h ∈ I(p) then (p, h) ∈ Pu (Dt0) . Indeed, we have p · x − h <

p · x−
(

p · x0 + maxx∈D(t0) p · (x− x0)
)

≤ 0 for x ∈ D(t0) and since D is a bowl-

shaped domain, the inequality holds for x ∈ D(t), t ≤ t0. Therefore p·x−h < u on
∂pDt0 . Also, p ·x0−h ≥ p ·x0−(p · x0 + 1) = −1 implies that p ·x0−h ≥ u(x0, t0).
Hence, we now slide the hyperplane p·x−h in the direction of t < t0 until it touches
the graph of u for the first time, say at a point (x1, t1) with t1 ≤ t0. At this point
we have u(x1, t1) = p · x1 − h, p · x− h ≤ u(x, t1) for x ∈ D(t1). This means that
(p, h) ∈ Pu(x1, t1) and (x1, t1) is not on the parabolic boundary of Dt0 . Thus the
claim is proved. Next we claim that

|Pu (Dt0) |n+1 ≥
Cn

dist (x0, ∂D(t0)) diam (D(t0))n−1 .

By translating and rotating D(t0) we may assume that x0 lies on the xn-axis and
it reaches its distance to ∂D(t0) at a point lying on the positive xn-axis. We have
that (see proof of Lemma 3.5 in [R-T])

(i) χv(x0) is convex.
(ii) p =

en
dist (x0, ∂D(t0))

∈ χv(x0) with en = (0, · · · , 0, 1).

(iii) the n-dimensional ball B1/diam(D(t0))(0) ⊂ χv(x0).

These imply that Γ ⊂ χv(x0) where Γ is the n-dimensional right-cone whose base
is the (n − 1)-dimensional ball B1/3diam(D(t0))(0) perpendicular to the xn axis

and whose vertex is at the point
en

3dist (x0, ∂D(t0))
. Let p ∈ Γ, p = (p′, pn) and
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x0 = (x′0, x
0
n). Note that pn > 0. We have that

max
x∈D(t0)

p · (x− x0) = max
x∈D(t0)

(

pn(xn − x0
n) + p′ · (x′ − x′0)

)

≤ 1
3dist (x0, ∂D(t0))

dist (x0, ∂D(t0)) +
1

3diam (D(t0))
diam (D(t0)) =

2
3
,

since xn − x0
n ≤ dist (x0, ∂D(t0)) for all x ∈ D(t0) with xn ≥ x0

n. Thus |I(p)| ≥ 1
3

for p ∈ Γ and by integrating in n+ 1 dimensions we obtain

|Pu (Dt0) |n+1 ≥
1
3
|Γ|n = Cn

1

dist (x0, ∂D(t0)) diam (D(t0))n−1 ,

which completes the proof. �

Lemma 2.1. Let D⊂Rn+1
− be an open bounded bowl-shaped domain with Bαn(0)×

[−αn, 0] ⊂ D ⊂ B1(0) × [−1, 0] and u a parabolically convex smooth solution of
(1-1) in D such that u = 0 on ∂pD. Then

∣

∣

∣min
D

u(x, t)
∣

∣

∣ ≈ C,

with C a dimensional constant.

Proof. By Theorem 2.1, |minD u(x, t)| ≤ C. To prove the reverse inequality let
w(x, t) = ε

(

−t+ |x|2 − α
)

. If ε = 2−n/(n+1) then w satisfies (1-1) and if α = α2
n

then w ≥ 0 on ∂pD. Then by the comparison principle, Proposition 2.3 [W-W],
u ≤ w and we are done. �

§2.2 A variant of a Theorem by Pogorelov.
We shall prove the following variant of a beautiful Theorem due to Pogorelov

(see Theorem 2, [P1]).

Theorem 2.2. Let D ⊂ Rn+1 be a bounded open bowl-shaped domain and v ∈
C(D) such that v is parabolically convex in D. Suppose that v is a smooth solution
of

−vt detD2v = 1, in D \ ∂pD
v(x, t) = 0, for (x, t) ∈ ∂pD.

Let α ∈ Rn, |α| = 1,

w(x, t) = |v(x, t)|Dααv(x, t)e
1
2 (Dαv(x,t))2

,
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and M = maxD̄ w(x, t). Then there exists P ∈ D \ ∂pD where the maximum M is
attained and the following inequality holds

M ≤ Cn (1 + |Dαv(P )|) e 1
2 (Dαv(P ))2

,

with Cn a positive constant depending only on the dimension n.

Proof. For M ∈ Rn×n positive definite, let F (M) = log (detM) . We have

(Fij) =
∂F
∂Mij

= M−1, and
∂2F

∂Mij∂Mkl
= Fij,kl = −FikFjl.

Since v = 0 on ∂pD and v is strictly convex in D\∂pD, if follows that the maximum
M is attained at some P ∈ D \ ∂pD, P = (p, s). Since D2v(P ) > 0, there exists
an unimodular matrix O, i.e., detO = 1, such that OtD2v(P )O is diagonal and if
v̄(x, t) = v(Ox, t) then D1v̄(x, t) = Dαv(Ox, t) and D11v̄(x, t) = Dααv(Ox, t); in
particular, D2v̄(p′, s) is diagonal where p′ = O−1p. To prove this statement, we
first rotate the coordinates to have α as one of the axis (we shall omit the variable
t since it is irrelevant for this purpose). That is, let Q be an orthogonal matrix
such that Qe1 = α, and first let u(x) = v(Qx). Then the first column of Q is the
vector α and we have D1u(x) = (Dαv) (Qx) and D11u(x) = (Dααv) (Qx). Next,
given A = (aij), an n× n matrix positive definite and symmetric, consider

B =

















1 −a12
a11

−a13
a11

−a14
a11

· · · −a1n
a11

0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

...
. . . 0

0 0 0 0 · · · 1

















.

We have

BtAB =
[

a11 0
0 B1

]

,

where B1 is an (n−1)×(n−1) matrix. Since A is positive definite and symmetric,
it follows that B1 is also positive definite and symmetric. Hence there exists an
orthogonal matrix O1 such that Ot1B1O1 is diagonal. Let

O =
[

1 0
0 O1

]

.

Now, we choose A=
(

D2u
)

(QtP ) and set v̄(x)=u(BOx). Then D2v̄((BO)−1QtP )
is diagonal. Combining the changes of coordinates, the matrix O = QBO does
the job.
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Therefore, we may assume that α = (1, 0, · · · , 0) and so

w(x, t) = |v(x, t)|D11v(x, t)e
1
2 (D1v(x,t))2

,

and the matrix D2v(P ) is diagonal.
Let L be the linearized operator at P

L =
1

vt(P )
∂
∂t

+ Fij
(

D2v(P )
)

Dij .

Since w attains its maximum at P , it follows that the function

h = log |v|+ logD11v +
1
2

(D1v)2

also attains its maximum at P , and consequently

(2-1) Dh(P ) = 0; ht(P ) ≥ 0; and D2h(P ) ≤ 0.

Since
(

Fij
(

D2v(P )
))

is diagonal

(2-2) L(h)(P ) =
1

vt(P )
∂h
∂t

(P ) + Fii
(

D2v(P )
)

Diih(P ) ≤ 0.

Now

(2-3) Dih =
Div
v

+
D11iv
D11v

+D1v D1iv,

(2-4) Dijh =
Dijv
v
− DivDjv

v2 +
D11ijv
D11v

− D11ivD11jv
(D11v)2 +D1jvD1iv +D1vD1ijv,

(2-5) ht =
vt
v

+
D11tv
D11v

+D1vD1tv.

By replacing (2-4) and (2-5) into (2-2) we obtain the inequality

1
vt

(

vt
v

+
D11tv
D11v

+D1vD1tv
)

+ Fii
(

D2v(P )
)

(

Diiv
v
− (Div)2

v2 +
D11iiv
D11v

− (D11iv)2

(D11v)2 + (D1iv)2 +D1vD1iiv

)

≤ 0,
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valid at the point P . By collecting terms we obtain
(2-6)
1
v

+
1

D11v
L (D11v)+D1vL (D1v)+Fii

(

Diiv
v
− (Div)2

v2 − (D11iv)2

(D11v)2 + (D1iv)2

)

≤ 0

valid at the point P . Since v satisfies −vt detD2v = 1 in D, by differentiating with
respect to x1 we obtain that L (D1v) (P ) = 0. Next, let us compute L (D11v) (P ).
We have that log (−vt) + log detD2v = 0 in D and by differentiating this equation

with respect to x1 we obtain
1
vt

(D1v)t + FijDij (D1v) = 0. Differentiating once

more yields

1
vt

(D11v)t −
(D1vt)

2

v2
t

+ FijDij (D11v) + Fij,klDkl (D1v)Dij (D1v) = 0.

Therefore, at P we have

L (D11v) =
(D1tv)2

v2
t

+ FikFjlDkl1vDij1v,

and noting again that Fij
(

D2v(P )
)

= (D2v)−1(P ) is diagonal, from (2-6) we
obtain the inequality

n+ 1
v

+
1

D11v

(

(D1tv)2

v2
t

+ (Diiv)−1 (Djjv)−1 (Dij1v)2

)

+
1

Diiv

(

− (Div)2

v2 − (D11iv)2

(D11v)2 + (D1iv)2

)

≤ 0,

that implies

(2-7)
n+ 1
v

+
n
∑

i=1

n
∑

j=2

(Dij1v)2

D11vDiivDjjv
−

n
∑

i=1

(Div)2

(Diiv) v2 +
n
∑

i=1

(D1iv)2

Diiv
≤ 0, at P .

Since Dih(P ) = 0 and D2v(P ) is diagonal, it follows from (2-3) that

Div
v

= −D11iv
D11v

, at P , i = 2, · · · , n.

Hence and (2-7) we get

n+ 1
v
− (D1v)2

(D11v) v2 +D11v ≤ 0.
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By multiplying the last expression by v2D11ve(D1v)2
we obtain

w2 − (n+ 1)we
1
2 (D1v)2

− (D1v)2 e(D1v)2
≤ 0,

which implies the inequality

w2 ≤ C(n)
(

1 + (D1v)2) e(D1v)2

valid at the point P . This completes the proof of the theorem. �

§2.3 An Evans-Krylov type Theorem.
Given 0 < α < 1 and a domain D ⊂ Rn+1 we use the notation

[u]α,D = sup
(x,t) 6=(y,s)∈D

|u(x, t)− u(y, s)|
(|x− y|2 + |t− s|)α/2

,

and
‖u‖C2+α,1+α

2 (D) =
∑

2i+j≤2

‖Di
tD

j
xu‖C(D) + [D2u]α,D + [ut]α,D,

with ‖u‖C(D) = supD |u(x, t)|. We use the notation Rn×n
s to denote the space of

real symmetric n× n matrices.
The following theorem is stated in the form needed for the proof of Theorem

1.1.

Theorem 2.3. Let D = B1(0)× (−1, 0], and u(x, t) is a C4,2(D) solution of the
equation

(2-8) F
(

ut, D2u
)

= 0

in D, where F = F (q,M) is deflned for all (q,M) ∈ R ×Rn×n
s with F (·,M) ∈

C1(R), for each M ∈ Rn×n
s , and F ∈ C2(R× Ω), for some Ω ⊂ Rn×n

s neighbor-
hood of D2u(D). Suppose that:

(1) F is uniformly parabolic, i.e., there exist positive constants λ, Λ such that

−λ ≤ Fq(q,M) ≤ −Λ,

λ‖N‖ ≤ F (q,M +N)− F (q,M) ≤ Λ‖N‖,

for all q ∈ R and M,N ∈ Rn×n
s with N ≥ 0.

(2) F (q,M) is concave with respect to M .
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If ‖u‖C2,1(D) ≤ K, then there exist positive constants C, depending only on λ,Λ,
n, K and F (0, 0), and 0 < α = α(λ,Λ, n) < 1 such that

‖u‖C2+α,1+α
2 (D1/2) ≤ C,

where D1/2 = B1/2(0)× (− 1
2 , 0].

Proof. By the smoothness of F on the range of D2u and differentiating (2-8) with
respect to t we obtain

Fq(ut, D2u) (ut)t + Fij(ut, D2u)Dij (ut) = 0,

where Fij =
∂F
∂Mij

. Dividing the last equation by Fq by (1) we obtain a uniformly

parabolic equation and by Harnack inequality, [K-S], we obtain

[ut]γ,D3/4 ≤ C‖ut‖L∞(D),

where D3/4 = B3/4(0) × (−3/4, 0] and some 0 < γ < 1. For the estimation
of the second x-derivatives fix t. Then v(x) = u(x, t) satisfies G(x,D2v(x)) =
F (ut(x, t), D2u(x, t)) = 0. By Theorem 8.1 in [Ca-C], we have the estimate
‖D2v‖Cβ(B1/2(0)) ≤ C uniformly in t for some 0 < β < 1. To show that D2u
is Hölder continuous in t we note that by differentiating (2-8) with respect to xk
we get that Dku satisfies

Fq(ut, D2u) (Dku)t + Fij(ut, D2u)Dij (Dku) = 0,

and as before we get
[Du]α,D1/2 ≤ C‖Du‖L∞(D).

We then have |Du(x, t1)−Du(x, t2)| ≤ C|t1− t2|α and |D2u(x1, t)−D2u(x2, t)| ≤
C|x1 − x2|β . This implies |D2u(x, t1) − D2u(x, t2)| ≤ C|t1 − t2|

αβ
1+β , [L-S-U] p.

78, and the desired Hölder continuity follows. �

§3. Proof of Theorem 1.1

We can assume throughout the proof that

u(0, 0) = 0; Du(0, 0) = 0; D2u(0, 0) = Id; ut(0, 0) = −1.
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In fact, we first show that we can assume ut(0, 0) = −1. Let v(x, t) = u(βx, αt)
where β and α are positive numbers. Then −vt(x, t) detD2v(x, t) = αβ2n, and we
pick α and β such that αβ2n = 1 and vt(0, 0) = αut(0, 0) = −1. Next, let g(x, t) =
v(x, t) − v(0, 0) − Dv(0, 0) · x. We have g(0, 0) = 0, Dg(0, 0) = 0, gt(0, 0) = −1,
and −gt detD2g(x, t) = 1. Since v(x, t) is parabolically convex, g is parabolically
convex and

g(x, t) ≥ v(x, 0)− v(0, 0)−Dv(0, 0) · x ≥ 0.

There exists an orthogonal matrix O such that

OtD2g(0, 0)O =





d1 · · · 0
...

. . .
...

0 · · · dn





where di>0, i=1, · · · , n. Let w(x, t)=g(Ox, t). Then D2w(x, t)=OtD2g(Ox, t)O,
w(0, 0) = 0, Dw(x, t) = Ot(Dg)(Ox, t) and hence Dw(0, 0) = 0. Now let w̄(x, t) =

w
(

x1√
d1
, · · · , xn√

dn
, t
)

. Then D2w̄(x, t) =

(

1√
di
√

dj
wij

(

x1√
d1
, · · · , xn√

dn
, t
)

)

and in particular D2w̄(0, 0) = Id. Since detD2g(0, 0) =
1

−gt(0, 0)
= 1, we get

that d1 · · · dn = 1 and we then obtain

− w̄t(x, t) detD2w̄(x, t)

= −gt
(

O
(

x1√
d1
, · · · , xn√

dn

)

, t
)

1
d1 · · · dn

(

detD2g
)

(

O
(

x1√
d1
, · · · , xn√

dn

)

, t
)

= 1.

This completes the proof of the claim.

Given H > 0, let

(3-1) QH = {(x, t) : u(x, t) < H} and QH(t0) = {x : (x, t0) ∈ QH}.

Let xH be the baricenter of QH(0), E is the ellipsoid of minimum volume con-
taining QH(0) with center xH and TH is an affine transformation that normalizes
QH(0), that is TH(E) = B1(0) and

Bαn(0) ⊂ TH (QH(0)) ⊂ B1(0),

with αn = n−3/2. For the existence of TH see [P3], p. 90.
The following lemma gives an estimate for the size of QH .
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Lemma 3.1. Let u be parabolically convex in Rn+1
− , u(0, 0) = 0, Du(0, 0) = 0,

and satisfying (1-2). Let QH be given be (3-1).
Then there exist constants ε0, ε1 and ε2 such that for all H > 0

(3-2) ε0E × [−ε1H, 0] ⊂ QH ⊂ E × [−ε2H, 0] .

Proof. By (1-2), it follows that u(x, t) ≥ u(x, 0)−m2t for t ≤ 0. Since u(x, 0) ≥ 0

for all x, we obtain u(x, t) ≥ H for t < − H
m2

or x /∈ E. Thus the second inclusion

in (3-2) follows with ε2 = 1/m2.
Due to the normalization u(0, 0) = 0 and Du(0, 0) = 0 we have that QH(0)

is a section of the convex function u(x, 0) at x = 0, i.e., QH(0) = Su(x,0)(0,H).
In particular, from Lemma 2.1 of [G-H] we have for 0 < λ < 1 that λαnE ⊂
λQH(0) ⊂ Q

(1−(1−λ)
αn
2

)H
(0). If (x, t) ∈ λαnE × [−ε1H, 0] then

u(x, t) = u(x, 0)−
∫ 0

t
ut(x, τ) dτ ≤

(

1− (1− λ)
αn
2

)

H −m1t

≤
(

1− (1− λ)
αn
2

+m1ε1
)

H < H

for λ and ε1 sufficiently small. �

Note that u = H on ∂pQH .
Now let

TH(x, t) =
(

THx,
t
H

)

, TH(QH) = Q∗H .

Then (3-2) implies

(3-3) Bε0(0)× [−ε1, 0] ⊂ TH (QH) ⊂ B1(0)× [−ε2, 0] .

Let
u∗(y, s) =

1
γ
u
(

(TH)−1(y, s)
)

− H
γ
,

where γ > 0 is a constant to be determined in a moment. We have (TH)−1(y, s) =
(

T−1
H y,Hs

)

,
∂u∗

∂s
(y, s) =

1
γ
∂u
∂t
(

T−1
H y,Hs

)

H,

and
D2u∗(y, s) =

1
γ
(

T−1
H

)t (
D2u

) (

T−1
H y,Hs

)

T−1
H .
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We pick γ such that
−u∗s detD2u∗ = 1,

which amounts

(3-4)
H
γn+1 |detTH |−2 = 1.

On the other hand, the function u∗(y, 0) =
1
γ
u
(

T−1
H y, 0

)

− H
γ

is convex and

u∗(y, 0) = 0 for y ∈ ∂ (TH(QH(0))) . Since TH(QH(0)) is normalized and

detD2u∗(y, 0) =
1
γn
| detTH |−2

(

− 1
ut(T−1

H y, 0)

)

,

from (1-2) it follows that

(3-5)
1
m1

1
γn
|detTH |−2 ≤ detD2u∗(y, 0) ≤ 1

m2

1
γn
| detTH |−2.

Hence, if µ is the measure with density detD2u∗(y, 0) then we have the doubling
property

µ (TH(QH(0))) ≤ 2n
m1

m2
µ
(

1
2
TH(QH(0))

)

.

We may then apply Proposition 1.1 of [G-H] to obtain

µ (TH(QH(0))) ≈
∣

∣

∣

∣

min
TH(QH(0))

u∗(y, 0)
∣

∣

∣

∣

n

,

with comparison constants depending only on the dimension n and the ratio

m1/m2. Since u(0, 0) = 0 and u ≥ 0, we have that minTH(QH(0)) u∗(y, 0) = −H
γ
.

On the other hand, by (3-5) and the normalization of QH(0) we get

µ (TH(QH(0))) =
∫

TH(QH(0))
detD2u∗(y, 0) dy ≈ 1

γn
| detTH |−2.

Therefore
(

H
γ

)n

≈ 1
γn
| detTH |−2, and from (3-4) we obtain

(

H
γ

)n

≈ γ
H
, which

yields

(3-6)
H
γ
≈ C = C(n,m1,m2).
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Given ε > 0, let Ωε = {(x, t) : u∗(x, t) < −ε}. We claim that

(3-7) |Du∗(x, t)| ≤ C(ε), for (x, t) ∈ Ωε.

In fact, we apply Theorem 2.1 to the function u∗ in the bowl-shaped domain Q∗H .
If (x0, t0) ∈ Ωε then

ε < |u∗(x0, t0)|

≤ Cndist(x0, ∂Q∗H(t0))1/n+1diam (Q∗H(t0))(n−1)/(n+1) | ∪t≤t0 Q∗H(t)|

≤ Cndist(x0, ∂Q∗H(t0))1/n+1,

by (3-3). Hence dist(x0, ∂Q∗H(t0)) ≥ C(ε). The function u∗(x, t0) is convex in
Q∗H(t0) and u∗(x, t0) = 0 on ∂Q∗H(t0). Hence by Lemma 1.1 of [G-H] we obtain

|Du∗(x0, t0)| ≤ −u∗(x0, t0)
dist(x0, ∂Q∗H(t0))

≤ C
C(ε)

,

where we used the fact that −u∗(x0, t0) ≤ C. Thus (3-7) is proved.

Next, we prove that if |α| = 1 then

(3-8) Dααu∗(x, t) ≤ C(ε), ∀(x, t) ∈ Ω3ε.

In fact, consider the function v(x, t) = u∗(x, t) + 2ε. We have

−vt detD2v = 1, in Ω2ε

v = 0, on ∂pΩ2ε.

We apply Theorem 2.2 to v on the set Ω2ε and we obtain

max
Ω2ε

h(x, t) ≤ Cn (1 + |Dαv|) e
1
2 (Dαv(P ))2

,

where h(x, t) = |v(x, t)|Dααv(x, t)e
1
2 (Dαv(x,t))2

, and h(P ) = maxΩ2ε
h(x, t) for

some P ∈ Ω2ε \ ∂pΩ2ε. Since Ω2ε ⊂ Ωε, by (3-7) we get |Dαv(P )| = |Dαu∗(P )| ≤
C(ε), and consequently

(3-9) h(x, t) = |v(x, t)|Dααu∗(x, t)e
1
2 (Dαu∗(x,t))2

≤ CnC ′(ε), ∀(x, t) ∈ Ω2ε.
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If (x, t) ∈ Ω3ε then v(x, t) = u∗(x, t) + 2ε < −3ε+ 2ε = −ε, that is |v(x, t)| > ε in
Ω3ε and from (3-9) we obtain

εDααu∗(x, t) ≤ CnC ′(ε), ∀(x, t) ∈ Ω3ε.

This yields (3-8).
Recall that E is the ellipsoid of minimum volume containing QH(0) centered

at xH the baricenter of QH(0). Note that if O is a rotation then O(QH(0)) = {z :
u(O−1z, 0) < H}. By changing u by u(O−1·, ·), we may assume that the axis of the
ellipsoid E lie on the coordinate axes. If T = TH is an affine transformation that
normalizes QH(0) then T (E) = B1(0), T (xH) = 0 and Tx = A (x− xH) , A = AH
with A a diagonal matrix

A =







µ1 · · · 0
...

. . .
...

0 · · · µn





 .

We claim that

(3-10) µi ≈ H−1/2, i = 1, · · · , n.

We note that T−1y = A−1y + xH . By (3-8) and (1-2) we obtain

(3-10’) C2(ε)Id ≤ D2u∗(x, t) ≤ C1(ε)Id, ∀(x, t) ∈ {(x, t) : u∗(x, t) < −ε}.

Since T = TH normalizes QH(0) and by (1-2) detD2u(x, 0) is doubling, by The-
orem 2.3 of [G-H] applied to the sections QH(0), QτH(0) with 0 < τ < 1 we get
that

B(T (0),K2τ) ⊂ T (QτH(0)).

Let η > 0 then as in the proof of Lemma 3.1, we get that QτH(0)× [−ε1 η H, 0] ⊂
Q(τ+η)H for some ε1 > 0 depending on m1. By applying TH we obtain

B(TH(0),K2τ)× [−ε1η, 0] ⊂ TH(Q(τ+η)H),

for η > 0. If we pick η such that τ + η < 1 then

TH(Q(τ+η)H) ⊂ {(x, t) : u∗(x, t) < −(1− τ − η)
H
γ
}.

Hence, from (3-6) we obtain that there exists constants δ0 > 0 and c0, c1 > 0 such
that

(3-11) B(T (0), c0)× [−c1, 0] ⊂ Ω∗ε = {(x, t) : u∗(x, t) < −ε}
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for all ε ≤ δ0. On the other hand,

D2u∗(y, s) =
1
γ

(A−1)tD2u
(

A−1y + xH ,Hs
)

A−1,

and
u∗s(y, s) =

H
γ
ut
(

A−1y + xH ,Hs
)

.

Hence letting y = T (0) = −AxH and s = 0 we obtain

D2u∗(T (0), 0) =
1
γ
(

A−1)tD2u(0, 0)A−1 =
1
γ
(

A−1)tA−1.

Consequently

C2(ε)Id ≤ 1
γ
(

A−1)tA−1 ≤ C1(ε)Id.

Now

A−1 =













1
µ1

· · · 0

0
. . . 0

0 · · · 1
µ1













,

and therefore C2 ≤
1
γ

1
µ2
i
≤ C1, for i = 1, · · · , n. Since

H
γ
≈ Cn, (3-10) follows.

We have

u∗(y, s) =
1
γ
u
((

1
µ1
y1, · · · ,

1
µn
yn

)

+ xH ,Hs
)

− H
γ
,

and to estimate the second derivatives of u∗ we apply Theorem 2.3 to u∗ in the
following way. Let L(q,M) = log(−q) + log (detM)1/n be defined for −λ < q <
−Λ and M ∈ Rn×n

s , λId ≤ M ≤ ΛId. There exists an extension F of L to
R×Rn×n

s such that F satisfies the hypotheses of Theorem 2.3. An extension can be

constructed, for example, as follows. Let G(M) =
1
n

inf{traceAM : detA = 1, A =

At, λΛId ≤ A ≤
Λ
λ Id}. The function G is concave and satisfies the second inequality

in (1) Theorem 2.3. If λId ≤ M ≤ ΛId is symmetric then (detM)1/n = G(M).
Now let f(t) = log t for λn ≤ t ≤ Λn and such that f ∈ C1 (R), f is concave,
and Λ−n ≤ f ′(t) ≤ λ−n. Then the function f(G(M)) is concave, uniformly elliptic
and extends log (detM)1/n . Also, let h(q) be an extension to R of the function
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log(−q) restricted to −λ < q < −Λ, such that h is concave, − 1
Λ ≤ h′(q) ≤ − 1

λ
and C1(R). The desired extension is then F (q,M) = h(q) + f(G(M)). Then, by
(1-2), (3-10’) and Theorem 2.3, we obtain

C(n) ≥ [Diju∗]α,B(T (0),c0)×[−c1,0],

and
C(n) ≥ [Dtu∗]α,B(T (0),c0)×[−c1,0].

We now observe that if A is any invertible matrix and w(x, t) = v
(

(TH)−1 (x, t)
)

with (TH)−1 (x, t) = (A−1x+ xH , Ht) then

[w]α,D ≥
1

(

‖A‖2 +
1
H

)α/2 [v]α,(TH)−1(D).

We have

Diju∗(y, s) =
1
γ

1
µiµj

Diju
((

1
µ1
y1, · · · ,

1
µn
yn

)

+ xH , Hs
)

,

and so by (3-11)

C(n) ≥ [Diju∗]α,B(T (0),c0)×[−c1,0]

≥ 1
γµiµj

1
(maxi µi)

α [Diju]α,(TH)−1(B(T (0),c0)×[−c1,0]),

and analogously

C(n) ≥ [Dtu∗]α,B(T (0),c0)×[−c1,0] ≥ CHα/2[Dtu]α,(TH)−1(B(T (0),c0)×[−c1,0]).

Since T (0)= −AxH , it follows that (TH)−1(B(T (0), c0)×[−c1, 0])≈B(0,H1/2c0)×
[−c1H, 0] and consequently,

C(n) ≥ Hα/2[Diju]α,B(0,H1/2c0)×[−c1H,0],

and
C(n) ≥ Hα/2[Dtu]α,B(0,H1/2c0)×[−c1H,0],

By letting H → ∞, we obtain that Diju and Dtu are constant on each bounded
set and the proof is complete. �

We finish this section by comparing the condition on ut given by the second
inequality in (1-2) with the size estimate for QH given by (3-2). By Lemma 3.1,
(1-2) implies (3-2). Conversely, and as a byproduct of the proof of Theorem 1.1
the following proposition holds.
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Proposition 3.1. Let u(x, t) ∈ C4,2 be parabolically convex in Rn+1
− , u(0, 0) = 0,

and Du(0, 0) = 0. Suppose that (3-2) and the flrst inequality in (1-2) hold, and u
solves (1-1). Then the second inequality in (1-2) also holds.

Proof. With the notation used in the proof of Theorem 1.1, we have that u∗(y, s) =

0 on ∂pQ∗H and by (3-4) −u∗s detD2u∗ = 1. Since minQ∗H u = −H
γ

, by application

of Lemma 2.1 to u∗ it follows that
∣

∣minQ∗H u
∣

∣ ≈ C1 and therefore we get
H
γ
≈ C2

like in (3-6). Hence from (3-7), (3-8) and the first inequality in (1-2), we get

that |u∗s(y, s)| ≤ C for all (y, s) ∈ Rn+1
− . Therefore −u∗s =

1
detD2u∗

≥ 1
Cε

for

all (y, s) ∈ Ωε. Now, given 0 < ε < 1 there exists 0 < δ = δ(ε) < 1 such that
TH (QδH) ⊂ Ωε. Hence, ut(x, t) ≤ −C ′ε with C ′ε > 0 for all (x, t) ∈ QδH . By letting
H →∞ we obtain the proposition. �

§4. A Counterexample

Let g(r) be a C2 function on (0,+∞) and v(x1, · · · , xn) = g(r) with r =
(∑n

i=1 x
2
i

)1/2
, n ≥ 1. An easy but tedious computation yields

(4-1) detD2v(x) = g′′(r)
(

g′(r)
r

)k−1

,

for r > 0. Let ε > 0 and hβ(x) =
(

|x|2 + ε
)β
, x ∈ Rn, n ≥ 2. If β ≥ 1/2 then

the function hβ is convex in Rn because from (4-1), all the principal minors of the
matrix D2hβ are positive. Let uε(x, t) = δ (−t+ ε)αhβ(x) be defined for t ≤ 0 and
x ∈ Rn with δ > 0. If α > 0 then uε is parabolically convex in Rn+1

− . By using
(4-1) we get

− (uε)t detD2uε

= δn+1α(2β)n(−t+ ε)α(n+1)−1(r2 + ε)(β−1)(n+1)+1
(

r2 + ε+ 2(β − 1)r2

r2 + ε

)

.

If we pick α =
1

n+ 1
and β =

n
n+ 1

then

−(uε)t detD2uε = δn+1α(2β)n
(

1− 2
n+ 1

(

r2

r2 + ε

))

= fε(x).
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If we choose δ > 0 such that δn+1α(2β)n
(

1− 2
n+ 1

)

= 1 then the function

u(x, t) = δ (−t)1/(n+1) |x|2n/(n+1) is parabolically convex in Rn+1
− and is a viscosity

solution of −ut detD2u = 1. Indeed, we have that uε → u in Cloc(Rn+1
− ) as ε→ 0,

and since uε is a classical solution it is also a viscosity solution, see [W-W] for the
definition. Also fε → 1 and since the class of viscosity solutions is closed under
locally uniform limits the claim is proved. �

References

[A] A. D. Aleksandrov, Majorization of Solutions of Second-Order Linear Equations, A.
M. S. Transl. 2(68) (1968), 120-143.

[Ca1] L. A. Caffarelli, Interior W 2,p Estimates for Solutions of the Monge-Ampére Equa-
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