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§1. INTRODUCTION

A celebrated result of Calabi [C], that generalizes a two dimensional theorem
by Jorgens [J], asserts that if u is a C° convex solution of the elliptic Monge-
Ampere equation det D?u = 1 in R™ and n < 5 then u is a quadratic polynomial.
This statement was extended to all dimensions by Pogorelov [P2] and Cheng and
Yau [Ch-Y]. Recently, Caffarelli [Ca3] proved, by using the regularity theory
for the Monge-Ampere equation developed in the fundamental papers [Cal] and
[Ca2], that this result holds true for viscosity solutions. The purpose of this
article is to investigate the validity of results of the same nature for solutions of
the parabolic Monge-Ampere equation —u; det D?u = 1 in R™ x (—o0,0]. This
type of differential operator was first considered by Krylov [K2]. It also appears
in connection with the problem of the deformation of a surface by means of its
Gauss-Kronecker curvature. Indeed, Tso [T] solved this problem by noting that
the support function to the surface that is deforming satisfies an initial value
problem involving that parabolic operator.

The function u : R™ X (—00,0] — R, u = u(x,t), is called parabolically convex
if it is continuous, convex in 2 and nonincreasing in t. By D?u(z,t) we denote the
matrix of second derivatives of u with respect to z and Du denotes the gradient of
u with respect to x. We use the standard notation C?*:*¥(Q2) to denote the class of
functions u such that the derivatives DiD{u are continuous in Q for i + 2j < 2k.
We set R"™! = R™ x (—00,0].

The main result of this paper is the following theorem.

Theorem 1.1. Let u € CH2(R™) be a parabolically convex solution to the par-
abolic Monge-Ampére equation

(1-1) —u; det D*u =1, in R™T1,
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such that there exist positive constants my and mo with
(1-2) —my < w(z,t) < —ma, for all (x,t) € R™.

Then u must have the form u(x,t) = C1t + p(x) where C1 < 0 is a constant and
p s a convexr quadratic polynomial.

To prove this result we use ideas from [Ca3] and properties of the cross sections
of solutions to the elliptic Monge-Ampére equation established in [G-H]. Unlike
the elliptic case, in our case viscosity solutions of (1-1) may not be of the form
given by Theorem 1.1.

We give a brief outline of the strategy to prove Theorem 1.1 which is based
on four elements. The first one is a maximum principle for parabolic Monge-
Ampere equations, Theorem 2.1, that has independent interest and generalizes an
estimate first proved by Aleksandrov [A] which is a crucial building block in the
regularity theory for solutions of the elliptic Monge-Ampeére equation. The second
element are the geometric properties of the cross sections to solutions of elliptic
Monge-Ampere equations established in [G-H] which are applied to show that the
level sets Qu = {(z,t) : u(x,t) < H} are controlled by standard cylinders. The
third element in our proof is a variant of a theorem due to Pogorelov, Theorem 2.2.
This result introduces very useful device to estimate second derivatives of solutions
to the parabolic Monge-Ampere equation. It permits to estimate a quantity that
combines u and its second derivatives in x by a quantity involving only the gradient
of u (see statement of Theorem 2.2). On the other hand, if appropriate rescalings
of u are sufficiently large then by Theorem 2.1 this must happen away from the
boundary of Q. Hence from the convexity of u and properties of the cross sections
we obtain an estimate of the gradient of u. Therefore a combination of these three
elements yields uniformly elliptic estimates of the Hessian of v in x in the interior
of Q. The fourth element is an Evans-Krylov type theorem that from these
uniform estimates yields uniform estimates of the Holder seminorms of the second
derivatives of u in x and first derivatives in ¢. Finally, by using again the results
in [G-H] we conclude that these Holder seminorms, calculated on any cylinder
of dimensions H'/? in z and H in ¢, tend to zero as H — oo implying that the
second derivatives of u in x and the first derivatives in ¢ are constant.

The paper is organized as follows. Section 2 is divided into three subsections.
Subsection 2.1 contains a maximum principle for parabolic Monge-Ampere equa-
tions. The variant of a Theorem due to Pogorelov is proved in subsection 2.2. A
Theorem of Evans-Krylov type for parabolic non-linear equations is the contents
of subsection 2.3. The proof of Theorem 1.1 is then carried out in §3. Finally, in
§4 we show an example of a viscosity solution to (1-1) that is not of the form given
in Theorem 1.1.
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§2. PRELIMINARY RESULTS

We begin introducing some notation. Given a bounded open set D c R"™H!
and t € R, we denote

D(t) = {x: (x,t) € D}.

Let tg = inf{t : D(¢) # 0}. The parabolic boundary of the bounded domain D is
defined by
9,0 = (D(to) x {to}) U | (@D(t) x {t}),

teR

where D denotes the closure of D and dD(t) denotes the boundary of D(t). We
say that the set D C R"™! is a bowl-shaped domain if D(t) is convex for each ¢
and D(tl) C D(tz) for t1 < to.

We recall the definition of cross section of a convex function, [G-H]. Let w :
R™ — R be a convex function that for simplicity is assumed smooth. A cross
section of u at the point zg € R™ and with height ¢t > 0 is the convex set defined
by

Su(xo,t) = {x :u(z) < u(zg) + Vu(zo) - (xr — x0) + t}.

§2.1 A Maximum Principle.
We recall that if u : @ — R, @ C R"™ open, u € C(Q2), then the normal mapping
of u is the set valued function x, : Q@ — {E : E C R"} defined by

Xu(y) ={p:u(x) > uly) +p-(r—y), YreQ}

If D ¢ R"*! open is a bounded bowl-shaped domain and u : D — R is continuous
then the parabolic normal mapping of u is the set valued function P, : D — {E :
E C R"!} defined by

Pu(zo,to) =
{(p,h) :u(z,t) > u(xo, to)+p-(x—20), Vo€ D(t), with t < to, h = p-ro—u(zo,0)},

and if £ C D then Py(E) = U epPu(r,t). By |- | we denote the Lebesgue
measure in R*. The class of sets E C D such that P, (FE) is Lebesgue measurable
is a Borel o-algebra and the parabolic Monge-Ampeére measure associated with u
defined by [Py (E)|n+1 is a Borel measure, see [W-W].

The following theorem has independent interest and it is an extension to the

parabolic case of a result first proved by Aleksandrov, Theorem B, [A]; see also
Lemma 3.5 of [R-T].
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Theorem 2.1. Let D C R"! be an open bounded bowl-shaped domain and u €
C (D) a parabolically convex function with w =0 on 9,D. If (zo,t0) € D then

lu(zo, to)|" ! < Chdist (o, dD(to)) diam (D(te))" " [Pu (Diy) lnst,
where Dy, = DN {(x,t) : t < to} and C,, is a constant depending only on the

dimension n.

Proof. We may assume that u(zg,t9) = —1. Let v(z) be the function whose graph
is the n+1-dimensional inverted cone with base D(¢p) x {0} and vertex at (zq, —1),
ie., v(xzg) = —1 and v = 0 on 9D(tg). Let p € x»(zo) and the interval

I(p) = <P'SC0+ max p'(ﬂfmo),p~xo+l>.
z€D(to)

We claim that if h € I(p) then (p,h) € Py (Dy,). Indeed, we have p-z — h <
p-x— (p $To +MaAxX, Frp- (x — xo)) < 0 for € D(tp) and since D is a bowl-

shaped domain, the inequality holds for € D(t), t < to. Therefore p-z—h < u on
OpDy,. Also, p-xg—h > p-zo— (p- 20 + 1) = —1 implies that p-zo —h > u(zo, to)-
Hence, we now slide the hyperplane p-x—h in the direction of ¢ < t¢ until it touches
the graph of u for the first time, say at a point (x1,¢1) with ¢; < ¢y. At this point
we have u(z1,t1) =p-x1 —h, p-x —h <wu(z,t1) for x € D(t1). This means that
(p,h) € Py(x1,t1) and (x1,t1) is not on the parabolic boundary of Dy,. Thus the
claim is proved. Next we claim that

Ch

Pu (Dto) lnt1 = dist (20, 0D(to)) diam (D(to))" "

By translating and rotating D(¢p) we may assume that z( lies on the z,-axis and
it reaches its distance to dD(tg) at a point lying on the positive x,-axis. We have
that (see proof of Lemma 3.5 in [R-T])

(i) xw(wo) is convex.

(11) p= dist (3?0, 8D(t0))
(iii) the n-dimensional ball By /giam(D(ty))(0) C Xo(T0)-

€ xu(xo) with e,, = (0,---,0,1).

These imply that I' C x,(xo) where I is the n-dimensional right-cone whose base
is the (n — 1)-dimensional ball Bi/3diam(D(t,))(0) perpendicular to the z, axis

n

3dist (33‘0, 6D(to)) '

and whose vertex is at the point Let pe T, p=(p/,pn) and
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zo = (z{,29). Note that p, > 0. We have that

max p-(r —z9) = max (pn(xn 20+ (2 — xf)))
z€D(to) z€D(to)

1 . 1 . 2
= Sdist (29, 8D (1)) 8¢ (20, 0D (t0)) + 33y diam (Do) = 3,

since x,, — 20 < dist (zg,0D(to)) for all x € D(to) with z,, > 9. Thus |I(p)| >

for p € T and by integrating in n + 1 dimensions we obtain

Wl

1
dist (0, dD(to)) diam (D(te))" "’

1
|7Du (Dto) |’ﬂ+1 > §|F|n = Cn

which completes the proof. [

Lemma 2.1. Let DCR™ ™ be an open bounded bowl-shaped domain with By, (0)x
[~an,0] € D C B1(0) x [—1,0] and u a parabolically convex smooth solution of
(1-1) in D such that w =0 on 0,D. Then

‘min u(zx,t) ‘ ~ C,
D

with C' a dimensional constant.

Proof. By Theorem 2.1, |minp u(z,t)] < C. To prove the reverse inequality let
w(z,t) = e(—t+|z|> — ). If e = 27"+ then w satisfies (1-1) and if o = a2
then w > 0 on d,D. Then by the comparison principle, Proposition 2.3 [W-W],
u < w and we are done. [J

§2.2 A variant of a Theorem by Pogorelov.
We shall prove the following variant of a beautiful Theorem due to Pogorelov
(see Theorem 2, [P1]).

Theorem 2.2. Let D C R™! be a bounded open bowl-shaped domain and v €
C (D) such that v is parabolically convex in D. Suppose that v is a smooth solution

of

—vydet D%v = 1, in D\ 0,D
v(z,t) =0, for (x,t) € 0,D.

Let o € R", |a| =1,

w(z,t) = [0(x, t)|Daav(z, t)es Pav@)®
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and M = maxp w(x,t). Then there exists P € D\ 9,D where the mazimum M is
attained and the following inequality holds
2

M < C, (14 |Dyv(P)|) o3 (Dav(P))

with C,, a positive constant depending only on the dimension n.

Proof. For M € R™*™ positive definite, let F(M) = log (det M) . We have

OF 0%F
aMl ) a1l aMwaMkl 3.kl kL5l

(Fij) =
Since v = 0 on 9, D and v is strictly convex in D\, D, if follows that the maximum
M is attained at some P € D\ 8,D, P = (p,s). Since D*v(P) > 0, there exists
an unimodular matrix O, i.e., det O = 1, such that O*D?v(P)O is diagonal and if
o(x,t) = v(Ox,t) then D10(x,t) = Dyv(Ox,t) and D119(x,t) = Daav(Ox,t); in
particular, D?%(p’, s) is diagonal where p’ = O~!p. To prove this statement, we
first rotate the coordinates to have « as one of the axis (we shall omit the variable
t since it is irrelevant for this purpose). That is, let @ be an orthogonal matrix
such that Qe; = «a, and first let u(z) = v(Qz). Then the first column of Q is the
vector o and we have Diu(z) = (Dav) (Qz) and Diju(z) = (Daav) (Qx). Next,
given A = (a;j), an n x n matrix positive definite and symmetric, consider

1 —@12 a1z _ais _ain

ail a1 a1 a1
0 1 0 0 0
0 0 1 0 0
B=1o o 0 1 0
D . : .
0 0 0 0 1

We have
0
B'AB = | "1
[ 0 Bil|’
where By is an (n—1) X (n—1) matrix. Since A is positive definite and symmetric,
it follows that B; is also positive definite and symmetric. Hence there exists an
orthogonal matrix O; such that O% B;O; is diagonal. Let

1 0
0= { ! 01] |
Now, we choose A= (D?u) (Q'P) and set v(z) =u(BOx). Then D25((BO) ' Q' P)

is diagonal. Combining the changes of coordinates, the matrix O = QBO does
the job.
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Therefore, we may assume that o = (1,0,---,0) and so
w(x,t) = [v(w, 1) Dyyv(x, t)ed Pro@?,

and the matrix D?v(P) is diagonal.
Let L be the linearized operator at P

10

Since w attains its maximum at P, it follows that the function
1 2
h =log |v| 4+ log Dy1v + 3 (Dyv)

also attains its maximum at P, and consequently
(2-1) Dh(P)=0;  h(P)>0; and  D?*h(P)<0.

Since (F;; (D?v(P))) is diagonal

1 0Oh
3 = —(P) + F;; (D*v(P)) D;;h(P) < 0.
(2-2) LN(P) = o755 5 (P) + Fi (D*0(P)) Dah(P) < 0
Now

_Dﬂf Diyv
(2—3) D;h = " + Diiv + D1v Dy;v,

Dij’U Di’UDj’U Dllij'U DlliUDlljU

2-4) Di:h = D1;vD1;v + DyvDyyjv,

( ) J v 1)2 + D11'U (D11U)2 + IJU 1U+ v 1JU
vy Digv

2-5 hy = — DyvD

(2-5) t=7 + Diro + DivDiyv

By replacing (2-4) and (2-5) into (2-2) we obtain the inequality

1 (Ut + Dy
Ut

v D11U

+ Dllet’U)

Dy (Div)? n Dyyiiv (Dy15v)°

v v2 Div (D11U)2

+ (Duv)2 + D1UD1n‘U> <0,
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valid at the point P. By collecting terms we obtain
(2-6)
1 1

Di D %
+ ’U) ( 114V )
D11’U

’U2 (D11U)2

Dy;
L (Dy1v)+DyvL (D1U)+Fii< U’U — ( + (Dyv ) > <0

valid at the point P. Since v satisfies —v; det D?v = 1 in D, by differentiating with
respect to x; we obtain that L (Dyv) (P) = 0. Next, let us compute L (Dq1v) (P).
We have that log (—v;) +logdet D*>v = 0 in D and by differentiating this equation

with respect to 1 we obtain — (Dlv)t + Iy Dy (D1v) = 0. Differentiating once
Ut

more yields

L (D), - L)

" 2 + F; D” (DHU) + Fij,lekl (Dlv) Dij (D1’U) =0.
t t

Therefore, at P we have

(Dyv)”
v7

and noting again that Fj; (D?v(P)) = (D?v)~'(P) is diagonal, from (2-6) we
obtain the inequality

n+1 1 (Dy,v)* 1 -1 2
» +D11v< 35— + (Diiv) "~ (Dj0) (Dij1v)

Vg

L(D11v) = + Fip Fj DgnnvDijrv,

+

1 (Div)?  (D11v)° 2
_ _ Dy <0,
Dyv ( 02 (D11v)? + (D))" | <

that implies

n+1 " & D; 111 “ (Dﬂ])z - (l)”’U)2
(2-7) J <0 t P.
+Z Z DllUD”'U.D]j’U Z (D“’U) ’1)2 +Z DiiU - &

i=1 i=1

Since D;h(P) = 0 and D?v(P) is diagonal, it follows from (2-3) that

D;v D1yv
= AP, i=2-,n
v D11’U

Hence and (2-7) we get

n+l (Dyv)?
v (D11v) v?

+ D11U < 0.
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By multiplying the last expression by U2D11ve(D1”)2 we obtain
w? — (n + 1)1116%(1)1”)2 — (Dyv)? eP10)* <,
which implies the inequality
w? < C(n) (14 (Dyv)?) e(P1v)”

valid at the point P. This completes the proof of the theorem. [

§2.3 An Evans-Krylov type Theorem.
Given 0 < a < 1 and a domain D C R™*! we use the notation

TR 7Y BT
' (z.)#(y.)eD (v —y|2 + |t — s|)a/2

and

lullgoransg py = D IDiDiullop) + [D*ula,p + [uda.n,
2i+5<2

with |lullc(py = supp |u(z,t)|. We use the notation R}*™ to denote the space of
real symmetric n X n matrices.

The following theorem is stated in the form needed for the proof of Theorem
1.1.

Theorem 2.3. Let D = B1(0) x (=1,0], and u(z,t) is a C*?(D) solution of the
equation

(2-8) F (ut, D*u) =0

in D, where F = F(q, M) is deflned for all (¢, M) € R x R?*"™ with F(-,M) €
CH(R), for each M € R™*" and F € C*(R x Q), for some Q2 C R™ "™ neighbor-
hood of D?*u(D). Suppose that:

(1) F is uniformly parabolic, i.e., there exist positive constants X\, A such that
_)\ S Fq(an) S _Aa

AIN|| < F(g, M + N) = F(q, M) < AN,

forallge R and M,N € R?*"™ with N > 0.
(2) F(q, M) is concave with respect to M.
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If |ullc21(py < K, then there exist positive constants C, depending only on X, A,
n, K and F(0,0), and 0 < a = a(X,A,n) < 1 such that

||’LL||C2+@,1+% (D1/2) <G,

where D1/2 = Bl/g(o) X (—%, 0}
Proof. By the smoothness of F on the range of D?u and differentiating (2-8) with

respect to ¢ we obtain

Fy(uy, D2u) (), + Fij(ue, D2u)Dij (ug) =0,

oF
where Fj; = B Dividing the last equation by F, by (1) we obtain a uniformly
ij

parabolic equation and by Harnack inequality, [K-S], we obtain
[uily,Dy/0 < Cllue]| L= (p),

where D34 = Bs/4(0) x (=3/4, 0] and some 0 < v < 1. For the estimation
of the second z-derivatives fix t. Then v(x) = u(x,t) satisfies G(z, D?v(x)) =
F(ug(x,t), D*>u(x,t)) = 0. By Theorem 8.1 in [Ca-C], we have the estimate
||D2v||cg(31/2(0)) < C uniformly in t for some 0 < 3 < 1. To show that D?u
is Holder continuous in ¢ we note that by differentiating (2-8) with respect to xy
we get that Dyu satisfies

F,(uy, D*u) (Dyu), + Fyj(ug, D*u)D;j (Dyu) = 0,

and as before we get
[Du]a7D1/2 < C||Du||L°°(D)

We then have |Du(z,t1) — Du(z,t2)| < Clt; —ta2]|® and |D?u(x1,t) — D?u(wa,t)| <
C|zy — x2|P. This implies |D?u(x,t1) — D?u(z,t2)| < Clt; — tg‘%, [L-S-U] p.
78, and the desired Holder continuity follows. [

§3. PROOF OF THEOREM 1.1

We can assume throughout the proof that

u(0,0) =0; Du(0,0) =0; D?*u(0,0) =TId; u(0,0)=—1.
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In fact, we first show that we can assume u;(0,0) = —1. Let v(z,¢t) = u(fz, at)
where 3 and « are positive numbers. Then —v,(z,t) det D?v(z,t) = a 32", and we
pick o and 3 such that a 32" = 1 and v4(0,0) = u(0,0) = —1. Next, let g(z,t) =
v(z,t) — v(0,0) — Dv(0,0) - xz. We have ¢g(0,0) = 0, Dg(0,0) = 0,¢,(0,0) = —1,
and —g; det D2g(z,t) = 1. Since v(x,t) is parabolically convex, g is parabolically
convex and

g(x,t) > v(z,0) —v(0,0) — Dv(0,0) -z > 0.

There exists an orthogonal matrix O such that

di - 0
0'D?*g(0,0)0 = | : o
0 - d,

where d; >0,i=1,--- ,n. Let w(z,t)=g(Ox,t). Then D*w(z,t)=0'D?g(Oz,t)0,
w(0,0) = 0, Dw(z,t) = O'(Dg)(Ox,t) and hence Dw(0,0) = 0. Now let w(z,t)

1 T, _ 1 1 Ty,
wl|—=,-,—2=,t]. Then D?w(z,t) = wl< AR ,t)
(7 7) (1) (mxﬁdﬂm Vi
and in particular D?w(0,0) = Id. Since det D%g(0,0) = —
that d; - --d,, = 1 and we then obtain
— wy(z,t) det D*w(x, t)
x

()t e oG 5) -

This completes the proof of the claim.

Given H > 0, let

(3-1) Qu ={(z,t) ru(z,t) < H} and Qp(to) ={z: (x,to) € Qu}.

Let xy be the baricenter of Qg (0), E is the ellipsoid of minimum volume con-
taining Qg (0) with center zy and Ty is an affine transformation that normalizes
Qpu(0), that is Ty (E) = B1(0) and

B, (0) C Ty (Qu(0)) C B1(0),

with a,, = n~3/2. For the existence of T see [P3], p. 90.
The following lemma gives an estimate for the size of Q.
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Lemma 3.1. Let u be parabolically conver in R™, 4(0,0) = 0, Du(0,0) = 0,
and satisfying (1-2). Let Qg be given be (3-1).
Then there exist constants €y, €1 and €3 such that for all H > 0

(3—2) 60E><[—GlH,O]CQHCEX[—GQH,O].

Proof. By (1-2), it follows that u(z,t) > u(x,0) — mat for t < 0. Since u(z,0) >0
for all x, we obtain u(z,t) > H for t < ——— or x ¢ E. Thus the second inclusion

m
in (3-2) follows with ez = 1/ma. ’
Due to the normalization «(0,0) = 0 and Du(0,0) = 0 we have that Qx(0)
is a section of the convex function u(x,0) at = 0, i.e., Qu(0) = Sy(4,0y(0, H).
In particular, from Lemma 2.1 of [G-H| we have for 0 < A < 1 that Aa,F C
AQu(0) CQ a, (0). If (x,t) € AapF x [—€1 H, 0] then

(=(-X)5)H

Qp

u(:z:,t)u(:r,O)/tout(z,T)dTg (1414) , )Hfmlt
< (1—(1—)\)%+m161>H<H

for A and e; sufficiently small. O

Note that v = H on 0,Qq.
Now let

Sulet) = (Twogy) . (@) = Qi
Then (3-2) implies
(3-3) Beo (0) X [—61,0] C%y (QH) C By (0) X [—62,0].

Let ) u
u*(y,s) = gu ((gH)il(yvs)) - ;7

where v > 0 is a constant to be determined in a moment. We have (Tg)~1(y, s) =
(Tw'y, Hs)

ou* _10u
g(y,s) =St (Ty'y,Hs) H,
and )
DA (y,s) = = (1) (D) (Ty'y, Hs) Ty
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We pick « such that
—u’ det D*u* =1,

which amounts

H
(3-4) W| det Ty |2 = 1.

1 H
On the other hand, the function u*(y,0) = —u (Tgly,O) — — is convex and
u*(y,0) =0 for y € O (Tr(Qu(0))). Since Ty (Q(0)) is normalized and
det D*u*(y,0) = i|det Ty |2 (—1)
’ " w(Tr'y,0))

from (1-2) it follows that
11 9 9 x 11 9
(3-5) — —|det Ty|™° < det D*u*(y,0) < — —|det Ty|~=.
mq " mo Y™

Hence, if 4 is the measure with density det D?u*(y,0) then we have the doubling
property

(T (Qu(0) < 2 22 (3 T @u0)).

We may then apply Proposition 1.1 of [G-H] to obtain

n

1 (T (Qu(0))) =~ u*(y,0)

)

min
T (Qu(0))
with comparison constants depending only on the dimension n and the ratio

H
my/my. Since u(0,0) = 0 and u > 0, we have that ming, g, (o)) v*(y,0) = 5

On the other hand, by (3-5) and the normalization of Qg (0) we get

u@ﬂ@mm:/

1
det D*u*(y,0) dy ~ — | det T |~>.
Tr (Qu(0)) v

H\" 1 H\"
Therefore () ~ —|det Ty|~2, and from (3-4) we obtain () ~ L , which
y A vy H

yields
H
(3-6) ;%C’:C’(n,ml,mQ).
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Given € > 0, let Q. = {(z,?) : u*(z,t) < —e}. We claim that
(3-7) |Du*(z,t)| < C(e), for (z,t) € Qe.

In fact, we apply Theorem 2.1 to the function v* in the bowl-shaped domain Q7.
If (l‘o,to) € Q. then
€ < |u*(xo,t0)]
< Crdist(wo, 0Qi (t0)) /™ diam (Q (£0)) "~/ | Upes, Qi (8)]
< Cydist (o, 0Q7 (to)) /"1,

by (3-3). Hence dist(xo, 9Q7; (o)) > C(€). The function u*(z,to) is convex in
Q7 (to) and u*(x,to) = 0 on 9Q% (to). Hence by Lemma 1.1 of [G-H] we obtain

—u* (20, t0) c
'S Sst(mo, 005, () = €l

‘DU* (1‘0, to)

where we used the fact that —u*(zg, tp) < C. Thus (3-7) is proved.
Next, we prove that if || = 1 then

(3-8) Dyou™(z,t) < Cle), V(z,t) € Qae.
In fact, consider the function v(x,t) = u*(x,t) + 2¢. We have

—v; det D%v = 1, in Qo
v =0, on Op§a.

We apply Theorem 2.2 to v on the set {25, and we obtain

max h(z,t) < Cp, (14 [Dyv]) e2PevPD®,
Q2e

where h(x,t) = \v(sc,t)|Daav(:v,t)e%(Da“(‘”’t))Q, and h(P) = maxg_-h(z,t) for
some P € Qo \ 9,Q2,. Since Qac C Q, by (3-7) we get |Dyv(P)| = |Dau*(P)| <
C(e), and consequently

(3-9)  h(z,t) = [v(x,t)| Dagu* (z, t)e3 Pt @D < C,C'(e),  V(z,t) € Qae.
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If (x,t) € Q3¢ then v(x,t) = u*(z,t) + 26 < —3€ + 2¢ = —¢, that is |v(z,t)] > € in
Q3. and from (3-9) we obtain

eDyou*(z,t) < C,C'(e), V(z,t) € Qae.

This yields (3-8).

Recall that E is the ellipsoid of minimum volume containing Q(0) centered
at zp the baricenter of Qg (0). Note that if O is a rotation then O(Qg(0)) = {2 :
w(0O712,0) < H}. By changing u by u(O~!.,-), we may assume that the axis of the
ellipsoid F lie on the coordinate axes. If T'= Ty is an affine transformation that
normalizes Qg (0) then T(E) = B1(0), T(zg) =0and Te = A(z —zg), A= Ay
with A a diagonal matrix

1 0
A= : ;
0 P
We claim that
(3-10) i ~ H-Y?, i=1,--,n.

We note that T-1y = A~ly + 2. By (3-8) and (1-2) we obtain
(3-10°)  Cy(e)Id < D*u*(z,t) < C1(e)Id, Y(z,t) € {(z,t) : u"(z,t) < —€}.

Since T' = Ty normalizes Qg (0) and by (1-2) det D?u(z,0) is doubling, by The-
orem 2.3 of [G-H] applied to the sections Qg (0), Q- (0) with 0 < 7 < 1 we get
that

B(T(O)’ K2T) C T(QTH (0))

Let 7 > 0 then as in the proof of Lemma 3.1, we get that @,z (0) x [—e1n H,0] C
Q(r4n) g for some €; > 0 depending on m;. By applying Ty we obtain

B(Ty(0), Ka1) x [—e1n, 0] € Ty (Qrynym),
for n > 0. If we pick n such that 7 +n < 1 then

T ( Qo) C {(@t) (1) < —(1— 7 — n)%}.

Hence, from (3-6) we obtain that there exists constants dp > 0 and ¢g, ¢; > 0 such
that

(3-11) B(T(0),¢o) % [—¢1,0] € QF = {(2,4) : u* (2, 1) < —e}
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for all € < dg. On the other hand,
1
D*u*(y,s) = — (A1) D%y (A_ly +TH, Hs) AL
Y

and I
U: (yv S) = ?ut (Aily +zH, HS) .

Hence letting y = T(0) = —Azy and s = 0 we obtain

1 1
D2u*(T(0),0) = > (A1) D2u(0,0)47" = > (A1) a?
Consequently
1 1\t 4—1
Coe)ld < — (A1) A7 < Ci(e)1d
v
Now
1
— 0
H1
-1 _ .
A = 0 . 9 ,
0 il
21

11 H
and therefore C; < —— < €4, for i = 1,--- ,n. Since — =~ C), (3-10) follows.
YK Y
We have '

1 1 1 H
o= (e ) o) 2

v H n Y

and to estimate the second derivatives of u* we apply Theorem 2.3 to u* in the
following way. Let L(q, M) = log(—q) + log (det M)l/" be defined for —\ < ¢ <
—A and M € RY*™ Ald < M < Ald. There exists an extension F' of L to
R xR2*™ such that F satisfies the hypotheses of Theorem 2.3. An extension can be

1
constructed, for example, as follows. Let G(M) = — inf{traceAM : det A =1, A =
n

At %I d< A< %I d}. The function G is concave and satisfies the second inequality

in (1) Theorem 2.3. If AId < M < AId is symmetric then (det M)l/" = G(M).
Now let f(t) = logt for A» <t < A™ and such that f € C'(R), f is concave,
and A™™ < f/(t) < A~™. Then the function f(G(M)) is concave, uniformly elliptic
and extends log (det M)l/n. Also, let h(g) be an extension to R of the function
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log(—¢q) restricted to —A < ¢ < —A, such that & is concave, —%
and C1(R). The desired extension is then F(q, M) = h(q) + f(G(
(1-2), (3-10’) and Theorem 2.3, we obtain

= IA
H
=
e
vo“
<

C(n) > [Diju"]a,B(1(0),c0) x[—ec1,0]5
and

C(n) = [Diu’]a, B(T(0),c0)x[~e1,0]-
We now observe that if A is any invertible matrix and w(z,t) =v ((‘ZH)fl (ac,t))
with (Tg) " (2,t) = (A~ 'z + 25, Ht) then

1
[(w]a,p > )a/g [V]a,(sm) -1 (D)-

1
All2+ =
(1412 + 5

We have
1 1 1 1
Diju*(ya 5) = 77Diju <<y17 Tty yn> + xH7H5> ,
Y il M1 Hn
and so by (3-11)
C(n) > [Diju*]a,B(T(0),c0)x[—e1,0]
1 1
Yrapy (max; ;)

> & [DijUl o, (50) -1 (BT (0),c0) x [—c1,0])

and analogously
C(n) = [Deu]a, B(1(0),c0)x[e1,0] = CHQ/Q[Dtu]a,(TH)*l(B(T(O),co)x[701,0])'
Since T'(0) = — Az, it follows that ()~ (B(T(0), co) X [—c1,0]) ~ B(0, H/2¢q) x
[-c1H, 0] and consequently,
C(n) > H*?[Dyjul o 5(0.H1/2co)x [ex .0

and
C(’I’L) 2 HQ/Q [Dtu]a,B(O,Hl/Qco) X [—c1H,0]»

By letting H — oo, we obtain that D;;u and D.u are constant on each bounded
set and the proof is complete. [

We finish this section by comparing the condition on u; given by the second
inequality in (1-2) with the size estimate for Qpm given by (3-2). By Lemma 3.1,
(1-2) implies (3-2). Conversely, and as a byproduct of the proof of Theorem 1.1
the following proposition holds.
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Proposition 3.1. Let u(z,t) € C%? be parabolically convex in R™™*, u(0,0) = 0,
and Du(0,0) = 0. Suppose that (3-2) and the flrst inequality in (1-2) hold, and u
solves (1-1). Then the second inequality in (1-2) also holds.

Proof. With the notation used in the proof of Theorem 1.1, we have that u*(y, s) =
H

0 on 9,Q% and by (3-4) —u? det D*u* = 1. Since ming:, u = ——, by application
Y

of Lemma 2.1 to v* it follows that |minQ;{ u| ~ (7 and therefore we get — ~ Cy
v

like in (3-6). Hence from (3-7), (3-8) and the first inequality in (1-2), we get

that |u(y,s)| < C for all (y,s) € R™". Therefore —u’ = T D > c for

all (y,s) € Q.. Now, given 0 < € < 1 there exists 0 < § = §(¢) < 1 such that

Tu (Qsr) C Qe. Hence, ug(z,t) < —C! with C2 > 0 for all (z,t) € Qsy. By letting

H — oo we obtain the proposition. [

§4. A COUNTEREXAMPLE

Let g(r) be a C? function on (0,+00) and v(x1,- - ,x,) = g(r) with r =
(Z?:l %2)1/27 n > 1. An easy but tedious computation yields

r

(4-1) det D*v(x) = ¢"(r) <9/(’"))k1 ,

for 7 > 0. Let € > 0 and hg(z) = (|l‘|2+€)ﬁ, x € R", n>2 If § >1/2 then
the function hg is convex in R™ because from (4-1), all the principal minors of the
matrix D?hg are positive. Let uc(z,t) = § (—t +€)*hg(x) be defined for ¢ < 0 and
xz € R with § > 0. If @ > 0 then u, is parabolically convex in R""*. By using
(4-1) we get

— (ue)¢ det D*u,

_ 5n+1a(2ﬁ)n(—t + 6)04(n-',-1)—1(r2 + 6)(6—1)(n+1)+1 (r2 + €+ 2(5 - 1)T2> .

r2 4 €

If we pick a = and 8 = " then
n n+1

+1

—(ue)¢ det D*u. = 6" (28)" (1 2 (72)> = fo().

n+1\r2+e
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2
If we choose § > 0 such that §"T1a(23)" (1 - n) = 1 then the function

+1

u(z,t) = 6 (—t)1/ 7+ |z |27/ (n+1) ig parabolically convex in R™ ! and is a viscosity
solution of —u; det D?u = 1. Indeed, we have that u, — u in Cjo.(R™ ™) as e — 0,
and since u, is a classical solution it is also a viscosity solution, see [W-W] for the
definition. Also f. — 1 and since the class of viscosity solutions is closed under
locally uniform limits the claim is proved. [

(]
[Cai]
[Ca2]
[Ca3]
[Ca-C]
[Ca-G]
(]
[Ch-Y]

(G-H]

[J]
(K1]
(K2]
[K-S]

[L-S-UJ

(P1]

(P2]
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