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Abstract - Let 2=(z1,22,...,z,) be a point of the n-dimensional Euclid-
ean space. Consider a non-degenerate quadratic form in n variables of the
form P=P(z)=2i+..+al-z2 ,—..—z, , where p+q=n. The distribu-
tions (P#i0)* are defined by (P#4i0)*=lim._o{(P=+ic|z|?)}* where >0,
lz|?=22+..422 , xe @ ([2], p. 274). We put, by definition, W, (P+i0)=
C(a,n)[m™2(P+i0)] - Ja—n (mQ(PiiO)%)] (cf.(I1L,1)); where «a is a com-

2 . . .
plex parameter, m a real nonnegative number, n the dimension of the

space and J,(z) the well-known Bessel function of the first kind. First,
we express W, (P+i0,m) as a infinite, linear combination of R, (P=+i0)
(cf.(I1,1)) of different orders; R (P4i0) (cf.(I1,1) is the causal (anticausal)
elementary solutions of the homogeneous ultrahyperbolic operator, iterated
k-times (cf. formula (II,2)). From the formula (II,10) we obtain the explicit
definitory formula of the kernel W, (P+i0,m), (cf. formula (III,1)). Also
we prove that W, (P£i0,m=0)=R,(P=£i0) (cf. formula (VIL2)) and also
we give a different non-formal proof (cf. formula (VIL9)). In this Note,
the following propositions have been evaluated ([J +m?)*Way (P4i0,m)=8
(cf. formula (V,2)), where ([0 +m?)* is the ultrahyperbolic Klein-Gordon
operator iterated k-times k=1,2,... (cf. formula (IV,2’)); W_qox(P=+i0,m)=
(O +m?)*s (cf. formula (IV,6)); Wo(P+i0,m)=4 (cf. formula (VI,1)) and
the composition formula W, (P+i0,m)+«Wg(P%i0,m)=W,5(P+i0,m) (cf.
formula (VIII,20)). Finally, by following Marcel Riesz’ symbolic method
(cf. paragraph (IX)), we shall justify all the steps by appealing to the
theory of distributions.



I. Definitions.

Let © = (z1,22,...,2,) be a point of the n-dimensional Euclidean space
R"™.

Consider a non-degenerate quadratic form in n-variables of the form

P=Pa)=ai+...+a, —a0 o — .. —Toyy s (1,1)

where n = p+ ¢. The distributions (P 440)* are defined by

P +i0)* = lim{P =+ ie|z|?}*, L2
0
E—

The distributions (P440)* are an important contribution of Gelfand (cf. [2],
p.274).

The distributions (P + i0)* are analytic in A everywhere except at \ =
—5 —k, k=0,1,..., where they have simple poles (cf. [2], p.275).

Furthermore, the Fourier transform of the distributions (P #+i0)* is (cf. [2],
p.281)

[(P+i0)]" = (2;)3 / eI (P 4i0) da
eFiza22 ¥ (A + 2)

~ T emEey | @FOTTE

(L,3)

where
Q=QW) =i+ . +yy— Vo1 — - —Yiig
n
<xT,y>= inyi .
i=1

Furthermore, the following theorem is valid (cf. [6], (I,3;17)):
(P £i0)* - (P +i0)" = (P £ i0) " |

Ap € @5 A poand A+ o are different from —3 —k, k=0,1,....
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II. The expression of W, (P +i0,m) as an infinite, linear combination of
R, (P £1i0) of different orders.

We define the causal (anticausal) distributions R, (P +40) as follows:

R (P £i0) = o (13(1) (P+i0)"7 |
2

(1L, 1)

where a € € and P is defined by (I,1). The distributinal functions R, (P =+ i0)
are causal (anticausal) analogues of the elliptic kernel of Marcel Riesz (cf. [5],
pp.1-223) and have analogue properties, that we use to obtain causal (anticausal)
solutions of the n-dimensional ultrahyperbolic operator, iterated k-times (& in-
teger > 1), p+qg=n,

k
0? 0? 0? 0?
OF={ 4. += - — .. — =—— . 11, 2
{8x%+ +3xz2, oz (%cf)ﬂ} IL,2)

We know (cf. [6], p.39), formula (IL,3;3)) that

_(QFi0)"*?

{Ra(P £i0)}" , (I1,3)
(2m)%
where, as always, we write
Q=i+ Y —Yoy1— - —VYorq -

The following theorems are valid when «,3 and « + (8 are different from
n+2r, r=0,1,...,

1. Ry *Rg = Rot8; (IL,4)
2. [Rax Rpl" = (2m)% {Ra}" - {Rp}"; (IL,5)
3. OF[Ror(P £i0)] =6; (IL,6)
4. R_ox(P £i0) = OF§; (IL,7)
5. Ro(P +i0) =4; (IL,8)
6. O*{PfRoy(P£i0)} =34, (IL,9)

for all values of k =1,2,...; here Pf is the finite part.
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We begin by writing the following formal expression:

14

Wo(P £i0,m) = (_2>m2”Ra+2V(P +i0) . (I1, 10)

v=0

Taking into account the definitory formula of R, (P £140) (cf. formula (II,1)),

we have

oo a L a—nt2v
. B -2\ L, (P£i0) 2
Wa(PiZO,m) = E ( V2>m m s (IL].].)

v=0

here
2a+2uﬂ. 5 T ( a«EQV )

T (n—og—Qu)

H,(a+2v)=

(I1,12)

From [3], p.3, formula (1), we know that

F(a;n+u+1):(a;n+u>r(a;n+u> , (I1, 13)

Also, taking into account the formula (5), page 3 of [3], we have

() () - ey O

By remembering the classical expression of J,(z), we have

a— a—n 00 a—n+42v

11 m T (P+i0)" %3 m? (P +i0)"z
JH{ Pioé]: ST (1) .
e [m(Pi0) 2V (g 1w 1)

2% v=0
(11, 15)

From (II,14), we have

—T

r (a —n 1/) B
2 (=) i [r (52| T (52 )
From (II,12), we have,

p(roa-w _2mEL(G 4v) (IT, 17)
2 H,(a+2v)

(11, 16)




From (II,16) and (II,17), we have

a—n (=m) Hy(a+2v)

r fu) = : _ . (IL18
(2" )~ e gy
Taking into account (II,13), (IL,15) and (II,18), we have
asnp o oy-esn
Jﬁ {m(PiZO)%} = = ( 0477310) -
2 277
[o'e) v o2 . a—n+42v

= 22! (52 +v) (=) Hp (o + 2v)
— — 2 n
. (a 5 "y y) sin |:7T (W)} 202V o (% + u) .

By other way, the following formula is valid (cf. [3], p.3, formula (2)):

F(%—I—u)Z%(%+1)...(%+V—1)F(%). (1L, 20)
Equivalently,
(—1)u%r (% + u) _ DU (5)(5+Y) = (5 +v—1)T(5) -
_(=5)(=5-1) - -G +v-1], (%)

Now we put, by definition,

(—1)”%r (% + u) = (_Vg)r (%) . (11, 22)

By putting (I1,22) into (I1,19), we get at

Jon [m(PiiO)%} = (~D)r T m T (P +i0)" T2 (T (9)

2
S L (e o
. Z ————m sin |7 | ———— || .
=\ H,(a+2v) 2
with the hypothesis
a—n+2v=4p+1, p=0,1,..., (11, 24)

5



we can arrive at the following formula

Joon [m(PiiO)%] —(~1)r T2 (=F)p (9) m T

2

= o\ L, (Pi0) (11,25)
.;) v )" Hy(a+2v)
From (II,10) and (II,25), we have
Ny P+i0)* 7"
; P:l: - — 2 21/(

Wal( i0,m) ;<V>m W ACESR

oo (I1, 26)

[ (P i) T e [m(P £ i0)}]

(1277 T (5) 7 7

This last formula (I1,26) shall be completely justify in the paragraph (IX)

II1. The explicit expression of W, (P £1i0,m).

The explicit definitory formula of W, (P % i0,m) is just the same that the
formula which we arrive at (I1,25), that is

a—n

[mfl(Piz'O)%}
(-7 T2 (3)

W, (P +i0,m) =

IV. W_o(P £40,m) = (O +m?2)*s.

From the formal definitory formula of W, (P £ i0,m) (cf. (IL,10)), we have

Wa(P +i0,m) = (_y2>m2”Ra+2y(P +i0) . (IV,1)
v=0

We shall prove the following assertion

W_or(P £140,m) = (O + m?)*s, k=0,1,2,...,...; (IV,2)



here (O + m2)* is the n-dimensional ultrahyperbolic Klein-Gordon operator
iterated k-times defined by the formula

0?2 0?2 0?2 0?2
O AU [ T 2 v, 2
(0 +m) (810% Tt dx2 3$§+1 3I§+q +m>  (V2)

p+qg=n and m a real nonnegative number.

In fact, we know that (cf. formula (I1,7))

R_op(P£i0) = O%5 , IV, 3)
here OF is defined by (I1,2).
Putting
—2k=a+2v, (Iv,4)
then )
k= _w ) (IV,5)

Therefore, we have from (IV,1) and (IV,3),

W (P 440, m) = Z (]Z) m*» 0F v

v=0 (IV76)
k=0,1,....
V. (O +m?)" Wa (P +i0,m) =6, k=0,1,....
From the formula (II,10) and (II,7), we have
— [~k
Wor (P £i0,m) = < )(m2)” 0o—kvs
yz::o v (V. 1)

— (0D +m?)7"s.
By applying the operator (D + mz)}€ to both members of (V,1), we get at
(O +m®) Wor(P£i0,m) = (O +m?)" - (O +m?) "6=6. (V,2)
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Therefore, Wa(P + i0,m) is the unique elementary retarded (P 4 0)*-
ultrahyperbolic solution of the Klein-Gordon operator, iterated k-times.

Putting k& = 1, the formula (V,2) says that W5(P + i0,m) is the unique
elementary retarded (P = i0)* -ultrahyperbolic solution of the Klein-Gordon op-
erator.

VI. Wy(P +i0,m)=9.
Putting k£ =0 in (IV,6), we have

Wo(P +i0,m) =4 . (VI, 1)

VII. W, (P +i0,m = 0) = Ra(P +i0).

From the formal definitory formula of W, (P +i0,m) (cf. formula (II,10)),

we have

Wa(PthO,m): ( 0 >m RaJrzo(P:tZO +Z< ) QVRaJrQy(PZlZZO)

v=1

(VIL, 1)
The second sumand of the right-hand member of (VII,1) vanishes for m =0
and then, we have

Wo(P +i0,m = 0) = Ro(P +i0) . (VII,2)

We can give another proof of the formula W, (P £ i0,m = 0) = R, (P £i0).

We begin by remembering the definitory formula of W, (P 4 i0,m), (cf. for-
mula (III,1):

1

[m2(P£i0)] T Jaea [ (P i0)3]
(-2 =TT (5) |

here « is a complex parameter, m a nonnegative real number and n the dimension

W, (P 410, m) =

(VII, 3)

of the space.



We know that the well-known Bessel function of the first kind is defined by
the formula
2 NE:
a—n +2u

o (~1) { [P i0)] } i
:Z V!F("“"—l—u—kl)

v=0 2

1 2v
LN 5 1y [m?(P+i0)]2
- 2 P (52 +v+1)

v=0

[m(Pj: 10)%] = . [m(P + 2'0)%} =
G
o0 [m(P +i0)3] *
) 1
© 2.0 2 VD (952 + v+ 1)

v=1 2

(VIL, 4)

Putting (VIL4) into (VIL,3) and taking into account the formula (1,3;17), p.23,
of [6], we get at
(P+i0)* ="

ST (552 1) ()2 AT ()

2v
’ (—1)" m(P+i0)3
(P +i0)= 2

(—1)2~ "= 7T (2) ' ; VT (252 4+ v+ 1)
(VIL, 5)

The second summand of the right-hand member of (VII,5) vanishes for m = 0

Wy (P +i0,m) =

+

and then, we have,

a—n

(P +i0)"=
TE2UET (50 1) ((2 T (5)

W, (P +i0,m = 0) =

(VIL, 6)

So, taking into account that (cf. [3], p.3, formula (1))

r(1+a;"):<a;">r<a;”) , (VIL,7)
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and (cf. [3], p.3, formula (5))

F(a;n)r(n;a) :_(é)sin [”2“2")] ; (VIL, 8)

we arrive (by remembering the condition (I1,24)) to

Wa(P £i0,m = 0) = Ra(P % i0) . (VIL,9)
VIII. The composition formula W, (P £:0,m)« Wz(P £i0,m) = Woyg(P+
i0,m) .

Taking into account the formal definitory formula of W, (P £ i0,m), (cf.
(I1,10)), we have

st a
W (P £i0,m) =" ( 2>m2”Ra+2V(PiiO) : (VIIL, 1)
v=0
and
< /B
Wp(P £i0,m) = ( VQ)mz”Rng,(P +i0) . (VIIL, 2)
v=0
Also, we have,
F [Wa(P £i0,m)] = <V2)m2”}" [Reyo, (P £140)] . (VIIL, 3)
v=0

This last formula can be justified by the following lines.
Let f(z,A), z € @, be an entire function of the variables z, A:

\) = ia,,(/\)Qz” : (VIIIL, 4)
v=0

Let us consider the family of distributions of the form (cf. [2], p.285):
T(P +1i0,)\) = (P £i0)*f(P £ i0, \)

VIIL, 5
(P £ i0) Za,, (P +i0)* ( )
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Our purpose is to evaluate the Fourier transform of T'(P +140, A) in the sense
of Gelfand:

{T(P£i0, )} = {(P +i0)* i ay(\) - (P + 2'0)”} : (VIIL, 6)
v=0
We have to show that
{(P + iO)’\ i a,(A\) (P + iO)”} = i a, () {(P + iO)’\J“”}A . (VIIL, 7)
v=0 v=0

Let us suppose, provisionally that Re A > —1; then, the terms of the sequence
(n=0,1,...)

{gn} = {(P +i0)* f: ay(A)(P £ i())”} (VIIL, 8)
v=0

are locally integrable functions. Since, by hypothesis, f(z,A) is an entire function,
we conclude that the sequence (VIIL8) converges uniformly in every compact
KcR".

Therefore, by [7], Theorem XVI, p.76, the sequence {g,} is convergent in
D’ and, by the continuity of the Fourier transform, we conclude that the equation
(VIIL,7) is valid when Re A > —1.

Then, we have, taking into account the formula (IL,3) that

F[Wa(P+i0,m)] = <_2)m2”(62 Fi0) T (VIIL, 9)
v
v=0
and also, we have
> -8 B+2p
F[Ws(P xi0,m)] = Z ( p2>m2p(Q Fi0)” ¥ (VIIL, 10)
p=0
and
oy R o atpt2r
F [Wasp(P £1i0,m)] = Z ( r2 >m2r(Q Fi0)" T . (VIIL, 11)
r=0
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From (VIIL,9) and (VIIL,10), we have

F[WalP £i0,m)] - F [Ws(P % i0,m)]

i —a 2v e _8 +2p
=2 ( f)mz”@wor”z > ( p2>m2”<cmo>-"z :
v=0

p=0

Taking into account the Theorem 2, page 23, of [6], we arrive at

FWa] - FWg]
© /_a > /B atB42v+2p
3 (V) 2 () ) @ma
v=0 v p=0 p
Putting
24+ 2p=2r,
SO
v+p=r,
then
p=r—p,
we have
FWal - [Wp]
o0 a oo B
- 2,2 —2 ),,20-v) — SLCiEs
V_()(y)m ;(r_)m (QFi0)~ " 2
= m
v r—uv Fi0)
v=0 r=v
> /_atp @
5 (e
s=0 §
=F [Wa+5]

Finally, we get at

FWal - FIWs] = F [Waryp] -

12

(VIIL, 12)

(VIII, 13)

(VIIL, 14)

(VIIL, 15)

(VIII, 16)

(VIIL, 17)

(VIII, 18)



Note.

Taking into account that (P £i0)* = P} + ¢™ P and [6], p.177, the con-
volution W, (P £ 140, m) * Wg(P £ 140, m) is possible.

Therefore, the theorem of interchange between the convolution and the prod-
uct is valid for integrals of Fourier so, we have

F Wy W] = F[Wa] - FIW;] . (VIII, 19)

Finally, from (VIIL,18) and (VIIL,19), and in virtue of the theorem of the
identity, we arrive at

W (P +i0,m) « Ws(P £i0,m) = Wa (P £i0,m) . (VIII, 20)

IX. Justification of the Marcel Riesz symbolic method.

We have from (I1,1) that

204+2v—n
(P £i0)
a+2v P+ - —~ IX,l
Roatay (P £10) H(2a + 20) (IX, 1)
here sy .
2 (e} v 71—‘ « 1%
H(20 + 2v) = G ) (X, 2)

r (n—a2—21/)

We introduce the differential operator (O — X), where O is the n-dimen-
sional ultrahyperbolic kernel and A € .

We shall consider the distributions

(0-ay=Y (Co)za-b-(zazv=b  jyp-avs  (1x,3)

V!
v=0

The formula (IX,3) is the formal development of the left-hand member by the
binomial Newton formula.

Remembering the formula (II,7) we shall put, by definition,
0§ = Ro(apr) (P £10) . (IX, 4)
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The general term a, of the series (IX,3) is

ala+1) - (a+v—1) (P+i0)'T (2=22=2) (P 4 j0)*7"
a, = — . (IX, 5)
! 22e+2v 2 D« 4 v)

Equivalently, from (I1,20),

2

(P £i0) ™75\ (P £ 40)"T (n=2a=2v)

2
731220220 (@)

(IX, 6)

a, =

Also, we know, from (II,14)

n—2a—2v 2w+ 200 —n .
I‘(Q) .I‘< 3 )_ (W)sm[w(w%)] . (IX,T)

Therefore,
n—2a—2v —T
r ( ) = v+2a—n : v42a—n v4+2a—m) (IX’S)
2 (=) sin [ (2= ) | T (=)
Putting (IX,8) into (IX,6), we have
. 2a—n . v
o (P+i0)7 = [AM(P £1i0)]" (—n) . (IX, 9)
T (@) 2212 (BA28omY iy [ (2220-n )| T (242en)
Also, taking into account (II,13), we arrive at
. 2a—n . v
o= (P £10) 22 2[)\7(P + 20)]. (—7T)2 _ . (IX, 10)
T2 ()220p122T (224200 4 1) sin [ (28222 )]
or, equivalently,
2a—n
P+10 A(P £140)]”
ay = — (P +i0) 22 [2( Zr)g2”+2“”’+1) (IX, 11)
2T ()22 (v!)2 sin [ (252 | NOzSY) 22v
If we demand the following condition:
20+ 2v—n=4r+1, r=0,1,---; (IX,12)
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we can write

2a—n

P4 A(P + i0)]”
a, < ( )" [ﬁ(a+i02]+1). (IX, 13)
Wff(a)QQO‘QQ”V!iF(U_Ff)
The factor
r _n4
ra—3+1) 1; (IX, 14)

F(V—f— 1) v—00

. (P+i0)
then the series (IX,3) converges as e* 7 .

We conclude that the series (IX,3) converges in every compact K C IR"™.
Therefore, by [7], p.76, Theorem XVI, the series (IX,3) is convergent in D’.

Finally, putting —\ = m? we have completely justify the result (II,10) and
so all the other conclusions which we have here proved.

X. Notes.

1) We observe that R, (P £10) ((IL,1)) has all their properties valid if and
only if @« #n+2¢, £ =0,1,---, but, when o = n + 2¢, we can consider its
finite part (Pf) (cf. [8]). Therefore, the following proposition is valid (cf. [6], pp.
42-44) “The distributional functions of Pf Ry (P £1i0) are elementary solutions,
for all values of k of the operator [F¥:

OF{Pf Ry (P+i0)} =6 .7

2) Tt is useful to state an equivalent definition of the distributions (P +i0)*
(cf.(1,2)). In this definition appear the distributions

pA_ P if P >0,
+= : .
0 if P<O0;

P =

0 if P> 0,
(-P)* if P<O.

We can prove, without difficulty, that the following formula is valid ([2], p.276,
formulae (2) and (27))
(P+i0)* = P} +e™ P,
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(P —i0)* = P} + ™ P>
From these formulas, we conclude inmediately that

(P +i0)* = (P —i0)* = P* |

when A\ = k = positive integer.

Therefore, we can note that Wy (P +i0,m) = W,(u,m) when A = k =

positive integer and u = @} +--- + @) —ah — - —Thy,, p+V =n, nis

the dimension of the space, « is a complex parameter and m a real nonnegative

number. Finally, we observe that W, (u,m) has the similar properties of W, (P £
i0,m) (cf. [9]).
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