ON AMENABILITY AND GEOMETRY OF SPACES
OF BOUNDED REPRESENTATIONS

Gustavo CorACH AND JOSE E. GALE

Abstract. - Several differential geometric aspects of the space of repre-
sentations of amenable Banach algebras are studied: differential structure,
natural connection, geodesics, reductive structure, and so on. As an ap-
plication we get a characterization of amenable groups in terms of the

existence of a reductive structure in that space.

Introduction.

It is known that spaces of group representations can sometimes be regarded as
finite or infinite-dimensional Banach manifolds, and that this is a useful viewpoint
which concerns a wide range of mathematical subjects, also including the study of
spaces of representations themselves ([11], [18]).

The analysis of the differential geometry of certain sets of operators, or, more
generally, subsets of Banach and C* -algebras, has provided a different approach
to the understanding of several classical questions and is a new source of problems
and results ([9], [10], [22], [23], [2], [3] and references therein). We wish to
emphasize on reference [2] because the procedure carried out there comprises most
of the cases considered in previous works on the subject (see [3]). In that paper
a geometric characterization of injective von Neumann algebras is given in the
following terms : a von Neumann algebra M is injective if and only if every normal
x-representation m of M has a reductive structure (see definitions below). The
proof of this theorem relies upon the fact that the existence of a reductive structure
for 7 is equivalent to the existence of a M -valued conditional expectation. In one
direction such an expectation can be obtained by a standard method of averaging
on a certain multiplicative subgroup of unitaries of M. A similar characterization
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for a nuclear C*-algebra A, where the condition on the representation 7= to be
normal is removed, is also given in [2]. This time the proof follows from the first
result by passing to the bidual A**.

Thus, we see that the versatile concept of amenability (see [24]) also underlies
the above kind of questions and therefore seems suitable for intrinsic geometric
implications. The present paper is understood as a first attempt to make the
relationships involving geometry of representations and amenability explicit.

Let A, B be two Banach algebras and assume that A is amenable and B
is unital with unit e. Denote by G the group of invertible elements of B. If
7 is a bounded algebra homomorphism (i.e., a representation) from A into B
we denote by O(w) the set of representations from A into B which are similar
to 7 by conjugation with elements of G, and by 7, the conjugation map U €
G — UnU~! € O(w). Under appropriate conditions on B (see property (DM)
in Section 2), the map 7, admits local cross sections (Proposition 4.1) and then it
becomes a Banach principal bundle with structure group G N7w(A)" where w(A)’
is the commutant of 7(A) in B.

In order to get notions like those of parallel transport, curvature, torsion and
so on, associated to the bundle 7, : G — O(7), we need to define a connection on
this bundle, or equivalently a connection form (see [19, volume 1] for the definitions
and properties; even though the book only deals with finite-dimensional manifolds,
the basic facts also hold in general). Note that for defining a connection form it
suffices to define a bounded projection &, : B — m(A)" satisfying E;(vipuvs) =
& (n)ve for every p € B and vy,v5 € GNw(A), for then the map U —
UE,(UL) gives us the wanted 1-form ([19, volume 1], [9, pp. 220,221]). An
alternative method to produce a connection on

Tx : G — O(m) consists of “lifting” the tangent space at each o of the base
space O(m), so that it may be considered as a subspace of horizontal vectors of
B which moves in correspondence with the variations of o along O(w). Here B
is taken as the tangent space at U € G, if 7,(U) = o. This in tuitive idea is
made precise whenever we have a 1-form © — K, : Der,(A,B) — B such that
K, is a right inverse of (dr;)., UH™U™! = H™ for every U € G N 7(A)" where
H™ = K. (Der,(A,B)), and K, = Ady o K 0 Ady-1 for o =UrU"1, U g
([22, Lemma 3.4]). In the above, Der; (A, B) is the space of derivations from A
into B with respect to the A- bimodule operations in B defined through 7 and



is regarded as the space of tangent vectors of O(w) at .

Since we are concerned with infinite-dimensional manifolds we must be careful
of checking special requirements needed in this setting, such as existence of direct
complements of subspaces and others. For this reason, and also for simplicity in
obtaining the elements of the geometry involved, we follow the program proposed
in [22] and start with the introduction of the 1-form © — K instead of giving the
definition of the connection form &, directly. For the construction of K, we use
an abstract version of an averaging process (Theorem 2.1) which was suggested by
[12, proof of Th. 1] (see also [28], where the interest of averaging in cohomology
is carefully explained). Then the projection & is easily defined from K, and
it turns out to be a quasiexpectation (Proposition 2.2) so it induces a structure
of reductive homogeneous space on O(7) (see [19, volume 2]). We think that
this interpretation of quasiexpectations as geometric objects is noteworthy; in this
regard ker(&;) and 7w(A)' appear as spaces of horizontal and vertical vectors,
respectively.

Thus we are able to prove that if A is amenable then O(w) is a reductive
homogeneous space for every representation 7 : A — B. We do not know if
the converse holds, although it is possible to show some characterizations of the
amenability of a locally compact group G within the same order of ideas. Namely,
when A = L'(G) and G is amenable we can choose a two sided invariant mean
on G to obtain a quasiexpectation &, as before which is moreover 7 -invariant,
that is, E(m(f)p) = E(um(f)) for every f € LY(G), u € B, or equivalently, if
we extend 7 as to be a representation of G, E(m(t)um(t™1)) = E(n) for every
t € G, p € B. Such a “tracial” property of &; gives rise to a vector-valued
version of the important concept of amenability of = in the sense defined in [5]
(see also [1], [17] for instance), and it seems to have a geometric significance : G
is amenable if and only if the mapping

Tr : G — O(m) is a principal bundle which admits a 7 -invariant connection
form &, that is, [7(G),ker(Er)] C ker(Ex) where ker(E,) can be seen as space
of horizontal vectors of B (Theorem 4.5). Let us remark that the last result does
not appeal to any reductive structure on O(w). However, if G is assumed to be
inner amenable, see §3, then it turns out that G is amenable if and only if O(n)
is a reductive homogeneous space for every representation 7 (Theorem 4.6). This
is a geometric version of a characterization of the class of amenable groups within



the bigger one formed by all the inner amenable groups, [24, p.85], in which we
do not need to refer to the 7-invariance of &; .

The organization of the paper is as follows. In §1 we write some definitions and
properties of a preliminary character about representations, amenability, and dif-
ferential geometry in infinite dimensions. In §2 we prove the main result, Theorem
2.1, on the existence of the 1-form K, and deduce its first consequences in a ho-
mological language. Section 3 is devoted to analyzing the link between amenability
and existence of quasiexpectations or w-invariant projections associated to rep-
resentations. In §4 we undertake the study of the differential geometry of sets of
representations using the information collected in sections 2 and 3. Finally, in §5
we apply the results of Section 4 to automorphisms of amenable algebras.
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§1. Preliminaries.

If X and Y are Banach spaces, denote by L(X,Y) the space of bounded
linear operators from X into Y endowed with the topology of the operator norm.
Thus L(X,Y) becomes a Banach space. Abbreviate L(X) = L(X,X).

If E is a reflexive Banach space and X = E®E*, the projective tensor
product of E and its topological dual E*, then the dual X* of X is isometrically
isomorphic to L(E). If E has in addition the approximation property, then
E®E* is exactly the space of nuclear operators on E ([14, p.92 and 96]).

In this paper we are dealing with representations of Banach algebras and
locally compact groups, so we need to recall several basic facts about these objects.
Let A be a Banach algebra and let E be a Banach space. A representation from
A into E is a bounded linear map 7 : A — L(E) such that w(ab) = w(a)w(b)
for every a,b € A. It is non-degenerate if w(A)E is dense in E. Of course, a
representation m corresponds to a structure of a left Banach A-module on E and
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by duality gives rise to the dual (bounded) anti-representation ©* : A — L(E™)
(or, equivalently, to the dual right Banach A-module structure on E*) defined
as (z,m(a)*z*) = (w(a)zx,z*) for all x € E, 2* € E*, a € A. Note that 7* is
an anti-representation in the sense that 7*(ab) = n*(b)7*(a) for every a,b € A.
There is a similar interplay between (non-degenerate) anti-representations and
dual representations. The set of non-degenerate representations of A into F
will be denoted by Rep(A,E). Tt is clearly a closed subset, and therefore a
complete, metric subspace, of L(A, L(E)). Similarly, let G be a locally compact
group. Then a bounded strongly continuous representation ¢ from G into E is
amap ¢ : G — L(E) such that sup,cq o(s)lnmy < 00, lts) = p(H)p(s),
(t,s € G) and p(t)xr — p(s)x, as t — s, for every z € E. The set of bounded
strongly continuous representations of G into E will be denoted by R(G, E), and
throughout this paper it is endowed with the metric topology given by the distance
A, ) = o — ]| = sup,ecs () — $(s) | - Tt is easy to prove that R(G, E)
becomes a complete metric space. The following result is well known ([18, p.144],
[24, p.42]).

Proposition 1.1. Let G be a locally compact group with a fixed left Haar mea-
sure ds. Then the spaces Rep(L'(G),E) and R(G,E) are isometric under the

isometries given as follows:

(i) ¢ € R(G,E) — 7w, € Rep(L'(G), E), where

T (f) = /G F(s)p(s)e ds,

(zeFE, feLYG)).
(ii) 7€ Rep(L'(G),E) — ¢, € R(G, E), where

or(s)z = limm(ds * f;)z,
J

for s € G, = € E, where s is the Dirac mass at s € G and (f;); is a

suitably chosen approximation of the identity in L'(G).

Let Z be a Banach A-bimodule. We will say that a bounded linear map
D : A — Z is a derwation if D(ab) = a- Db+ Da-b (a,b € A). The set
Der(A,Z) of derivations from A into Z is a closed subspace of L(A,Z). A
derivation D € Der(A, Z) is called inner if there exists z € Z such that D(a) =
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a-z—z-a for every a € A. Suppose that B is another Banach algebra and
7 : A — B is a Banach algebra homomorphism. Then B becomes a Banach
A-module via 7 in the obvious way, and the corresponding space of derivations
will be denoted by Der;(A,B). This means that Der,(A,B) = {D € L(A,B) :
D(ab) = m(a)-D(b)+ Da-n(a),(a,b € A)}. Abbreviate Der,(A) = Der,(A, A).
Note that Der(A, A) = Der,(A) when 7 is the identity on A; in this case we
shall simply write Der(A).

Let us now recall some definitions and characterizations concerning amenabil-
ity. Our references for this paragraph are [6], [16], [24]. A Banach algebra A is
said to be amenable if every derivation of A into a dual Banach A-bimodule is
inner. Any amenable Banach algebra must have a bounded approximate identity.
Given a Banach algebra A, a Banach .A-bimodule which is important in order
to study the possible amenability of A is £ = A®.4, with module operations
defined by a- (b®c) = (ab) ® ¢, (b®c)-a = b (ca) for every a,b,c € A.
As usual, we get (A®RA)* and (A®.A)** as the corresponding dual and bidual
modules on A. Then a virtual diagonal for A is any element M of (A®A)**
such that M -a = a-M and v**(M)-a = a (a € A), where v** is the bi-
transpose of the generic “multiplication” v : b®c € ARA — bec € A. On the
other hand, an approzimate diagonal for A is a bounded net (m;); in A®.A such
that m; -a—a-m; —; 0 and (ym;)-a —; a (a € A). We have the following

characterization.

Proposition 1.2. A Banach algebra A is amenable if and only if there is a virtual
diagonal for A, if and only if there is an approximate diagonal for A.

In the case above, virtual diagonals can be obtained as cluster points of ap-
proximate diagonals, in the weak* topology on (A&®.A)** with respect to (A®.A)*.
Conversely, approximate diagonals are obtained as the bounded nets in A®.A
which converge to virtual diagonals in the weak* topology.

When A = LY(G) for a locally compact group G, then L!(G) is amenable
in the sense just considered if and only if G is amenable as a group, that is, there
exists a left invariant mean on G : a positive, linear functional m : L*°(G) — C
such that m(fs) = m(f) for every s € G, f € L*®(G), where fs(t) = f(st) for
all t € G. The definition of right invariant mean is similar and also characterizes
the amenability of G'. It is remarkable that there always exist means on amenable
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G which are left and right invariant simultaneously.

To end these preliminaries we refer to the theory of infinite-dimensional ho-
mogeneous spaces such as given in [26, pp.368-373], which will be used later to
describe the geometric implications of amenability. Let G be a Banach Lie group
with identity e and suppose that G acts holomorphically and transitively on a
Banach manifold W; denote by 7,(t) the action of ¢t € G over p € W. For
p € W, let W, be the tangent space of W at p and let (d7,). be the tangent
map of 7, at e. Then W is said to be a Banach homogeneous space under the
action of G if there is p € W such that

(1) ker(drp)e is a complemented subspace of G .

(2) (d1p)e : Ge — W, is surjective.

This definition and the following result have been taken from [26].

Proposition 1.3. Let G be a Banach-Lie group which acts holomorphically on
a Banach space X . Let W = 7,(G) be an orbit of the action of G on X, pe X .
Suppose that there exists q € 7,(G) such that

(a) ker(dry). is a complemented subspace of G .
(b) im(dry)e is a complemented subspace of X .
(c) 74:G — W is open.

Then W is a Banach homogeneous space and a submanifold of X .

§2. A general principle for constructing 1-forms and certain exact
sequences.

Let A be an amenable Banach algebra with an associated virtual diagonal
M and approximate diagonal (m;);, M = lim;m; in the weak™® topology of
(A®A)** | as in §1, which we fix henceforth. Let B be a Banach algebra which
is also the topological dual X* of a Banach space X such that X is a Banach
B-bimodule for which

(DM) (v, z) = (u,v-z)y = (v,z-p) (v € X;p,v e B).

Before the end of this section, we shall describe two relevant examples of
Banach algebras satisfying property (DM).
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For T,S € L(A,B) we define T® S € L(A®A, B&B) by (T ® S)(a®b) =
(Ta)® (Sh),if a,be A. Put T®, S =v0T®S (7 is here the “multiplication”
in B). If x € X and T,5 € L(A,B) we denote by 6, oT ®, S the element of
(ARA)* defined by

(5. 0T ®, S)(a) = (T ®, S)(a),2)

for every a € A®A. Note that (0, o T ®- S)(M) = lim; (T ®, S)(m;),z) .
The following result is the key of the paper.

Theorem 2.1. Let A be an amenable Banach algebra and let B be a unital
Banach algebra, with unit e, which satisfies property (DM). Suppose that 7 :
A — B is a bounded algebra homomorphism such that (my)(m;) —; e in the
weak™* topology of B with respect to X . Then the mapping K, : L(A,B) — B
given by

(Kr(T),2) = (0p o T @y m)(M),

for x € X, T € L(A, B), satisfies the following properties.
(i) K, is linear and bounded with || K | < ||M|||=|l -
(ii)) For every € B and T € L(A,B), K.(uT(:)) = pK.(T).

(iii) For every a € A and T € L(A,B), K.(T,) = K,(T)w(a), where T,(b) =
T(ab) forall be A.

(iv) Kr(me.
Proof: Part (i) is obvious.
(ii) We have
(Er(uT(-), ) — (uK(T), )
= (8 0 (UT(-) @y m))(M) = (8- 0 (T(-) @4 7)) (M)
= Im({(uT'() ® m)(my), z) = (T &y m)(m;), - )

= Hm((u(T @y m)(my), 2) = (T @y m)(my), 2))

=1im0=0.
J



(iii)
(KA(T,),2) — (Kn(T)(a), )
= (T, ©, m)(my),2) = (T &, 7)(m;), w(a)a))
= (T ©, m)(amy), @) = (T @, 7)(m;)m(@), 2))

= tim(((T @, 7)(am; = m;a),)) = 0.

(K (), ) = lim{(m @y 7)(e;), )

— lim{(m))e;. ) = (€. 2).

Let us observe that, from (ii) and (iv) above, it follows that K. (un(-)) = p
for every p e B.

The introduction of K, has been suggested by [12, proof of Th. 1]. The map
K, is in fact an averaging operator (see [28, p. 77, p.81 and p. 51)).

Now, for A and B as in the theorem, we denote by Hom(A, B) the space
of bounded algebra homomorphisms 7 : A — B for which 7(A) - X is dense in
X, or, which is the same because of Cohen’s factorization theorem ([6, p.61]),
m(A)- X = X . The space Hom(A, B) is metrizable and complete with respect to
the topology defined by the operator norm. It is clear from the factorization and
condition (DM) that (7y)(m;) —; e in the weak* topology of 5.

If 7 is a fixed element of Hom(A,B) we define & : B — B by &:(u) =
K (n(-)u), for every p € B.

Proposition 2.2. For A, B, ©, £; as before we have :
(i) €=l < 7| |ul| for all 1€ B.
(i) im(&Ex) = w(A) = {v € B;vn(a) = m(a)v,a € A}.
(iii) €2 =&, and E,(e) =e
(iv) Ex(vipve) = 1€ (n)va for every p € B and vq,vs € Im(Ey).

Proof: (i) It is clear from the definition.
(ii) For a€A and peB one gets m(a)Ex (1) =m(a)Kp(m()p)=Kr(m(a)pu)=
K.(T,) by Theorem 2.1 (ii), where T(-) = n()p, and K, (T,) = K.(T)n(a) =
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Ex(p)m(a) by Theorem 2.1 (iii). Conversely, if ve€m(A)" then &, (v) =K, (7 (-)v)=
Kr(vm(-)) =

(iii) It is apparent from (ii) and the definition.

(iv) Ex(ripn) = Kr(m(Jvaipve) = Kx(nm(-)pre) = i Kr(w(-)pve) =
v Ko (m () p)va

Define Ay : B — L(A,B) by Ar(p)(a) = pr(a) — w(a)u, for every a € A,
u € B. Clearly, the image of A, is the set of inner derivations from A into
B, via 7, but in this way B is in fact a dual Banach A-bimodule (for X is a
A-bimodule, via 7) and so, since A is amenable, im(A,) equals Der,(A,B).

From(ii) of Proposition 2.2, im(&;) = ker(A;). Moreover, K, oA, = Ig —
Ex, where Ip is the identity in L(B), because if p € B then (Ko Ar)(u) =
Kq(un()) — Kz (w()p) = p — Ex (1) . Then we have the following.

Proposition 2.3. Let P, : L(A,B) — L(A,B) be the map defined as P, =
Ay o K. Then P, is a bounded projection such that im(P,) = Der,(A,B).

Proof: By composition, Py is linear and bounded. If T € L(A, B) then (Aj o

Kﬂ')[(Aﬂ' © Kﬂ')(T)] = Aw[(l - gﬁ)(K’ﬂ'(T))] = (Aﬂ' © K?\')(T) - (Aﬂ' o& ( (T))
(AroK)(T), whence Py is a projection. Furthermore, Ax(p) = Ar(p—Er(p) =
A (Kr(Ar(p))) and so imP, = imA, .

Now, Proposition 2.3 together with Proposition 2.2 yields an exact sequence
of Banach spaces, naturally associated to a fixed representation of an amenable
algebra.

Proposition 2.4. Let A be an amenable Banach algebra

and let B be a unital Banach algebra satisfying (DM). For &,, A;, P. as
above the sequence

0— ker, > B B 23 = L(A, ZS’) L(A,B)/Der,(A,B) = K ' (n(A)) — 0
is exact.
Proof: Straightforward.
Let us apply the results above to the following two main examples.
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Examples

(1) For a reflexive Banach space E we take X = EQE* and B = L(E). As
said before, B = X* under the duality given by (A, z®x*) = (Ax,2*), for x € F,
z* € E* and A € L(E) ([14, p.92]). Moreover, X is a Banach B-bimodule with
respect to the module operations defined as

A (z@2")=(Az) @ ™,

(z@z") - A=z (A*x"),

for x € E, z* € E*, A€ L(E), where A* : E* — E* is the transpose of A.

Now let A be an amenable Banach algebra and let 7 : A — L(E) be a non-
degenerate representation. It is apparent that the properties required as hypothe-
ses in Theorem 2.1 are satisfied in this case. For instance, @ z* = (7(a)y) @ z* =
mw(a) - (y ® «*) for every z,y € E, z* € E* and a € A with 7(a)y = «. Hence
m(A)- X is dense in X .

Let Rep(A, E) be the closed subset of Hom(A, L(E)) formed by the non-
degenerate representations 7 : A — L(E). In the example under consideration,
we will apply propositions 2.2 and 2.3 (as well as other consequences of Theorem
2.1 which we will see later) to the space Rep(A, E) rather than to Hom(A, L(E)).

(2) Let G be a locally compact group, and then take X = Cy(G), B =
M(G), the convolution algebra of regular Borel measures on G. Recall that
M(G) = Co(G)* via the duality (v,h) = [, h(u)dv(u), and also that Co(G)

is a Banach M (G)-bimodule for the module operations

(v-h)(s)= /Gh(su) dv(u),

(h-v)(s) = /Gh(us) dv(u),

for every s € G, h € Cy(G), and v € M(G).

§3. Amenability, m-invariant projections, and quasi-expectations.

For a couple of Banach algebras C and D such that D is a Banach subalgebra
of C we say that a mapping @ : C — D is a quasi-expectation if it is a bounded
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linear projection onto D such that Q(dicds) = d1Q(c)ds forall ¢ € C and dy,ds €
D. Under the assumptions of Theorem 2.1 we can obtain a large family of quasi-
expectations with domain in B. Namely, each &, associated to m € Hom(A, B)
provides such a quasi-expectation, as Proposition 2.2 shows.

In the theory of operator algebras the existence of a quasi-expectation from
L(H), where H is a Hilbert space, onto a von Neumann algebra M C L(H)
is equivalent to the injectivity of M ([8]); on the other hand, injectivity is an
appropriate notion of amenability for von Neumann algebras (see [24], [14] for a
complete discussion). We wonder if a similar equivalence takes place in our setting,
via representations. Although, for general Banach algebras A, we do not know
how to recover amenability from the existence of suitable quasi-expectations, we
do have some consistent results about this question when A = L!(G), for a locally
compact group G.

In this case, if we choose a left invariant mean m on L*°(G) then a virtual
diagonal M in (LY(G®Q))** = L} (G x G)** = L>=(G x G)* is given by

M:heL®Gx G) — M(h) = / h(t, =) dm(t),
G

where the formal integral represents the action of m on the function h(t,t71).
Clearly, |M| = 1. If # € Hom(L'(G),B), then (6, o (r(-)u @ 7))(f ® g) =
(m(f)un(g),x) for every z € X, f,g € L'(G), and then the mapping (f,g) —
(m(f)um(g),x) identifies to an element h, of L>°(G x G). For B = L(E) we get
from Proposition 1.1 that h.(s,t) = (r(s)An(t)z,2*) where A € L(E), z®@x* €
E®E* (note in passing that the left-hand member of this equality is a bounded
continuous function in both variables s,t¢). Then it follows that

Ex(A) = Kx(7(-)A) = (82 0 (7(-)A @ m))(M)

=M(h;) = L(W(S)Aw(sfl)x,xﬂdm(s),

for every A € L(E).

It will be used below the fact that if we choose m to be simultaneously right
and left invariant then & (m(t)Ar(t™1)) = Ex(A) or, equivalently, &,(m(t)A) =
E(An(t)), (t € G, A€ L(E)). Such a property will be called here 7 -invariance.
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Observe that the m-invariance of &, supplies a vector version for the interpretation
of 7(f), f € L*(GQ), as a flnite operator on E ([7]), or of 7 itself as an amenable
representation ([5]). For every given amenable Banach algebra A and not only for
L'(G), we would like to find a quasiexpectation &, which were also 7 -invariant.
It would be possible if we had a virtual diagonal M for A such that Moa = aoM
for every a € A, where (b®c)oa =bRac, ao(b®c) =ba®c for every a,b,c € A.
Unfortunately, the existence of such M is unclear for us.

There is of course another way to find a projection P : L(E) — w(A)
making 7 amenable “with respect to P”, i.e., such that P(w(a)A) = P(An(a))
for every a € A, A € L(E), for amenable algebras A ([14, p.257]) but in this
case the projection lacks, in general, the 7(A) -module homomorphism property
which is characteristic of quasiexpectations.

The following result is a vector version of Theorem 2.2 of [5].

Theorem 3.1. Let G be a locally compact group. Then the following assertions

are equivalent.

(i) G is amenable.

(ii) For every reflexive Banach space E and every m € Rep(L'(G),E) there
exists a m-invariant, bounded, linear projection Q : L(E) — n(L'(G))’ onto
(LY (Q)) of norm < ||x|?.

(iii) For every reflexive Banach space E and every m € R(G, E) there exists a
7 -invariant, bounded, linear projection Q : L(E) — w(G)" onto w(G)" of
norm < ||x|?.

(iv) If X is the left regular representation of G into L*(G) given by A(s)f =
f(s7L) for every s € G, f € L?(G), then there exists a \-invariant norm-
one linear projection Q : L(L?*(G)) — AG)’ onto \(G)'.

Proof: (i) = (i) This is part of Proposition 2.2 applied to A = L'(G) and
B=L(E).

(ii) = (ili) As it has been indicated in §1 there is an identification be-
tween Rep(L'(G),E) and R(G,E) by means of explicit formulas which imply
that 7(G) = n(L'(G))" in L(E).

(iii) = (iv) Obvious.

(iv) = (i) We include the following adaptation of a standard argument ([7,
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p.147], [5, p.387], [4, pp.605]) for the sake of completeness. Take E = LP(G),
1 < p < oo and choose z € E, z* € E* with (z,2*) = 1. For h € L*(G),
let denote by M) the multiplication operator in L(E) given as Mp(f) = fh,
(f€FE). Now

define m : L>®°(G) — C by m(h) = (Q(Mp)x,x*) for every h € L>®(G).
Our claim is that m is a left invariant mean on L*°(G). To see this, we start by
noting that Q(I) = I, where I is the identity operator on E: since I € 7(G)’
there exists A € L(E) with Q(A) = I and therefore I = Q(A4) = Q(Q(4)) =
Q(I). Then, besides the clear fact that m is a bounded functional on L>*(G),
we get m(l) = (Q(My)z,z*) = (Q(D)z,z*) = {(x,z*) = 1 and |m(h)]|] <
QM) [|lz][|=*|| < |I=l|?||h]] = ||k]|. So, it only remains to show that m is left
invariant, because the positiveness of m follows automatically (see [24]). If t € G
and h € L>°(G) the (left) ¢-translated function of h is w(t~')h and M, -1y, =
m(t™) o My o w(t) so that Q(Myy-1y,) = Q(m(t™1) o My o7(t)) = Q(My) by
hypothesis. Thus m(m(t"1)h) = m(h) as required. The final conclusion is that G
is amenable.

Corollary 3.2. Let G be a locally compact group. Then G is amenable if and
only if for every reflexive Banach space and every m € R(G,E) = Rep(L'(G), E)

/!

there exists a m-invariant quasi-expectation &€ : L(E) — n(G)" of norm < ||||?.

Note that the module property which is asked for in the concept of a quasi-
expectation is not strictly necessary in order to prove the amenability of the group
G in Corollary 3.2, as Proposition 3.1 shows. On the contrary, we cannot re-
move the “m-invariance” condition on &£ in this corollary (or on Q in the quoted
proposition), at least concerning the single left regular representation A of G on
L?(G), since the existence of a (non necessarily A-invariant) quasi-expectation
onto A(G)’ only implies that A(G)’ is injective, and this is not enough to estab-
lish the amenability of G, in general ([4, p.604], [24, 1.31 and 2.35]). However, the
equivalence between amenable groups, and inner amenable groups G for which
A@G)" is injective, ([24, p.85]) implies that the amenability of an inner amenable
locally compact group G can be characterized by the existence, for a given repre-
sentation m, of the corresponding quasi-expectation, non necessarily 7 -invariant.
Recall that a locally compact group G is said to be inner amenable if there exists
amean m on G such that m(s-1fs) = m(f), for every s € G and f € L>®(G),
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where -1 fs = f(sts7!) for all t € G ([24, p.84]). We thank Professor A.T.M.
Lau for having pointed out to us a mistake in the original statement of the following
Theorem 3.3, and also for having given us references [20], [21].

Theorem 3.3. Let G be an inner amenable, locally compact group. The follow-
ing are equivalent.

(i) G is amenable.

(ii) For every unital, Banach algebra B satisfying (DM) and every
7w € Hom(L'(G),B) there exists a quasi-expectation & : B — w(L(Q))’ .

(iii) For every unital, Banach algebra B satisfying (DM) and every
m € Hom(L'(G),B) there exists a bounded, linear projection Q : B —
7(LY(@G))" such that UQ(u) U™t = QUuU™Y) for every p € B and every
invertible element U of w(L'(Q))" .

(iv) For every reflexive Banach space E and every m € Rep(L*(G), E) = R(G, E)
there exists a quasi-expectation & : L(E) — n(L*(Q))’ .

(v) For every reflexive Banach space E and every w € R(G,E) there exists
a bounded, linear projection Q : L(E) — w(G)" onto w(G)" such that
UQ(A) Ut = QUAU?Y) for every A € L(E) and every invertible element
U of n(G).

Proof: (1) = (ii), (ii) = (iii), (ii) = (iv), (iii) = (v),(iv) = (v) are evident.

(v)= (i) Take 7™ = X, the left regular representation of G on L*(G), and
use the fact that A(G)" is a von Neumann algebra : in [2, Theorem 5.3] it is
observed that, under the hypothesis assumed in (v), there is a quasi-expectation
from L(L*(G)) onto A(G)' indeed, and so A(G)’ is injective. Therefore \(G)”
is injective too ([24, p.79]), and then G must be amenable ([21, Corollary 3.2]).

A locally compact group is said to be a [IN]-group if it contains a compact
neighbourhood of the identity which is invariant under conjugation. The class of
the [IN]- groups G, which of course includes that of the discrete ones, is identified
by the property that LP(G) has nonzero central elements for every 1 < p < oo (see
[20, Theorem 1]; we are grateful to A.T.M. Lau for this observation). Moreover,
all [IN]- groups are inner amenable ([21]), so Theorem 3.3 can be rightly applied
to them. We are going to show some improvement of this last result. Denote by
Ap the left regular representation of G on LP(G) for 1 <p < 0.
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Proposition 3.4. Let G be an [IN]- group. Then G is amenable if and only if,
for some 1 < p < oo, there exists a norm-one linear projection Q) : L(LP(G)) —
A\p(G)' such that UQ, (AU~ = Q,(UAU1Y) for every A € L(LP(G)) and every
invertible element U of A\,(G)’.

Proof: Take a nonzero central element z € LP(G) . It means that A(t)z = p(t~1)z
where [p(t71)z] = z(-t71), for every t € G. Note that A\ and p commute when
they act on LP(G). As in Proposition 3.1 we define m(h) = (Q,(Mp)z,z), (h €
L>®(G)). Then, if t € G and h € L>(G), we have that M, = p(t)oMpop(t™")
and therefore if w is the modular function on G,

mlp(t)h] = (Qp(p(t) 0 My 0 p(t ™))z, z)

Wt Qp(Mu)p(t™ )z, p(t ™)) = w(t™){Qp(Mn)A(t)z, A(t))
w(tTHAETQ(Mp)At)z, ) = w(t™ ) (Qp(Mp)z, @) = w(t™)m(h),

(see [15, Th. 20.10]). Since every [IN]-group is unimodular, we have that w(t) =1
indeed, and then m is right invariant. The remainder is clear.

Note that p = 2 is the case (v) = (i) of Theorem 3.3, where G does not need
to be [IN] but only an inner amenable group

§4. Reductive homogeneous spaces.

Let A and B be as in Theorem 2.1. For every U in the set G of invertible
elements of B and every m € Hom(A,B) we have UrU~! € Hom(A, B), where
(UnU~Y)(a) = Un(a)U! for all a € A. This provides a natural action of G
over Hom(A, B) and corresponding map 7, : U € G — UrU~! € Hom(A,B) so
that each orbit O(w) of the action is the image 7.(G). In this section we study
the underlying differentiable structure of the space Hom(A, B) and the geometric
features of the action G x Hom(A, B) — Hom(A, B). The next result shows how
the 1-form K, constructed in Theorem 2.1 allows us to regard the orbits O(r)
as homogeneous spaces.

Proposition 4.1. Let A and B be Banach algebras, A amenable, and B unital,
satisfying (DM). Then, if # € Hom(A, B), there exists an open neighborhood W
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of m in Hom(A,B), such that K.(0) € G and K (o)nK.(o)™' = o for all
oceWw.

Proof: Tt is enough to take W = {0 : |lo — «|| < (||M||||x]|)~'} for then |e —
K:(0)| = |Kx(m = 0)|| < [|M]||||x||l|]m — || < 1,s0 Kr(c) € G. Moreover, by
Theorem 2.1, we have o(a)K,(0) = K;(0(a)o) = K,(0,) = K(0o)n(a), for every
acA.

The proposition proves that the map K, restricted to W defines a continuous
local cross section at w of the map 7. By a simple translation we get, for every
o =UrU"! € O(n), a local cross section of 7, at o: in fact, it suffices to take
the map K, (-U) defined over the neighborhood UWU ! of o.

Remarks. (i) Proposition 4.1 applies to Example (1) of §2 such as it stands.
But, moreover, the result is also true for dual representations 7, o, of non neces-
sarily reflexive Banach spaces F', provided that we consider the space of all such
dual representations from A into F* (so B = L(F*)) instead of Hom(A,B).
The reason for this is that part (ii) of Theorem 2.1 holds for u = o(a) even
though F* is not reflexive.

(ii) Let G be a connected, locally compact group, and suppose that each 7 €
Hom(A, B) has a neighborhood W of 7 such that for every o € W there exists
U invertible in B with ¢ = UrU~!. Then G must be amenable ([27, Theorem
2]). This fact together with results of [12] suggest that maybe the existence of
continuous local cross sections in Hom(A, B) characterizes the amenability of A.

(iii) It is clear from Proposition 4.1 that each orbit O(w) is a clopen subset
of Hom(A,B) and a homogeneous space of G, O(w) 2 G/G, , where G, :={U €
G:UrU~! =7} (see [29 ]). Moreover, each element of the connected component
of m€ O(m) C Hom(A,B) has the form exp(p1)...exp(pn)mexp(—fin)...exp(—p1)
for pi, ..., n € B: the principal component of G, denoted by Gy, consists of a 1l
finite products of exponentials of elements of B [28]; also, the invertible element
K, (o) of Proposition 4.1 lies in Gy indeed. Hence, by considering the action of
Go over Hom(A,B) instead of the action of the whole group G we obtain this
time that the connected component of 7 € Hom(A, B) is 7:(Go) -

A straightforward application of the last remark is that if & : B — C
is a bounded epimorphism, where B,C are unital Banach algebras which sat-
isfy condition (DM) then for every amenable Banach algebra A the map ®%# :
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Hom(A,B) — Hom(A,C) defined by ®#(n) = ® o induces a continuous sur-
jection from the connected component of 7 in Hom(A,B) onto the connected
component of

®om in Hom(A,C). It can be proven that ®# is a Serre fibration, so that
it has very useful homotopy lifting properties, but we shall not need this fact.

Next, we analyse the differentiable structure of Hom(A,B) using the infor-
mation given in propositions 2.4 and 4.1.

Theorem 4.2. Let A be an amenable Banach algebra and let B be a uni-
tal Banach algebra satisfying (DM). Then, each orbit O(w) of the action G x
Hom(A,B) — Hom(A,B) considered above is a Banach homogeneous space, in
particular a Banach submanifold of L(A,B), and the tangent space of O(rw) at
o € O(r) is isomorphic to Dery(A,B). Moreover, the map

Tx : G — O(7) is a Banach principal bundle with structure group G, .
Proof: For the first part it suffices to observe that the mapping (U,T) € G x
L(A,B) — UTU~! € L(A,B) is holomorphic, the map 7, : G — O(7) has A,
as its tangent map at e, the map 7, is open and the subspaces ker(A,) of B,
and im(A,) of L(A,B) are respectively complemented.

The result follows from Proposition 1.3.

Now, that 7, defines a (Banach) principal bundle follows as usual from the
existence of local cross sections for 7. In more detail, take o € O(7w) and choose
a continuous local cross section S, of 7, at ¢, on a neighbourhood W of o, as
in the remark to Proposition 4.1. It is easy to check that 7 '(W) = S,(W)G,,
that this decomposition of the elements of 7. 1(W) is unique, and that it is given
by

U = S(1:(U))p(U) forevery U € 7.2 (W), where ¢ : 7. 1(W) — G, can be
made explicit as @(U) = (S (7-(U))) " U, if U € 77 (W) . Thus we may identify
71 (W) to Wx G, by means of the mapping ® : U € 77 (W) — (7:(U), ¢(U)) €
W x G, where o(UV) = o(U)V for every U € 7,1 (W), V € G, and whose
inverse ®~! is given as ®~1: (p,V) € W x G — Sx(p)V € 71 (W). Moreover
S is differentiable, for it is the restriction of a linear mapping between Banach
spaces (dKr(p) = K, ,if p € O(m), as it should be !). Hence 7 : G — O(n) is a
Banach principal bundle with structure group G, ([19; volume 1, p.50]).
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Let now A and B be any two Banach algebras, where
B is unital. We keep the same notations as above; thus G

is the group of invertible elements of B and so on. Since we have in mind to
apply the theory of reductive homogeneous spaces of classical differential geometry
to O(m) (see [19], [2]) we introduce the following definition for m € Hom(A, B).

Definition 4.3. Suppose that O(w) is a Banach homogeneous space. Then a
reductive structure for w is a Banach subspace H™ of B such that

(i) B=H"@n(A)
(i) UH™U~' = H™ if U is invertible in w(A)".
Let £ : B — w(A)" be the projection associated to the decomposition B =
H™ @ 7(A)" in the above definition. We will say that the reductive structure for
7 is metric if ||E]| < ||7||?.
The spaces H™ will be called horizontal spaces and give rise to a connection
on the homogeneous space O(w) (see [22, section 3 and p.16] and [9, p.220]).

Theorem 4.4. If A is amenable and B satisfies property (DM) then every w €
Hom(A,B) has a metric reductive structure.

Proof: Tt is enough to take H™ = ker(&,), where &, is as in Proposition 2.2.

The projection &, in the preceding theorem is obtained from the mapping
K, of Theorem 2.1 as in §2. In fact, H™ can alternatively be presented under
the form of K, (Der,(A,B)) such as we indicate in the Introduction. For, it is
shown in §2 that K,oA,; =1 = —&,; and then K identifies to the isomorphism
Der,(A,B) — ker(E,) defined by Ar(p) — p—Ex(n). Moreover, if o = Ady (),
thatis ¢ = UrU~!, with U € G, we have

(Ko (T), z) = im{(T @y 0)(m;), z)

= im((T ®, Un( U™ (my),x) = im((U™'T(-)U @y m)(m;),U~" - - U)

= (K, (U'TOHU), U 2 U) = (UK (U T U, z)
= ((Ady o K o Ady-1)(T), x)
for every x € X, T € L(A,B).
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It follows that K, = Ady o K, o Ady -1, so that it defines a 1-form in the
sense of [22] (see also [2, 5.7] and [9]). As usual, all invariants of the canonical
connection on the principal bundle 7, : G — O(w) can be computed in terms
of K. This can be done in a rather general setting (see [22] for details) but we
present a concise resumé of the results in the present example. For instance, the
curvature form of the connection assigns to every U € G and X,Y € (TG)y =B
the element Qp(X,Y) = (1/2)h ([U7Y, U1 X]) + (1/2)[h1 (U1 X), by (U~1Y)],
where hp is the projection onto the horizontal vectors at e € G, i.e., hy =I1—&;.
Thus,

Qu(X,Y) = (-1/2)I-E)U ' X, U Y]+ (1/2)[(I-E-(U'X), I -E-(U'Y)).

Given a smooth curve v : [0,1] — O(rw) with v(0) = 7, the transport equation
for ~ is the differential equation

D(t) = Koy (7))L (¢)

and the solution I' with the initial condition I'(0) = 1 is called the horizontal
lift of ~v. The name is not arbitrary: in fact, I' is a lifting of v with respect to
the map 7, : G — Hom(A,B), in the sense that 7.(I'(¢)) = ~v(¢),t € [0,1] and
the tangent vectors of the smooth map I' belong to the corresponding horizontal
spaces:

for all ¢ € [0,1],T(t) € H*®) |

The invariants of the linear connection induced in the tangent bundle can also
be easily computed. Thus, if Y'(¢) is a tangent field along ~(¢) then the covariant
derivative of Y is the vector field % defined by the formula

DY

Ky (=)

= K, (V) + [K,(Y), K, ()]

(recall that, when restricted to ker(€,), K, is an isomorphism). A curve 7 is
called a geodesic if % = 0. It can be shown that the unique geodesic ¢ in O(m)
with initial value m and velocity vector 1/)(0) = X is given by

Y(t) = B X petKn(X) ¢ ¢ (—00, +00).
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The torsion tensor T is defined, using the same notation as before, by the
formula
Kx(T(X,Y)) = (I = &)([Kx(X), Kz (Y)]),

for all X,Y € Der,(A,B), and, analogously, the curvature tensor is defined by
KW(R(X’ Y)Z) = (I - gﬁ)([Kﬂ”<Z)7 (I - Sw)[Kﬂ(X)a K‘n’(Y)])

for all XY, Z € Der,(A,B).

We do not know if the existence of a natural geometry in Hom/(A, B) as
the one considered here implies the amenability of the algebra A, in general.
However, this is the case when G is a locally compact group and A is assumed to
be the group algebra L!(G), as we are going to see in several cases. For example,
and according to Theorem 4.2 and [27] (see Remark (ii) of Proposition 4.1), we
already know that, for G connected, G is amenable if and only if the mapping
Tr : G — O(m) is a Banach principal bundle. Other geometric characterizations
follow from statements of Section 3.

Let us give the following definition. For every couple of Banach algebras A
and B a reductive structure for # € Hom(A,B) will be called w-invariant if
[7(A),H"| C H™.

We denote by GL(E) the group of invertible elements of L(FE).

Theorem 4.5. Let G be a locally compact group. Then the following are equiv-
alent.

(i) G is amenable.
(ii) For every reflexive Banach space E and every m € R(G, E)
the mapping 7, : GL(E) — O(n) is a principal bundle with a = -invariant
connection form € : L(E) — 7(G)’ such that ||| < ||=|?.

(iii) For every reflexive Banach space E each m € R(G,FE) has a metric, m-

invariant reductive structure.

Proof: Tt is a consequence of former considerations and Theorem 3.1.

Theorem 4.6. Let G be an inner amenable, locally compact group. Then G is
amenable if and only if for every reflexive Banach space E each w € R(G, E) has
a reductive structure.
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Proof: If £: L(E) — ©(G)’ is the projection associated to the m-invariant struc-
ture then, for A € L(E) and U invertible in L(E), we have that E(U(A —
E(A)UY) =0, that is, UAU™! — UE(A) UL € ker(€). Hence UE(A) UL €
im(€) and E(UAUY) =UE(A)U!. Now the theorem is a simple re-statement
of Theorem 3.3.

Proposition 4.7. Let G be an [IN]- group. Then G is amenable if and only if
there exists p, 1 < p < oo, for which the representation A, € R(G, LP(G)) has a

metric reductive structure.
Proof: This is the geometric analogue to Proposition 3.4.

§5. Automorphism groups of amenable algebras.

Let B be a unital Banach algebra satisfying (DM) and let X be a “predual”
B-bimodule as in the definition of the property (DM). Throughout this section
A is a closed two-sided ideal of B which is amenable as a Banach algebra and
such that A - X = X. In this case B is isomorphic to the Banach algebra
M. (A) :={T € L(A) : T(ab) = T'(a)b for every a,b € A} of right multipliers of
A: given a bounded approximate unit (e;) in A and T in M,(A) a standard
argument shows that for any cluster point p of T'(e;) in the weak topology of

B we get T'(a) = pa for each a € A.

By End(A) we denote the space of bounded non-degenerate endomorphisms
m: A — A endowed with the topology defined by the operator norm. Since
A-X =X wehave 7(A) - X =7(A)A-X = A- X = X and therefore End(A) C
Hom(A,B) as closed subspace. Moreover, the action (U,7m) € G x End(A) —
UnU~1 € End(A) is well defined and End(A) is formed by part of the orbits of
Hom(A, B). More precisely, we have the following.

Proposition 5.1. For A, B as just before every orbit O(n), m € End(A), of
the action (U,w) € G x End(A) — UrU~! € End(A)

is a Banach homogeneous space and a submanifold of L(.A).
Proof: By Cohen’s theorem ([6]), A= AA and so

Dery(A,B) = Der,(A) whenever m € End(A). Then the restriction of the
mapping P, of Proposition 2.3 to

L(A) is a bounded projection from L(A) onto Derp(A) C L(A), ie.,
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im(Ar) = Derg(A) is complemented in L(A). Thus, the mapping (U,T) €
Gx L(A) — UrU~! € L(A) being holomorphic, we can follow the same argument
as in Theorem 4.2 to conclude the proof.

Clearly, if m € End(A) then 7 has a reductive structure with respect to B,
that is, there is a Banach subspace H™ of B such that B is decomposable as
B=H"®nr(A).

We can proceed with the space of bounded automorphisms of A, Aut(A),
along the same lines as for End(A). To begin with, let us recall several general
facts concerning automorphism groups of Banach algebras.

First, for every Banach algebra C, Aut(C) is a Banach-Lie group with Lie
algebra Der(C): the exponential map exp : Der(C) — Aut(C) is a local homeo-
morphism with local inverse log : V — Der(C) given by log(c) = > 77, %
for c €V ={0 € Aut(C) : |le—0o]|| < 1} ([6, p-87,91,92]). Therefore, the collection
of pairs {(7V,¢,) : ™ € Aut(C)}, where ¢, : 0 € TV — log((n)~to) € Der(C),
turns out to be a holomorphic atlas on Aut(C) ([26, p.368]), so that Aut(C)
becomes a (complex) Banach manifold. Moreover, the multiplication (w,0) €
Aut(C) x Aut(C) — mo~' € Aut(C) is holomorphic with respect to the atlas
(Y, @x)reaut(c) and therefore Aut(C) is a Banach-Lie group ([26, p.370]). The

last statement is obvious.

Note that the result above does not ensure that Aut(C) is a submanifold of
L(C). It is an interesting problem to characterize, or at least to have a number
of examples of, those Banach algebras with this property. In this respect, see
Theorem 5.2 below.

On the other hand, if C is also unital, we can consider the homomorphism
of Banach-Lie groups Ad : Ge¢ — Aut(C) where G¢ is the group of invertible ele-
ments of C' and Ady(c) =UcU™! for c € C, U € Ge . Its kernel is the group of
invertible elements of the center Z¢ of C and its image is the subgroup Inn(C)
of inner automorphisms of C. The tangent map of Ad at the unit 1 € G¢ is the
map ad = (d Ad); : C — Der(C) given by ¢ — Aj(c), thus the kernel of ad is Z¢
and the image of ad is the space Derj,,(C) of inner derivations of C. If the first
Hochschild cohomology group H(C,C) is trivial, i.e., Der;n,(C) = Der(C), then
ad is onto. As a consequence, Ad is a submersion if and only if Z¢ is a comple-
mented subspace in C'; in this case Aut(C) is a Banach homogeneous space of G¢
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(this happens when C' is a von Neumann algebra, for instance. See also Theorem
5.2). Under the same hypothesis, H'(C,C) = 0, the connected component of the
identity in Awut(C) is the image by Ad of the principal component of Ge (see [28,
Chapter 7]).

For unital C* -algebras, it is worth mentioning the following important result,
which is in the same spirit as this paper: if C is a unital, C* -algebra then the map
Ad : U — Inn(C) is a fibre bundle if and only if Der;,,(C) is a closed subspace of
L(C), where U denotes the group of unitary elements of C ([25, Theorem 2.1]).

All the above considerations fit well in our setting, i.e., for A amenable and
B having property (DM) and being isomorphic to M,.(A). Let us start by noting
that if D is a bounded derivation from B into itself then the restriction of D to
A gives us an inner derivation, implemented by some p € B, since A is amenable.
Also, for v € B and a € A, D(v)a = D(va) —vD(a) = pra—vap—v(ua—ap) =
(uv — vp)a whence, looking at B as the multiplier algebra M, (A), we obtain
that D(v) = pv — vu and then H'(B,B) = 0. Hence the above remark on
connected components ([28, Chapter 7]) applies to B. As on the other hand every
automorphism ¢ of A can be extended to an automorphism ¢ of B = M,.(A)
by putting ¢(u)a = p(up=1(a)), for every u € B and a € A, we have that each
automorphism of the principal component of A isin Ad(Gp). Even more, we have
the following theorem concerning Aut(A).

Denote by Aut(A), the connected component of an automorphism 7 in

Aut(A).

Theorem 5.2. For A, B as in 5.1 the Banach- Lie group Aut(A) becomes a
discrete union of Banach homogeneous spaces with respect to G, and a closed
submanifold of L(A). Furthermore, the map

Ue€Gy— Ady om € Aut(A), is a fibre bundle for every m € Aut(A); in
particular we have that an automorphism ¢ is in the component of 7 if and only
if there exist puq,-- -, un € B such that p(a) = e!'..etmm(a)et...et for every
acA.

Proof: In view of the remark (iii) to Proposition 4.1 and Proposition 5.1 all we
need to show is the following. If ¢ = UnU~! for some 7 € Aut(A) and U € G,
then o € Aut(A) with inverse o~! given by o~ 1(a) = 71 (U talU) for every
a € A. This implies that the orbit O(rw) of every automorphism = of A in
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End(A) C Hom(A, B) consists entirely of automorphisms of A4, the tangent space
Der,(A) at each point of O(w) being complemented in L(A). Also, Aut(A) is
closed as a subspace of End(A) for, if (m,)22; is a sequence in Aut(A) such
that m, — o in the norm topology then |m, —o| < 27t||o|| 7 |M||7L, ||rn] =t >
27|o|| 7t for every n > ng and some ng € N. Hence |7, —o|| < [|[M||7}||7.] 71,
(n > ng), and then, by Proposition 4.1, we obtain that K, (o) € G and o =
K, (o)1 Kx, (0)71, (n > ng). Thus o € Aut(A). The remainder of the proof

follows now readily.

Theorem 5.2 applies to the algebra A = L'(G), for G amenable since it is a
two-sided ideal of B = M(G) and the space X = Cy(G) is a bimodule on L!(G)
for the convolution, such that L}(G) x Co(G) = Co(G) .

Other example which falls under the scope of the theorem is that of Aut(IC(E)),
where E is a reflexive Banach space and K(F) is the space of compact operators
on E, provided that IC(F) is amenable (it happens, for instance, if E has a shrink-
ing basis; see [13]). It is straightforward to verify that each of the technicalities
demanded on A, B, X in this section is accomplished by A = K(E), B= L(FE),
X = EQE* (for instance, K(F)-(EQE*) C EQE*, (EQE*)-K(E) C EQE™*).
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