The Integral Representation of the Elementary
Solution of the n-Dimensional Ultrahyperbolic
Klein-Gordon Operator Iterated k-Times.

SUSANA ELENA TRIONE

SUMMARY. The kernel G (P+i0,m,n) (formula (I,1;3)) can be expressed
by an integral representation by means of a simple (symbolic) Fourier integral
(cf. Theorem 1, form. (IL,1;7)). Theorem 2 expresses the useful particular case
a=2k where Gai(P+i0,m,n) is the elementary (causal, anticausal) solution of
the Klein-Gordon operator (cf. [1], p. 38, form. (II, 2;12)). The particular
case of the Theorem 2, corresponding to n=4, ¢=1, k=1 (cf. Theorem 3) is very
interesting because the formula (III,1;4), when we adopt the plus sign, has been
established by Bogoliubov-Parasiuk (cf. [5], p. 233) and plays an essential role in
the theory, due to these authors, of causal distributional products. Moreover, we
know that Go(P=+i0,m,n)=6 (cf. [1], p. 37, form. (IL,2;7)); therefore by taking
limits in both members of (II,1;7) for k—0, we obtain an integral representation
of the & measure of Dirac. We know that Ga(P+i0,m=0,n)=H,(P+i0,n) (cf.
[1], p- 49, Th.1, form. (IL,7;1)). We give in V.1 an integral representation of
H,(P+i0,n) by means of an inverse Laplace transform (cf. Theorem 4, formula
(V,1;9)). Finally, we study the particular cases Hax(P+i0,n) and Ho(P=i0,n)
(cf. (V,1;11) and Note).

I.1. Introduction.

Let « = (z1,%2,...,2,) be a point of the n-dimensional Euclidean space
IR™ . Consider a non-degenerate quadratic form in n variables of the form

P:P(:c):x%+...+ngx§+lf...fxf,_‘_q, (I1,1;1)
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where n = p+ ¢. The distribution (P =+40)* is defined by
(P £i0) = lir%{P:I:ie\xF}/\, (I,1;2)

where e =0, |z =27+ ..+22, \e C.

The distributions (P+40)* are an important contribution of Gelfand (cf. [2],
p. 274).

The distributions (P + i0)* are analytic in A everywhere except at \ =
—45 —k, k=0,1,..., where they have simple poles (cf. [2], p. 275).

Let Go(P £1i0,m,n) be the causal (anticausal) distribution defined by

Ga(P £0,m,n) = Ho(m,n)(P £i0)3(*3*) K, (y/mQ(P ¥ z’O)) , (L1;3)

where m es a positive real number, a € €, K, designates the well-known
modified Bessel function of the third kind (cf. [3], p. 78, formulae (6) and (7)):

7l ,(z) = 1L(2)

K, (2) = 1,1:4
(2) 2 sin v ( )
oo <£)2m+u
Lz)=S —2 11:5
(2) n;) m!T'(m+v+1) ( )
H,(m,n) is the constant defined by
iTagl—% ot 3qi(;,2)5(%2%)
Ho(m,m) = 22— ) (1,1;6)

v # integer.

II.1. The integral representation of the causal (anticausal) distribution
Go(P £i0,m,n).

We shall give a representation of the kernel G, (P +i0,m,n) (cf. (I,1;3)) by
means of a simple (symbolic) Fourier integral.
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We start from the formula (40), p. 283, [4], vol I,

/ e P itrTlem R dt def f(p,a,v)
0 (IL, 1;1)

valid for Rep >0 and Re a > 0
By making the change of parameters:
p==+i(m? Fic),
o =Fi(P+iclz]?),
where € > 0, m >0 and P = P(x) defined by (I,1;1); formula (IL,1;1) can be

written

RN

(P +ie|z|?) ,y>

=2"e*2" (m® ¥ ia)% (P+ i5|x\2)7% ‘K, {\/(m2 +ie) (P + z5|w|2)} :

f (j:z' (m?Fie) ,F
(I1, 1; 2)

We obtain, taking limits in both members of (II,1;2) for ¢ — 0,

lim eEilm* Fie)ty—v—1,F 4 (P +ic|x|®)dt
==0Jo (I1, 1; 3)

= i Er (P4 0) K, [\/mQ(P x ¢0)} .

By putting v = 5%, we have

oo

lim eii(m%ia)tf(’*;—a)qe;ﬁ(Piism?)dt
=00 o (IL 1 4)
naly tig(npe) sso (=) :

=272 T2z Imz (Pi0)T 7 2 Koo (\/m2(P:|:ZO)).

By multiplying both members of (I,1;4) by adequate constants we can write,
equivalently,

Ci(n,a,q)lim eHilm?Fie)ty = (252 =1 F 4 (Piclel*) gy
=00 (IL 1 5)

= Ho(m,n)P(£i0)* (7K .. (\/mQ(P X z‘O)) :
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where the constants Cy(n,a,q) are
91— 3 ¢iFa Fi5("5%) tida

(2m)%T (5)

C:t(”aa7Q) = (IL 1a6)

From the definitory formula (I,1;3) the right-hand member of (II,1;5) is, pre-
cisely, Go(P %10, m,n). Therefore, we have prove the following theorem.

Theorem 1.  The causal (anticausal) distribution kernel G,(P =+ i0,n)
admits the integral representation

oo

Go(P £i0,m,n) = Cy(n,a,q) lin%) eii(mQ:FiE)tt_(%)*le:F%t(Piie‘z|2)dt,
E— 0
(I, 1;7)
where the constants Cy(n,«,q) are
91-% piFa Fi5(132) oiZa
Ci(n7aaQ) = (II, 1,8)

(2m)5T (%)

III.1. Particular cases.

The distributional functions Gay (P £ 0, m,n) where n = integer > 2 and
k=1,2,... (called “Feynman distributions”) are elementary causal (anticausal)
solutions of the ultrahyperbolic Klein-Gordon operator, iterated k-times (cf. The-
orem 3, p. 38, formula (I1,2;12) of [1]):

K {Gar (P £i0,m,n)} = 0,

where K% is the n-dimensional ultrahyperbolic Klein-Gordon operator iterated

k -times:
L[ 02 o2 )
k=L L < 9 20 (IIL, 1; 1)
0z? o2 Ox2,, o2, ,

m>0 and p+qg=n.



It is useful to register the particular case of the Theorem 1, corresponding to
a=2k.

Theorem 2.  The elementary solutions Gay(P=+i0, m,n) admit the integral
representation

o0 . i
Gop(P £1i0,m,n) = C1(n,k,q) - iirr(l) eti(m*Fie)th—5 -1, eiﬁ(PﬂsW)dt,
—0Jo
(IIL, 1; 2)

where the constants Cy(n,k,q) are

217ge:tigq€¥i§(%—k)

Calnbd) = =6 35

(I11,1; 3)

Moreover, it is useful to register the particular case of this theorem, corre-
spondingto n=4, ¢g=1, k=1.

Theorem 3.  The solutions Ga(P +1i0,m,4) of the Klein-Gordon operator
admit the representation

Go(P £i0,m.4) = lim -

/ e:l:i(mQZFie)t%eqiﬁ(m%+z§+x§7xi:tis|a:|2)dt'
t
0
(111, 1; 4)

This last formula, when we adopt the plus sign, has been stablished by

Bogoliubov-Parasiuk (cf. [5], p. 233) and plays an essential role in the theory, due
to these authors, of causal distributional products.

IV.1. Note.

We know (cf. [1], p. 37, formula (I1,2;7)), that
Go(P £i0,m,n) = 4.

Therefore, the thesis of Theorem 2, permit us, by taking limits in both members
of (I1,1;6) for k — 0, obtain an integral representation of the ¢-measure of Dirac,
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by means of a simple (symbolic) Fourier integral.

V.1. The integral representation of the causal (anticausal) distribution

H,(P +i0,n).

We define the causal (anticausal) distribution H, (P +i0,n) as follows:

imta

+i%qm (n=c
ez e 2F(2
(e}

20T (5)

a—n
2
)

Ho (P +i0,n) = ) (P +i0)

(V,1;1)

where o € €', P is defined by (I,1;1) and ¢ is the number of negative terms of
the quadratic form P.

We know that Go(P £i0,m = 0,n) = H,(P +1i0,n). (cf. [1], page 49,
Theorem 1, formula (I1,7;1)).

The distributional functions H, are the causal (anticausal) analogues of the
elliptic kernel of M. Riesz ([6], pp. 16-21) and have analogue properties, that we
use to obtain causal (anticausal) solutions of the n-dimensional ultrahyperbolic
operator, iterated k-times (k integer > 1),

k
02 o? 0? 02
L= 4. 4+ —=—— > . 1;2
{axf ot oz Ox7,, Bxgﬂ} (V;152)

We shall give a representation of the kernel H, (P +i0,n) (cf. (V,1;1)) by

means of an inverse Laplace transform.

We start from the formula (31), p. 264, [4], vol.1,

def

/00 e Pl exp (—ae*t) dt = f(a,p)
0

=a Py(p,a),

(V,1;3)

here (cf. [4], p. 387)

'y(a,x)z/ et lat
0

=a '2* | Fl(a+1;—x),

(V,1;4)

6



is the incomplete gamma function and 1Fi(a;c¢;2) is the Kummer’s confluent
hypergeometric series (cf. [4], p. 373).

By making the change of parameters
a= (P *icz|?),

p:_<a—n> (V,1;5)
5 )

where ¢ >0 and P = P(z) = I%+-.-+Z‘IQ,—$§+1 —~-~—$§+q, p+q = n; formula
(V,1;3) can be written

f [(PiiMIQ),— (a_n)] = /OOO e (5T ) exp [—(P +ielx?)e"] dt

2
a—n
2

, P+ i5|x|2> .
(V,1:6)

(P icl?) Ty (—

We obtain, taking limits in both members of (V,1;6), for ¢ — 0,

liH(l) e (o) exp [—(P + i5|X\2)e_t} dt =P+ iO)%'y (n;oz’P iiO) .
E— 0
(V,1;7)
Taking into account the definitory formula of H,(P +i0,n) (cf. (V,1;1)),
by multiplying both members of (V,1;7) by adequate constants, we can write,

equivalently,

Ci(n,qa)y™" (n;a,P:I:iO> . lim/ e” "7 exp [—(P Liex[*)e "] dt
0
_ TS (s,
3T (5)

(V,1;8)

From the definitory formula (V,1;1) the right-hand member of (V,1;8) is,
precisely, H, (P £1i0,n). Therefore, we have proved the following theorem

Theorem 4.  The kernels H,(P £ i0) admit the integral representation

H, (P £i0,n) = C+(n,q,a)y " (%7 P +40, n) lir% e*(PﬂEMQ)te(a;n)e_tdt,
E— 0
(V,1;9)



where the constants Cy(n,q,«) are

C:t (n7 q, Ol) = (V7 1; 10)

It is useful to register the particular case of the Theorem 4 corresponding to
a = 2k . We observe that the distributions Hai (P £i0,n) are (causal, anticausal)
elementary solutions of the homogeneous ultrahyperbolic operator iterated k-
times (cf. [1], p. 41, formulae (IL,3;13) and (I1,4;4)).

Theorem 5.  The elementary solutions Hop(P £ i0,n) admit the integral
representation

)

(V,1;11)

Hy(P+i0,n) = Cy(n, k,q)vfl(”*T%, P +i0,n) lirr%) e (Piclalt (252 )e™" gy
E— 0

where the constants Cy(n,k,q) are

BiWkeii%qF (n;Qk)
203 T(k)

Ci(n7k7Q) = (Vv]-; 12)

Note. We know that Ho(P £1i0,n) =9 (cf. form. (II,1;8), p. 323, [7]).

Therefore, the thesis of Theorem 5, permit us, by taking limits in both mem-
bers of (V,1;9) for k — 0, obtain an integral representation of the ¢- measure of
Dirac by means of an inverse Laplace transform.
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