A substitute of harmonic majorization
LiLiaANA DE ROSA AND CARLOS SEGOVIA

ABSTRACT. A substitute of harmonic majorization of powers of harmonic func-
tions in R is given for one sided kernels and one sided doubling weights. The
substitute of harmonic majorization obtained is applied to the study of a gener-
alization of the Ty, functions of Fefferman and Stein.

It is well known, see [SW] and [GR], that if u(z,t) is a harmonic function
defined on the upper half plane (t > 0), 1 < ¢ < oo and § > 0, then there exists
a function g(x) > 0 such that

u(z,t)|° < Py g(x),

where P;(z) = 11— is the Poisson kernel on R% and

— T t2+4zx2
/g(z)qd:c < /u*(x)q5dx,

where u*(z) = sup|,_, |« [u(y,t)|. The purpose of this paper is to generalize these
results to kernels different from the Poisson kernel and other maximal functions.
The result we obtain is stated in Theorem (5). We apply Theorem (5) to the study
of a one sided version of the T, function of Fefferman and Stein [FS] and the
results obtained in this direction are stated in Theorem (18).

The Lebesgue measure of a set £ C IR is denoted by |E| and its characteristic
function by X g(z). As usual, a weight w(z) is a Lebesgue measurable and non-
negative function defined on IR . A function f(z) belongs to LP(w), 0 < p < oo,

00 1/p
if || fllee) = (f_oo |f(:c)|pw(ac)dz) is finite. If w(z) = 1, we simply write
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| fllzr or || fllp. If E C IR is a Lebesgue measurable set, we denote its w-measure
by w(E) = [, w(t)dt. The set function w(E) is a measure on the o-algebra of all
Lebesgue measurable subset of IR . If w([z,x + 2t]) < ¢y - w([z,2 + t]) holds for
every z € IR and t > 0, we shall say that w(z) is a right hand doubling weight.

A weight w(z) belongs to the class A, , 1 <p<oo, if there exists a constant
cw,p such that for every a < b < ¢, we have

(] ) ([ ir18) e

and w(x) belongs to A7 if

1 xT+s
sup f/ w(y)dy < cyp1w(x)
s>0 S Jgp

holds for almost every « in IR .

We define the left sided Hardy-Littlewood maximal M~ f(z) as

Mg =swt [ 15wy

s>0 S

E. Sawyer proved in [S] that in the case 1 < p < 0o, there exists a constant ¢, p
such that

||M_f||LP(w) < Cw,p
if and only if w € A, . Moreover, the inequality

|f||LP(w)

sw({z: M~ f(x) > s}) < cuw1|lfllorw)

holds for every s > 0, if and only if w € A7 .

Let w(xz) > 0 defined on IR . Given a Lebesgue measurable function f(x),
for every bounded interval I we define m;(f,w) as

ma(f,w) = ﬁ / F@lwlydy, i 0<w(l) < oo

and
my(f,w) =0, it w(I)=0 or w(I)=o00.

Then, the maximal function M, f(x) is defined as

(1) wa(l‘) = Supmj(f,w),
zel
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where the supremum is taken over all bounded intervals I such that « € I. Since
we work on the real line it is well known that there exists a constant ¢, such that
the weighted norm inequality

(2) M fllLawy < cqllfllLaw)
holds if 1 < ¢ < 00, and
sw{zr € IR : Myf(x) > s}) <c|lfllorw)

holds for every s > 0.

As usual, by C§° we mean the class of all functions with compact support
and derivatives of all orders, and S stand for the class of functions with rapidly
decreasing derivatives of all orders.

Let v be a non-negative integer and &, the class of all C§°-functions ¢(z),
such that there exists an interval I = [0, 3] satisfying

(i) support () C I

(ii) [+ D7]loe < 1.

Given a bounded function f(z) with compact support, we shall consider the
left sided maximal function f* | defined as

(3) fZ (@) = sup [ f * ()|

where the supremum is taken over all ¢ belonging to ®., see [RS].
Let »r >0 and s > 1+ r, we define the function

T

(4) h(x) = m

X (0,00) ().

For any function ¢(z) we denote by ¢;(x) the function ¢;(x) =t~ tp(z/t).
With these definitions and notations we can state the main result of this paper.

(5) THEOREM. Let w(xz) be a right hand doubling weight, k a non-negative
integer and p(x) € S with support contained in [0,00). Given a bounded function
f(z) with bounded support there exists a non-negative function g(x) such that

(6) |f # @e()] < e(g * he(a)" 2

and

(7) / o) iw(z)de < ¢ / £ i ()7 20y (1) da
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hold with 1 < ¢ < oo and a constant ¢ depending on k,p,h and q.
In order to prove Theorem (5) we shall need some results.
(8) LEMMA. Let w(z) be a right hand doubling weight. If {x} is a sequence

of real numbers and {ri} and {\;} are sequences of positive numbers, then given
a > 1, there exists a constant ¢, q(w) such that

< Cq,a(w) HZ Ak X (zk,@K+T5)

HZ A X (zg,xr+ary) La(w) —

La(w)

holds for 1 < q < co. The constant ¢ depends on w and q.

Proof. The proof of this Lemma for a doubling weight is sketched in Lemma 4,
page 115 of [ST]. For the sake of completeness we give the proof here. First of all
we observe that it is enough to prove this lemma if w((xg,zr +71)) < 0o for every
k. Actually, we can assume that 0 < w((zg,zr + 7)) < 00, k > 1, and since
w(x) is a right hand doubling weight it follows that 0 < w((xg,zk + arg)) < co
for every k. Let g(z) > 0 and M,g(z) the maximal function defined in (1). For
xp <z < x + 711, We have

Trtarg
[ s < i + )M z),
Tk
Therefore, since w(x) es a right hand doubling weight, we get
Trtarg Tr+Tk
/ g(z)w(z)dr < c/ M, g9(z)w(z)dz,
T Tk
for every k. Then

>,

Te+Tk

g(@)w(x)de < )\m/ Mog(2)w(z)dz,
k

Tptarg

Tk Tk

which is equivalent to

/OO <Z )\kX(xk,mk+ark)<x)> g(x)w(x)da?
k

< C/OO Z)\kx(xk7$k+7"k)(z) ng(Z)UJ(Z)dZ
k

— 00
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Applying Holder’s inequality and (2), we have that the right hand side above
is bounded by

c Z Ak X (Tk, Tk +78)

k

Hg||L‘1/(w)7
La(w)

and the Lemma follows immediately with ¢, ,(w) = C'.

(9) LEMMA. Let —co<a < f<oo and I = («a,8). Let k be a non-negative
integer and a(x) a function satisfying

(i) flalloo < o0,

(ii) support of a(z) contained in I and

(iii) if ¢ is a non-negative integer, £ < k, then [z‘a(z)dz=0.
Then, for ¢(x) € S with support contained in [0,00) we have

a) if © <« then ¢ xa(z) =0,

b) if © > « then for any integer n > 1

laflool| D" pllso (= ="
1 <
and
(11) o x a(z)] < [lall [l

¢)if x> B+ (8 — «) then for any non-negative integers u and v

I—a)“

k+2
8 —a (2=
< .
|Sot * a($)| — ckwuuv»§9||a”00 ( t (1 x;a)v

Proof. By a change of variables, it is enough to prove the Lemma for the case
a = 0. Let us show part a). It is evident since ¢; * a(z) is the convolution of
functions supported on [0,00). Part b) (10): Since = = 0 is a zero of ¢ of infinite
order then ¢(z) = 2"D"p(0z)/n! with 0 < § < 1, for any integer n > 1.

Thus, |p(2)] < ||[D"¢||leo|2|™/n!. Then, we have

B z/t
lpr + a(z)] < Ha||oo/0 lpi(z —y)ldy < ||a||<>o/O |p(2)|dz.

Therefore,
allco En()& o] n-+
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Part b) (11) is obvious. As for part c), taking into account (iii) we have

(12)  prra(e)=t" / [w (x ; y) - Zz; (_ty)Z %Detp (i)] a(y)dy.

Since ¢(x) € S and the support of p(z) is contained in [0,00), given any non-
negative integers u and v we have

D" (2)] < cruppz” /(1 +2)",
for z > 0. Then, by Taylor’s formula the integrand in (12) is bounded by
k u
c ;HGH B8 " (/)"
v (1o \ (1+az/t)"’

thus, integrating we get c).
(13) LEMMA. Let h(z) be the function defined in (4). Let I =[a,f] and I =
[a, B+ B — a]. Then,

a) if x < a then hy+ X7 (z) =0,
b)ifa<z<f+pF—a and x —a <2t then

3_3 _ r+1
he * Xy (2) > <x 0‘) ,

—r+1 t
cifa<zr<fB+F—a«a and x —« > 2t then
hy * X7 () > 37°,

and
d)if 8+ 5 —a <z then

f-a_ (52)
(14 22)

S -

hy* X7 (z) > 277

Proof. Without loss of generality we can assume that o = 0. Part a) is obvious.
If 0 <z <208 and =z < 2t, we have

o X () = /025 ho(z — y)dy = /Om/t h(z)dz

z/t T —s r+1
_ / " s 3 (5
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which proves b). Let 0 < <28 and x > 2t. We have

z/t 2 P
he % X~ () = h(z)dz > ———dz > 3%,
@ = [ hee> [ s

which proves ¢). Finally, if x > 23,

23 B
s (@) = [ o =)y = [ b= )dy
0 0

which proves part d).
From Lemmas (9) and (13) we get the following proposition:

(14) PROPOSITION. Let I, a(z) and o(x) as in Lemma (9) and, h(z) and I,
as in Lemma (13). If u=1r(k+2), v=s(k+2) and n=(r+1)(k+2) -1, we
have

k+2
(15) o % a(@)] < errllalloe [+ X5 @)]

Proof. Tt is obvious that (15) holds if z < «. Let @« < 2 < 4 — a and
2z —a < 2t. By (10) and part b) of Lemma (13), we have

k+2

r41)k2 "
U ) 30 Dl [ X ()]

lor * a(x)] < )

and therefore (15) holds in this case. If a <z <+ 0 —«a and = — a > 2t, by
(11) and part ¢) of Lemma (13) it follows that

k+2
o xa@)] < 3D gl alloo (e x X7 (@)]

b

proving (15) also in this case. Finally if o > 8+ 8 — a by part ¢) of Lemma (9)
and part d) of Lemma (13), we get

_ k+2 (z—a\¥
o+ (o)) < sl (272) (f+2}wv

k42
< nrsip? Calloe [hex X (@)]



8 L. DE ROSA AND C. SEGOVIA

ending the proof.

Let f(z) be a bounded function with bounded support and let f* ;. ,(x) be
the maximal function defined in (3). This function is finite everywhere on IR . The

sets ‘
Qi ={z: [ pq(x) > 2"}, e Z

are open and bounded. By Theorem (2.2) of [RS], if I;; stand for the connected

components of €2, , there exist functions a;;(x) such that

(1) llaijllo <,
(ii) the support of a;; is contained in I;;,

(iii) for every integer ¢, 0 < ¢ < k,

/xeaij(x)daj =0, and
() f@) =323 asi(o)

Tt is easy to see that for any ¢(z) € S

) [ aeads =32 Y [ay@)etwys.

Now, we can prove Theorem (5).

(16)

Proof. Let ¢(x) belong to S and support of ¢(x) contained in [0, 00).

Proposition (14) the functions a;;(z) described in (16) satisfy

k42
laij * ()] gc(ij*ht(m)) .

Then, by (v), we get
k+2
Frpu@) < 302/ IXG w h(a)
i j '

If we define ‘
) = 32/ X (i),
J

we have fo
| * pi(@)| < e (g ()2,
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which proves (6). On the other hand, by Lemma (8), it follows that

HgHLq(w) <c ZQU(M_Q) Z X1,
‘ J L (w)

Then, taking into account that
21/k+2

Z2i/k+2 Xq,(z) < 21/k+2 _ 1fi,k:+1($)1/k+27

we obtain the inequality (7).

Application. Let A > 1 and r > 0. We define a right hand sided version of
the T), function of Fefferman and Stein, see [FS], as

5 T 1/7‘
Ty, f(x) = sup <5A/ / 72 f % sat(y)lrdydt> :
>0 0 x—0

where |p(x)] < ¢(1 + |z[)'*®, € > 0, and the support of ¢(x) is contained in
[0,00) .
Proceeding as in [MW] we obtain that if A <r

(17) Ty, o f @) < M= (|f17) (@)

holds for every © € IR. If A\ > r, let £ be a non-negative integer such that
A < r(k+2). By Theorem (5) we get

5 = 1/r
Ty, ,f(x) <c sup (6‘*/ / %[ * ht(y)]r(k”)dydt)
0 z—0

>0

_ k+2 B k42
=c [ A,r(k+2),hg(x)} =¢ [ )\,s,hg(l')} )

with s = r(k+2). Since A < s, by (17) with s instead of r, we have

Ty, f@) <o [ (o) @)
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Thus -
/ [T/\Tmpf(x)}pw(x)dx < c/ {M_ (gs/k) (x)} N w(x)dx

< c/g(ac)(k"FQ)pu/(gc)clas7

if % >1 and we Ay . Taking info account (7) we obtain the inequality

/[TA,T,g@f(x)]pw(x)dI < C/fi7k+1(x)pw(o:)dx.

Thus, we have proved the following theorem which generalizes a result of B. Muck-
enhoupt and R.L.Wheeden [MW].

(18) THEOREM. Let p > %, k42 > % and w € A)_\p/r. If p(z) € S with

support contained in [0,00), then

p
/[ /;r,sof(x)} w(x)dz < C/f:kﬂ(f)pw(m)dx
holds with a finite constant ¢ depending on \,7,p,w,k and p.
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