THE PERIODIC PARABOLIC EIGENVALUE PROBLEM
WITH L* WEIGHT

T. GODOY! E. LAMI DOZO? S. PACZKA®

ABSTRACT. In this paper we study existence, uniqueness and simplicity
of the principal eigenvalue for the Neumann and the Dirichlet periodic par-
abolic eigenvalue problem with a bounded, possibly discontinuous, weight

and suitable regularity conditions on the coefficients.

1. Introduction.

Let Q be a bounded domain in IR"™ with C?**? boundary, 0 < 6 < 1, let
{aik(z,t) hi<ik<n; {aj(x,t)}1<j<n be two families of (6,6/2) Holder continuous
functions on Q x IR . Suppose a;(x,t), a;(x,t) are T -periodic functions in ¢,
satisfying the symmetry condition a;; = aj,; and such that for some ¢ > 0 and
all (x,t) € Qx IR, (&1,62,..6,) € IR™

D aik(z, )68 > ey &
ik -
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We consider the periodic parabolic boundary eigenvalue problem

ou/ot — Z a; k(z,t)D; pu — Z a;(z,t)Dju = dm(z,t)u

Bu=0 (1.1)

u(x,t) = u(x,t +T) for (z,t) € QA x IR
where Bu = ujpox g or Bu = du/0v along 0Q x IR . (v the exterior normal
to Q). The case m € C%%2(Q x IR), m(x,t) T-periodic in t, is solved, for
Bu = ujpax r by Beltramo-Hess in [4] and for general boundary conditions (that
includes the Neumann condition), in [3] by Beltramo. They find necessary and
sufficient conditions for the existence, uniqueness and simplicity of the principal
eigenvalue. In [3], the key for existence result is that

T
/ supm(z,t)dt >0 (1.2)
0 =€

implies the existence of a Holder continuous function ¢ : [0,7] — IR such that
fOT ¢(t)dt > 0 and such that in a suitable tubular subregion of  x [0,T] m(z,t) >
c(t). In this paper, we show that, under the additional assumption D,a;; €
C(Q2 x IR) these results can be extended for an arbitrary T -periodic function
m € L*°(Q x IR). The main difficulty is that such a ¢ may not exist. However
we prove that (1.2) is equivalent to have m with positive integral in a suitable
tubular subregion of 2 x IR . This is sufficient to obtain the desired results.

2. Notation and Preliminaries.

We set, for u € C21(Q x IR), Lu= 0u/dt + A(x,t, D)u, where
A(z,t,D) = — Z a; k(z,t) Dy pu — Z a;(z,t)Dju

Let a(x,t), f(x,t) betwo T -periodicin ¢ functions belonging to C??/2(Qx
IR), 0 <8 < 1. We start recalling some well known facts concerning the existence
of solutions for the parabolic boundary problem

(L+al)u=fin QxR
Bu=0
u(z,0) = up(x)
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with Bu = Ou/0v or Bu = ujpox Ir -

For p > 1, let WaP(Q) = {f € W*P(Q) : Bf = 0}. Let E be a vector
space of functions on Q x IR, we set Er = {f € E : f(z,t) = f(z,t +T)
a.e. (r,t) € Qx IR} and Ep = {f € ENDom(B) : Bf = 0}. The norm on

. 1/p
LE.(2 x IR) will be the norm HfHL;(Qx R) = (fo(O,T) |f|P> .

We fix, for the whole paper, n+2 < p < co. Let X = LP(f2). We consider
Au(t) : WEP(Q)C X — X, t€ IR, given by

Aa(tu == aix(+ . t)Dipu— > a;(+,t)Dju+a(-,t)u.

Each A,(t) is a closed, linear and densely defined operator, with domain
independent of ¢. Moreover for k large enough, say k& > 1+ ||alls, we set
A=A,15(0). For 0 <a <1 let A* be defined as in [7]. Let X, be the domain
of A%. For z € X, we set [[z||o = |[[A%Z||1r(q) . Provided with this norm X, is
a Banach space. Let || [|og denotes the norm in the space of the bounded linear
operators from X, into Xg, 0 < a,8 < 1. Then we have

X0 CXpfor 0<f<a<l1, Xo=LP(Q), X1 =WaP(Q)

and for B < a the inclusion i, : Xo — X is a compact operator. Moreover
for 1/24+n/(2p) < a <1 we have X, C C5"7(Q) for some 0 < v = v(a) < 1
where C57(Q) denotes the subspace of the elements in C'*7(Q) satisfying the
boundary condition and this inclusion is compact. [cf. [2], p. 16; [7], p. 33].

The inhomogeneous linear evolution equation

{$+Awﬂﬁwﬂ=f@ FeC(0,T+w],X), 0<6<1
u(0> = Uo ug € X

has an unique solution u satisfying

{u € C([0, T +w],X)NCH(0,T + w], X foruge X
ue CH[0,T + w], X) if ug € Xj.

Moreover, for 0 <t < T +w, u(t) is given by

ww:memw+/Uﬂmmﬁmm (2.1)
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where U,ir € B(X), 0 <7 <t <T+w, is the associated evolution operator.

We denote A ={(t,7) € [0,T4+w] X [0,T4+w]:0<7<t<T+w} and we
consider U, (t,7) = e**=7 U, x(t, 7). Known properties of U, % (see [2], lemma
2.1) imply, for (t,7) € A’ ={(t,7) € A: 7 < t}, that

U(t,T)lap < (a0, B,7)t—7) T for0<a<pB<l,f-a<y<l1 (2.2)
Andfor 0<a<pf<1,0<y<fB—a,and (t,7),(s,7) €A
[Ua(t,7) = Ua(s:7)llg,a < (e, B,7)]t = s|” (2.3)

We put, for 271+ (2p)™! n<a <1, Koo = Ua(T,0)1x, : Xa — Xa.

Remark 2.1. We observe that f € LP(Q), f > 0 and (¢,7) € A imply
U,(t,7)f belongs to the interior of the positive cone in C5T"(Q), ([7], lemma
13.4).

3. Auxiliary Lemmas.

For A > 0 in IR it is natural to have a generalized solution operator
(L +)N)"':Lh(Qx R)— LE(Qx IR)

compact and positive. Moreover the restriction to C2"/*(Qx IR) coincides with
the classical solution operator. Our aim is to prove that the same result holds for
(L +a)™! with a(z,t) € L¥(Q x IR) such that 0 < § < a(x,t) < d < oo, for
some 6, d € IR .

Since p > n+2, we can fix, from now on, 0 < a < 1 such that %+% <a<l
and 1~ <p<a.
We will need the following

Lemma 3.1. Suppose as above Bu = Ou/0v or Bu = ujpox m - Let
acC2@Qx R), 0<0<1, a(x,t) T-periodic in t satisfying
a>0 and a#0 if Bu=0u/0vpaxm

a>0 if Bu = ujpq.
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Let Xo = LP(Q) and X, = WZP(Q) in the preceding construction. Then there
exists 0 < vy < 1 such that the operator

Syt LB(Q x IR) — CV([0,T + w], Xo)

defined by

T t
Sa(g)t = Ua(t,0)[I — K4t (/0 Ua(T,T)g(T)dT> +/ Ua(t, 7)g(7)dT

is an injective, positive, and bounded operator.
Proof. We fix § such that 1 > (3 >« and 1/(1 — ) < p, also we fix § such
that 0 <d < f—a,and v, 1 >+" > 3, such that p > 1/(1 — ). We set

S0 (9)(t) = / Ua(t, 7)g(r)dr
T

Sa,Z(g)(t) = Ua(t,O)[I - Ka,arl </ Ua(Tv 7)9(7)d7>
0

We note that the integrals exist in the Bochner sense. The strong continuity of
the evolution operator implies the measurability of the application from [0,7 + w]
into X, given by 7 — U, (t,7)g(7). (2.2) and Holder inequality give us

t
sup / 1Ualt; )g(r) ladr < clglzr i ).
tel0,T4w] Je

Also, for 0<s<t<T+Hw

[1(Sa,19)(t) — (Sa,1g)(8)||a</08||[Ua(t78) —Ua(s,8)llap [1Ua(s; )08 llg(m)llodT

t
4 / 1Ua(s,7)ll0.0 l19(r) lodhr.

A straightforward computation using (2.2) and (2.3) shows that, for some ¢ > 0,
e>0
1(Sa,19)(t) = (Sa19)(s)lla < clt = s[°[lgllLz (x m)
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K, : K, — X, is a compact, and strongly positive operator with spectral
radius 0 < p(K,) <1 ([7], Remark 14.1 and Lemma 14.2), so (I —K,)"!: X, —
Xo is bounded, then (S,,29)(t) is well defined. We have

1(Sa,29)(t) = (Sa,29)(5) o
T
<[|Ua(#,0) = Ua(s,0)llg,a (1 = Ka)lew/o 1Ua (T, )50 llg(T)llodT

<elt = s°ll9ll L. ) -
Also
1(Sa,29) () lla < [1(Sa,29)(t) = (9a,29)(0)lla + [|(Sa,29)(0) [l
then

sup [|(Sa,29)()]la < €llgllLz@x m)-
te[0,T4w]

So, for some v € (0,1), S, : L (2 x IR) — C?([0,T + w], X,) is bounded.
The positivity assertion follows from remark 2.1.

To prove the injectivity we note that for g € L. (2 x IR), S,(g9) = 0 implies
Sa(g)(t) =0 in C(Q) forall ¢, t =0 gives (I — K,)~"(f) Ua(T,7)g(r)dr) =0
and so fg Uu(t,7)g(r)dr =0 for 0 <t <Tw. Then for s <t

Oz/ Uy (t,m)g(T)dr
— Ut s) / Ua(s,7)g(r)dr + / Ua(t,)g(r)dr

t

Ua(t, 7)g(7)dr = 0.

I
—

So U,(t,7)g(t) =0 a.e. 7€]0,¢],forall 0<t<T+w,then g=0. .

We note that, for g € Cgie/z(ﬁx IR) and t € (0,w), S.(g)(t+w) = S.(g9)(t)
and so, by density, the same holds for g € LL.(Q x IR). So S,(g) has an unique
T -periodic extension to Q x IR , we will denote this extension also by S,(g) .

Corollary 3.2. Under the assumption of the Lemma 3.1 S, : LE.(€2 x
IR) — L% (2x IR) is a compact operator. Moreover, there exists v, 0 <~" <1,
such that
Su:Cpg T (Qx R)— Crfg 7 (@ x R)
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is a compact operator.

Proof.  1/2+n/(2p) < a < 1 implies that there exists 0 < ¢ < 1 such that
X, C C*7(Q). Moreover, for some 0 <" < 1 we have

CL(IR,X,) C O " (@ x R) C LL(@Q % IR)

with continuous inclusions and the last inclusion is a compact operator by Ascoli
Arzela theorem. .

Remark 3.3. Weset Y =Cp) 7 (@x IR). Then S, : LL(Qx R) — Y
is a strongly positive operator. Indeed, for a positive ¢ in LL(Q x IR), Sag
belongs to Y, moreover for ¢ € IR remark 2.1 and the definition of S, imply
that, for the Neumann boundary condition, S,(g)(t) is a never zero function in
C(Q), so S.(g) belongs to the interior of the positive cone in C(Q x IR). For
the Dirichlet boundary condition, we note that S,(g)(t) belongs to the interior
of the positive cone in O3 () and 9(S.(g)/dv is a continuos and never zero
function on 90 x IR, so S,(g) belongs to the interior of the positive cone in
o @ x R).

In the sequel Krein Rutman Theorem refers to the version stated in [1], Th.
3.2.

Remark 3.4. Under the hypothesis of the Lemma 3.1 the spectral radius
of the operator S, : L. (2 x IR) — L%.(Q2 x IR) agrees with the spectral radius
of its restriction S, :Y — Y.

Indeed, the spectrum of S, : LL.(Qx IR) — L% (Qx IR) is the point spectrum
(except by the zero element), and every eigenfunction belongs to Y, so both
spectra agree (except perhaps by the zero element).

Krein Rutman theorem, corollary 3.2 and remark 3.3 imply that these spec-
tral radius agree with a positive eigenvalue and no other eigenvalue has positive

eigenfunction.

Remark 3.5. Let )\ be a positive real number; for a = A\ we consider the
bounded operator Sy : L. (2x IR) — Y . We observe that W = Sy(LL.(Q x IR))
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is independent of \. Moreover, for A\, € IR”° we have S;l — A = S;l —pl
on W.

Definition 3.6. We define IL : W — L% (2 x IR) by
L =S'"-X, X>0.

IL is an extension of the differential operator L, such that IL + X : W —
LY. (2% IR) is a bijective operator with positive inverse. We consider W endowed
with the Y -topology. It follows that IL : W — L4.(Qx IR) is a closed operator.

Let P be the positive cone in Y and let Ty, Ts be operators on Y , we say
Ty < Ty if (To—T1)(P)C(P)°.

Lemma 3.7.  Suppose a € LP (2 x IR) satisfies 6 < a(z,t) < d for some
positive constants 0 < 6 < d and W, Y as in remarks 3.6 and 3.3 respectively.
Then

(1) L +a:W — LE(Q x IR) is a bijection with continuous inverse.

(2) (IL +a)~t:Y — Y is a strongly positive and compact operator with
positive spectral radius r .

(3) (L +a) ' :LE(Qx R) — LY(2 x IR) is a compact operator and its
spectral radius agrees with .

(4) This spectral radius is an eigenvalue with positive eigenfunction and no
other eigenvalue has positive eigenfunction.

Proof.  We choose n € IR, n > d and we set

Ty LB(Qx R) - I2(Qx R), =123

given by
T1 = (’f] — d)S
Ty = Spo(n —a)
T5 = (n—196)Sy

where 7 — a denotes the operator multiplication by 7 —a. Each T; is a positive
and compact operator, then the spectrum o(7;) is the point spectrum (except
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perhaps by the zero element). For i =1,2,3 T;(L5.(Q x IR)) is contained in Y,
then the spectrum o(7;) agrees with the spectrum of the restriction T;y : Y —
Y (except perhaps by the zero element). Also, we note that these restrictions
are strongly positive operators. Let r; denotes the spectral radius of T;. Now
0 <n—d<n—a<mn—20 and then, as operators on Y, T} < Tp < T3.
Suppose the Neumann condition, since (IL + 1)(1) = nl, the Krein Rutman
thorem says that 1/n is the spectral radius of S, . The same theorem gives us
ry <rge <r3,and so 0 <ry <1. For the Dirichlet condition, let Ag, ug be the
principal eigenvalue and the positive eigenfunction associated, respectively for L,
ie. (L +n)ug = (n+ Xo)uo. So 1/(n+ Xo) is the spectral radius of S, then
0 < r9 < 1. From this we obtain, in both cases

(L +a)™ ' =[I—=(L+n""(n-a) ' (L+n~"

which implies (1)-(4). .

Suppose a as in Lemma 3.7. We set
So=(IL +a) ' LE(Qx R)— LL(Qx IR)

Note that, for a € C?%%/2(Q x IR), S, agrees with the operator defined in the
statement of the Lemma 3.1.

Remark 3.8. Suppose the Neumann boundary condition. We consider
(L +1)7':L(Qx R) — LE(Qx IR)
The Krein Rutman theorem implies that
(L +1)"": 12 (Qx R) — LE(Q x IR)

has a positive eigenvector ¥ with eigenvalue 1. We normalize ¥ such that
(v,1)=1.

Remark 3.9. Let m(x,t) be a T -periodic in ¢ function in L¥(Q x IR)
satisfying |[m|. < 1/2. Suppose A € IR”", then (by Lemma 3.7)

S)\(l—m) : L%(Q X IR) — L%(Q X IR)

9



is a compact and positive operator with positive spectral radius p,,(A). We define
p: RZ" = IR by p,(\) = pm(N)~1 =X for A >0 and p,,(0) = 0. Tt is known
that, for a Holder continuous m, p,, is a concave function. Now we extend this
result to a bounded m .

Lemma 3.10.  Let m be a function in L$(Q x IR). Then p,, is a
concave function on [0,00) and p,, is analytic on (0,00).

Proof. ~ Without lost of generality we can suppose ||[m| < 1/2. We consider
the following norm on W .

176 = 1 loss o oz * 1L + Dl g0 m)

W .|l is a Banach space. We consider T : Wy ., — L5.(Q x IR) given by

G G

T(): .ZL+)\(].—TI’L),

Ty is bijective and bicontinuous. Let K be the inclusion K : Wj. |, —
LA (Qx R). K is compact, so To — (pm(X) + A)K is a compact perturbation of
an isomorphism and then it is a Fredholm operator with zero index. Lemma 3.7
and the Krein Rutman theorem imply that dim Ker (T — (gm (X)) + A)K) =1 and
if ug is a generator of Ker (To— (b (A)+A) K) then ug ¢ R(To—(1pm(A)+A)K) .
The Crandall Rabinowitz lemma (see [5], Lemma 1.3, p. 163) implies that g, (\)
is a real analytic function of A\ for A > 0.

We choose {m;};en asequencein C*(Qx IR), with supp (m;) C K; x IR,
for some compact subset K; of €, and satisfying |m,|lcc < 1/2 and such that
my; converges to m in the LP sense. Each p,,, is a concave function on [0, 00),
( [7], Lemma 15.2). We set Tj : W ., — L%.(Q x IR) given by

so T;—Tp tends to zeroin B(W| .|, — L5(Q2x IR). Now Toug = (ptm (X)+N)ug .
The Crandall Rabinowitz lemma implies that there exists «;(A) and u; satisfying
le and a;(A) = pm(A) + A
as j tends to oo, so u; > 0 for a large enough j. By the Krein Rutman

G

Tju; = aj(Nu; and such that w; — uo in W.
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theorem (X)) = fim,; (A) — +A. So limj_oc fom; (A) = pm(A), for A > 0. Also
fim; (0) = i (0) . Then fu,,(A) is a concave function on [0, 00). .

Remark 3.11. The Crandall Rabinowitz lemma implies that for A > 0
tm(A) + X is a K -simple eigenvalue of the operator IL + A(1 —m). Now, for
wu€W ILu—Imu— pm(MNu=Tou— (ftm(X) + A)Ku. Suppose i, (A) =0, let
M be the operator M : W — LE(Q x IR) given by Mu = mu. Then, as in [4],
lemma 3.7, A is an M -simple eigenvalue of I .

4. Main results.

In this section we will assume that the coefficients a; ;, 1 <4, j < n belongs
to C1(Q1 x IR). Let m be a function in L>(Q x [a,b]) such that [m|/. < 1.

We set m™ : [a,b] — IR defined by m™(t) = esssupm(z,t).
€N

Let 7 denote the projection 7 : IR™ x IR — IR given by w(x,t) =¢. For
BC R™" and t € IR weput By ={z € IR": (x,t) € B}. Also we set, for a
domain © and for 6 >0 Qs = {z € Q: dist(z,90) > §}.

Lemma 4.1. Let m be a function in L*(Q X (a,b)). Suppose ¢ € IR
such that

b
/ m~ (t)dt > c.

Given § > 0 such that Qs # 0, there exists a finite disjoint set {Q,}1<r<n
of congruent open cubes in IR™ ' with edges of length ¢ and parallel to the
coordinates axis satisfying

(1) £<6/(2(n+1)), Qr CQs2 x[a,b], 1< <N.
(2) {m(Qr)}1<r<n Is disjoint.

(3) Z1gr§N (@) =b—a.
4 m(x,t)dxdt > c ™.
@ g mia
Proof.  Without lost of generality we assume that ||m|ec < 1. For k € N we
define mp (t) = esssupm(z,t). Each m}" is a measurable function on [a,b]. We

IEQl/k
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have m}'(t) <mjy,(t) and lim m} () = m™(t). So

J—00

b
lim m; (t)dt > c

J—00 a

We fix k € N large enough such that f; my(t)dt > ¢ and k > 1/6. Let
E(m) = {(z,t) € Qix[a,b] : m(z,t) > my(t) —n}. Also we set (E(n))* =
{(z,t) € E: (x,t) is a density point of E,}.

We fix a € (0,1/2). Then we consider for r € IN the set E(n)") of
the points in (E(n))? such that |Q N E(n)|/|Q| > 1 — a for each open cube Q
containing (z,t) with diameter less than 1/r and edges parallel to the coordinate
axis. It is easy to see that E(n)(") is a measurable set. Also E(n)") C E(n)®)
for r < s and (E(n))? C U,c v E(m") . Moreover, we have |(E(n))| # 0 a.e.
t € la,b], so |[(E(n)9):] # 0 ae. t € [a,b] and then |7(E(n)?)| =b—a. So
limy o [£(E(n)™)] = [(E()] = b—a. Then T, . [(E(n)™)] = b—a.

Given ¢ > 0, we fix r > 2k such that |7(E(n)™)| > b—a — ¢, then we
choose ¢, 0 < £ < 1/(r(n + 1)) such that N¢ = b —a for some N € IN .
Let {t;}o<i<n be the partition of [a,b] given by ¢; = a+il, 1 <i < N. For
1 <i< N, we take a cube @; with edges parallel to the coordinate axis and of
length ¢, chosen as follows: If the strip IR™ x (t;_1,t;) meets E(n)") we take
Q; such that Q; N E(n)™) # @ and n(Q;) = (ti_1,t;). In the other cases, we
choose @; such that Q; N Qyy, # 0. Since E(n)" C Q) and diam (Q;) <
1/(2kv/n+1) we have Q; C Qy/(ar) X (ti—1,t), 1 <i < N. Let I ={i:1<
i <N and (IR™ x (t;_1,t;)) N E(n)") # @} and let I¢ be its complement. Since
[m(E(m)™)| > b—a—e, I° satisfies >, c(t; —ti—1) <e.

We have, for i € T

/ m(a:,t)da:dt:/ m(m,t)dmdt—i—/ m(x,t)dzdt.
QiNE(n) QiNE(n)°

i
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Now

/ m(x,t)dxdt
Q:NE(n)

> [ mp(odsdt - Qi E)
QiNE(n)

= [ @@in Bl - (@t + [ i 0l@aar
— Qi N E)|

Z/t (|(QimE(n))t|_‘(Qi)t|)dt+£n/ti mpy (t)dt — i1

i—1

t;
= Qi N E()| — Qi + / myy (£)dt — et

ti—1
t;
> —afm Tt — et 4 f”/ my (t)dt
ti—1
on the other hand

/ m(e, )drdt| < Qi N ES| = |Qil — Qi N E()
QiNE(n)°

<1Qil(1-(1-a)) = o™
So
t;
Z m(x,t)dxdt > 6”2/ myy (t)dt — #(I1€)al™ T — #(I)nent?
i€l iel Vti—1
where #(I) means cardinal of I and, since (#(I¢) <e

2.

iele

/ m(x,t)dmdt‘ < H(I) T < e

i

Hence

N
Z/ m(x,t)dxdt
/ my ()dt — 200" TN — el = > 4"

i€lc

#(Dne+!

/ my (t)dt| —
1

ti—

> / my (t)dt — 20" TN — 2e0™ — (b — a)™.
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Finally Zfil fQi m(x,t)dzdt > cl™ for a,n and e small enough. .

Remark 4.2. By the absolute continuity of the indefinite integral, in Lemma
4.1, @1 and Qn can be chosen with the same projection on IR™. Also for §
small enough, we can replace each @; by Q7 where Q7 is the parallelepiped
with the same basis as @; and such that 7 (Q;) = (t;—1 + 0,¢; — 9).

Let A, B two sets, we will denote with AAB their symmetric difference
(A-—B)u(B-4).

Remark 4.3 Suppose ). connected, let {Ql}f\il be a family of congruent
open cubesin IR™! with edges of length ¢ < ¢/2n and parallel to the coordinates
axis satisfying |J;<;«ny Qi € Qe X [a,0] and .,y I1(Q:) = [a,b], then there
exists a tube B = {(y(t) + Q,t),0 <t < T} C Q x [a,b] with v € C=([0,T]),
7 (0) = 49(T) for all j, and Qg a domain with C°° boundary such that

‘(U1§¢5N Qi) AB‘ <34.

Lemma 4.4 Let m be a function in L>®(2 x IR), m(z,t) T -periodic in

t, suppose

T

P(m) = / esssup m(zx,t)dt > 0.

0 e
Then there exist v € C?(IR,Q) a periodic curve in Q and a domain Qg in IR"
with C* boundary such that the tube B = {(y(t) + z,t) : 2 € Qp, 0 <t < T}
satisfies: B C Q x [0,T] and [, m(x,t)dzdt > 0.

Proof.  We can assume |m|lec < 1. Since Q has regular boundary, there ex-
ists € > 0 such that Q. is a non empty and connected set. Let {Qz}fil be
the family of cubes with edges of length ¢, provided by lemma 4.1 such that

Yoict fQ (z,t)dzdt > €"P(m)/2, for this family and § = 471" P(m) we con-
sider the tube B, provided by remark 4.3. Then

<2(BA| |J Qi ||<47'"P(m).
1<i<N

/mxtdxdt Z/ (z,t)dxdt

So [y m(x,t)dedt > PR Jo, m(@, t)dwdt — 471" P(m) = 471" P(m) > 0 .
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Theorem 4.5. Let m be a T -periodic function in L>®(2 x IR).

(a) Suppose P(m) >0 and (¥, m) < 0. Then there exist A >0, and w >
0, we C’;}Y 7 (Q x IR) solution of the periodic Neumann eigenvalue
problem

ILw = Amw

8w/3u|agx IR — 0.

(b) Suppose P(m) > 0. Then there exist A > 0, and w > 0, w €

C};}Y””Y” (Q x IR) solution of the periodic Dirichlet eigenvalue problem

ILw = Amw
woax m =0

Proof.  First, we treat the case Dirichlet boundary condition. We take m; €
C*(Qx IR), T -periodic with supp(m;) C K; x IR for some compact K; C 2,
and such that lim; o, m; =m in LL(Q x IR). We may suppose ||m|/o < 1/2.
If the tube B provided by lemma 4.4 is a cylinder C = Qg x [0,7T] the function
i, (A) defined by

Lu§ — Amju§ = p, (Muj on Qo x IR (4.1)

uj € C*' (Qo x IR), Ufj90ox m =0
uj > 01in Qo x IR and T — periodic

is such that P (n) < 0 for some 1 > 0 independent of j. This holds be-
cause from [, m(z,t)dzdt > 0 (lemma 4.4), there exists ¢ € C°(p), ¢ > 0,
Jo©*(x)dz =1 and ¢ > 0 such that [, m;(z,t)p?(x)dzdt > ¢ > 0 for all j.
Also Dja;; € Cp(Q2 x IR), so we can apply Prop. 3.1 in [6], p. 110, to obtain
that the principal eigenvalues )\ﬁnj given by

Lo = Xj(mj)m o5 in Qo x IR (4.2)
vj€C2’1 (Q x R), V1000x m =0
vG > 0in Qg x IR and T — periodic
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are uniformly bounded above by 7, and from the concavity of Him, (M) we obtain

i, (m) < O for all j. We normalize vj by [[vf||p=~(c) =1. From (4.2) and the

1

compactness of (IL 4+ 1)~' it follows that there exist (modulo a subsequence)

; ¢ is a solution of a

Dirichlet problem in C' of the type (4.1) with weigth m® = m ¢ and eigenvalue

v® = lim; o v$ in LP(C) and uf,(n) = lim;_,o Hin, . v

us,(n). We denote v; and v the extensions of vj and v° respectively, by zero
to © x IR . From the maximun principle applied to w; = n(L + n) "' (1 4+ m;)v;
([7], p. 43) we obtain

n(IL +m)~" (L+m)v) >0 (4.3)

Let S, : Y — Y be the operator defined by S,u =n(IL +n)~*((1+m)u), and let
P, u, be its spectral radius and a positive eigenfunction associated respectively.
So, by (4.3) and the Krein rutman theorem, p > 1. Since Syu, = pu, we
have (L + A~(1 —m)) tu, = (2p_177—77)_1un, where A~ = p~'n and so
Um(A~) =np~t —n < 0. Also p1,,(0) > 0. Then we have a solution u” € W,
AP >0 of the Dirichlet problem

IL (uP) = dmu® in Q x IR
uP >0in Q x IR and T — periodic, ungle = 0.

If the tube B is not a cylinder, by the change of coordinates (y,t) = ®(z,t) =
(x—~(t),t) we have a similar problem to (4.1) in a cylinder C' with a new operator
L? and a new weigth m® with [, m®(z,t)dzdt > 0. We denote v; and v,
defined on B, extended by 0 to €2 x IR corresponding to the functions v§ and
v¢ defined in the cylinder C' = ®(B) = Qg x IR . So we obtain (4.3) on Q x IR
and we get the solution u” in Q x IR . We may remark that ,u%j (A < ,ugj (n)
(the supra index N, D refers to the Neumann or Dirichlet condition). So we have
,u%j (n) < 0 for all j. This gives that pl¥(n) < 0, but ul(0) = 0. Now the
condition (¥,m) < 0 gives dul)/dA\x—o > 0 which gives pf(¢) > 0 for small
enough & > 0. Existence and uniqueness of the principal eigenvalues A? > AN > 0
follows from the concavity of uX()\) and pl¥()).

Theorem 4.6. Under the hypothesis of the theorem 4.1 the principal
eigenvalue is an M -simple eigenvalue.

Proof.  Follows from remark 3.11.
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Remark 4.7. Since for a T -periodic function m € L*(Q x IR), fu,, is real
analytic and concave, with the same proof give for the case m € C%?/2(Q x IR),
6 >0 (see [7], Theorems 16.1 and 16.3) the following results holds.

Let m be a T-periodic function, m € L*(Q x IR) and let m(t) =
essinf m(z,t), m(t) = esssupm(x,t). Suppose that there exists a positive eigen-
value A\ with a positive eigenfunction uy € Dom( L) associated, solution of the
periodic parabolic boundary eigenvalue problem ILu = Amu, Bu = 0. Then if
the boundary condition is the Dirichlet condition we have P(m) > 0, and for the
Neumann condition we have

(1) m#m in L*(IR) implies P(m) >0 and (¥,m) <0.

(2) m=m in L*(IR) (i.e. m is function of ¢ alone) implies

/OT m(t)dt = 0.
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